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O. Introduction

T he asymptotic behavior of the distributions of multitype Galton-
Watson processes has been studied by many mathematicians. According
to  the author's know ledge, Jirina [8 ] for subcritical processes is the
first paper on th is sub ject, and C histyakov [4] and M ullik in  [10 ] for
critica l p ro cesses fo llo w ed . B u t th e y  a s su m e d  th a t ( i)  the second
moments (in the subcritical case) or the th ird  moments (in the critical
c a s e )  are f in i t e  a n d  ( i i )  th e  m e an  m atrix  is  p o s it iv e ly  re g u lar.
Joffe an d  Sp itzer [9 ] obtained the resu lts fo r discrete time processes
without the h yp o th esis  (i) , and  Sevastyanov [14 ] extended them for
cotinuous tim e  p ro cesses . T h e ir  re su lts  a re  f in a l fo r  th e  processes
satisfying th e  co n d it io n  ( ii) . However, when the condition (ii) fails,
somewhat different phenomena o c c u r . C h is ty a k o v  [3 ] illustrated  it
fo r the continuous tim e subcritical processes w ith the hypothesis (i).
F o r the continuous tim e critical processes, th e  re su lts  of Savin and
C h istyako v  [12 ] fo r th e  processes w ith  three particle types and the
hypothesis (i) a re  v e ry  suggestive.

In  th is  paper, w e  s h a ll  g iv e  th e  w hole asym ptotic behavior of
discrete and continuous time multitype Galton-Watson processes with-
out the h yp o th e se s  ( i)  an d  ( ii)  (but with some weaker hypotheses).
T he processes a re  decomposed into elementary subprocesses. W hen
the elem entary subprocesses have positively regular m ean matrices,
the results naturally coincide w ith those o f  [8 ] , [9 ] , [1 0 ]  a n d  [1 4 ] .
B ut w hen they a re  reducib le, th e  ra te  th a t  the generating functions
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ten d  t o  th e  ex tin c tio n  probabilities a r e  d ifferent from  that of the
positively regular c a s e s .  Furthermore fo r the processes with discrete
tim e w e m ust take som e care o f the periodicity.

W e  s h a l l  g iv e  th e  definitions and  no tations in  section  1. In
section 2  w e sh a ll d ea l w ith  th e  discrete tim e noncritical processes
having a p e r io d ic  mean matrices, while we shall deal with those having
periodic mean m atrices in  section  3. Sections 4  an d  5  a re  devoted
to  the study o f th e  d iscre te  tim e critica l p ro cesses . T h e  resu lts for
th e  continuous time processes a re  summarized in section 6 ,  and some
examples a re  g iven  in  section  7.

1 .  Definitions and notations

W e designate th e  se t o f a ll in tegers betw een  in and n  by Km, n>
and  put Z ± = < 0 ,

 o c > ,
 S = Z + N  (NE <1,

 o c > ) .  I f  tw o  vec to rs s i = (s1',
•••, s i

N )  and s2 =  (.52
1 , • • • ,s ,N )  satisfy si i >s2 1 [s1 i _ s2i ]  for a l l  iE  < 1 , N >,

w e  say  th a t s i  i s  la rg e r [ r e s p . no t le ss] than  s2 a n d  w rite  a s  s1>s2
[re sp . 51 52]. Thus we can naturally define the maximum, m inim um ,
m onotony , etc. o f  a  sequence of vecto rs . F u rth er, th ese  notions and
notations are extended fo r m atrices in the natural w a y .  F o r  example
a  m atrix A  is  c a lle d  n o n n e g ativ e  i f  all its com ponents a re  nonnega-

t iv e ,  a n d  in  th is  c a se  w e  w rite  a s  A > 0 .  L e t A  b e  a  nonnegative

square m atrix o f o rd er k. W e  c a l l  A  p o sitiv e ly  re g u lar i f  A '> 0

fo r some n E  < 1 , C O > , where A " means the n-fold product o f the matrix
A .  A lso  the m atrix  A  is  c a lle d  irreducib le  i f  f o r  each i , j E <1, k>,

i * j ,  th e r e  is  a n  n E <1, oc> su c h  th a t  A j i (n) >0, w h ere  A 1  ( n )  is
the (i, j) -c o m p o n e n t of the matrix A ' .  Hence each n o n n eg a tiv e  matrix
of order 1 is  a lw a y s  ir r e d u c ib le . W e  a lso  c a ll a  sq u a re  m atrix  a
w ith  n o n n e g a tiv e  off-diagonal elem ents to be irreducible if the matrix
a d - l l  ( > 0 )  i s  irreducib le fo r some 1 > 0  in  th e  above sen se , where
/  i s  th e  id e n tity  m a tr ix . For tw o vectors s i a n d  .52 ,  we define new
vectors s i s2 a n d  s i / s ,  (fo r s2 > 0 )  by

s1s2 = (s1 1s21 , • • •, 51N 52N ) ,  s1/s2= (Si
1/s2 1,s 1 N / s 2 N ) .

F or each 5 E  R "  a n d  x E  S  w e set

s x = ( s i) '• • •  ( s N ) " , w here s =  (s 1 , • ••, x =  (x 1 , •••,.e ) .

F in a lly  w e  d en o te  th e  i - t h  canonical u n it basis by  e j , i . e .  ef  =-69i
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w here d i i  i s  the K ronecker 's  delta.
N ow  w e shall ca ll a M arkov chain X =  ( Z ( n ) , P )  on S  a  d i s c r e t e

t im e  N -ty p e  Galton-Watson p ro ce s s  (D G W P  for b rev ity ), i f  its pro-
bability generating functions

Fx (n;s) E P x {Z(n) = x a  S ,  n  <0, o o > , 0 < s < 1 ,
yES

are  given by

(1 .1 ) F x (n ;s )= F (n ;s )x ,

for some vector functions F (n ; s)  (F ' (n ; s ) , •  •  •  ,F N  (n ; s)) . Then it
is  c le a r  th a t F (n ; s )  is  g iv e n  b y  th e  n -fo ld  iteration  o f th e  vector
probability generating function F ( s ) -, F ( 1 ; s ) :

F  (n + 1; s) =  F  (F  (n; s)) , n E <0, 00>,
(1.2)

F (0 ;s )= s ,

where

(1.3)F i ( s ) = E P i ( y ) S Y ,  i E  <1, N>,s  

w ith  P i ( y )> 0  and0 5 P ( y ) 1. S i n c e  th e  fam ily  o f generating
functions { F (n ; s)}  uniquely determines a  D G W P , we sometimes call
{ F (n ; s)}  itse lf a  D G W P.

S im ilarly  a  M ark o v  process X =  (Z ( t ) ,P ,)  on S  is  c a lled  a  con -
t in u o s  t im e  N - ty p e  Galton-Watson P ro c e s s  (C G W P ), i f  i t s  probility
generating functions F '  ( t ;  s )  are  given by

(1. 4) F x ( t ; s )= F ( t ; s )x ,  x E S , tE  [O, Co ), O<S<1,

w here F (t; s) =  (P (t; s), • • • ,F N  (t; s)) i s  the unique solution of

dF (t ;  _ f ( F ( t  ; s ) ) ,  t > 0 ,
d t

F (0 ;  s )=  s ,  O s < 1 ,

f i  (s) =  E p' (y )sv , ie < 1 , N > ,
v s

(1.5)

where

(1 .6 )

with P .' (3)) " ( ) ,  y * e i ,  and E , Es pi (y). 0. A lso , w e som etim es call
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the fam ily of generating functions IF ( t  ; s )}  itse lf a  CGW P.
I t  is  s h o w n  b y  S e v a s ty a n o v  ( [1 3 ] ,  [ 1 4 ] )  th a t  f o r  a  D G W P

[C G W P ]  th e re  ex is ts  th e  le a s t  nonnegative  fixed  po int q  o f F (s)
[re sp . zero point q  of f  ( s ) ]  in  the cube 0 < s < 1 ,  and  i t  i s  stable in
the sense of

(1.7)l i m  F (n  ; s) =q  [ r e s p . l im  F (t ; s) = q] , 0
n - 4 . 0

Especially it holds

P e,{T <00} = lim F i  (7z ; 0) = qi

[resp. {T < 00}  = lim (t ; 0) =

w h ere  T  i s  th e  f irs t h itt in g  t im e  fo r  tra p  s ta te  0 E S ,  nam ely the
extinction  tim e. H ence w e sha ll ca ll q  the extinction probability  of
the D G W P  [re sp . C G W P ]. Let R (s) = q — F (s) and R(77 ; s) = q — F (n ;
s) . An objective of the present paper is to  obtain  an  exac t estimate
of R ( n ;  s )  tend ing to  0.

F o r  a  D G W P , w e sh a ll assume

(D) q > 0  a n d  F (q) <00 , i , j E  <1, N> ,

where F  ( s )  =  a F i  /as./ i f  it exists and F i ' (s) = lim E( e )  otherwise.
Note that w hen th e  D G W P  i s  su b c ritic a l, o r  c r it ic a l w ith  no final
classes, q = 1 > 0  h o ld s . W e  c a ll the matrix

A .  [A ;
 1 ] f'd  =1 =  [F 1 ( q ) ]  n = i

the  q -m ea n  m atrix  of D G W P . Since A > 0 ,  there  ex ists a  nonnega-
t iv e  characteristic  root p (A )  o f  A  w h ich  is no t sm aller in  absolute
value than any other characteristic roots (c f . G a n tm a c h e r  [6 ] ) .  We
c a ll  i t  the Perron-Frobenius ro o t (P -F  root for brevity) o f the matrix
A .  From the definition of q ,  the  inequality p (A ) < 1  easily fo llow s.
It is known that by a  change o f suffixes the nonnegative m atrix A  is
represented as

A ,  0 ....

A ,

(1 .8 ) A =

0

0

A g,
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w here each A a  i s  an  irreducib le square m atrix  o f o rd er m a  E <1,N>

(Ega = i  m a  =  N ) .  W e  set

F e = {jE  <1,N> ; A i
i  (n) > 0  fo r some n  <1, c o »  U

a -1 a

4a = <E m 5 -1- 1, m>  (z l i = <1, m i >) .
8=1 9=1

Since every A a  is  irred u c ib le , ds  c F i  i f  F L n an d  F  =  F 1 '  if
E da . Hence F i  i s  a d isjo in t un ion of some zis 's  and it is sam e

fo r  a l l  iG d a ,  w h ich  w e d en o te  b y  F a . W e  a ls o  s e t  Fa=Fa — da•
T he F a -part (.51 ) i E r „ [T a -part (51 )  4 a -part(s 1) i 4 ]  of a vector s= (.51 ,
• • , s") is denoted by sa [resp. ga , ga ] .  From (1. 3) and (1. 8) it follows

that the generating function F 1 (s ) for i E T a [ i  E  a ]  only depends on
sa [resp. .  Hence we can write as F (s)a=-F(sa) a [resp. F(s) a =  F  Oa] •
Sim ilarly, since F i  (n; s) fo r  iE  F a  [i E T a ] only depends on sa [resp. g a ]
b y  (1. 2), w e can  w rite  as

(1 .9)F  ( n  ;  s )  a  =- (n ; s a ) a , 0<s a <1

[resp. F(n ; s) a  =F(n ; a ) a , 0<g a ._ 1].

W e set Sa =  fr a = (x i ) i E r  , ;  x i  E  <0, oo>1. Then the fam ily o f generat-
ing functions 1F(n; sa).; nE <0, 001 forms a  DGWP on Sa , which we
denote by X a = (Z a (n )  ,  P Z ) .  Note that the extinction probability of
the DGW P X a  is  eq u a l to  the F a -part qa  of the extinction probability
q  o f  th e  o r ig in a l D G W P X  b y  (1 . 7), a n d  h e n c e  th e  submatrix
A a . [ A i i ]  j E r ,  coincides w ith the q-mean m atrix  of X a . Further it
follows

F (n  ; q ) =  F  (n  ; q  a ) =  (A a  (n )) A  ( n ) ,  i j E r a .

S ince p (A) P (A a) h o ld s . W e ca ll the DGWP X a  critical
i f  pa = 1  and noncritical i f  pa <1.

F o r  a  CGWP, w e  assume

(C) q > 0  a n d  f  ( q )  <co , j  E  < 1 ,  N >

W e  c a ll the matrix

a_-=--[ajlr, j = 1 = [I f
i (4)]T, i  =1

the inf initesim al q-mean m atrix  o f th e  CGWP X .  S in c e  (1. 6) im-
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p lies a + lI>0  fo r some 1> 0 , there is a  real characteristic root 0(a)
of a  which is not smaller in  real p a r t than any other characteristic
roots o f  a. I n  th is c a se  p (a) holds ( c f .  O g u r a  [1 1 ] ) .  B y  a
change of suffixes the  matrix a  is represented as

'ã 1 0 ................. 0 -

a2 0 ............. 0
(1. 10) a=

       

where each a'a  is  an  irreducible square matrix o f  order ma ( ,
= N )  .  W e define th e  s e ts  da ,  F a  a n d  F a  a s  in  t h e  discrete time
ca se  b u t from  th e  matrix a + l l  (> 0 )  instead of A .  B y (1 .6 )  an d
(1 . 10 ) th e function f  ( s )  f o r  iE r a [iE  T a ]  only depends on s a [resp.
ga ] ,  a n d  w e w rite as

(1 . 11 ) f [resP. f ( s ) .= f ( g . ) . ,

Hence Fe ( t ; s )  for j  E  F a [ i E  Ta] on ly  d ep en d s  o n  s a [resp. g a ]  by
(1 . 5 ), so that we can write as

(1. 12) F (t; s) a = F (t ; sa ) a , 0 s a - ,1,

[resp. F(t; s) a = F (t ; g) a ,  0<g• a <1]

We designate the CGWP (t ; sa) t  G  [0, co)} by = (z a  (t) , P ) .
The extinction probability of the CGW P X a  is equal to the F a -part q a
of that q of the CG W P X , and the submatrix a a [a ; l c

 
J E F „ coincides

with the  infinitesimal q-mean matrix of X a .  Moreover ,  setting

A (t)---= [A /  (t)] r j =i= exP (ta)

A a (t) [ A 'a  j ( 0 ]  j c f c r = exp (taa ),

w e have

(1. 13) F i ' (t ; q) = F,  (t ; q )  = Aia  j  (t) = A1  (t) , i , j E

Since 0(a) G a .  (aa ) 0  holds. W e ca ll the CG W P X a  c r i t i c a l
if 6 a = 0, an d  n o n c r i t i c a l  i f  0-a< 0 .

2 .  Noncritical aperiodic DGWP
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In  th is  section w e shall deal w ith  noncritica l DGWP's w ith  the
assumption

(DN) E P i(y )y lq u  log y i<o o , i ,1 E <1 ,N >.
Y ES

W e sh a ll a lso  assum e that all the m atrices in  th is  section  are aperio-
dic, i.e.

G.C.D. {n E <1, 00> ; A i i (n) >0}  =1, jE  4a .

Since A s  is  irred u c ib le , it is  p o s itiv e ly  regu la r i f  it  is  n o t eq u a l to
the zero m atrix  o f  order 1. H ence there correspond positive right
and le ft eigenvectors a = and 1a=  (Vai)iEe„ to the P-F root

CA a);

« a  jr5 1  a) aA a =  IV e

w ith  the normalizations

E = 1, E  »= 1
tee a t E e ,

(Gantmacher { 6 ] ) .  I t  is  a lso  k n o w n  th a t  a s  n--->oo

(2 .1 )2 1 2  = (21a * + o (1) ) ,

where = [A- 7j] — [ î i a VYa J ] i j E 4 . O f  c o u r s e  it holds

(2. 2) 21aila* = A.* ;Lf a= 15a21.*, 21a*21.* = A. *.

In  order to define the 'r a n k  va  o f  a ',  w e  sh a ll in tro d u ce  th e  semi-
o rd e r  <  ' in  th e  space of ind ices <1, q> by

3<ce if 4 c F..

N ext w e define th e  rank v s  ( r)  of 8 w.r.t. r  by

imax ivr (r )  ;   if 15s ± r,
(2. 3) v s (r)=

maxlv r ( r) ; + 1, i f  f 3 s  = r,

inductively, w here w e agree on max y5=  —1. T h e n  the rank  v s  o f  a
is g iven  by

(2 .4 )v a  =Pa (PO •

Note that va E <0, g — 1> since pa fo r some 8<a.
T o  s ta te  th e  th eo rem  w e  sh a ll d e f in e  one more s e t :  4 ( x )
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{aE<1, g> ; xa *O} , x S.

Theorem 2. 1. L e t  a  DGW P X =  (Z (n ), P x )  satis f y  Conditions
(D ) a n d  (D N ) f o r  e ac h  aE <1, g> w ith  pa < 1 , a n d  a l l  t h e  m atrices
Aa  b e  aperiodic. T h e n ,  1 )  f o r  e a c h  a E  <1, g> t h e re  correspond
m onotone nonincreasing f unc tions R *  (S a )  i n  0<s a < q a ,  i E da ,  such
th a t  a s  n  co

(2 .5) R  (n ; s) pa" (R*` (s a )  + o (1)) , i  E  J

w h e re  o (1) is  u n if o rm  in  s o n  0<s a < q a . T he  R* i (sa )  are  determ in-
e d  in d u c t iv e ly  w .r.t. t h e  s e m io r d e r  <  b y  L e m m a s  2 . 1  an d
2 .4  b e l o w .  F u r t h e r ,  i f  pa > 0 ,  n o  R* i (sa ), iE  d a ,  a re  identically
z e r o .  2 ) F o r  e ac h  x E S  s u c h  t h a t  pa < 1  holds f o r  a l l  ceE1+ (x ),
a n d  pa > 0  f o r  so m e  aE/+ (x ), there  corresponds a  probability  d is-
tribution { P.,*  (y ) }  o n  S --(0 1  satisf y ing

(2 .6) l i m  P ,{Z (n ) =  y ln<T  < 0 0 }  =  P  (Y )

W e  s h a ll  p ro v e  th is  th e o re m  b y  th e  in d u c tio n  w.r.t. the  semi-
o r d e r  `< ' .  W h e n  a  i s  m inim al, T a  J a  a n d  A a = ;f a . H e n c e  the
q-mean m atrix  A a  is  p o s it iv e ly  re g u la r , i f  Pa > 0 , i.e. A0/= [O]  I n
th is  case th e re  a re  th e  fo llow ing  excellent re su lts  g iv e n  b y  Jo ffe  and
Sp itzer [9]: 2 )

Lemma 2. 1. (Joffe a n d  S p itz e r .)  L et the  q-mean m atrix  A a  o f

th e  D G W P  X a  i s  p o s i t iv e ly  re g u la r a n d  pa < 1 .  T h e n  th e re  e x is t
a m o n o to n e  nonincreasing f u n c t io n  K a * (s ) i n  0<s a < q a  a n d  a d is-

tribution {P" * (y a )} o n  S a ,  su ch  th at

(2. 7) —  (n ; a   _Ka* (Sa) 21a, O
< S a -q a ,lim

(2 .8) lim P " { Z a (n) = y a ln<T <c o ] =  P " (y „ ) , x a , y a E S a  — {O} .
n - 4 0 0

Fu rth e r K a * (sa ) 0 i f  a n d  o n ly  i f  (D N )  holds.

') If A„= [0 ], (2.5) is always satisfied.
2 ) It seem s there are two errors in  their paper ; the second inequality in  (4.10) and

that in  (4.42). But their assertions are valid.

Pa
n
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W hen a  is  n o t m inim al, I -  a ± çb and the q-mean m atrix A a  is  re -
presented as

(2. 9) FA a =  A 'a C I  1

A a ' Aa

where

[A Ji l  j E r n , —  [ A j t ]  i E 4 ,  i e p „ ± 0 .

W e put pa  = p (A a ) .  Then p a  is  e q u a l to  the maximum Oa  o f  (5a

and Oa.
L et R (s) = q —  F  (s )  and R (n ; s) = q —  F (n ; s) . T h en  it  is  g iv en

by Joffe and Sp itzer [ 8 ]  (  ( 4 .  6 ) )  that

(2. 10) R (s) = (A  —  E (s)) (q —  s) ,

(2. 11)E 1  ( s ) P L ( y ) y ' — 1 1(.7 — (q
y E S

w here w e agree on e=o for yE E S . (2 . 1 1 ) implies

(s2) (si) < A ,  0<s1<s2<q,
(2. 12)

E (s) -->0, a s  s—>q in 0 < s< q .

W e  s e t  E (n ; s) = E (F (n ; s)) an d  C(n ; s) = A  — E (n ; s) . W e define
m atrices E (n ; a , C (n ; s)

 a ,
 E (n ; a ,  e tc . in  th e  natural w a y .  From

(1. 3 )  , (1 . 8 )  , (1 . 9 )  an d  (2 . 1 1 )  it follows

(2. 1 3 )  E (n  ;  s) a = E (n ; sa ) C ( n a ; a =C (12; sa ) a ,  0 < s a q a .

H ence (2 . 1 0 ) implies

R (n+ 1 ; s) a = R (n + 1 ; s a ) a = C ()l;
 5 a ) ( n ;  s a ) a ,  0 <sa < q a ,

and w ith  the a id  o f  (2 . 9 )  an d  (2. 13)

(2 . 1 4 )  R (n + 1; s a ) a = t1 (n ; s a ) a R (n ; SO a + C (n; s a ) R (n ;  a )  a .

U sin g  (2 . 1 4 ) inductively, we obtain

(2. 15) R (n + 1 ;  s . )  .=  . ( n ,  — 1 ) (4 . - 3 0

+ i  . ( n ,  1 )C  (1 ;  s a ) R (1; rg .)
1=0

where
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(2. 16) -Da  (n,1)=- 1-5 a(n,1 ;50

=  
C (n ;s a ) X ( n - 1 ;s a ) a .-C- (1 +1 ;s a ) a ,  le <-1 ,n  — 1>,i

Lemma 2. 2. I f  C o n d itio n  (D N ) an d  th e  in e q u ality  P . < 1  are
satis f ied , th en  it h o ld s

-
(2 .17)E ( n ;  0) a <oo.

rz=1

P r o o f .  From  the convexity of the function F i (n ;s+ (q — s)E) in
O<E<1, it fo llow s qa — F(n ; 0) A a nqa . A p p ly in g ')  th e  same argu-
ments a s  in  th e  proof of L em m a 2 . 5  below  to  the m atrices A ', w e
obtain

A anqa<n'-p:K qa_Ornqa,

w here K  i s  a  p o sitiv e  sq u are  m atrix  w ith  th e  in d ices  in  F,„ and r
a n d  0  a re  co n tan ts  w ith  pa < 7 < 1  a n d  0 > 0 .  H en ce  it fo llo w s
F(n ;0 )  -  Or a) q , a n d  w e  o b ta in  the conclusion  b y  th e  same
argum ents as in  Joffe an d  S p itz e r  [9 ] (pp . 424-425) w ith  the a id  of
(2. 11).

Lemma 2. 3. T he relations  15a > 0  a n d  ( 2 .1 7 )  im p ly  th e  ex-
istence o f  th e  lim it

(2. 18) lim Da(n,l;sa)15,r - n + 1 =r) a .  (I; so

u n if o rm ly  in  0 <s a <q a . Fu rth e r it  h o ld s

(2. 19) 0< ba* (1; sa ) O sa qa, l  <- 1 ,  co>.

P r o o f . '  Let

(2. 20) e„ =max {E j
i  (n ;0 ) /A i

i ;i , jE  4, A 5
4 >0}.

T h en , since A 5
4 =  0  im p lies E 5 4 (n; 0 )  = 0  fro m  (2 , 1 2 ) , it  is  c le a r

that

a) Or equivalently, we may use the Jordan's normal form of A reminding the asymp-
totic forms of its products.

4 )  In the proofs o f th e  following theorems and  lemmas we shall often abbreviate
the suffix a and the variable s  where there are no confusions.
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(2. 21) 0< g  (n; s) <É (n; 0) <6„221- ,

0.
(2 .22)( n ;  0 )/ Â i i < 0 0 ,

n= 0 n=0 £,5E4

by (2. 17). On the other hand, th e re  is  a  sequence a n —>0, 1>a„>0,

b y  (2. 1) satisfying

(1— an ) A- *<24-. '16- n _ (1 + a„) A*.

Hence it follows

(2. 23) - "+ ' ( n ,  < p - n+JA. - i._  (1+  a„_1) A*,

and w ith  the a id  o f  (2. 21)

H  — ak )
k=1-1-1

=  —cen_t) n — ek) — E  ek) A *,
Ic=1-4-10=2+1

for a l l  la rg e  1 w ith  ek <1 , k E </, o c > .  T h erefo re  w e  o b ta in

n

(2. 24) — (an_i ek)A*_:(5-n+117)(n, /)
k =24-1

N ow  take any e > 0 .  Then by (2. 22) w e can choose an  no such that

E L . 0 +1 ek< 6 .  Further, it holds

-0 - ib-  (n1,1) —15' 2 + 0 (n2,1) = co--or) (n1, no)

- - 5 - 2 + - 0 1 )  (n2 , no) )  V " '  17) (n o , 1) , n 1, n2 _>-_no ,

and  V n°+T)(n o , 1 ) is  bounded  i n  no b e c a u s e  o f  (2. 23). H ence it
fo llo w s th at th e  sequence "0- " i 17)(n,1), nE <1+1,  o c > ,  i s  a Cauchy
sequence uniform ly in  0 <s a <q a . S o  w e  o b ta in  (2. 18). Now we
sh a ll sh o w  (2. 19). L ettin g  n—>oo i n  (2. 24), w e  h a v e  :6* (no) >0
fo r all sufficiently large no . Since ri (n, 1) .7)(n, no) _17) (n o , 1) , it holds

(2. 25)] * ( l )  =t)- - "117)* (n o) 13 (no, 1).

O n  th e  o ther hand  it fo llow s from  (2. 11) that A 1
i > 0  implies A j

i

— Ei
i >0 , so that

C  (k )  > 0 ,  if A ° > 0 .

Since the matrix A  is positively regular ,21- '. - '> 0  fo r a large no . Corn-
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b in in g  th e s e  fa c ts  w ith  (2 . 25 ) w e  h a v e  /7)* (1) >0. T he relation
I)* (l) < A * i s  c le a r , if  w e  le t  n — ) c o  in  (2. 23).

Corollary 2. 1. Suppose th at  Condition ( D N )  h o ld s  an d  a  is
m in im al  w .r. t .  th e  s e m io rd e r <' w i th  pa < 1 .  T h e n  the lim it  o f
( 2 . 7 )  is uniform  i n  0 _ s a <q a  a n d  K a * (0) >0.

T he proof is clear from  Lem m a 2. 2  and 2. 3, since,

k (n ;s a)a= ja(n , — 1 ; SO (4 . —  3-.0

in  th is  case.

N ow  w e assume that fo r all

(2. 26)i  (n; s0 ) 0 = n'op 0 ' (R 0 * (s0 ) + o (1)) ,

a s  n — >co, w here o ( 1 )  is un iform  in  0 <s a <q a . T h en  it  fo llo w s as
n-->co

(2. 27) R ( n ;s a ) , ,  n'- -0 ;  (R a * (ga )  +  ( 1 )

fo r  som e vector valued function r? a *
 g  ,  w here o (1) is uniform  in

0 < g a < 5 a  and

= max IV 13 (15  ex) ; al •

H ence, it is enough  fo r  (2 . 5 ) to prove following

Lemma 2.4. L e t  ( 2 . 1 7 ) ,  ( 2 . 2 7 )  and  t o a < 1  h o l d .  T h e n  it
f ollow s

(2. 28) R (n ;sa)a= / e a  Pan
 (

R
a

*
 ( S a )  +  (

1
) ) ,

w here o(1) is unif orm  i n  0 <sa<q a, v a an d  & * (s a ) are  g iv en  sepa-
rate ly  in  th e  f o llo w in g  th re e  cases: (i ) i f  P a = t 5 . > P . ,  th e n  v a =0
and

(2. 29) P a * (sa )  = .6 *  (-1 ; s a ) + -Da * (1; sa)aR (1; 5a)aP. - 1 - ',

(ii) i f  p a =p a >f i a , then  v a --=l a  and

(2. 30) Ra* (sa )  = (p a l —  a ) - iA a ' R a * a ),

and  ( iii)  if  p a = a ="Pa >0 , v a =i a + 1  and
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(2.31) a* ( 5 0  =  A. * Aa' Ra*  (g.) /Pava.

Proof .
4 ) ( i )  W hen p= "(i> p , w e d iv id e  th e  sum  in  (2. 15) into

L ILA and Ei=n o -ki. For each 0 > r> 0  we have from (2. 23) an d  (2. 27)
that

- (n, 1)C (1) ' R(1) . _(rp - ')`e,

where c  i s  a  positive vector w ith the ind ices in  4. Hence it follows

(rp - i)n°
n E  DO, i)c(WR(/) c < e ,  n  E  <no +  o o > ,

t=n 0 -1-1 —  1 — r

for all sufficiently la rg e  no . S im ilarly , fo r a l l  la rg e  no ,  it holds

n
E  D* (1)C (1)' R(1) p -1  < a ,  n E <no + 1, co>,

1--n o +1

uniformly in  0 < s < q .  B u t fo r a  fixed no (2 . 18 ) implies

19- n - 1 05 (n, — 1 ) (4 - 3 ) gr) (71, 1 )C  ( 1 ) R  ( 1 )}

I)* ( — 1) (4 — ) + (/) C ( I )  R (1) pc--

a s  n—> oo , uniform ly in  0 <  s < q . H ence w e h av e  (2. 28) w ith  v =0
and R *  g iv en  b y  (2 .2 9 ).

(ii) W hen p = 0 > r), w e sh a ll exp lo it (2. 15) in  th e  form of

(n +1) = .17) (n , —1) (4 +  E 175 (n n — 1)C (n — 1) ' R (n — 1) ,
01= '

d iv id ing th e  su m  in to  E n" .  andF r o mFrom  (2. 23) an d  (2. 27) it
follows

(n + 1) -° (n, n — 1)C (n —1) ' R (n —1) ( 4 -1 ) ° c ,

so that

(n +1) r)(n, n —1)C (n —1) / R(n —1) < c
— pp

71G  <no +1, oo>,

for all sufficiently la rg e  no . S im ilarly , it ho lds fo r a l l  la rg e  no that

A' R *  < e , u n ifo rm ly  0<s<q,
1=n0+1
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by m eans o f  R* (s) (0) < c o . S in c e

(2. 32) A> C  (n ) A — E (n ; 0) —>

a s  n—> oo , w e h ave  fo r a  fixed / E <0, n0> that

lirn /7) (n, n - 1) = -  ,  uniform i n  0< s<q.
71—, co

H ence it fo llow s from  (2 . 27) that

no

urn (  +  1 )  p- n - 1  E D (n, n —1)C (n —1) , r? (n- l) = p - 1 - 1 22PA'R*,
n_... l=0 1=0

uniform in  0< s<q . F in a lly  (2 . 23) and  the inequality p > t5  imply

lim (n +1) - 9  p- (n , — 1 )  (4  —  )  = 0, uniformly in 0 < s q .

Combining the above facts w e obtain the conclusion.
(iii) Suppose th a t  p ="0 = p>0. F rom  (2 . 24), (2 . 22), (2 . 32)

(2. 27) w e can  find  n, and  7r1 E <1, oc> satisfying

(2. 33) --elPe p— nD (n, 1)C (1)' R(1) — A.* A' R*1° < O N , le <ne, n —

fo r some vector e > 0 .  N ow  w e d ivide th e  sum  in  (2 . 15) lik e  as

S ince the functions

p- n - (n + 1) - P .17) (n , 1)C (1)' R(1) , 1 e <0, n>, n E <0, 00>,

a re  bounded in  1, n and s on 0< s<q , it holds

lim p n ' ( n + 1) - (I + III) = 0, uniformly in s .

Further it fo llow s from  (2. 33) that

_ p _ 1 (n +1) — 2I- * A' re p- 1  (n +1) — P- 1 E
1=n o +1

H ence by the fact that
n—n,

l i M  (n + 1) —P—' E ,1' -=1 / + 1 ) ,
1=n 0 +1

and the boundedness of *  in  s, w e have

lim (n +1) - 0 - 1 . 1 )  ( n , 1)C (1)' R(1) = :4* A' R* / p (F., +1) ,
7/ co 1 = 0
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uniformly in  0 < s < q .  B u t s in ce  (2 . 23) implies

lim (n+1) - P- '19'1 5 ( n ,  — 1 ) ( 4 - 3 ) = 0 ,  uniformly i n  0 <s <q ,
n-000

we obtain th e  conclusion.

N o te  that th e  procedure to determ ine va  fro m  :7)a  by Lem m a 2. 4
coincides w ith that o f  (2. 3)- (2. 4). Further, w e have

Lemma 2. 5. U n d e r C ond ition  (D N ) ,  the f u n c tio n  R a ' (.5„)
de term ined  by  L em m as 2 .1  and 2 .4  fo r  e ac h  E d a , a E <1, g> w ith
0 < p a < 1 ,  is  no t iden tically  zero.

P ro o f .  I f  a  i s  m inim al w .r.t. t h e  s e m io r d e r  < ',  the  assertion
is c lear by L em m a 2. 1. I f  pa =p a > p a ,  it  is  a lso  c le a r  f ro m  (2. 19)
an d  Lemmas 2. 4  and 2. 2. To deal with other cases, w e  assum e that
.1? *'(s e )  /   0 f o r  a l l  iE  4,3 w ith  (3- a  s a r is fy in g  p ,> 0 . W e choose a
m axim al elem ent 430 i n  t h e  s e t  -{i3 a ;  vs (ria ) T h is  8 0 is  a lso
m a x im a l in  th e  se t {3- a } , since in  general ,3<ce im plies ps <p a ,  and

3<ce, P= Pa im p ly v,9 va . Indeed, i f  i t  is  n o t  m a x im a l in  {8.-a} ,
th e re  is  a j9 s u c h  th a t  go - a .  T h en  it fo llo w s As o = p,9 =fi a ,  and
so v s° = vR = Da , w h ich  im p lie s  17,a  =v 8 (pa )  a n d  le a d s  a contradiction.
N o w , since 1:)„-= vs° (0) , it follows

R* 1 (gcr) =R ti( s s 0 ) 0, l E  4 0 ,

b y  (2 . 26) a n d  (2 . 27 ), a n d  since go m a x im a l  i n  t h e  s e t  -{,3- cel it
holds

A 5' > 0 ,  f o r  s o m e  iE J a  a n d  jE  J R° .

Hence the  conc lusion  is c lear from  (2. 30)- (2. 31) since 21- a * > 0  and,
when p a > -0a , (p a l —

P ro o f  o f  T h e o re m  2 .1 .  S in ce  1 )  is  c le a r  f ro m  t h e  previous
argum ents, w e h a v e  on ly to  show  2 ) .  Combining th e  equality

P,{ T <oo}  =lim  F(71; 0)x = qx

w ith  th e  M arkov property, we obtain

E (n) = y ,T <ool sv  = E P,{ Z (n )  y }  q r SV =  F  ( n ;  qs)x •
yES yES
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H ence it fo llow s

(2. 34) E P { Z  (n )  y in <T  <0 0 }  sY  — 1  or — F (n  ; qs) 3'
Y E S os —  F (n ;0)s •

F u rth e r  b y  m e a n  o f  (2 . 5 ) a n d  (1 . 7 ) it  h o ld s  a s  7,---->co

(2. 35) os ( n ; q s ) s  = E p ; (R * ' a ) o  ( 1 ) )  ,
aE l ,.( x )  iE d „

w h ere  o (1 )  is  u n ifo rm  in  0 < s 1 .  H e n c e  th e re  e x is ts  th e  limit

(s) = urn E P { Z  (n )  = y jn <T  <c o }  ,
v— ",

 Y E S

uniform ly in  0 s < 1 .  S ince  R * ' (q )  = 0 ,  iE  J a ,  it  is  e a s ily  se e n  th a t
F ,* (1 ) = 1 .  T h u s  F r *  ( s )  i s  a  g e n e ra tin g  fu n c tio n  o f  a  probability
d istribu tion  a n d  w e  o b ta in  th e  conclusions.

Remark 2 .  1 .  W e  c a n  c a lc u la te  th e  s u p p o r t  o f  th e  lim it d is-
tr ib u tio n  {Px * ( y ) }  m o r e  p r e c is e ly .  L e t  p =-- max -{ p c ,; a E  1 ( 4 }  5  x

max {V a ;  a E  /+  ( z )  I  Pa= 0 .4  a n d  1 *  (x )  = a E  1  ( z )  ;  Pa= Px, V .= z} •
T h e n  i t  is  c le a r  f r o m  (2. 5), (2. 6), (2. 34) a n d  (2. 35) th a t  th e  sup-
p o r t  o f  th e  lim it distribution  P ,  ( y ) }  is  co n ta in ed  in  th e  se t

r nr) E  s ;  x i 0 , i U  F c,} — -{0} .
ae n (x)

Remark 2 .  2 .  I t  c a n  a lso  b e  c a lc u la te d  h o w  th e  li m it d istribu-
tio n s  { P  ( y ) }  depend on  X E S —  {0} . Indeed , it fo llow s from  (2. 34)

a n d  (2. 35) that

os-"R *' (q a sa )
P r * (y) =  F  r * (s) =1 aci*(x) iEY„ .  

YES E  E  as - 6  iR *  ( 0 )  •
a E l* ( x )  f E e „

F u rth e r , if 'i5>0„ o r  a  i s  m inim al w.r.t. th e  sem iorder `< ', it hold

Pa* (s„) = Ka * (se) ri

fo r  some m onotone nonincreasing function K a * (5 (,) , s in c e  (2. 7) holds,
an d  (2. 29) a n d  (2. 31) im ply  ii,j,,,*(s a ) (s„). In  th e  c a se  o f
[5 a <0 a ,  (2. 30) w ill g iv e  u s  th e  sufficient inform ation for th e  purpose.

Remark 2 .  3 .  F r o m  (2. 5) it easily  fo llow s tha t
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(2. 36) R*' (F (n; S) a) R * j  (s.) E  
4

a ,

i f  0 < p a < 1 .  H ence th e  coefficients of the pow er series (log  R* (s) /
R* (0)) /log P. give a  stationary measure of the D G W P  X a  on S a — {O}.

3 .  Noncritical periodic DGWP

In  th is section  w e sha ll d ea l w ith  the noncritical D G W P 's  with
the periodic matrices ;I a . I t  is  k n o w n  th a t , b y  a  change o f suffixes,

an  irreducible n o n n e g a tiv e  m atrix M * [0 ]  is represented as

" 0 M 1 0 ....... 0

0  0  M, 0. • •0
(3 .1 )M -

O........... 0 M d  1

M 0 ........... 0

w here every 0  m atrix  on the diagonal i s  a  sq u a re  m atr ix  an d  each

Qa===M«•••MdiVic••Ma_i is  p o sitive ly  regu lar (D o o b  [5 ]  pp. 177-178).

W e  sh a ll c a ll th e  p o sitive  in teger d  th e  p e r io d  o f the  m atrix  M.
O f course the d-fold product M d o f  M  is given

Q 1 0 ...........  0

0  Q 2 0 ....... 0

0 .............. 0  Q d

Lemma 3. 2. T h e  P - F  r o o t  o f  th e  m a tr ix  Q a  is  e q u a l to

P ( M ) d •

P r o o f .  The set of all characteristic roots o f M d  i s  the union of
the sets o f characteristic roots of Q a , a E <1, d>, by m eans o f  (3. 2).
O n the other hand it holds p (M d )  =p (M )"  b y th e  F ro b e n iu s ' theorem
o n  th e  characteristic  roots o f a  po lynom ial in  a  m atrix . H ence w e
have

(3. 3) P ( 1 ) 4 = M aX it0 (Q0 ; aG<1,d>1.

Suppose th a t  p (M )"  = P (Q a o ) . T h en , because o f  th e  p o s it iv e  re-
gu larity  o f Q a o ,  there corresponds a positive e ig e n v e c to r  u a o  o f  Q a o

to  p (M )" ;

(3. 2) M d
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Q a o l l a o — M a o ' • *M a M i• • •  p  ( ) % f ) d u a n •

O perating th e  m atrix  M a •• • ao _ i i f  a  E <1, ao —1> (an d  th e  matrix
M a*  • •M d M l •  • • M a o - 1  i f  a  E <ao + 1, d > )  from  th e  le f t ,  w e  have Q a u

=  P(M ) alia, w h e re  u a  =M a • • •M ao _l uao i f  a E <1, a, —1 > (a n d  u . =
m a ..• M d M,• •• Ma o - iv a „  if  a  G <ao + 1, d > ) .  B u t ua * 0  since every Q .
is positively regular, and hence p ( M ) d  i s  a  characteristic root of Q .
Therefore p (Q a ) p  (M )d  and so  p (Q a ) =  p (M )d  by m eans of (3. 3).

For each dE  <1, 00>, the family of generating functions IF (n d ;  sa).:
n  < 0 ,  0 0 }  forms a  DGW P on S a ,  w hich w e denote by X . (a ) .

L em m a 3 . 3 . Th e  least n o n n e g a t i v e  f ix e d  p o in t o f F (d ; s a ) a  is
equal to  the [ ' a -part q a  of the extinction probability  q  o f th e  D G W P
X . H e n c e  th e  q -m e a n  m atrix  o f  th e  D G W P  X a (d) coincides w ith
the d-f old  product A a d  o f  A a ,  and i f  Conditions (D )  and (D N ) are

satisf ied f o r  t h e  D G W P  X a  t h e n  t h e y  a re  also  satisf ied  fo r  th e
D G W P  X a (d).

P ro o f .  L et r a  b e  the least nonnegative fixed point of F ( d ; s a ) a .
Then it holds r a < q a  since q a  is  a nonnegative fixed point of F ( d ; s a ) a .
Hence it follows

r a= lim F (nd; r a ) a

=
 q a

from  (1. 7) . T h e rem aining assertions except fo r th at o n  (D N ) are
c le a r . B u t th e  a s se r t io n  o n  (D N ) c a n  b e  e a s ily  s e e n  i f  w e m ake
u se  o f  th e  sam e argum ents as in  Athreya [1] o r Sevastyanov [14]
Chapter III , § 3.

Now le t  da E <1, m a > be the period o f the irreducible m atrix Â  a

in  (1. 8), and

da=  L.C.M. { JR ; 4  c

(w e  se t 4 = 1  i f  ri,a = 0 ) .  T hen  by a change of the suffixes, we have

(3 .4 )

- o ............ o
(A)o A o....... o

, z I s c T a,

o........... ci 
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where A)?",) i s  an  irreducible aperiodic nonnegative square  matrix of
order in s ,. E <1, m s > m  sr = ms ). W e define from (3. 4) the sets
48r , T r  and  S ir ,  th e  vectors s(

sar) a n d  gs „  and the m atrices A. (sar )  a s
we defined J R, T a, e tc ., in  section  1; fo r example

8 -1 r-1
= < m +  mm, + 1, E E msg >.

p l 4 = 1 p= 1 q=1

Note that ms ,  (and hence zis r )  is independent o f da which satisfies
cia lda . W e a lso  d e fin e  t h e  DGW P Xj ra) b y  th e  fam ily o f  vector
generating functions IF(nd a ; 4. ) ) (07.) ; n E  < 0 , 0 0 1 .  By Lemma 3. 2 and
the representation (3. 4), our DGWP Xj," ) s a t is f ie s  th e  assumptions
of Theorem 2. 1. A s in  section  2, we shall introduce th e  semiorder

' < a ' in  th e  space of the su ffix e s  { 0, p)} by

(a , q) < a ( j 9 , p) if 4 „ c  r .

Then the ran k  va r o f  ( a ,  r )  is defined by

( 3 .  5 ) p(Rai,? (r) = imax {p q(r) ; (6 , q)( j 9 ,  p ) } ,  if 15,9* 7 - ,

max {v„ (r) ; (6, q) (3, P)} + 1, i f  (3,9 = r,

(m ax  = — 1), and va, -- 14,V (pa) .

Lem m a 3. 3 . L e t  C onditions (D )  a n d  (D N ) be satisf ied f o r
a ll  a e  g> w ith  pa < 1 .  T hen f o r  each a E 0 , 0  a n d  r  E <1, cia>
w ith  pa <1, there correspond m onotone nonincresing f unctions R*f(sr„) )
i n  0<sr„ ) < e r ) , iE J ar , su c h  th at it  h o ld s  as  n—>oo

(3. 6)R  (nd a ; s) =n"rpV"(R* f (s,(4) ) + o ( 1 ) ) ,  j  E Jar,

w here  o(1) is  un if o rm  in  s o n  0<srr ) < e r ) . Fu rth e r, i f  pa >0, any
(0 ) ,  jE  4 a ,

 is  n o t id e n tic ally  zero.

F o r each x  E S ,  w e set

=-L.C.M. Ida  a  e  ( x ) }

Theorem  3. 1 . L e t  a  DGWP (Z (n ),P r) satisf y  Conditions
(D ) a n d  (D N ) f o r  each aE<1, g> w ith  pa < 1 .  T h e n  1) f o r  each
a E <1, 0  w ith  pa < 1  an d  r eo,cla>, it  h o ld s  as  n—>00
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(3. 7) R e (nol„+1; s) = n'-rp a nd-(R*' (F(1; s a ) V) + o( 1 ) ) ,

1 E <0, d a - 1 ) ,  Z E Aa r , 0 < s a < q a ,

w here  o ( 1 )  is  u n if o rm  i n  s  o n  0< s a <ci a . Fu rth e r, j f  p a > ° ,  then
an y  R* i (F(1; sa ) V ) ,  i E zla ,  i s  n o t  id e n t ic a l ly  z e ro .  2 ) F o r  each
x E S such that p a <1 f o r all  a e l +  (x ) , an d  p a > 0  f o r  som e a  E  ( X ) ,

th e re  c o rre s p o n d  a  p ro b ab ility  distributions y)}  o n  S —  {0}
satisf y ing

(3 .8 ) lim P ,-(Z (ncl x +1)inc1„+1<T <00 = Ps*i (Y) ,1E <0, d z —l>.

P ro o f .  Repeating the argum ents in  the proof o f  Theorem 2. 1,
we have only to show the nontriviality of the functions R* i (F(1; s a ) V ),
iE  da , fo r pa > 0 .  It fo llow s from  (3. 6) that

(3. 9) R*' (F (md a ; s)`,9) =- p - R * i  (s ) , l E  j a r

Since F (1 ; 0 )V < F (m d a ;0 )V  , 1 < m d a ,  it  is  c le a r  th a t  p a > 0  implies

R* i (F(1,.; 0) V) (F (m da ; 0) = p a -R* i (0) >0, iE  d aT,

and w e obtain th e  conclusion.

R em ark  3 . 1 . W ith  th e  a id  o f  Lemmas 2. 1 an d  2. 4, we can
determine the functions R* i (4 ) )  inductively w.r.t. the semiorder < a '
in  th e  space o f the suffixes 1(8, p) ; 4,92, C

4 .  A sym ptotic behav ior o f  c r it ic a l DGWP

S in ce  w e have studied the noncritical DGWP's in  th e  previous
sections we shall study the critical ones in  th is  and the next sections.
W e  assume Condition (D) and

(DC) F!,k(q)<cx), j,k E  I -  a ,

w h ere  F . k = 0 2 F i  (s ) / s a s '  i f  i t  e x i s t s  and  F .
e
i k (s) =1im $1, F. k (E)

o th e rw ise . W e  set

(4. 1) pa=  1/2'-" ) , g a r = 1/21P( 1 ),

w here va  (1) and vV (1) a re  those defined by (2 .3 )  a n d  (3. 5). The
object o f th is  section is to  p rove the next two theorems:



M u lt ity p e  G a lto n -W a tso n  processes 271

Theorem 4. 1. L e t a  DGW P X =  (Z ( n ) ,P , )  satisfy Conditions

(D )  and  (D C ) f o r  each a E <1, g> w ith  pa = 1 , and  every m atrix

Aa  be a p e r i o d i c .  Then, for each a E  {1, g> with p„=1, there correspond

constants R* i > 0 , iE  J , such that

(4 .2) Jim e a l t i  (n; s) = , i E  a ,

fo r each  s  satisfying 0 < s a < q a  and

(4. 3) :- .58 < 4 0 , if 3 < a , (5 8 > 0.

The constants R *  a re  determined inductively w . r . t .  th e  s em io r d e r
< '  from  Lem m as 4 .2  and 4 .7  be low .

Theorem 4. 2. L e t a  DGW P X =  (Z (n ) ,P x )  satisfy Conditions
(D )  a n d  (D C )  f o r  each  aE < 1, g>  w ith  p a = 1 .  T h e n ,  fo r  each

a E  <1, g> w ith  p a = 1 ,  a n d  r  E  < 1 , J a > , th ere  correspond constants
R* i > 0 , iE  J a r ,  such that

(4. 4)J i m ( n ; s )  = iE  da „

f o r  each s  satisfying 0 < s a < q a  a n d  (4 . 3 ) .

P r o o f  o f  T h e o re m  4 .  2  assum ing Theorem  4. 1. B y  the
sa m e  a rg u m e n ts  a s  in  th e  p roof o f  L em m a 3. 3, w e  h a v e  from
Theorem 4. 1 that

l im (n d a )P''rR i  (nd a ;s) = -R *' , i E  Ja „
n , 0 0

fo r  each  s  satisfy in g  0 < s a < q a a n d  (4. 3). B u t s in ce  F (1 ; s )  also
satisfies O < F (1 ;s) a < q a  a n d  (4. 3) fo r such an  s ,  i f  follow

lim (nd a + 1) “r ( n c l a + 1; s) = Jim (nd a ) 1`.rR i  (nd a ; F(1; s)) =R*' ,
-+ 0 0

i E da „ lE <0, da  — l>.

Remark 4. 1. Combining Theorems 3. 1 and 4. 2, w e  of course
ob ta in  th e  w hole asym ptotic behavior o f  a  D G W P satisfy ing  con-
ditions (D ) an d  (D C ) fo r  a l l  a E <1, g>.

Now we shall prove Theorem 4. 1 without h a s t e .  In  th e  follow-
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in g  in  th is  section , w e  assume that the hypotheses of Theorem 4. 1
a re  satisfied, unless otherwise is stated.

Lemma 4.1. I f  i5a = 1 , then

va,Fjk ( g ) i i  a k>i, 5 , kE4 „

P ro o f ! )  Suppose first th at F = 0  an d  F (s) = F (0 ) +  A s .  Then
it follows

q = -F (n ;q )= F (n ;0 )+ A n q .

Letting n—>oo w e have A 'q =  0  b y  (1. 7 )  which implies p< 1 .
N ext we shall assum e that 7---* 0  and P ( s )  -= P o ( g )  1 -1(. ) 3' with Po (g )

0. Then it follows that I-1(q) =A and

(n ; s)=- l'o (F (n — 1; g)) + (F (n — 1; g)) • • • f(F (I; g ) )

x  ( F  ( l g)) +  (F  (n — 1;g)) • • • fl (F  (0  ; g)) g

Hence it follows

4 = ( n ; q ) =  A. - 4'0 (0 +
t=i

Since E7=, iin -1 P 0 ( q ) > 0  fo r  a  la rg e  n ,  it  h o ld  4 > i i n 4 .  Hence we
h a v e  (A ) n = p (A n) <1 by the mini-max principle (cf. Gantmacher [6]
II. p . 65).

F or an  a E <1, g> which is minimal w .r.t. the s e m io r d e r  < ',  we
exp lo it the following

Lemma 4. 2. (Joffe an d  S p itz e r  [ 9 ] ) .  I f  t h e  q -m e a n  m atrix
A u  is  positiv e ly  regu lar w ith  p = 1 ,  i t  h o ld s

a a  
• 1

a
 — Sa

)(4. 6) 121(n; s) — (    (1 +  o  (1 ) )  ,  i e  a ,
n. B a il a  • (1 a  S

as  n-->00, w here  o ( 1 )  is  u n if o rm  in  0 < s u < l « ,  s a * 1-.•

Note that q a  is equal to  the F a -part 1a  o f th e  vector 1 = (1, 1)
in  this case,
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T o  s tu d y  th e  c a s e  w hen  a  is  n o t  m inim al, w e prepare som e

lammas.

Lemma 4.3. L e t  'fia = 1  and s r / = q .  Then th e  re-

lation

(4. 7)R ( n + k ;  -S. . ) . k  G <0, co>,lim
Va  • R (n ; s.)

implies

. (n-(4 .8)l  sim '  ") —
a •R (n; s a ) a

Proof F irs t o f a l l  w e  note that

(4. 9) • R(n; s) > 0 ,  n E <no , co> , 0 < s < q ,

fo r some no E <1, C O > .  Indeed, fo r  each  i E zl and jE  T  there corre-
sponds a n  ni ' E <1, co>  such that A i ' (n j ') > O . H en ce  the positive
regu larity o f A  implies

A 1 ' (n) A  (n —  n i i) A  (n i ') >0

f o r  a ll su ff ic ien tly  la r g e  n. S o  s u c h  F ' ( n ; s )  depends o n  every
variab le s1 w ith  J E T , and w e ob ta in  (4 . 9 ). N ow  using  (2. 14) in-
ductively, we obtain

(4. 10) + 1) = 17) (n , n — m —1) (n — m) + Ê  Î ( n , l ) C ( l ) 'R ( l ) .
1=n-m

W e tak e  th e  sequences e n a n d  a n  i n  t h e  proof o f  Lemma 2. 3. In
our case  the sequence e n m ay no t satisfy  (2. 22), but i t  tends to  zero
a s  n—> c o  a n d  sa tis f ie s  (2. 24) with 1. Com bining (2. 24) and
(4. 10) w e have

(1 — a,,, — E ek ) *  (n  —  m ) + E  (1 —a„_, — E ek ) A *C (1)' R(1)
k=1-1-17 6 -7 7 ,

< P(n  + (1 + am + ,) ,2"*R(n— - Ê '( 1 +  a n _i );4*C (1)' R (1).L=  .  

H ence it fo llow s, fo r each  m and n  w ith  n — m E <no , co>,

(4. 11)
(1— am + , —  E P (n, in )  +  E  (1  —  a._1—  E sk) (n, 1)

l= n -m k=1-1-1

(1 + a„,+ ,) +  Ê (1 + cx. )il • (n , / )
1=n-m
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R (n  +1 )  
—  • k (n + 1)

(1+ a n, + ,) P ( n ,  in) + (1+ a„._1) ( n ,  1)
1=n -rn  

( 1 —  am+i— Ek) (1 — an _ L —  E  k) tY • (n , 1 )
k =n -n t 1=n-m k=1+1

where

P(n, *n) _ *  ( n  m )
Q — ( n , l )  —

147 C (1)' R(1)
• f? (n — m) i) • R(n — m)

B u t P(n, m) = i t  b y  th e  definition of A * , and (n,1)—>0 a s  n—*00
b y  (4 .7 )  a n d  ( 2 .  3 2 ) .  Hence, letting co  in  (4 . 1 1 ) , w e have

(1 — <  l im  R
i  (n+ 1) <  l i m ( n  +  1)

1 + a „, • f"?(n + 1) n - '` . • f? (n

(1+ am+1W i E  , co> .
a n t+ ,

N ow  w e obtain  (4 . 8 )  by letting

L em m a 4 .  4 .  T h ere  are  f unctions B ij k ( s a )  an d  G/  (s a )  i n  0  < s a

< q a  such that

(4. 12) R i  (sa ) = A /  (cri — s.1) — j  B , ,  (Sa) (q' —  si)  (qk  —  sk)
.1E4“ kEd„

+  E  (A ,  —G (s a ) )  (q '— s ') , iŒ  4„, 0 < s  < ti=  a =  a ,
JEra

where

0. B i
j k (sa

( ") __13 i
j k(sa

( 2 ) ) , 0 < s a
( 1 ) <s a

( z ) < q
(4. 13) 

B k — > V . ti k ( q ) ,  a s  sa —>qa  i n  0<s a < q i, j,

(4.14)( s a ) < 2 E i i  (s c,), i E  4 a ,  J E 1a .

P ro o f .  Integrating by parts the in tegra l in  (2 . 1 1 ) , we have

E  (s ) = k ( S )  ( q k  S k ) 9
k e r  j

i E  21, 0<s<q

(4.15)
g i k (s) E (y) (Y . Yk — k

J )  f i
o (q —  (q —  s)e)" - cl - ek (1 — e) de.

vEs

Com bining this w ith (2 . 1 0 ) w e have

171 —> 0 0 .
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Re (s) Ale (q' — s') —  E B (s) (q '—  s') (q' — sk)
JE4 j, Ice d
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+ E (A
J E F

0 < s< g .

— Ej e (s)) — si) — E  Be,
 k
 (s) (gi — s") (qk — sk),

l E A  kEr

Since B k (s ) =/31, ( s )  b y  (4. 15), the last term  is equal to

— E E (s) (qk — sk) (g" —
1 E 1 ' k E d

and w e obtain  (4. 12) with

(4. 16) Gii (s) =  E  (s) + 131, (s) (q k — sk )X 4 .

Further (4. 13) follows from  (4. 15), and (4. 14) follows from (4. 15) -
(4. 16).

Note that, i f  w e  replace s a  in  (4. 12) b y  F ( n ; s a ) a ,  we obtain

(4.17) R i (n  +  1 ; s a ) =  E A j e ( n ;  s a ) — B  (n ; s a ) R 1 (n ; s a )
ic4 k ee“

x Rk (n ; s a )  + — G (n ; s „)) ( n  ;  s  a ) ,
JE T '.

i  da , 0 < s a <q a ,

where

(4.18) B f j  k  (n ; s a ) = Bey , (F (n ; s , G  ( n  ;  s  a )  = G (F (n ; s a ) ) .

H ence it fo llow s, w hen .(5a  =1,

(4.19)a „ „ , -  a „ = - b„a. 2 +

where

r
a„= a a „(s a ) a  • .1—? (n ; s a )

E (n ; s a ) (n ; s a ) R k  (n ; s a )
(4. 20) b„= b,(sa)— l'i'kE °'lc,. = ca . (s a ) — 1 :  V ai (A j  i  — G /  (n ; sa ))R i  (n; s a) •

Note th a t (4. 9) is  rew ritten  as

(4. 21) a n > 0 , n E  <no , co>, 0_. s ce< q a , s a q a ,

tEer„ i E r ,

a an (S a )  2
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fo r some no E  < 1 ,  0 0 > .  Further

(4. 22)J i m  a„= 0

b y (1 . 7 ) ,  and

(4.23)0 < b * = l i m  b , , < l i m  b „ - = - , b * < 0 . 0
n n

b y  (4 . 13) and  the inequality Va > 0 .  Finally it holds

(4. 24) c„>0, nE °O ,

fo r  som e n i  E <0, co>  by m eans of ( 4 .1 4 ) ,  ( 1 .7 )  a n d  th e  fact that
A 1

1 = 0  im plies E 5
1 (sa ) = 0.

N ow  w e assum e that

(4. 25) Jim nPoR'(n;s)=R* i , i E

fo r each j9 a  w ith  ps  =  1 and s satisfying 0<s a < q a  an d  (4. 3), where
R* t are  constan ts w ith  R* i > 0 .  T hen w e have

Lemma 4 .  5 .  1 )  I f  Pa<1, i t  holds

(4 .26)c i ,  =  o (1/n 2) , a s  n--00.

2 )  I f  -Oa =

(4. 27)J i m  na-R (n ; s) a = R„* ,
n

f o r  each s w ith  0<s a < q a  a n d  (4 .3 ),  w here

(4. 28) Tta = min Os; R„ - 11.

Further, it ho lds

(4. 29) lirn no-c„= -.ti a A a 'R a * .c *> 0 .
n

P r o o f .  (4. 26) is  c lear from  (4 . 20) and Theorem 2. 1. ( 4 .  2 7 )
is  a lso  c lea r b y  ( 4 .  2 5 ) .  Hence (4. 29) except for the relation  c*> 0
fo llow s w ith the a id  o f  (4 . 14) and (1. 7 ) .  But c * > 0  is easily seen
if  w e repeat the saine argum ents as in  the proof of Lemma 2. 5.

T he next lem m a p lays an important ro le  in  th e  following.
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Lemma 4. 6. Let sequences { a,} , {b „ }  and {c 0 } s a t i s f y  (4. 19)

a n d  (4 . 2 1 )-(4 . 2 4 ). T h e n , 1 ) (4 . 2 6 ) im plies

(4. 30) 1 /6*<  lirn  na,< lim na„<l/b*

2) I f

(4.31)0 < b * < b * < 0 0 ,

(4. 32) lirn e c n = c* ,

f o r  som e 0 < g < 1 , th e n  it  h o ld s

*
(4. 33) c  <  lim n"/2a„< lim n' 12 a n <  

b* b*

P r o o f .  1) B y  (4 . 22) and (4. 23), it holds

b n <M, n E <n„ oO>
1— anb. —

fo r  so m e  M > 0  an d  n2 Œ <1, co) . H e n c e  i t  f o l lo w s  f r o m  (4. 19),
(4 . 21) and  (4 . 24) that

1 1b  a_ <   n  n b , , < M ,
a ,,+ , a n —  an+i ( 1 — a.b.) + c./ a. —

w here na = n,,V n i V n2. Sum m ing up  these inequalities from  n, to  n
w e have

1  <  ( n  _ n o  m  +  1  nE<n,, co> ,
a,, an, 

so  that, by m eans o f (4. 26),

Ern c,,/a,, -= lim c./a,!= O.
n-oco n ,

H ence w e obtain  (4 . 30) s in ce  (4 . 19) implies

1 j  11  } —  1  — c i/ a1 2  
n  ana n, n t=n31 —b1a2 +

2) Setting E n  =re / 2 a„, w e  have from  (4 . 19) that

bn E  —  n'en+ e l ' (En + 1 — en) = a,,+10

a s  n— > 00 . S ince 0 < / t 1 ,  th is w ith (4. 22) implies the basic equality

nE <n„ oo>,
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(4. 34) lirn {ken ' —nPc.„+ niv 2 (e n + , — e n )} = O.

N o w  w e  sh a ll show  th a t th e  s e q u e n c e  { }  is  b o u n d e d . Suppose
that -{ } is unbounded, and let

n ,= 1 ,  n k = min In; En>Enk, V k) , k  E <2, co>.

Then it follows

(4. 35) enk>enk_i V k G <2, co>,

(4. 36) li m $„
k

 = co.
k-.0. 

B y  (4 . 3 5 ) w e  have En k > e „ , , , ,  and hence by (4. 34)

urn b f l h _ k _J —

H ence w ith the a id  o f (4 . 3 2 ) an d  (4 . 3 1 ) w e  have

(4. 37) lim /b * <° ° ,
k

and from (4. 34)

(4. 37) and (4. 38) imply the boundedness of the sequence -{„} , which
is  a  con trad iction . W e  no te th a t, b y  m ean s of the boundedness of
th e  sequence {e„}  , (4 . 38 ) is  va lid  fo r  any subsequence I n k } .  T o
p ro ve (4 . 33 ), w e set

$ *  l i M  En , $* =  liM  En .
it—"oo

F irst w e sha ll show that e* = e * . E *  implies

.N1 c* /b*<E *N 1c*/b* .

Indeed if (0< )$*< .V c*/ -fi* for example, it holds by (4. 34) and (4. 32)
that

n"i2 (en + 1—  En) rec.„— bne„2
— b* (E*) 2

 — 2 e >0 ,  n E  <No, °°>

fo r some N o E <1, co>. Hence it follows

n - 1  1

n T — T ,*  (e*) 2 — E
k = N  o le/2
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which contradicts the boundedness of {E}. N e x t  w e  s h a l l  show that
(4. 33) ho lds even  w hen  e*<f* . S i n c e  the situations do not differ,
w e suppose "*> A/c*/b* and  lead  a  contaradiction. T a k e  a constant
e in  e*>$>E * V ,/c*/b,„ and let

710 = min In ; en >el ,

=- min in E <nk _1+1, °°> ; $n<C1,

71k  = min {n E < M k  + 1, 0 0 >: en>e} E <1 , 0.0 .

Then it holds

(4. 39) en,>$.,-i V e, k E <1, co>.

Indeed, the inequality en k >e  is clear from the definitions, and e.,>en k -i
is  a lso  c lear s in ce  e„k _ i e  i f  n —1G <in,. +1, C O , an d  Cnk--1= En,<6
i f  nk —1= i n k . N ow  it fo llow s from  (4. 34) an d  (4. 39) th a t for any
e>0 th e re  is  a  1z1 satisfying

( n k + 1 ) i ' c n k- 1 + 6 k 00> •

Com bining this inequality w ith (4. 39), (4. 38) and (4. 32), we obtain

C'< lim V„.= lirn + 6  

b*

which contradicts th e  inequality  E>A/c*/b*.

Corollary 4. 1. (4 . 33 ) i s  s t i l l  v a l i d  e v e n  i f  w e  replace  the
assu m p tio n  (4 . 19 ) b y  (4 . 34 ) w h e re  E„-=

N o w  w e  a r e  read y  to  p ro v e  th e  next lemma which completes
the proof o f Theorem 4. 1:

Lemma 4.7. L e t  pa =1, a n d  ( 4 . 2 5 )  h o l d .  T h e n  it  f o llo w s

(4. 40) lim (n  ; s) = a * ,n —on

f o r  a l l  s s at is f y in g  0<s a <q a  a n d  (4 . 3 ), w here a n d  P a *  are
g iv en  separate ly  in  th e  f o llo w in g  th re e  c ase s; ,(i) i f  1= rja>0,,, then
11„=1 and
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(4. 41) Pa* =

( i i )  i f  1 — pc,> -6a , then II .= Tic, and

(4. 42) Pa* = A O-111;R a*,

a n d  ( i i i )  i f  1= -0„--p a ,  th en  fia =  / 2  and

(4. 43) _  V a A a 'P a * ) 1/2
r i a .

/

P ro o f .  (i) W h en  1=5>p- , i t  h o ld s  (4. 26) b y L em m a 4 .5 .
H e n c e  it  fo llo w s  (4. 30) b y  L em m a 4. 6, a n d  w e  h a v e  (4. 7) by
Theorem 2. 1. T herefore (4. 8) holds by Lem m a 4. 3, a n d  so

(4.44)l i m  b„
—> no

b y  (4. 20), (4. 18), (1. 7) an d  (4 . 13 ). Now appealing to Lemma 4. 6
1 ) aga in , w e h a v e  li mn _  n a, =1/B  to  obtain  (4. 40) w ith  /1=1  and
R * g iv en  b y  (4. 41) from  (4. 8).

(ii) W hen 1 =0 >ii, it holds

(4. 45) 72./̀ (n  ; s) n E  < 0 , 0 0 > ,

fo r  it = Indeed, combing (2. 15) w ith  (2. 23) and (4. 27) w e have
have

I I

(n + 1) 11 .2 (n + 1) < (n + 1) (n + 1) A 1A 'R  (1)

< (n +1) 1' 0 i t7 + 1  21:*4 + (n +1)"02 -0" Êi5 - 1̀- 1  ̀21* (R* + K),: 

w here 01, 0 2 a n d  K  a re  p o s it iv e  c o n s ta n ts . B u t  since

E / (— log 15) , as
t=i

(4. 45) follows.

N ow by m eans o f  (4. 10) it holds

' n -1 )C (n -1 ) ' (n +1 ) 11Z (n-1) (n+1) 1`R  (n+1)

G   n   r A .m  ( n  —  m )  ( n —  m )  + N A '  +  or?(nn — m

n—). 00
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H ence letting n--*oo w e  have from  (4. 45) that

E 21.' A ' R *  lim  n "k  (n )  l i m (n) E A ' R *  .
I-- 0 ->oo = 0

B ut 21" 1-->0 as in -> co since (3< 1, and w e obtain  the conclusion.
(iii) In  the case of 1  = j3=0, w e shall first prove (4 . 44). S ince

the sequence a n (0 )  is  monotone nonincreasing in n ,  it follows from
(4 . 19) an d  (4 . 20 ) that

0 < '- -( 9 )---<b n  (0) a„ (0) -->0, as
a„ ( 0 )  -

H ence it ho lds from  (4. 29) that

li m 1/ na„ (0) = 0.

Further, for each 0 < s < q  satisfying ( 4 .3 )  w e  c a n  f in d  an /E <0, 00>
b y  ( 1 .  7 )  s u c h  t h a t  s F (1 ; 0 )  <q , w h e n c e  it  fo llo w s  R (n; s)
R  (n +1; 0 )  and

lim  1/ le a„(s) =0.
1P.0000

H ence w e have (4 . 7 ) by (4 . 27), so  that (4 . 8 ) and (4. 44) by Lemma
4. 3  a n d  (4 . 2 0 ) . N ow  since B > 0 by L em m a 4 . 1 , it fo llow s from
(4 . 44) and Lem m a 4. 6 2) that

li m nfl/2a„-= \ c* /B
n-■

H ence w e have the conclusion w ith  the a id  of (4 . 8).

Remark 4. 2. T h e vectors P a * given  above are positive.
T he p roof is sim ilar to  that of Lemma 2. 5.

Remark 4. 3. It is  c lea r fro m  th e  proof that (4 . 40) ho lds for
a l l  s  w ith  0 <s a <q a ,  s a ± q „  in  c a s e  o f  ( i ) ,  and fo r a l l  s  satisfying
0 <s a<q a, s a* q . a n d  (4 . 2 7 )  in  c a se  o f  ( ii) . Further, it can  be seen
that i f  w e  assu m e C ondition  (D E ) in  the next section (4 . 40) (and
hence (4 . 2 )) ho ld s fo r a l l  s  w ith  0 <s a < q a ,  s a * q a  i n  a l l  cases.

5 .  Asymptotic behavior of Z (n )/n  of critical DGWP

In th is  section w e  sh a ll g iv e  th e  asymptotic behavior of the dis-



282 Y uk io Ogura

tributions

7-3 NQ (n ; u )  =13 .,  Z ( 1 1 )  < u i n < T < ( x )
'

E  1 1 - +

of c r itica l D G W P 's .  W e sh a ll assume for each a E<1, g> with (3 a  =1
that

(DE)V a F  (da; q ) e ie k > c a r i) 2 ,

j, Icc4 „ ,

( e i )  iG.do r >  0 / r E <1 , da>,

where c a r  i s  a positive constant and
 5 a r

 i s  th e  p o sitiv e  le f t  eigen-
vecto r o f  It . )  co rresp o n d in g  to  th e  P -F  root 1. W hen the matrix
,21- a  i s  aperiodic , it  is  c lea r th a t d a = 1 , and Condition (DE) is reduced
to

(5 .1 )r e a i F k  ( q ) ( ;0- a1n  2 , . 4 a ( e ' )  iG.d > 0 /
1, j , kE i ‘ r

fo r some ca > 0 .  W e  set

sm — s ' ' ) = (q' exp(— •••, qN  exp(— AN/n)),

fo r each  /1-= •••, A N )  > O .  O ur ob ject in  th is  section  is to  p rove
the following

T heorem  5 .  1 .  L e t  a  DGIVP (Z (n ) ,P , )  satisf y  C onditions
( D ) ,  (D C )  f o r  e ac h  a  E <1, g> w i t h  pa = 1  a n d  ( D E )  f o r  each
a E <1, g> w ith "fia = 1 , an d  th e  m atric e s  Â.a  b e  aperiodic. T h e n , 1)
f o r  e ac h  a E <1, g>  w i t h  pa = 1 ,  t h e re  c o rre sp o n d  n o n triv ial n o n -
n eg ativ e  f u n c tio ns 0' (A„), iE  d „ , su ch  th at

(5. 2) lim n"-R i (n ; s ' 1 ) ) çb (A 4a,

f o r  e ac h  A >0 satisf y ing

(5. 3) :1,9> O ,  i f  (3< a ,  75,s> 0 .

T h e  f unctions ( A d ) ,  i E  d a ,  a re  d e te rm in e d  in d u c tiv e ly  w.r.t. the
semiorder b y  L e m m as  5 . 1  a n d  5 . 3  b e lo w .  2 )  F o r  each
xE  S  w i t h  pa = 1  f o r  s o m e  a E 1 ( x ) ,  th e  d is t rib u t io n s  Q ,(n ;u ),
nE<1, co>, co n v erg e  as  n—>00 t o  a  p ro b ab ility  d is trib u tio n  0,* (u)
o n  R +

N  g iv e n  b y
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E  x iq x - ei0 i(A .)aci.(x)iee„
(5.4)d Q , *  ( u )  — 1TR.?, E  E  qx - eiR* i  •

aE r + (x ) ie d „
P a =  f is

w h ere  f i r = min Itta  ; a E .

Theorem 5. 2. L e t a D G W P X = (Z(n) , Pp ) satis f y  Conditions
(D ) ,  (D C ) f o r  e ac h  a  E <1, g> w ith  pa  =1  a n d  (D E )  f o r  e ac h  a e
<1, g> w ith  5 a = 1 .  T h e n , 1 ) f o r  e ac h  a E  < 1 ,0  w i t h  pa = 1  and
y E <1, cia>, th e re  correspond nonnegative f u n c tio n s  Oi  (A V ), i  E zla r ,
su ch  th at

(5. 5) lirn (nda +1)"nrR i  (nda + 1; s ' ' ' ' ) ) =0 i  (o) 1 (A)7 ) ),

i E  a „ /E <0, da —l>,

f o r  e ac h  A > 0  w i t h  (5 . 3 ),  w here  w 1 (A) = A ' {qA} / q. 2 ) F o r each
x E S  w ith  pa =1 f o r  som e a E I + (x) , the distributions Q,(nd,+ 1; u),
u E R , N  , conv erge as n--> c o  t o  a  p ro b ab ility  d is trib u tio n  Q t (u )  on
R +

N

Throughout in  th e  following in  th is  section  w e  a lw a y s  assume
the hypotheses o f Theorem 5. 2. F u rth e r , w e  sh a ll assum e for the
moment th a t ev e ry  ATa  i s  aperiodic. T hen , fo r an  a e <1, g> which
is  minimal w.r.t. th e  semiorder < ', th e re  is  the following excellent

Lemma 5.1. (Jo ffe  and Spitzer [ 9 ] ) .  I f  t h e  q-mean m atrix  A a

is  p o s it iv e ly  re g u lar w ith  pa = l ,  i t  h o ld s  (5 . 2 ) w ith  pa = 1  and

•
=

( q  ) .  )  
O' (A - v1+ Ba i1„• ( io t a )

T o  d e a l w ith  th e  c a se  w hen a  is  n o t m in im a l, w e  p rep are  a
lemma.

Lemma 5. 2 . S uppose t h a t  5 a = 1  a n d  A > 0  s at is f ie s  (5. 3).
T h e n  the relation

lim  R ( n — n i  + 1 ; s ('''' ))(5. 7) a  — 0  lE  <0, i n > ,  ni E <0, no>,
a  . R ( n  m ; s  I))

(5. 6)



(5. 10) lirn sup m ax
iEd a Va  •  I-2(k ; 5a (n, X)') a

(k; sa ' ) =0.
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implies

(5. 8)

Fu rth e r th e  relation
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TZ(n;Jima   7_
rei a  • rZ(n ; s '0 ) a

a.

(5. 9)

implies

urn R(k— m+1;-§a('").  _0 , 1e <0, m>, m <0, 00>,sny , a m  s a ( n, X)) a

The p ro o f  is  s im ila r  to  th a t  o f Lem m a 4. 3 and w ill be  om itted .

H e re  w e  assume

lim n"flIV (n; = -  (As ) , ie  zis ,
n

fo r a ll  ,S' a w ith  ps  = 1. T h e n  it  fo llo w s , i f  r)a =1, that

(5. 11) lirn nfl-R(n; .9''°) a = 0 a (AO ,
a— ,co

for so m e  0- .(Aa) =

Lemma 5.3. L e t  0 a 1, a n d  (5 . 1 1 ) h o ld  i f  5 a = 1 .  T hen  it
follow s

(5. 12) k(n; =  /a (2,a) 9

f o r  all w i t h  (5 . 3 ), w h ere  ,ua  a r e  th o se  in  s e c t io n  4  and

Çl i a  ( 1 1 0  a re  g iv e n  se p arate ly  i n  t h e  f o llo w in g  th re e  cases: ( i )  i f
1= "(5 a >p'a ,  then

(5.13)

w here

(5.14)

v a  ( -4;1".)1-7.
iTa (Aa)

rea A a ' A a
k -(qa Âa } 

x.(Aa) =  E
k =0a  • (A a k {qa Aa } ) ; }  a • (A a '+' -(qaAal);-}

1+  V a • (4„X“) {Ba  — xa(2e)}

(ii) i f  1 =-  fi„>;(5a ,  then
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(5. 15) = -1/4 .7 .00  ,

and  ( i i i )  i f  1 pa, then

(5. 16) (Act) a '  0 a  (a a )  \

B

P r o o f .  ( i )  W ith  the no tations in  (4 . 20), a n > 0  ho lds fo r  all
nE <0, oc> since w e have assumed (5 .3 ) an d -Pa > 0 .  Hence it follows
from  (4. 19)

(5. 17)

1 1 bk(s(n))
kLzol— bk(s (n) )ak (s (7 9 )+ Ck(s ( ' ) )/ a k (s (") )

n kE=0 ak(s (") ) a k .,.,(s (") )

B y  the sam e argum ents as in  the proof of Lemma 2. 2, it holds

r k-m-1-1
(5. 18) r? (k — nz +1;:0 79 ) <Ak - m+L(q—.3- (") ) <

k E <in — 1, oc>,

fo r som e 01 = MA) > 0  a n d  p < r < 1 . S im ila r ly , b y  th e  convexity of
the function F i (n ; s+  (q —  s ) $ )  in  0 < e< 1 , w e  have

(5. 19) r? (k —  m ; s(n ) ) > Â (k — s (n) ) (4  —  
(")) , k  <In , oc>,

w here Â  (k  ; s) =  [F  (k  ; s)],, c 4 . Further it can be seen that for each
r < 1  th e re  is  a  vector 0 < v < q  satisfy ing  (4 . 3) such that

(5. 20) F ( v ) > v  a n d  p (A ( 1 ;  v ) ) > i

Indeed, since F i (n ; 0) Î q i  a s  n't C O ,  it is  enough  to  take an  F (n ;  0)
w ith  a  sufficiently la rg e  n  as th e  vec to r v . S in ce  the matrix A (1 ; v)
is  a lso  positive ly  regu lar, it fo llow  from  (5. 20) that

(5. 21) (k ; 77) Â (1; 77)k i--1` (1 —  k ) Â* (77) ,

w here ,21- * (77) i s  a  positive m atrix and Idk } i s  a  sequence w ith 6,—>0
a s  k— > 00 and O < S ,< 1 . B ut s in ce  th ere  is  a  k0 E <1, Do> with

v< s (1 0 < s (")< q ,  71E <k, 0 0 > ,  k G <lee, C°>,

285
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w e have from  (5. 19) that

(5. 22) (k —  ; s (1— a A* r
( ' ) ) >  2 1 ' ' ,  n >  k >  1  k o

fo r  so m e 02 = 02 00 > 0 .  Com bining (5. 18) a n d  (5. 22) w e obtain
(5. 9), and hence (5. 10) by Lemma 5. 2. Since B l

i k ( k ;  s) (q)/2
a s  k—>00 uniform ly in  0 < s < q ,  it fo llo w s fro m  (5. 10) an d  (4. 20)
that

(5. 23) lirn sup I bk (.5( n) ) —BI =0.
k-,00

H ence it a lso  fo llow s from  (4. 22) that

(5. 24) lirn sup b, (s ( ' ) ) a, (s (n) ) = 0.
0 - ' 0 0  7t ic

Letting n i  =1 =0  in  (5. 18) an d  (5. 22), w e have

ck (.5( 7 ' ) )  < ,r k ii q  n >k >k o ,
a 0 (s ) —  0 2 e  (

1
 — rei2f*  CO 4

so that

(5. 25) lim sup c, (s(' ) )/a k (.5( ' ) ) =0.
0 - . 0 0

To estim ate th e  sequence c,(s(n)) / ( s c " ) )  a , i (s (n) ) , w e  s h a ll  exploit
(5. 22) fo r an  r" with

r

T h en  it is  c lea r fro m  (5. 18) an d  (5. 22) that

1  c , ( s ( ' ) ) <  r8 ,  - - ,  n > k k o ,
n  a, (s(" ) )  a,, 1 (sn ) i=2k —

fo r some Os> 0 .  A s fo r k E <0, k o >, it is not d ifficu lt to  see that

1 C k  (S (n ) )  <M k , n °O.
n a 0  (s (") ) a ,1 ( s (") )

Since

rkE M k E 08
2 k

< ° °
)

0=0 0=00+1

w e can  app ly the Lebesgue's convergence theorem, obtaining

k 0
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(5. 26)
n - 1  1

urn E
k = 0  n

c,(s (")) 
(A)

a„(s ( '>)ak +i(s ( n) )

w ith  the help  of

(5. 27) lirn nR (k ; s ( ) = A k {qA} .

Combining (5. 23)- (5. 26) w ith  (5. 17), w e have

• iurn n a„(s(n)) ( d t )  
1 + ii. (4X) IB — x (A )}  •

H ence w e h av e  (5. 12) w ith  01 (A ) given by (5. 13) because o f (5. 8).
(ii) B y  th e  convexity of the function F 1 (i; (s(a+1) s(o) $ )

in 0 < E < 1 , w e have

(5. 28) Ri (1; s ( i)) — (1; s ( '+' ) )  =F 1 (1; s ( n+i ) ) (1; s ( ') )

E F 1
1 (1; s o+1)) (s c., +1> s (1)).i ,

iEr

fo r each i E r  and  n  + 1 > 1 .  Sim ilarly it holds

(5. 29) 121 (1; s('+' ) )  =F 1 (1; q) — F 1 (1; s (n+1 ) )

> E F 1 1 (1; s ( n  + 1 ) ) (q —  s(n+ 1))_ .i.

Since

n+1  — 1 , 1  n + 1 - 1  < 0  — S( n  "
1

(5, 30) (s (n +1 )_soo i<0  
n + 1 1 =

n+1>N no,

fo r some 0 > 0  a n d  no <1, oo>, it fo llo w s fro m  (5. 28), (5. 29) and
(4. 27 ) that

;(5. 3 1 )  0 R(1; sm) —  R(1; s 1))<  (n +1 -1 )0  R u < (n  +1-1)E
1 11+

n+ i> 1\  I no,

fo r  som e vector E. H ence, substituting 1 =n  — I, w e  h av e  fo r any
fixed m

Jim (n +I ) "  E D (n, n-1; s(n+ 1)) C  (n -1 ;s ( n+1 ) ) / R (n — l; s (n +1 ))
1=1
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= lim E .1) (n, n - I ;  s )C (n -1; s°+") / (n - 1) R (n -1; s° - '))
i t - o c o  L = 0

E (2).
t=0

N ow  w e can  obtain  (5. 12) w ith  (5. 15) b y  th e  sam e arguments as
in  th e  proof o f Lemma 4. 7 (ii).

(iii) By Lem m a 4. 7 (iii), the sequence nfl12 k (n ; s o " )  is bound-
e d  in  n  <1, co >  so  th a t w e  h av e  b y  th e  sam e  w ay  a s  to  (5. 31)
that

(5. 32) o i (n +1; s° ) ) -  k(n +1; s ')  , n *.no

fo r some vector e and  no E <1, co > . Let

an= a,, (A) = n - a,, (s n ) 8n= 19. (A) = bn (s' )  rn = r. (A) = nficn (s° ) ) .

T h en  (4. 19) an d  (5. 32) imply

an+, -  a. =11 2 (-f9nce.2 + r.) + 0 (-1 ),

a s  n--->00, so that

(5. 33) lim Iwo (a.+1 - an) + (13na.2 - r„) } 0 .
n

F urther, b y  m eans o f  (4. 20) and  Assumptions (D C ) an d  (D E ), it
holds

0.0>8 =Jim 8. (A) Jim n =  8 >  0  ,
n-000

fo r s o m e  =d (A) and 8 . H ence, appealing to Corollary 4. 1,
w e obtain  from  (5. 33) that

(5. 34) \/r*/13. lim a,,l im  c e n . ,17.* / 8 ,
71-.co n

where

r *  lirn r„ = VA7(2).

C om bining (5. 34), (5. 32) an d  (4. 29), w e  o b ta in  (5. 7). Hence
(5. 8) follows by Lemma 5. 2, and also
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lim 8„ (A) =B.
It - ö  0 0

H ence, again using Corollary 4. 1, w e obtain  from  (5. 33)

lirn 

N ow  (5. 12) w ith  (5. 16) is p roved , since (5. 8) i s  valid.

P ro o f  o f  T heorem  5 . 1 .  S in ce  1 ) is  c lear fro m  L em m as 5. 1
and 5. 3, w e sh a ll show 2 ) .  B y  the sim ilar arguments as for (2. 34),
it is  eas ily  seen  th at

— F(n;s("))z SR , N e - ' dQ z (n ;u )= -1
e — F ( n ;O r

Further, it fo llow s from  (5. 2), (4. 2) an d  (1. 7 ) that

q' —  F (n; s(')) = n - "-r E  E qx - "O i
 ( I l a )  + o

c i(x ) i e e c,

q z  — F(n ;0 ) '=n - F .  E  E  x 'qz - eiR* t +o ( n - ) ,
aŒi.(x) tEdaPcf=1, x

a s  n—>00. Hence it follows

li m e' d ( 2 z ( n ;u ) =O z (A),

where (A ) is  g iv e n  b y  th e  r ig h t s id e  o f  (5. 4). Further Oz  (A ) is
a Laplace transform of a nonnegative measure da,* (u )  on l? .  Since
lim 0 Ø (A ) = 0  by (5 . 6 ) an d  (5. 1 3 )-(5 . 1 6 ) ,  it h o ld  limaio 0..(2) = 1 .
H en ce th e  nonnegative m easure d a , * ( u )  i s  a  probability measure
and w e obtain  the conclusion.

W e  no te  th a t th e  p a ra lle l assertions to  th o se  o f  Rem arks 2. 1
and 2. 2 a re  a lso  va lid  in  th is  c a s e .  Further, w e have

Remark 5. 1 . It ho lds

(5. 35) oi  (o)1 Go = (,z),
5 ) More precisely, one may take L  w ith the form of 1„=04, L=02 -4 where 0>0, 0

in the case o f 1=i5a>fi..



290 Yukio 0 g ura

where 0 1 (A) -= A ' / q.

P r o o f .  F ro m  (5 . 6 )  an d  (5 . 13 )- (5 . 16 ), it  is  e n o u g h  to  show
(5 . 3 5 )  in  th e  ca se  o f (5. 13). B ut this is not difficult since

•(A fq,11) - -a çb-  (01(A)) 1 + V  •  (A {qA}) - B • (A {oil} )- X  ( 0 1(2))

•V" • (A {q2}) - ii
1  + •  (A { q  ) -  (B  -  x  (A )) +  A ' IV } /  •  (4 1 )

=(T (A) •

A s  to Theorem  5 . 2 , w e have the next lemma from Theorem 5. 1
b y  the sam e argum ents as those to  lead Lem m a 3 . 3  from Theorem
2. 1.

Lemma 5. 4. There exist nontrivial limits

(5. 36) lim  (nd a )P-rR i  (nd a ; s ( " " ' ) ) =O i  (A ),  i  E  a r ,

for each A >0  w ith  ( 5 .  3 ) ,  a E <1, g> w ith pa = 1  and rEo,ela>.

Proof o f  Theorem 5 . 2 .  F irs t w e  set

F(l)  =F(1 ; s ( " + " ) ) , s  ( 0 )  =

FV  s= (F 1 (1) V .51 ((o) , • • • , F N  (1) V sN  (0 )) •

T hen  it is  c lear th at

(5. 37)R  (nd  +1; s(nd+") = R i (nd ;F (1 )).

F u rth er b y  th e  differentiability o f  th e  function Fi (nd; F(1) + (s (to)

— F (M e )  it holds

(5.38) 1 . /V  ( n d ;  F(1)) -R i (nd ; s(0 )))1 E (nd ; c)1Fi (I )
JEr

-.5-f (0) E F .f i  (nd • FV  s)IF J  (1) - s i  (0)1,
iE r

w here c  i s  a  vector w ith  c..__ F V s .  Sim ilarly

(5. 39) R i (nd; s) E F  ( n d ;  F V  ( q J  - F i  (1) V sj  (0 )) •
i e r

O n the other hand, since

F '(/ ) =  -  A k i  (1)q kAk / nd + 0( 1   )
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= (If (1— ohi /  n d )  +  0  
( )

1s  (co) =  ( 1  —  (A) /  n d )  +  ( — ) ,

a s  n—> co, it follows

IF ' (1) (0)) nl,
(5. 40)

q-1 (1)V  s 3 (to) n, n  E <no , Do>, j E  ,

fo r  som e k1,  k2 > 0  a n d  no E <1, c o > . Com bining (5.37) - (5. 40), we
have

ki •(5. 41) /2 1 (nd +1; s ("+` ) ) — (nd; s(w ))I (nd; FV  s)
nk 2

(nd ; 0) , n  E  <no, Do>.

H ence it fo llow s from  (5. 36) an d  (5. 37) that

lim  (nd +1)PR ' (nd + ; s ("“) =lim (nd)"R i (nd; s  (0 ))
n

= 0 0 (0)/ GO), E /E <0, d — 1>.

The assertion of 2 ) is  easily  seen  from  (4. 4) and (5. 5) by the same
argum ents as in  the proof o f Theorem 5. 1.

6 . Asymptotic behavior o f CGWP

In  th is  section we shall deal w ith CGWP's X =  (Z (t) , Pz )  satisfy-
in g  Condition (C) . S in ce  the matrix

A a  ( t )  = [A 5
1 (t)] 1, f E j œ  = exp ( t a a ) ,  t>0,

is  a lw a y s  positive b y  th e  irreducib ility  o f  aa ,  th e  periodicity does
n o t  a p p e a r . T h e re  a ls o  correspond positive r ig h t  an d  le f t  eigen-
vectors (rzai),E,,,, and iY,„ = (V a i ),,E , of the m atrix  a “  to  the P -F
root a'a ,

 19 (-el ;

21- ari a —  a -1 I a 1 a 21- a = a

w ith  the normalizations
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E vatz- la i =1, E  i l a i = 1 .
zEd c, iEd„

W e se t 6,, =1/2", pe <0, 00>. Then the fam ily o f the generating
functions {F(n6p; s);nE<O, 0 0 }  form s a  DGWP o n  S , w hich  w e
sh a ll d en o te  b y  X ( 8

 ' ) . T he extinction  probability o f  X 0 0  is  e q u a l
to  that o f the orig inal CGWP X , and the q-mean matrix A(' , ) of X(' , )
is equal to exp (65 a ) .  Sim ilarly, the family o f the generating functions
{F(nd p ; sa ) a ; n E  < 0 ,  0 0 }  fo rm s a  DGW P X a ('2') w ith  t h e  q-mean
m atrix A a

(8 , ) .exp (t o za ) .  H ere w e set the condition

L p i  ( y ) y i e  log y1<00,
YES

where p i (y ) a re  those in ( 1 .6 )

Lemma 6. 1. It is necessary and sufficient fo r C on d ition  (CN)
to hold that

(6. 1) E „{Z ' (t) e " log (t)} <00

P r o o f .  F o r a  je  <1, N >  w ith  q '< 1 , both  (C N ) an d  (6. 1) are
autom atically satisfied since the function

y y lo g  s t = {yi (e) Y i  l o g  y .1} (q  Ya

is  b o u n d ed  in Y E S .   B u t  f o r  a  jE <1, N >  with q '  = l ,  it  is  n o t
d ifficu lt to  sh o w  th e  n ecess ity  b y  th e  s im ila r  argum ents as in  the
proof of Sevastyanov [13] Theom 2. 4. 7, and the sufficiency from the
argum ents as in  Athreya [1] (pp . 49-50).

Now a s  in  (2. 3)- (2. 4), we shall define v s (r )  by

imax {vr (r); r i f  df l * r ,
vs ( r )=

max {p(r) ;  +1, i f  Ff = r,

inductively (max 0-- —1), and va by va = Va  (60 . T hen setting R (t;s )
=q— F (t;s ), w e have the following

Theorem 6. 1. L e t a  CGW P X =  (Z (t ) ,P x ) satisfy Conditions

(C ) and  (C N ) f o r  each aOE <1, g> w ith  6a < 0 .  T h en , 1) f o r  each

aE <1, g> with 1 a <C1 there correspond monotone nonincreasing func-

(CN) iE

i , jE T a , t>0.
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tions R *' (s a )  in 0< s,a <q „, iE  4 a ,  s u c h  t h a t  a s  t-400

(6. 2) R1 (t ; s) = r-et" (R*` (s a )  + o  (1 )) , i E Li a ,

w here  o ( l )  i s  u n i f o rm  in  s  o n  0 < s a < q „ .  F u rth e r e v e ry  R*` (s„)
is  n o t  id e n t ic a l ly  z e ro .  2 ) Fo r e ac h  x E  S  s u c h  t h a t  6a < 0  f o r  all

a E I , (x ) ,  th e re  co rre sp o n d s a  p ro b ab ility  distribution -{ P x * (y )}  on
S—  10}  satisf y ing

(6.3)l i r n  P { Z  (t) = y lt <7' <0 0 } = P .v *  (Y)
t

P r o o f .  B y m eans of Theorem 2. 1 and (6. 1), there are monotone
nonincreasing functions R * (s) , iE  zl, w hich  are  independent of the

choice of pE <0, 00>, such that

(6. 4) 121 (716 s ) i,)" e" , d IR * (s) + o (1)}  , i E d,

as n o o , w h ere  o ( l )  is  un ifo rm  in  0 < s < q .  H en ce  it  h o ld s  b y
(2. 36) that

(6.5)R *  ( F  ( t  ;  s ) )  =  et' R*' (s) ,

for each t> 0  w ith  the form  o f  n/2P first, and then for a l l  t> 0  by
m eans o f th e  continuity o f  R* L ( s )  in  0 < s < q  and  o f F ( t; s )  i t  t.
N ow  (6. 4) and (6. 5) imply

Rs ) ).

m (

(  .1 ( n ;F e r ;  (6. 6) (s)) =0
(n + r)'e ( n+' ) c

uniform ly in  0 < s < q  and 0 < r < 1 .  S in ce  each  t> 0  is represented
as t = n + r ,  0 < r < 1 ,  w h ere  n-4 0 0  a s  t —>c>o, we obtain  (6 .2 )  from
(6. 6). The assertion 2 ) is  c lear fro m  (6. 2) i f  w e repeat the argu-
ments in the proof o f Theorem 2. 1.

Remark 6.1. T h e  procedure to determ ine the (sa), iE  zi
is  n o t co m p lica ted . In d eed  w e  have o n ly  to  rep ea t th e  analogous
w ay along Lem m as 2. 1 and 2. 4 in the case of D G W P . Of course
the p ara lle l assertions to  th o se  o f  R em arks 2. 1-2. 3 are also valid
in  th is  case.

T o  deal w ith  the critica l CGWP, w e sh a ll assume

(CC) f  ( q )  <co , j , k  <1, IV>,
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(CE)
I, f,k E d ,

fo r some c a > 0 .

(q)EiEk ca ( ( V) i E 42 0 ,

L em m a 6. 2. Condition (CC) im plies

(6 .7 )F . , k ( t ;  ( 1 ) < ° ° , k E < 1 ,N > , t > 0.

Fu rth e r, (C E ) and d a = 0  imply

(6 .8 )1 2 a i F i k (t; q )$ .1Ek_z ca (t) ( =
f,k E e„

f o r  som e c a (t) > 0.

P ro o f .  T he first assertion is w ell know n (eg. Sevastyanov [12]
Theorem 4. 7. 3). T o  show  the second assertion , w e  sh a ll use the
relations

F k ( t ;  q ) = A L  (t — r)f,f„ (q) A i n' (r ) Ak " (r)dr
i,nt o . E r

— (q) A f f  ( r )A k k (r) dr

( ib id . (4. 7. 16)) . Then it follows

(t
;  q)ElEk (q)Afi(r)Akk (r) E5

kEe

w hich  im plies (6 . 8 ) , since A 5 (r) -->1 a s  r1 0 .

Setting  pa  =  1 /2 '-o ) ,  w e  have the following

T h eo rem  6. 2. L e t a  C G W P X = (Z (t) , P s )  satis f y  Conditions

( C )  a n d  ( C C ) . T h e n  f o r  e ac h  aE  <1, g> w ith  0 a = 0 ,  th e re  Cor-
respond constants R * 5 0 , iE  d a ,  such that

(6. 8) lim t l` “ R i ( t ;s )= R * i, iE  J a , O s< q .

T h e  p roo f is c lear from  T heorem  4 . 1  an d  (6 . 7 ) , and  w ill be
omitted.

T h eo rem  6. 3. L e t a  C G W P X = (Z (t) , PO satisf y  Conditions
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(C ) ,  (CC) an d  (C E ) f o r  each ceE <1, g> w ith  - .0'„ =  0 . T h e n , 1 ) f o r
each aE<1, g> w ith  6 a = 0 ,  there correspond nonnegative functions

0 i  (AO da, such that

(6. 9) lim tP-Ri (t; s " )  =  (A n ), i E  da , A a >0.
t

2 )  Fo r each x E  S  w ith  6 a = 0 f o r  some a E  I ( x ) ,  the distributions

= < it  it< T < o o t  u E K EN,Q x (t ,u )
1

(t)
t 1'

conv erge as t - oo  t o  a  probability distribusion Q z *  (u ) o n  R + N
P r o o f .  B y m ean s o f  Theorem  5. 1 a n d  (6. 8), th e re  a r e  non-

negative functions Oi  (A), iE  4, w hich a r e  independent o f  th e  choice
of p E <0, c o > , such that

(6. 10) lirn (n6 OP IV (716 „; = çY (A) , i  E d, A>0.

F urther, (5. 35) implies

(6. 11) Ø (»(A ))  = 0'

fo r  each  t> 0  w ith  th e  fo rm  o f  n/2P, w h e re  (o ,(A )=  A (t)(qA )/q .
S in ce  th e  function 1 - 0 i  (A)/R* i i s  a  L ap lace  transform  o f  a  pro-
b ab ility  d istribution , it is  co n tin u o u s in  A > 0 . H ence th e  function
Oi  (or, GO) is continuous in  t ,  and so  (6. 11) holds fo r a l l  t> 0 .  Now
representing each t> 0  a s  t = n +  z- , 0 < •<1 , w e have

(6. 12) R i (t  s (" ) )  = (n ; F (z-  ; s ( " ) )) •

B ut b y  the sam e reason a s  o f  (5. 41) it holds

1Ri  (n; F (I-  ; - R i (n; s ( " r " ) j < (n ; 0) , n E <no, co> .
71

H ence it fo llow s from  (6. 8) a n d  (6. 10)- (6. 12) that

lirn P R  (t; 5" )  =  lim (n; s ( " '" ' " ) (co, (A)) = ç (A ) .

The assertion of 2 )  is  c lea r from  (6 . 9 ) and (6. 8) .

7. E x a m p le s

In  th is  section w e  sh a ll g iv e  four ex am p le s . T h e  f ir s t  tw o  are
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those proposed by Jirina [8] and Sevastyanov [14] as examples which,
because o f the fa ilu re  of the positive regu larity , do not satisfy their
th e o re m s . B u t th ese  a r e  contained in  our schem e, and  the d irect
calculations show  that the  asymptotic forms coincide with those given
by our theorem s. Exam ple 3 i s  o f reducible cases, w here th e  asymp-
totic behaviors a r e  a lso  ca lcu la ted  d irectly  an d  coincide w ith those
g iven  b y  o u r th eo rem s. H o w ever, a ll the m arginal d istributions of
Q *  (u )  in  Examples 1-3 are  o f exponential t y p e . I n  Example 4 we
sh a ll show w ith  a id  o f o u r th eo rem s th at th ere  rea lly  ex ists  a case
when a  certain m arginal distribution of Q x * (u) is  n o t o f exponential
t y p e .  N aturally the d istribution  i s  th e  sam e ty p e  o f  th a t in  Savin
and Chistyakov [12].

E x am p le  1 .  L e t  0 (E) = L7-oPie i  b e  a  one-dimensional pro-
bability generating function w ith p,>0, 0" (1) <00 i f  0' (1) =- 1, and
consider the two-type DGWP X  w ith  the generating functions

(7. 1) F' (s 1 , .52) — 0 (.92), F '  (s', .52) ( s ' ) .

Let qo b e  th e  least nonnegative fixed point of 0 (E ) and set p =0' (q o).
T h en  it is  w e ll kn o w n  th at 0' (1 ) r1  im p lie s  p<1, and 0' (1) =1 im-
p lies p  = 1 . T he extinction probability q  of X  is equal to (q0 , q0) ,  and

the q-mean m atrix A  is  g iv en  b y  [ 
0  p

]
. H ence it follows that 41 = T1p 0

=- {1, 2} and p i = "P"i =  p .  W e can  calcu late the n-step generating func-
tions F(n ; s )  precisely:

(7 .2 )( n ;  s )  = 1
0 (n ; i = 1, 2, if n  is even,

10 (n ; s '), i  = 1 ,  2, if n  is odd,

w here 0 (n; $) i s  th e  n-step iteration  of 0 (E ) and 1 is identified
w ith  1 if  i = 2 .  H ere w e sha ll d iv ide  it in to  th ree  cases.

(i) TV hen p =0 , it fo llo w s F(n ; s )  .1 ,  n  E <1, c o > ,  a n d  a ll the
situations are trivial.

(ii) W hen 0 < p < 1 , the one-dimensional (o r  positively regular
case) arguments assure the existence of a nonincreasing function K* ($)
and of a d istribution { P  (  j) }  on <1,00> such that

(7 .3)l i m  -{qo —  (7/ ; E)} /p" = K *  ( $ ) ,  0 < < cio ,
- , 0 0



(7. 5)
x'P* ( y 2) + x 2P * (y 1) 

X I
 + x 2

lim  P D IZ (2n +1) = yl2n +1<T <cc}
n
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(7.3) 1 — lim  (n ; q ° E )  —  P *  W V ,
q , —  (n ; 0) =1

0<$ <1.

C om bin ing  (7. 2) a n d  (7. 3) w e obtain

lirn R  (2n ; s) / p" =K 5  (s 1) ,  0 5 q ,  i =  1, 2,
n

(7. 4)
lirn (2n +1; s) / p" = pK* i=  1, 2,
n

n —»co
lim P Z (2 n )  =  yl2n<T <00} = x

1P* (y')  + x 2P * (y 2 )
X I +

x = (x', x 2) *0 .

(iii) L e t  p = l .  A l s o  i n  t h i s  c a s e  t h e  one-dim ensional argu-
m en ts te ll u s

lirn n {1-0 (n; e)} =2 / 0" (1) , < 1,
(7. 6)

li m n {1— 0 (n ; exp ( — v/n))1 — 1+ 
0" (1) 77/2

> 0.

H e n c e  b y  m e a n s  o f  (7. 2) it fo llow s'

(7. 7) lim nR 1 (n ; s )  = 2 / 0 "  (1 ) , 0 _ s< 1 ,
n

lirn E r  {exp ( —A (2n) /271) I2n<T)

1X
2

+.x 2 +  0 "  (1 )2 7 2  1 +  0" (1) 2.2/2 f
(7. 8)

lim E x  {exp ( — A .Z (2 n+ 1 )/ (n+ 1 )) I 2n + 1<7'}
n —too

1 J X 1  
+

x2 1
x' + x2 11+ 0" (1) / 2 1+ 0" (1) A721'

f o r  each  x = x2) ±0 a n d  A= (Al  A2
)  > 0 .  F r o m  (7. 8) it follow s

(7. 9) Q t ) (u) —  1  {x' (1— e -
2 4 1 /0 " (1 ) )  _ 4 _  x 2  ( 1 e - 2 / 0 / 0 . ( 1 ) )  , 6 )

X i + X 2

8 ) This means, in terms of measures,

(2,0 (E 1 X E 2) — 
1 f   2 x 1 

e - 2 0 /0 "(i)dul I E ,,, (0 ) +  2 x '( 0 )f  - 2 0 /0 "0>du2/E■ !.x i + x 2 IV (1) fE• r (1 ) E2 1 '
where /1,;( •)  is  the indicator function.
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(7. 9)Q  (u) 1 
x l +  x 2

x l  (1  e -2 1 0 / 0 ^ (1 ) )  +  1 2 ( 1  —  e_2 " ( ) )

fo r  each x = (x1, x2)  * 0  a n d  u (u 1, u2) E R .

Example 2 .  L e t  (e ), q a a n d  p  be those g iven  i n  Example 1.
W e consider th e  tw o -ty pe  DGWP X  w ith  th e  generating functions

(7. 10) F1(.51, s2) = ø ( s 2 ) ,  F 2  ( 91,  s 2) s l.

T h e extinction probab ility  is equal to  (g o , ch) a n d  th e  q-mean matrix
is A  = [

0  p

] H en ce  41=  =  {1, 2 }  a n d  pi = -01= A/ p . T h e  n-step1 0
generating functions F(n ; s ) is given by

i0 (n/2 ; i = 1, 2, if n  is  even,
(7. 11) F i (n; s) =

({n ( - 1 ) 1} /2 .51+1), i = 1 , 2 , i f  n  is odd.

When p  0, F (n; f o r  a l l  n E  <2, oo>.
(ii) When 0 < p < 1 , it holds

lim R i (2n; s) / pn K *  (s i ),  0 < s < q ,  i  1, 2,
(7. 12)

lim R 1 (2n +1;s) / p" p' - ' 1)i} /2 K *  (s 1 + ') 0 < s<q, j  = 1, 2,

w here K * (e ) is  th a t o f  (7 . 3 ). H ere w e assume

(7. 13) p ,i log  i < 0 0 ,  if 0' (1) <1.

Then K *  (e )  0 a n d  w e  have

3,1)
li M  13 {Z (217) yl2n<T < c o }  —

(  t 1 2 p *  (p 2)

74 - oco X I  + 1 2

(7. 14)

lim P {Z (2n +1) = yl2n + 1<T<00} = 
x ip *  (3 ,2)  x 2 p *

"
n— x1+ x2

X = (x', x 2) *0 .

(iii) W hen p =1, w e  a lso  h a v e  (7. 7)- (7. 9) b u t  w ith  0"(1)
replaced by 0" (1)/2.

Example 3 .  L et 0 ($ ) be a  one-dimensional infinitesimal generat-



i
p* (y i) , 3,2

0, o th erw ise , fo r each xi E <1, co>.
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ing  function with qS' (1) <00 a n d  ( 0 )  > 0 .  We consider the two-type
C G W P w ith  the infinitesimal generating functions

(7. 15) f  (s i , .52) (si ) , f  ( s i , .52) = b (s i —1) + c (1 — .92) ,

w here b  and c  a re  constants w ith 0 < b < c .  L et q, be th e  least non-
negative zero point of O M  an d  p u t 6  =  (q , )  .  T h en  g5' (1) * 0  im-
plies 6 < 0 , and çb' (1) =0 implies 0 = 0 . T h e  e x t in c t io n  probability is
g iv e n  b y  q  (q', q2) w h e re  (11 =  q1 a n d  q' =1— b (1— q,) / c, and the

infinitesimal q-mean m atr ix  is  a =
[ 6  0

b — c

1

. Hence it follows 4 ,=  {1} ,

121, ,=  111 and  T2= { 1 , 2} N ow  w e can  define  the one-type
C G W P  {0 (t ; $ )}  w ith  th e  infinitesimal generating function O M :

dO (t; $ )  = ( 0 ( t ;  e ) ) ,  0 ( 0 ;  C )  = E ,  0 < E < 1 .dt

Then our CGWP (t ;  s )}  is g iven  by

Fi (t ; s ) =  (t;
(7. 16)

F' (t ; s) = e - "  fo
t ee' (14 (r ; .s1) + c — b) dr +

= (12 +  " ec' (0 (r ; — qi ) dr + q2} .0

T h e C G W P X , .  {F' (t ; s)} is d iv ided in to  tw o cases.
(i) W hen 6<0, the  one-dimensional argum ents assure the ex-

istence of a monotone nonincreasing function K* (E ) and a distribution
IP *  ( j ) }  on <1, co> satisfying

lim {q,—  (t ; } / e" = K* (6) ,
t

(7. 17)
1 — lim  q'

— °(t; q
'

e )  — P* W V ,  0 < $ < 1 .
(t ; 0) =

Hence it follows

lim R 1 (t ; s) /e'1 ' = K* (s i ) ,  0 < s i

(7. 18)
lim P(x.,0)1Z (t) = (y', y2) It < 7 ' < e °}
t
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(ii) In  case o f 1 =  0, the one-dimensional arguments also tell us

1imt{1 — ( t ; ) }  = 2 / q / '( l) , 0 ^ 1 ,
(7. 19)

urn t {1 —  j) (t; exp ( —  / t ) )  }  —  ^ 0 .
1 + q " (1 )/ 2 '

Hence it follows that

iim t R '( t ;s ) = 2 / ç i u " ( 1 ) ,  0 s '^ 1 ,

(7. 20)
IZ (t ) li m P(,o)E  ( u ' ,  u 2) t < T  =  1 C 2 L h j 2 ) ,

t - 0 0 t

for each x 'E < l,  0 0 > and u E R + '.
The C G W P  X , X  { F ( t ;  s ) }  is divided into four cases.
(i) W h e n  — c < 6 < 0 ,  th e  P -F  root , = p ( a )  is  equal to  O. It

follows from (7. 16) and (7. 17) that

urn R' ( t ; s )  / e '  -

 b   K* (s'), 0 ^ s q ,
c+T

(7.21)
lim P -{Z ( t)  =  (y', y ') t < T < o o }
t —.00

P * (y i ),  y l= 0 ,

0, o th erw ise , fo r each  x±0 .

(ii) When 6 < — c < 0 ,  it holds  i , =  — c, and

11m R '( t ;  s ) / e '= b  j e 6 (q 1 ( r ; s ') ) d r+ q ' —s', 0 ^ s ^ q ,

(7. 2 2 ) 
lim P ( ,X 2)  { Z (t) = y l t < T < o o } ( y ) ,  x ' O

where the distribution .(P *  (y ) }  is given by

b j e ( qi —  ( r ;  q's') )dr + q' (1 —  s')
p*(y)sY l  °  ,  0 s 1 .

Y + O b j  e (q ,— ø (r ;0 ))d r+q ',

(iii) In  case  o f 1 =  — c<0, it holds 0,=1T= —c, and

liii, R ' (t; s) /te' =  bK*  ( 1 ) 0 ^ s q ,
t-. 0 0

(7. 23)
11m P { Z ( t )  =  (y ', y ')  It < T < o o }
t - 0 0 0
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I
P *  (Y 1), Y 2 = 0 ,

0, o th erw ise , fo r each x*O.

(iv) When — c<0 =0 ,  it  fo llo w s  6 2 = 0  a n d  th e  CGWP X  is
critical w ith  q = 1 .  B y m eans o f  (7. 16) an d  (7. 19) it holds

Jim tR 2 (t; s) —  2 b  ,  0 <  s < 1 ,
1-- 4" (1 )

Jim tR 2 (t ;(e - " ,  e
A2

- ' 21 `)) — (A1, A2) >0.
c 1+ 0" (1) A1/2

H ence w ith the a id  o f  (7. 19) an d  (7. 20) it follows

(7.25)Q x *  ( u l  ,  u2) = 1 —e - 2 '1 0 ) , x* 0, u E 12, 2 .

Example 4 .  L et 0 (e) b e a  one-dimensional probability generat-
in g  fu n ctio n  w ith  0' (1) = 1  a n d  0<0" (1) -, -2B i < co . W e  co n s id e r
two-type DGWP X  given by the generating functions F' (.51 , s2) =0 (.9 1)
and F 2 (s i , s2)  w ith F 1

2 (1 ) .A '>0 ,  F 2
2 (1) = 1  and 0 < F 2

2
2 (1) =---2B2< co.

Then the extinction probability is equal to  1 = (1, 1) and  the q-mean
01

*m atrix  is  A =  L A ' 1_1 H ence 41= , =  { 2 } r, = {1} , T 2
=  {1, 2}

acd (31= t5-2 = p = P2 = 1. F ro m  (7. 6), we have

lim nR 1 ( n ; s )  =1 /B ,, O.< 1 ,
1—soo

(7. 26)
Jim( n ;  s ( '") — , A1>0.

1 +

Now by Lemmas 4. 7 an d  (5. 3)

lim n'1 2 R 2 (n; s) NI /B ,B 2 , 0 < s < 1 ,
n

(7.27)
lim ni/2 R2 (n; = A' Al

B2 (1 + BIA l ) '

Hence by Theorem 5 .2  2) , it follows

(7. 28) lim E ( s ,,s 2) -(exp (— A • Z  (n) / n)In<T 1f
 1

 1  
+ 13„11 

, = 0,

[ 1_
1

 — 1  11/2 , x 2 * ,c,

\ 1 +  B ixi /

(7. 24)

n

A >0.
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that is

11
— e- u/'%  x s = 0,

(7. 29) Q 2) ( u )  =  1 . ,
ef  e- e1B .F,(- -

1

'

• — 2; --) d e ,  x 2* 0 ,2B  0 2 B

w here 1F1 i s  th e  Barnes' generalized hypergeometric function:

- ,1F1( —1/2 ; — 2 (-1 / 2 )  r

( - 2 )  k  h !

= s
(k —  1/2) (k - 1 —  1/2) ( 1  — 1/2) ek .

(k+1)!k!
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