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§ O. Introduction

T his  p a p e r  is  the continuation of my preceding paper [20] which
is r e fe r re d  a s  P art I. S o  w e  sh a ll e m p lo y  th e  sa m e  notations and
definitions a s  in  P a r t  I. L e t  S  b e  a  sem ig roup , X = (S , X )  a  trans-
form ation sem igroup (denoted by -r-sentigroup briefly) and '.1 t any
X - l in e a r  s p a c e .  I n  P a r t  I  w e  h a v e  stud ied  severa l necessary  and
sufficient conditions f o r  91 to  be  am enab le , ex trem ely  am enab le  or
quasi-extremely amenable, which a re  sta ted  in  term s o f  some intrinsic
properties o f  VI, 9I* o r  X . W h ile  th e  purpose i n  th is  p a p e r  is  to
show th a t th e  amenability o r  extreme amenability of 91  can be charac-
te rized  by  m eans o f  c e r ta in  properties concerning a c t io n s  o f  X  o n
various objects, a n d  to apply these characterizations to the  case  o f left
amenability o f  any S1-linear spaces. T h e  above characterizations are
certain generalizations o f  th e  results o n  left amenability o f  B (S ) o r o f
som e S1-linear spaces investigated by a  num ber o f  au tho rs , e .g ., T.
Mitchell [14], B. E . Johnson [9], E. E. Granirer [8] and  so  on.

A ll the discussions in this paper d o  not depend o n  th e  topological
structure  of underlying t-semigroup a n d  d o  not require any additional
co n d itio n s  o n  9 I excep t tha t s /1  is  a n  X -lin e a r  sp a c e  or X-algebra.
The amenability associated with topological T-semigroups will be studied
in  the author's paper [21], in  w hich w e shall apply th e  present results
to  the cases of function spaces o f special kinds.
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I n  § I w e sha ll de fine  va rious ac tions o f  X ,  s a y  compact or
compact convex actions of X, X-modules and representations o f X ,
and introduce the concept of 2t-admissibility f o r  them.

In  § 2  it i s  s h o w n  t h a t  fo r  any  am enab le  X -linear space  and
extrem ely am enable X -algebra there correspond the so-called "fixed
po in t p roperty"  on compact c o n v e x  a c t io n s  o f  X  and on compact
actions of X  respectively. The fixed point properties corresponding to
the left amenability o f groups or semigroups are studied by m any au-
thors, e . g . ,  S. K aku tan i [10 ], M . M . D a y  [ 3 ] ,  N. W. Rickert [16],
T. Mitchell [12-14], A. T. Lau  [ I l ] ,  L .  N. Argabright [ I ]  a n d  s o  on.
All these results are derived systematically from our Theorems 2.5-2.7.

B. E. Johnson proved  in  h is  article "Cohomology in  Banach al-
geb ras"  tha t a  locally compact g roup  G  is am enable  if and on ly  if
fo r  any B anach 1-1(G )-m odule X  the cohomology g ro u p  H '(L '(G ),
Xs') is trivial and also introduced the concept of amenability for Banach
algebras and o f  strong am enability fo r  C*-algebras. In  § 3  we shall
extend the Jo h n so n 's  re su lt  to  th e  cases of not only any am enable
X-linear spaces but also extremely amenable X-algebras.

ln  § 4  w e sha ll show that the am enability o f  any X-linear space
'21 can be characterized by m eans o f certain properties, say "invariant
extension property", "R eiter-G licksberg  inequality" or "existence of
invariant map", of "21-admissible representations o f  X . T h e se  p ro -
perties are considered by m any authors in the cases of amenable or
extrem ely  am enable  sem igroups, say  M. M . D ay [2], E . E . G ranirer
[8 ]  and so on.

The discussion in § 5 is  the analogy o f § 4  for the case of extreme
amenability of any X-algebra.

N o ta tion . T hroughou t th is  paper, unless o therw ise  noted , X  is
a nonvoid space, S  is  a  semigroup, X=(S, X )  or X  i s  a  T-semigroup,
S i= (S , S )  or S ,  i s  the t-semigroup d e f in e d  b y  S , w h e re  S  a c ts  on
itself as le f t  translations, a n d  9 1  is  an X -linear space  o r  X-algebra.
H ere  by  an  X -linear space  [resp . X -a lgebra ] -21  w e  m ean  a  closed
linear subspace  [resp . subalgebra] o f B(X ) ( =  the  com m uta tive  C*-
-algebra of all bounded complex valued functions on X )  w ith the pro-
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perties as follows :
( i ) 9 1  contains the characteristic function I, of X,
( ii) f e  1 implies  J E  21 where j ( x )  is the complex conjugate of f (x ),
(iii) f  e 91 implies J e  fl fo r all S E S w here J(x )=f  (sx ).

The following notations are used freely :
:5(x)= the elem ent in 91* defined by 6(x )f= f (x ) (f  e K ) for x G X ,
6 =the map X  3 x ,-,6(x )e 91*,
Mp(90= {S(x); x e X }, M (l)=  the  convex hull of M(91),
M(91) [resp. M(91)] = th e  o-(2t*, A)-closure o f M1(91) [resp. Mp(9.1)],
IM(91) = E M(91); cp(j)= tp(f ) for all s e S  and J e 91},
39)1(90 = /M (90 n 9.)1(911).

T hen M(91) i s  the space o f all m eans on 91 and a)1(91) i s  the space
of all multiplicative means on 91 if 91 is  an X -algebra. We recall now
th a t  an X-linear space 91 i s  s a id  to  b e  amenable i f  /M(91) is non-
empty, and th a t an X-algebra 91 is  s a id  to  b e  extremely [resp. quasi-
-extremely] amenable i f  :N 9 .) (2 ) [resp. /M(91) n ( th e  c o n v e x  h u ll of
9J1(91))] is nonempty.

For any locally convex topological linear (1.c.t.1.) spaces E  and F
over the sam e scalar field R  ( the  rea l field) or C (the  com plex  field)
we write:

1(E, F)= the space of all continuous linear maps o f E to  F,
E*= the topological dual space o f E  w ith  the o-(E*, E)-topology,
T*= the  adjoint m ap o f T E  1(E, F),
<f , cp> =the value of yo e E* at f e E.
For a n y  commutative Banach [resp. C1-algebras A  and B  with

unit over C  we write:

Hom (A, B)= t h e  s p a c e  o f  all c o n t in u o u s  homomorphisms from
A  to  B  as Banach [resp. C*-] algebras,

9.11(A)= the space of all maximal ideals o f A  with the Gelfand topo-
logy.

B y  C(Z) w e d en o te  the commutative C*-algebra o f  all bounded
continuous com plex valued functions o n  a  topological space Z .  We
assume a lw ays a ll the topological spaces treated in  th is  p a p e r  to  b e
Hausdorff.
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§ 1. Representations o f r-semigroups

In  th is  section we shall define various actions of X  a n d  introduce
th e  c o n c e p t  o f  91-admissibility f o r  th e m . A t  first w e  d e f in e  r (c ) -
semigroups, compact x(c)-semigroups, compact convex t(c)-semigroups
and S-m odules. A  T-sem igroup (S, Y ) is ca lled  a  T(c)-semigroup if  Y
is  a  topological space a n d  each s e S  ac ts o n  Y  a s  a  continuous map.
A T-semigroup (S , Z ) i s  a  com pact t(c)-sem igroup o r  com pact action
o f  S  i f  i t  i s  a t(c)-semigroup where Z  is  a com pact sp a c e . A T-semi-
group (S, Q E )  is  a  com pact conv ex  t(c)-sem igroup o r  com pact convex
ac tio n  o f  S  if  Q E  is  a com pact convex subset of a 1.c.t.1. space E  and
each s e  S  acts o n  Q E  a s  a  continuous a ffine  m ap . Further a t-semi-
group (S, E )  is  c a lle d  a n  S -m o d u le  if  E  i s  a  1 .c .t.l. space a n d  each
s E S acts o n  E  a s  a  continuous linear map.

Definition 1.1. L e t  E  b e  a 1 .c .t .l. sp ac e  an d  91 b e  an X -linear
space.

(1) A  m a p  p  o f  X  in to  E  is  said  to  b e  9 1 -ad m iss ib le  if  the
function x i— <p(x ), z > o n  X  belongs to 91 f o r an y  z e E*.

(2) A  sy stem  { S , E , pl [resp. {S, QE, p } ] is  c a l le d  an X -m odule
[resp. com pact conv ex  action o f  X ]  if  (S , E)[resp. (S , Q E ) ]  i s  an  S -
-m odule [resp. com pact convex  ac tio n  o f  S ] an d  p  is  a homomorphism
f ro m  X  to (S , E) [resp. (S , Q E ) ],  th a t  i s ,  p  i s  a  m ap  f ro m  X  to  E
[resp. Q E ] satisf y ing p(sx )=sp(x ) f o r  all (s, x )eS  x  X . M oreov er they
are  said to be 91-adm issible i f  s o  i s  p  in  th e  sense o f  (1).

(3) A  m a p  p  o f  X  t o  a  com pact s p ac e  Z  is  s a id  to  b e  91-c-
adm issib le  i f  t h e  f u n c tio n  x i f (p (x ) )  o n  X  be longs to  91 f o r  any
f  e C(Z).

(4) A  sy stem  { S , Z , pl is called a com pact action  o f  X  if  (S , Z )
i s  a  c o m p ac t  ac t io n  o f  S  an d  p  is a hom om orphism  f ro m  X  to
(S , Z ) . Fu rth e r it  is  said  to  b e  9 1 -c -ad m iss ib le  i f  s o  i s  p  in  th e
sense of  (3).

N ow  le t  u s  define th e  ac tio n  o f  S  on 91* b y  scp(f)=(p(sf)(fe 91)
fo r  any (s, 9) e S x 91*. T h e n  w e  g e t  an S-module (S, 91*), a compact
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convex action (S, M(91)) and a  com pact ac tion  (S , 9.1/(91)) o f  S .  Since

t h e  m a p  (3 o f  X  t o  91* satisfies st5(x )=5(sx ) f o r  a n y  (s, x )e S x  X,

we have

L em m a 1.2 . (I) F o r  a n y  X - l in e a r s p a c e  91, {S, 91*, [resp.
{S, M(91), 6 1 ]  is a n  91-adm issible X -m odule [resp. com pact conv ex
action of  X].

( 2 )  F o r  an y  X - a lg e b ra  91, {S, 931(91), S I  is a n  91-c-admissible
com pact action of  X .

Pro o f . T o  s e e  (1 )  it s u f f ic e s  to  sh o w  th e  91-admissibility o f  S.
L e t  F  b e  a n y  cr(K* , 91)-continuous linear functional o n  91* . Then
th e re  ex is ts  a n  f e  91  s u c h  th a t  <9, F >  =  < f ,  >  f o r  a n y  9 E 91*.
S o  th e  function x 1-3 <6(x ), F> =f(x ) o n  X  i s  i n  91. T his show  that
t5 is  9I-admissible. T o see  (2) let 9 1  b e  a n  X-algebra a n d  F e C(9)490).
Then since C(9)1(90) is isomorphic to 91 a s  a  C*-algebra by  the  Gelfand
transform , there  ex ists a n  fe  91  su c h  th a t  F(9 )-= <f , 9 > f o r  a n y  g)
9)1(91). Hence the  function xi-->F((5(x))=f(x) o n  X  is  in  9 1  This means
th a t the  m a p  o f  X  t o  931(90 is  91-c-admissible i f  91 i s  a n  X-algebra.

q. e. d.

Rem ark 1.3. L e t  (S , Y )  b e  a  r-semigroup. F o r  a n y  f ix e d  y E Y
define th e  m ap  9  o f  S  in to  Y  b y  S 3 si--*.9(s)= sy e Y, th e n  p  gives a
homomorphism f ro m  S ,= (S , S ) t o  (S , Y ) . F o r  a n  S1-linear space
91, a n  S-m odule (S, E )  is s a id  t o  b e  A - 9 1  [resp. E-11]-admissible
i f  th e  Si-module {S, E, (3}  is 91-admissible (see Definition 1.1) f o r  all
[resp. so m e ]  y e E. T h e  A-91 [resp. E-91]-admissibility o f  any com -
pact convex a c tio n  o f  S  is defined sim ilarly . F o r  a n  Si-algebra 91,
a  c o m p a c t a c tio n  (S , Z ) o f  S  is s a i d  t o  b e  A - 9 1  [resp. E-91]-c-
adm issible if  the  com pact ac tion  {S, Z, o f  S1 i s  91-c-admissible for
a l l  [resp. so m e ] z E Z .  W e  s a y  n o w  t h a t  a n  Sy-linear space 9.1 is
lef t [resp. E-lef t]-introverted if  th e  function < s f ,  9 >  o n  S  belongs
t o  91 fo r  all fe 91 a n d  a l l  [resp. som e] 9E 91* , and  an  S1-algebra
is lef t [resp. E-lef t]-m -introv erted i f  t h e  function  si—› <sf, q, > o n  S
belongs to 91 fo r  all f  e 91 and  a ll [resp. som e] cp e 9)1(91). Under these
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definitions we have

Lem m a 1.4. (1 )  F o r a n y  S i- lin e a r  s p a c e  91 the S-module (S,
9I*) or com pact convex action  (S, M(91)) o f  S  are  A -91 [resp.

-adm issib le if a n d  o n ly  i f  91 is  le f t  [resp. E-lefd-introverted.

( 2 )  F o r  a n y  S i-a lg e b ra  9 f  the com pact action  (S, 9j1(91)) o f S

is A-91 [resp. E-91]-c-admissible i f  a n d  o n ly  i f  91 is  le ft [resp. E-left]-

-m-admissible.

L et E  and  F  be 1.c.t.l. spaces over the sam e field  R  o r  C  and
91 an  X -linear space . T hen  w e  define  a  representation o f  X = (S , X)
as follows.

Definition 1.5. (1 )  A  m a p  p  o f X  t o  1(E, F) is  s a id  to  b e  91-
-adm issible if the func tion  xl—* < p(x)v, z >  on X  belongs to ça fo r any

v e E  and z E F*.
( 2 )  A  quad rup le t D={T, E, p, F } i s  c a l le d  a  representation of

X  if:
(i) {T, .E} i s  an  antirepresentation o f S  on  E ,  th a t  is, T  i s  a

m ap of S  to  1(E, E) such  th a t TsTr=T„ fo r  a n y  s, teS,

(ii) p  is  a  m a p  of X  to  I(E, F) su ch  th a t p(sx)=p(x)'T, fo r  any

s E S  and x e X.

M oreover D  is  s a id  to  b e  9 1 -a d m is s ib le  if s o  is  p  in the sense

o f (1).

D efin ition  1 .6 . (1 ) A  quadruplet {T, A, p, B}  is  c a lle d  a  B [resp.

Cl-representation of X  if:
(i) A  a n d  B  are commutative Banach [resp. C*-] algebras over

C  w ith  unit,

(ii) {T, A I i s  a  B [resp. Cl-antirepresentation o f  S  o n  A , that

is, T  is  an antihornomorphism o f S  to  Hont(A, A),

(iii) p  i s  a  m a p  o f  X  t o  Hom(A, B) s u c h  th a t  p(sx)=p(x)T,

for any se S and xe X.

( 2 )  F o r  a n  X-a lgebra  % , a  B-representation {T, A, p , B}  of

X  i s  s a id  t o  b e  1-m-admissible if the fu n c tio n  x i-+<p(x)v, cp> on
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X  belongs to 91 f o r any  y e  A  and (pe9R(B).
N ow  w e define the antirepresentation {L, 91 } o f  S  o n  an X-linear

space 91 by Lxf= xf  (fe 91) for any s e  S . T h e n  the quadruplet {L, 91, (5,
C l  i s  a  representation o f  X ,  w hich is denoted by L (91) f o r  brevity.
The next lemma is obvious.

Lemma 1.7. ( 1 )  Fo r an  X -lin ear space  91, L(9t) i s  a n  91-admis-
sible representation of  X.

( 2 )  Fo r an  X -alg e b ra 91, L(91) is an 9I-m -adm issible C*-repre-
sentation of  X.

Remark 1 . 8  L et {T, E l  b e  an antirepresentation of S  on a 1.c.t.l.
space  E .  T h e n  { T , E , T , E l is r e g a rd e d  a s  a  representation o f  S1.
S o  w e  s a y  th a t  fo r  a n  S ,- lin e a r  space  91  { T , E l is  91-adm issible if
{T, E, T, E l  is 91-admissible a s  a  representation o f  S 1 .  Similarly the
91-m-admissibility of any B-antirepresentation o f  S  is  d e fin ed  fo r an
S1-algebra 9 1 .  Then we get

Lemma 1.9. ( 1 )  F o r  an  S ,- lin e ar s p ac e  9 1  the antirepresenta-
tio n  {L, 91) o f  S  o n  91 is 91-adm issible i f  an d  o n ly  i f  9 1  is lef t-in-
troverted.

( 2 )  F o r  a n  S i-alg eb ra 91 the C *-antirepresentation {L, 91} o f
S  o n  91 is 91-m -adm issible if  and  only  if  91 is left-rn-introverted.

§ 2. Fixed point property corresponding to amenability

W e  s a y  n o w  th a t  a T-semigroup (S , Y ) h a s  a  f ix e d  point [resp.
f in ite  stab le  se t] if  there exists a  p o in t y o  [resp. nonempty finite subset
Y0] i n  Y  s u c h  th a t  sy,=-- yo [resp. s Yo = Yo] f o r  a l l  s e  S .  B y  M. M.
D ay it is proved in  [3 ]  tha t a semigroup S  is left amenable if and  only
i f  a n y  com pact convex a c tio n  o f  S  h a s  a  fixed p o in t .  F urther it is
p roved  by  T. M itchell [12] [resp. A. T. L a u  [1 1 ]]  th a t  S  is extremely
[resp. quasi-extremely] left amenable if  a n d  only if  a n y  compact action
o f  S  h a s  a  fixed  point [resp. fin ite  s ta b le  s e t ] .  W e  c a n  p ro v e  the
D ay's result by the sim ple tw o facts a s  follow s: (i) S  is lef t am enable
i f  a n d  o n ly  if  th e  c o m p ac t conv ex  action (S , M (B (S ))) o f  S  h as  a
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f ix ed  p o in t an d  (ii) f o r  an y  com pact convex  action (S, Q ) o f  S  there
ex ists a  homomorphism f ro m  (S , M (B (S ))) t o  (S , Q ). T h e  Mitchell's
a n d  L au 's resu lts  can  be  a lso  by  th e  sam e m ethod as the D ay's one.

W e  show  t h a t  f o r  any  am enable  X-linear sp a c e  a n d  extremely
amenable X-algebra there correspond the fixed po in t property o n  com-
pact convex actions of X  and  on  com pac t ac tions o f X  respectively.
To this aim  w e prepare som e lem m as w hich a re  th e  most essential in
o u r  discussions n o t o n ly  in  th is  section but a lso  in  la ter each  section.
L e t Q  b e  a com pact convex subset o f  a  1.c.t.l. space E , 21 an  X-linear
space a n d  p  a n  21-admissible map o f  X  in to  Q .  B y  0 (p ) a n d  CO(p)
w e d en o te  th e  closure a n d  th e  convex closure of {p (x ) ;  x  X }  res-
pectively. Under these notations we prove

Lemma 2 .1 .  (1) T h ere  co rre sp o n d s u n iq u e ly  a  m a p  fO: M(21)
91--P(9)e CO(p) such that

<P(9 ), z>  =9 (<p (x), z> ) f o r a n y  z e E*.

B y  this p, 931(21) is m apped into 0(p).

( 2 )  L e t  T  b e  a  continuous affine m ap  o f  Q  into itself  such that
t h e  m a p  Tp: X 3 xl—Tp(x)=T(p(x))EQ is also  21 -adm issib le . T hen
the  m ap p and  (T p r  corresponding to p  an d  Tp as  in  (1) respectively
satisfy

(1##) (Tp)"(9)= T(gs(9)) f o r a n y  9 E AI(91) .

P ro o f . ( 1 )  T h e  uniqueness o f  such  p follow s from  th e  fact that
t h e  o-(E, E*)-topology i n  E  is s e p a r a te d .  F o r  a n y  9= E 7,1A05(xi)

e Mf(21), w e  p u t  p9)=  E e C O (p ). T h e n  P (9 )  satisfies (#)
f o r  a n y  9 e Mf(21). L e t  9  be  any  e lem en t i n  M(91). Then w e can
take a  ne t {9„} in  M1(21) such  that 9= w*-limŒ9Œ. Since CO(p) is com-
pact, w e choose  a  subnet {9p} o f  { 9 }  su c h  th a t th e  n e t  {p(90)} in
C O (p ) converges t o  s o m e  p o in t  q e Q .  R eca lling  tha t t h e  function

< p(x), z> is  in  21 fo r any z e E*, we have

<q, z> =lim p< g"(9fl), z> =limp9p(<p(x), z>)=9(<p(x), z>)
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fo r any z e E * .  Hence putting P M =  q, w e get a  m ap p : M(9.1)->C0(p)
w ith  (1) . Further i f  go e 9J1(21) th en  th e  above n e t  Iyoal can be taken
f ro m  M O D . S o  P(T )e 0(p) fo r  a n y  cp e 9J1(91). Thus (1 ) is shown.

( 2 )  S ince  T  i s  affine, (#11l) is o b v io u s  f o r  any e M 1(91). Let
go be any element in  M (21). T hen , as noted in  (1 ), there exists a  net
{913} in  M1(21) such that 9=e-lim pcpp a n d  P(9)=1impb(911). S o  by  the
continuity o f  T  we have

<T(P(T)), z> =limp < T(0(y9p)), z> =limepp(<Tp(x), z>)

= y9(<Tp(x), z>)= <(Tp)'(9), z>

for any z e  E * . Hence (14) holds for a n y  e M(91). q. e. d.

T h e  n e x t  is  p ro v e d  b y  th e  sam e consideration a s  i n  t h e  above
lemma.

Lemma 2 .2 .  Let 2 1 b e  a n  X -algebra an d  p  a n  %-c-admissible
map of  X  to a  compact space Z.

(1) There corresponds uniquely a  m a p  p : 971(21) 9-÷ p (9 )e Z
such that 9(f (p(x )))=f (5(0) f o r any fe C(Z).

(2) L e t  T  be a  continuous map o f  Z  into itself such that the
m ap Tp: X  n xi-T p (x )=T (p (x ))eZ  is a ls o  21-c-admissible. Then the
maps )5 an d  (T p)" satisfy (Tp)"(T)=T(P(9)) f o r a n y  e 9.11(%).

Lemma 2 .3 .  L e t  21 be a n  X -linear space and {S, QE, p }  an 21-
admissible com pact convex ac t io n  o f  X .  Then there corresponds a
homomorphism p  from  (S, M(91)) to (S, Qv).

P roo f. T h e  m a p  p  defined by p  a s  in  Lemma 2 .1  is our desired
o n e .  T o  see  th is it suffices to  show th a t  p  is  a  homomorphism from
(S, M (2 0 )  t o  (S, Q E ) .  S ince  sp(x)= p(sx) f o r  a n y  (s, x) e S x X ,  we
have

<s(9), z> =q)(<sp(x ), z  >)= 9(< p(sx ), z>)

= sq)(< p(x), z>)= < Ascp), z> ( z  e E*) ,
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and hence s P(9) = ô(sgo) for any (s, 9) e S x M(91). q. e. d.

Similarly the  next follows from Lemma 2.2.

Lemma 2.4. L e t  9 1  b e  an  X -alg e b ra an d  { S , Z , p )  an  91-c-
-adm issible com pact action o f  X .  T hen there ex isi.s a hom om orphism
of (S, 9i1(91)) to (S, Z).

B y v irtue  o f  Lemmas 2 .3  a n d  2 .4  w e g e t e a s ily  th e  fixed point
properties corresponding to th e  amenability a n d  extreme amenability.
w e  s a y  n o w  th a t  a n y  com pac t o r com pac t convex a c tio n  {S, Y, p}
o f  X  h a s  a  f ix ed  po in t a n d  a f in ite  s tab le  se t i f  s o  h a s  (S , Y )  res-
pectively.

Theorem 2.5. A n  X -linear space 91 is  am enab le  i f  a n d  o n ly  if
any  91-adm issible com pact conv ex  action of  X  h as  a  f ix ed  point.

P ro o f . I f  91 is amenable then (S , M(91)) has a  fixed p o in t .  So by
Lemma 2 .3  any 91-admissible compact convex ac tio n  o f  X  h as a  fixed
p o in t .  I f  91 is  n o t a m e n a b le  th e n  th e  91-admissible com pact convex
ac tio n  {S, M(91), S I  o f  X  (see Lemma 1 .2 ) d o e s  n o t  h a v e  any fixed
point. q. e. d.

A s noted in Proposition 2.1  in  P a r t  I , a n  X-algebra 91 is extremely
amenable i f  a n d  o n ly  if  th e  c o m p a c t a c tio n  (S, 9.11(91)) o f  S  h a s  a
fixed  p o in t ,  a n d  9 1  is quasi-extremely amenable i f  a n d  o n ly  i f  (S,
9)1(91)) has a  finite s ta b le  se t. Hence the  next two theorems are  proved
b y  th e  sam e a s  in  Theorem 2 .5  using Lemma 2 .4  instead o f  Lemma

2.3.

Theorem 2.6. A n  X -alg e b ra 9 1  is e x tre m e ly  am e n ab le  i f  an d
o n ly  i f  any  91-c-adm issible com pact action o f  X  h as  a  f ix e d  point.

Theorem 2.7. A n  X -alg e b ra 9 1  is quasi-ex trem ely  am enab le  if
an d  o n ly  i f  any  W -c-adm issible co m p ac t ac tio n  o f  X  h as  a  finite
stable set.
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Especially we have

Theorem 2.8. L e t  X=(S, X )  be a  t-semigroup. Then

(1) B (X ) is  a m e n a b le  if  a n d  o n ly  i f  a n y  com pact convex action

o f  X  h a s  a  fixe d  point.

(2) B ( X )  is [quasi]-extremely a m e n a b le  i f  a n d  o n l y  i f  any

com pact a c tio n  o f  X  h a s  a  f ix e d  p o in t  [resp. f in ite  s ta b le  set].

P r o o f .  T hese  assertions fo llo w  fro m  T h eo rem s 2 .5 -2 .7  an d  the
fa c t  th a t  a n y  compact convex or compact actions of X  are always
B(X)- o r  B(X)-c-admissible respectively, q .  e .  d.

Finally let us apply Theorem s 2.5 and 2 .6  t o  the cases of any
S1-linear space and S1-algebra respectively. Considering only actions of
S  not of S/=--(S, S), we obtain

Theorem 2.9. L e t  2 i  b e  a n  S 1 - l in e a r  s p a c e .  F o r  th e  fo llow ing

c o n d itio n s  th e  im p lic a t io n  (1)g>(2)=>(3) h o ld s .  I f  2 E  i s  E-left-intro-

verted th e n  ( 2 ) . ( 1 ) .  M o re o v e r  if  9 1  is  le f t - in t ro v e r te d  th e n  a l l  the

conditions a re  Inu tua lly  equ iva len t.

(1) 91 is le ft am enable.

(2) A n y  E-91-admissible com pact convex action  o f  S  h a s  a  fixed

point.

( 3 )  A n y  A-91-admissible com pact convex a c tio n  o f  S  h a s  a  fixed

point.

P r o o f .  Let (S, Q )  be any E-91-admissible compact convex action
o f S .  Then, as noted in Rem ark 1.3, w e can get at least one compact
convex action {S, Q , p l o f  S /  which is 91-admissible. Hence (1)1=>(2)
,*(3) hold  by Theorem  2.5 . M oreover i f  21 is left [resp. E-left]-intro-
verted then  (S , M (91)) is  A -91  [resp . E -91]-adm issib le  (see  L em m a
1.4 (1)). S o  If  9 1  is  le f t  [re sp . E - le f t]- in tro v e r te d  and (3) [resp. (2)]
holds, then (S , M(21)) has a  fixed point and hence 91 is left amenable.

q. e. d.

A nalogously com bining Theorem  2.6 and Lem m a 1.4 (2) w e have
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Theorem 2 .1 0 .  L e t 91 b e  an S ,-algebra. F o r  t h e  follow ing con-
ditions th e  im plication (1)=>(2).■(3) h o ld .  I f  91 is E-left-m-introverted
then  (1 ) f o llow s f rom  (2). M oreov er i f  9 1  is lef t-m -introv erted then
(1) follows from  (3).

(1) 91 is ex trem ely  lef t am enable.
(2) A ny E-9I-c-admissible com pact action of  S  has a f ix ed point.
( 3 )  A ny A -9I-c-adm issible com pact action of  S  h as  a f ix ed point.

Theorem s 2.9 a n d  2 .1 0  a re  th e  sam e a s  i n  L . N . A rgabright [1] and
T . M itche ll [14 ] respectively. I n  Theorem  2.10 replacing t h e  terms
"extremely" a n d  "fixed po in t"  by "quasi-extremely" a n d  "finite stable
s e t"  respectively , w e can get a  theorem concerning th e  quasi-extreme
left amenability o f any S1-algebras.

§ 3. Cohomological characterization of amenability

B. E. Johnson  p ro v ed  i n  h i s  a r tic le  [9 ] t h a t  a  locally  compact
g ro u p  G  is  am enab le  i f  a n d  on ly  i f  f o r  any  B anach  L '(G )  module
X  the cohom ology group 111(1.1(G), X*) i s  triv ia l, and  also introduced
the  concep ts  o f amenable Banach algebras a n d  o f  strongly amenable
C*-algebras. I n  t h i s  sec tion  w e  sh a ll e x te n d  t h e  Johnson's results
t o  the  cases o f any amenable X-linear spaces a n d  extremely amenable
X-algebras respectively. To this aim we begin with some notations and
definitions, say 1-cocycles and coboundary m a p s . L e t  E  b e  a 1.c.t.l.

space, Y  a  space and  f  a  m a p  f ro m  Y  t o  E .  B y  0 ( f )  a n d  CO(f)
w e deno te  th e  closure a n d  th e  convex closure o f  { f (y ); y e l l }  in  E
respectively . M oreover w e denote  by  A( Y, E )  t h e  sp ace  o f  a l l  the
maps f  from  Y to  E  fo r which CO(f ) is  compact.

Definition 3 . 1 .  L e t  (S , E ) b e  an  S -m o d u le  an d  M ={ S , E , p}  an
X -module.

(1) (S , E ) is  said  to  b e  alm o s t p e rio d ic  (a.p .)  i f  t h e  m ap  SDS
e  E  be longs to  A (S , E ) f o r  an y  v e  E . S im ilarly  M  is  s aid  to

be alm ost periodic (a.p.) i f  (S , E) is  a.p . an d  p e A (X , E).

(2) A  f unc tion  f  e  A (S , E ) is  called  a  I-cocy cle o n  S  i f  f (st)
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= s f( t )+ f(s )  fo r  a n y  s , te  S . B y  Z (S , E ) w e  d e n o te  the space o f a ll

such 1-cocycles on S.

( 3 )  A  p a ir  (f, h )e  A (S , E )x  A (X , E ) is  c a lle d  a  1-cocycle on  X
i f  h(sx)=sh (x )+ f(s ) fo r  a n y  s  e  S  and  x  e X . B y  Z (X , M ) w e  d e n o te

the space o f all such 1-cocycles on X  and put Z (S , M )= {fe  A (S , E );

(f, h )e  Z(X, M ) fo r  some hE A(X, E)}.

I t  is  e a s ily  s e e n  th a t  Z(S, M ).g Z(S, E). L et M = {S, E, p }  b e  an
a .p . X -m o d u le . F o r a n y  y e E  define Ov G A (S , E ) a n d  0'y e A(X, E)

b y  ay(s)= sy — v (s e S )  a n d  a' v(x)= p(x)—  v (x e X) respectively. Then
for any  s E S  and x e X,

0' v(sx)= p(sx)— y = s(p(x)— 1))+ sv— y = sa'v(x)+ ay(s)

Hence (ay, (3 'y) E Z(X, M )  and Ov E Z(S, M ).

Definition 3 .2 .  Let M = {S , E , p } be an a.p. X-module.

(I) The map 0: E 3 /A-404s)— sy—  e Z(S, M ) [resp, Z (S , E )] is  ca ll-

e d  a  coboundary m ap (associated w ith M  [resp. (S , E)]).

( 2 )  Le t 2 b e  a  subspace o f  Z (S , M ) s u c h  th a t 0 (E )g 2 . T h e n
the m a p  0  o f E  to  2  is  sa id  to  b e  s tro n g ly  [re sp . e -s tro n g ly ] su r-
jec tive  if  fo r  any (f, h ) e Z(X, M ) w he re  fe  2 there  exists a  veCO(h)
[resp. 0 (h)] such that f= — 0v.

L et 91  b e  a n  X -linear space an d  M= {S, E ,  p l  an 91-admissible
a.p . X -m odule. Then we put

Z(X, M , 9 ) = { (f , h) e Z(X, M ); h is 'U-adrnissible}.

Z(S, M , 91)= {f e Z(S, M); (f, h) e Z(X, M , 91) for some h} .

S in c e  t h e  m a p  X  xl--a'y(x)=p(x)—  G E  i s  91-admissible for any
ye E , w e have 0(E)g. Z(S, M , 91). The following is the m ain result in
this section.

Theorem 3 .3 .  ( 1 )  A n  X - lin e a r  space  9 1  is a m e n a b le  if  a n d

o n ly  i f  f o r  a n y  9 I-a d m is s ib le  a .p . X -m o d u le  M = {S , E , p } the map
0  of E  to Z(S, M , K ) is strongly surjective.

( 2 )  A n  X -a lg e b ra  91 is e x tre m e ly  a m e n a b le  i f  a n d  o n ly  if
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f o r  any 91 -adm iss ib le  a.p. X-module M={S, E, pl the m a p  0  o f  E

to  Z(S, M, 91) is  e-strongly surjective.

P r o o f .  Suppose t h a t  9 1  is a m e n a b le  [resp. extremely amenable]
a n d  (pE /M(11) [resp. 39.)1(91)]. L e t  M= (S , E ,  p l be an 91-admissible
a.p. X -m odule a n d  (f, h)E Z(X, M , 91). W e apply  L em m a 2 .1  t o  the
m a p  h  o f  X  t o  CO(h). T h e n  th e re  e x is ts  a  /1 e CO(h) [resp. 0(h)]
such that <u, z> =cp(<1;(x), z>) a n d  <su, z> = (p(<sh(x), z>) fo r any

E S  and Z E E * .  Since cp  is  invariant, we have

<v su, z> =q)(< h(x)— sh(x), z>)=q)(<1i(x)-11(sx)+J.(s), z>)

=  < f  (s), z >)= <f (s), z>

fo r  any  SE S  a n d  z E E * .  Hence f=  — 0v. Thus th e  "on ly  if" parts in
( 1 )  a n d  ( 2 )  a r e  p ro v e d . N o w  le t  L* -= (S, 91*, 6), th e n  L *  is 9.1-
-admissible a n d  a.p . (see Lemma 1.2). Suppose that th e  m ap 0  o f  91*
t o  Z(S, L*, 9.1) i s  s t r o n g ly  [resp . e-strongly] surjective. Since  (0, 6)
e Z(X, L*, I t) , th e re  e x is ts  a  (pe C0(6) [resp. 0(6 )] s u c h  th a t  (p•
= 0  f o r  all s E S .  T h is  sh o w s  th a t  (p is i n  /M(91) [resp. 39)490].
Thus the  " if"  pa rts  in  (1) and (2) are  proved, q. e. d.

Theorem 3.4. F o r  a  t-semigroup X=(S, X ), B (X ) is a m e n a b le

[resp. e x tre m e ly  a m e n a b le ] i f  a n d  o n ly  i f  f o r  a n y  a.p. X-module

M =  {S, E, pl th e  m a p  0  o f  E  to  Z(S, M) is  s tro n g ly  [resp. e-strongly]

surjective.

P r o o f .  T h is  follow s from  Theorem  3 .3  a n d  t h e  fa c t th a t  a n y
a.p. X-module is  B(X)-admissible. q .  e .  d .

Theorem 3 .3  i s  a n  analogy o f  th e  fac t th a t an y  lo ca lly  compact
am enable group is strongly am enable in  t h e  sense o f  [ 9 ] ,  w hile the
following is a  generalization o f  Theorem 2 .5  in  [9].

Theorem 3 .5 .  An X-a lgebra 9 1  is  a m e n a b le  i f  a n d  o n ly  i f  fo r

a n y  9 1 -a d m iss ib le  a.p. X-module  M =  S ,  E ,  p l the  m a p  a o f  E  to

Z(S, M . 9.0  is  surjective.
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Pro o f . T h e  "o n ly  i f "  part is obvious from  Theorem  3.3. To see
t h e  " i f "  p a r t  w e  consider a n  91-admissible a.p. X-module Mo = {S,

So}, where 91'4= {9 e 91* ; 9 ( I , )= 0 }  a n d  60: X 3 x - 0 ( x ) = O E t .
F o r  a  9 e M (9t) put (P (s)=  9 — s9 (s e S )  a n d  (To" ( x ) = 9 — 6(x) (x E X).
T h en  (efi, 0') e Z(X, M ,, 91). I f  t h e  m a p  0  o f  'IQ  t o  Z(S, M o, 9t) is
surjective, there exists a t/./ e 914; su c h  th a t 0— atif , i.e ., s(9 +0)=9 + 0
fo r  all S E S.  Since ((p +0)(I ,)= 9(I ,)= I, 9 + 0  i s  a  nonzero invariant
elem ent i n  W .  B y Theorem  3.3  in  P a r t  I, 91 is a m e n a b le  i f  it i s
an X-algebra. q .  e .  d .

F rom  th e  above theorem we get immediately

Theorem 3.6. F o r  a  T-semigroup X=(S, X ), B (X )  is am en ab le
i f  an d  o n ly  if  f o r an y  a.p. X-module M = { S , E , p l th e  m ap  a o f  E
to  Z(S , M ) is  surjective.

H e re  w e  sh a ll n o te  th a t  f o r  t h e  c a s e  o f  a  left-introverted St-
linear space Theorem s 3 .3  a n d  3 .5  c a n  b e  s ta te d  i n  te rm s o f  n o t
S r-m odu les bu t S -m odu les. L e t 91  be  an  S 1-linear space , (S , E ) an
a.p. S - m o d u l e  a n d  p u t  Z(S, E, '2I)= ( je  Z(S, E); f  is 91-admissible{.
B y  t h e  definitions of E-9.1- and A-91-admissibility (see Remark 1.3)
w e  see  th a t (XE)n Z(S, E, 91) is nonem pty i f  (S , E ) is E-91-admissible,
a n d  th a t a(E)g Z (S , E , 90  if ( s, E ) is A-91-admissible. For any subset
2  o f  Z(S, E )  consider t h e  following cond ition  (# ) [resp . (14 )]: For
any  fe  2  there  ex ists a  y e C O (f) [resp. 0 (f)] such  that f=  --ay.

L e t  2 ,  a n d  2 2  b e  su b se ts  o f  Z(S, E )  su c h  th a t  0 (E )  g  2 , and
a(E) n2200  re sp ec tiv e ly . T h en  w e  say  th a t t h e  m a p  a o f  E  to
2 , is strongly  [resp. e-strongly] surjective i f  2 1 sa tisf ie s  the condition

[re sp . 0 0 ], a n d  th a t th e  m ap  0  o f  E  t o  Z(S, E) is  strongly  [resp.
e-strongly] 22-surjective i f  2 2  satisfies the condition (#) [resp.

Theorem 3.7. L e t  9 1  b e  an S 1 - lin e ar s p ac e  [resp. S 1-algebra].
F o r  th e  f o llow ing  conditions the  im plication  (1) (2).> (3) h o ld .  If
'21 i s  E-left [;'esp. E-left-m]-introverted then  (2 )  im plies (I). Moreover
i f  9 1  is le f t- in tro v e rte d  th e n  all th e  c o n d itio n s  a re  m utually  cacti-
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valent.
(I) 1 is [extreinely] am enable.
(2) For any  E-1-adm issible  a.p. S -m o d u le  (S , E ) th e  m ap  a  o f

E  to  Z (S , E ) is  strong ly  [resp. c-strongly] Z (S ,  E, 91)-surjective.
(3) For any  A -21-adm issible  a .p. S -m o d u le  (S , E )  th e  m ap

o f  E  to  Z (S ,  E, { )  is  s tro n g ly  [resp. c-strongly ] surf  ective.

P ro o f . Let (S , E) be an E-21-adinissib1e a.p. S -m odule. T hen there
ex ists a v e E  su c h  th at  th e  a.p. Srmodule M,={S,  E, }  is 9,1-admis-
sible, w here  i s  d e f i n e d  b y  SasE-*3(s)=svEE.  S in c e  ( f f )e Z (S 1 ,
M , 1 )  f o r an y  fE Z (S ,  E , 9 ,1), it follows f rom  T heorem  3 .3  that (I)
im p lie s  (2 ) . (2 )(3 )  is  c le ar, N o w  su p p o se  th at 9 ,1  is  E - le f t  [resp.
E-left-mn]-introverted. T hen (S , .21*) is a n  E-M-adrnissible a.p. S -m odule
a n d  th e r e  e x is t s  a  P o  e M (() [resp. i3 2t)] s u c h  t h a t p o ( s )  E Z(S,
9,t', vt). I f  (2 )  h o ld s , th e n  w e  c an  tak e  a e CO(&p0) [resp. O(&po)]
such  that q ,(= Since '  is giv en in the f orm  mJi=q, — q, for som e
( e M(11) [resp. Lfl(t)], w e  hav e  sq,0 -  ÇOo = q, -  q,0 - sq, + sq,0. i.e ., sço = q,

fo r  all s e S . S o 91 is [ex trem ely ] lef t am enable. T hus (2) im plies (1)
if 9 1  is E - le f t  {resp. E-lef t -tn] - in tro v erted . M o reo v er if  9 1  is le f t -
in trov erted  then (I) f o llow s from  (3), because the a.p. S -m odule  (S ,
91*) is A-91-admissible. q .  e .  d.

Combining Theorems 3.7 and 3.5 we get

Theorem 3.8. ( 1 )  A  left-introverted Salgebra  9 1  is  am e n ab le  if
an d  o n ly  i f  for any A -9,1-admissible  a.p. S -m odule  (S , E ) the  m ap  ô
of E to Z(S, E, tC) is  surf  ective.

(2) A n E -le f t-in trov erted  S 1-algebra 91 is am enable  if  and only
if  f or any  E-91-adm issible  a.p. S -m odule  (S , E )  Z (S ,  E , 9 1 ) is c o n -
tained in ô(E).

§ 4. Representations of amenable r -semigroups

In  th is  section w e shall study  th e  relations between the amenability
o f  any  X -linear space  and  the  p ropertie s  (ILM)*, (ILM), (ILE) o r
(RG) (defined below) concerning representations o f  X .  W e  begin with
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som e nota tions and  definitions. L e t  D = { T , E, p, F}  b e  a  representa-

tion  o f  X  (see Definition 1.5). F o r any f a  E  a n d  z  e F* w e put

Co(p, f )=the convex hull o f  {p(x)f; x e X},

C(p, f )= the closure o f  Co(p, f),

C(p*, z)= the convex o-(E*, E)-closure o f {p(x)*z; x E X},

K(T, E)= the linear span o f  {Tsf—f; s e S, f  e E } .

T hen  w e say  fo r  th e  sake  o f  brevity that D  i s  alm ost periodic (a.p.)
[resp. *-almost periodic (*-a.p.)] i f  C(p, f ) [resp. C (p*, z )] is compact
[resp. o-(E*, E)-compact] f o r  a n y  f a E  [resp. z e F * ] .  F urther w e  say
tha t D  is  uniform ly  bounded (u.b.) i f  E  and  F  a re  Banach spaces and

1111 - 1, II P(x)11.- 1  f o r  a n y  (s, x) e S x X .  N o te  th a t  D  i s  *-a.p. i f  it
is u.b. I n  w hat fo llow s w e sha ll consider on ly  a.p., *-a.p. o r  u.b.
representations of X.

Definition 4 . 1 .  L et D = { T , E , p , F}  b e  a  representation o f  X.

(1) D  is  said  to  hav e  the  property  (1L M ) [resp. (IL M )*] i f  there
e x is ts  a  lin e ar m ap  P [re sp . c P* ] o f  E  [re s p . F * ] to  F [resp. E*]
satisfy ing (4.1) [resp. (4.2)] :

(4,1) OT,--= 01.(f)eC(p, f) f o r a n y  s  e  S  an d  f e  E  ,

(4.2) T :4)* =0*, (10*(z )EC(p*, z ) f o r an y  s  E S  and z  e F* .

(2) L e t  E 0  b e  a  T  inv arian t c losed  linear subspace  of  E(i.e.,

T .(Eo)gEo f o r an y  se  S ) , w o e  E *  a n d  Zo E F * .  Then (E0, w o, zo ) is
called an  inv ariant sy stem  o f  D  if

(4.3) <f , p(x )*z o> = <f , wo > f o r a n y  f  E o  an d  x  e X  .

(3 ) D  is  s a id  to  h av e  th e  in v arian t lin e ar ex tension property
( IL E )  i f  f o r an y  inv arian t sy stem  (E0, wo, z o) o f  D  there  ex is ts  an
extension w e C(p*, zo) of  wo such that T :w =w  f o r all  s e S.

Definition 4 .2 .  A n  u .b .  representation { T , E , p, Fl o f  X  is  said
to hav e the property  (R G ) if  the follow ing inequality , so-called "Reiter
Glicksberg inequality ", holds for any  f e E:
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(4.4) d E(f; K (T, E)) d E(0, Co(p, f))

where dE is  the m etric induced by  the norm  in  E  and dE SiM ilar.

Remark 4.3. ( I )  L e t  {T, E l  be ail antirepresentation o f  S .  Then
I T, E, T , E l  is regarded as a representation o f  S,--(S, S). So w e say
{T, E} is u.b., a .p. and *-a.p. if so  is  {T , E, T , E l  respectively. Similar-
ly  { T ,  E I  i s  s a id  t o  have the property ( i  L M ) , ( IL M ) ,,  (!L E ), and
(R G ) , if IT , E, T , E l  h a s  th e  p roperty  (IL M )*, (IL M ), ( IL E )  and
(R G) respectively.

(2) The property ( IL E ),  of {T , E I  is s t a t e d  as fo llow s: L e t E0
b e  a  T  inv ariant c losed  linear subspace o f  E 0  and  z 0E  E * satisfy
<T sf , z0> = < f, z 0 >  f o r  any  J e  E 0  an d  s e  S. T hen there ex ists a
Z E  C(T *, .70) su c h  th at T :z = z  f o r  all SES. I n  t h i s  case z  coincides
w ith z , o n  E0.

(3) The inequality (4.4) for the case o f any u.b. antirepresentation
E} of S can be replaced by the equality:

(4.5) d E( f , K(1; E))= (l,(0, Co(T, f))

fo r  a n y  je  E. I n  f a c t ,  s in c e  Co(T, .f f )g_f+ K(T, E), the in  (4.5)
holds always.

U nder the  above  de fin itions w e  can  s ta te  the m ain  theorem  in
this section.

Theorem 4 .4 .  Fo r an y  X -lin ear space '21 the fallow ing conditions
are m utually  equivalent:

(1) 91 is amenable.
(2) A ny  91-adm issible 

*
- a .p .  representation o f  X  h a s  th e  pro-

perty  (ILM )*.
(3) A ny  2 I-ad m iss ib le  * -a.p . representation o f  X  h a s  the  pro-

perty  ([L E).
(4) A n y  I-adm issib le  u .b . representation of  X  h as  the property

(R G).
(5) A n y  '21 -adm issib le  a.p . represen tation  o f  X  h as  th e  p ro -

perty  (1 LM).



Sem igroups II 615

S in ce  a n y  *-a.p., a.p. o r  ti.b . representation o f  X  i s  B(X)-admis-

sible, th e  next is an im m ediate consequence o f  Theorem  4.4.

Theorem 4.5. F o r an y  T - s e m ig ro u p  X =(S , X )  the follow ing

conditions are m utually  equivalent:

(I) B (X ) is am enable.
(2) A ny  *-a.p. representation o f  X  h as  th e  property  (IL M )*.
(3) A ny  *-a.p. representation of  X  has the property  (ILE).
(4) A ny  u.b. representation of  X  has the property (RG).
(5) A ny  a.p. representation of  X  has the property  (IL M ).

I n  order to  prove Theorem  4.4 we prepare some lemmas.

Lemma 4 .6 .  L e t  9 1  b e  a n y  X - l in e a r s p a c e  a n d  p u t  L(91)=

{L, 91, (5, CI (see L em m a 1.7).
( I )  L(91) is  91-adm issible, u.b. and a.p.
(2) 9 1  is am enable if  L(91) has any  one  o f  the  properties (ILM )*,

(IL E), (R G) or (IL M ).

Pro o f . T h e  a s s e r t io n  ( I )  i s  c le a r  (cf. Lem m a 1.7). T o  s e e  (2),

suppo se  a t  f ir s t  th a t  L(91) has  ( IL M ) o r  (IL M )* . Then  the re  ex is ts

lin e a r m ap s  61D: 91--C. o r  61)*: + 9 [ *  s u c h  th a t  19L,= (/), 0(f )eC((5, f )
f o r  a n y  s S  a n d  f E 9 t  o r  L:49* = cl)*, 0I9*(A) E C((5*, A ) f o r  a n y  s S

a n d  A e C  re s p e c t iv e ly .  I t  is  e a s ily  s e e n  th a t  (I) a n d  0* (1 ) a r e  in-

variant m eans o n  91. Hence 91 is amenable.

N e x t  suppose  th a t  L(91) h a s  t h e  p roperty  ( IL E ) . L e t  E 0  b e  the

one-d im ensiona l subspace o f  9 1  con s is t in g  o f  all c o n s ta n t  functions

a n d  zo  th e  iden tity  m ap  o f  C .  M oreover define th e  wo e E t  by w 0(A I)
=A  (A e  C ) . T h e n  (E0, wo, z o )  is a n  in v a r ia n t  system  o f  L (% ). So

th e re  e x is ts  a  ç a e C(5*, z o )  s u c h  t h a t  L p = q )  f o r  all S E S .  S in c e

C (o*, z0)= M (1), ça is  a n  in v a r ia n t  m ean o n  91.

F in a lly  suppo se  th a t  L(91) h a s  t h e  p roperty  (R G). L e t  u s  apply

(4.4) t o  th e  ca se  fo r  D =L(9J) and f = l .  T h en  w e  have

1 in f  {  ix  — h  ; h e K(L, 90 } inf {1/x(x)i ; x E = 1.
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S o  it fo llow s from  T heo rem  3.2 (4) in  P a r t  I t h a t  91  is amenable.
Thus (2) is shown. q. e. d.

Remark 4.7. B y  th e  sa m e  a s  i n  Lemma 4.6 (2) w e can  see  that
a n  Si-linear space 91 is left am enable i f  t h e  antirepresentation {L, 91}
o f  S  o n  21 has any  o n e  o f  (/LM)t, (I LE),, (RG), o r (/LM),.

Lemma 4.8. L et 91 be an  X-linear space and ço e M(91).
( I )  F o r any  91-adm issible a .p . representation { T , E, p, F} o f  X

there corresponds a  linear m ap  0  o f  E  to  F  such that

<0 (f), z>  =go(<p (x )f, z> ), 0 (f) e  C (p , f)

f or any  fE E and  z e F*.
(2) F o r  a n y  91-adm issible *-a .p . representation IT , E , p , F l of

X  there corresponds a linear m ap 0 *  o f  F *  to  E * such that

<f, 0*(z)> =  q'( <f, p(x)* z >), 0*(z)  E C(p*, z)

f o r any  z e F* and f e E.
(3) If  q , is  inv arian t then  0  an d  0 *  in  th e  abov e satisf y  071=0

an d  T:0* =0* f o r any  SES respectively.

P ro o f . ( 0  F o r  any fe  E  consider th e  m ap  o f  X  t o  the compact
convex  s e t  C (p , f ) d e f in e d  b y  X 3 p(x)f E C (p , f ).  T h e n  th is  is
91-admissible. So by Lemma 2.1 there exists uniquely a  0(f) e C(p, f)
satisfying < 0(f ), z> = go(< p(x)f, z>) for a n y  z E F*. H e n c e  the
m ap  (P: E 3 f I -4 . ( f )e  C (p , f)gF  is well defined and  is our desired one.
(2) is shown by the  same as in  (1).

( 3 )  Assume tha t yo e /M (21). Since p(x)Ts= p(sx), we have

<0(Tsf), z > = 9( < p(x)'Tsf, z >)= go( < p(sx)f, z > )

=cp (<p (x )f, z> )=  <0 (f), z>

f o r  a n y  f e E  a n d  ZEF*. H e n c e  0 7 1 = 0  f o r  a n y  s e S. Sim ilarly
T:0* = 0* for any SE S. q. e. d.

N ow  le t u s  prove Theorem 4 .4 .  A t first suppose th a t 91 is  amena-
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ble a n d  cp e / M M .  L e t  D = IT, E , p , FI  b e  a n y  91f-admissible *-a.p.
representation o f  X . T h e n  b y  L e m m a  4.8 (2, 3) th e re  ex is ts  a  linear
m ap 0* of F*  to  E * satisfying (4.2) and

(#) <f , 4,*(z )> =4(<f , p(x )*z >) for a n y  z e F*  and f e  E.

H ence D  h a s  ( IL M )* . O n  t h e  o th e r  h a n d  l e t  (E0, w0, z 0 )  be any
invariant system o f  D .  T hen  it is  easily  seen  by  (4.3) that each ele-
m en t i n  C(p*, z0) i s  a n  extension o f  w0. W e  p u t  w = 0*(z0). Since
T :0 * =0 *  fo r  a ll  s e S, th is  w is our desired  extension of w0. Hence
D  h a s  ( IL E ) . Further assume D  i s  u.b. T hen  (P* satisfies

(44) 111*(z) II z a n d  < h, (I)*(z)> =0

f o r  a n y  z E F *  a n d  h e  K (T , E ). Let f e  E  a n d  p u t  d=dE(o, Co(p, f)).
W e  c a n  assume w ithout loss o f  generality d > 0. Then there  exists a
zo E F*, 1 s u c h  th a t  R e(<p(x )f , z c ,>) d  f o r  a l l  x e X ,  where
R e(c) i s  t h e  re a l p a r t  o f  t h e  com plex num ber c (e .g . se e  H . Reiter
[15, Lemma A ] ) .  So by (#) and OM we have

dE(f, K(T, E))= inf {  f— 1111; h e K(T, E)}

>inf {I <f— h, *(z0)> j; h E K (T, E)}

=1<f , 0*(z0)>1=k9(<p(x )f , zo>)I. Re (9( < p(x)f , zo>))

= (p(Re(< p(x)f, z 0 >))..(19(1x)=d.

H ence (4.4) ho lds f o r  any  f e  E  a n d  D  h a s  (R G ). T h u s  (1 ) implies
(2), (3) a n d  (4 ). Further (1)t*(5) follows from Lemma 4.8 (1, 3).

Conversely su p p o se  t h a t  (2), (3), (4) o r  (5 )  hold respectively.
Then by Lem m a 4.6 w e  c a n  se e  th a t 9 (  is am enable. Thus Theorem
4.4 is proved completely.

Corollary 4.9. A n  X - lin e ar sp ac e  91 is  am e n ab le  i f  a n d  o n ly  if
the follow ing inequality  holds f o r any  f  E 21:

(4.6) inf {II f— h j ; h e K(L, 90}  in f ;2 e Co(f  (x); x  e X )}  •
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Pro o f . B y T heorem  4 .4  a n d  L em m a 4 .6  (2 ), 91  is am enab le  if
and only if the  representation L(91)= IL, 91, 6, CI o f  X  has the  property
(RG), tha t is, (4.6) holds for any f  91. q .  e .  d .

Remark 4 .1 0 .  ( 1 )  T h e  equivalence (1)<=>(5) i n  Theorem  4.4 re-
sembles to the  result i n  Rem ark 3 after Theorem  10 in  E. E. Granirer
[ 8 ]  and (1)<#.(4) i s  a  generalization of P roposition  in  P . E ym ard  [6 ,
p. 23].

(2) By slight modification o f  th e  property (IL M )* w e get a  char-
acterization o f  th e  extreme amenability a s  fo llow s: A n  X -algebra 91
is e x trem e ly  am en ab le  i f  an d  o n ly  i f  f or any  21-adm issible *-a.p.
representation IT , E, p, FI o f  X  there ex ists a  linear m ap 40* o f  F*
to E* such that T .?(I)* =0* f o r a l l  s e  S  an d  oP*(z)E 0(p*, z) f o r any
z  e F*, w here 0(p*, z ) is the  a(E*, E)-closure of  Ip(x )*z ; x  e XI.

(3) I f  w e apply directly  Theorem  4.4 to  any S ,-linear space 91,
we obtain necessary and  sufficient conditions for 91 to be left amenable.
T hey  a r e  sta ted  i n  te rm s o f  not "antirepresentation o f  S "  b u t  "re-
presentation o f  S I " .  So considering only antirepresentations o f  S  we
have

Theorem 4 .1 1 .  L e t  91  b e  an  S ,- lin e ar sp ac e . Fo r th e  following
conditions, ( I )  im p lie s  all  th e  o th e rs . I f  9 1  is lef t-introv erted then
a l l  the conditions f rom  (1) to  (4) are  m utually  equiv alent. A dditional-
l y  i f  t h e  antirepresentation {L, 91}  o f  S  o n  91  i s  a .p . ,  th e n  a l l  the
conditions are m utually  equivalent.

(1) 91 is lef t am enable.
(2) A ny  91-adm issible *-a.p. antirepresentation o f  S  h as  th e  pro-

perty  (ILM )7.
(3) A ny  91-adm issib le  *-a.p . antirepresentation o f  S  h a s  the

property (ILE),.
(4) A ny  21-adm issib le  u .b . an tirepresentation  o f  S  has th e  pro-

perty (RG)i.
( 5 )  A ny  21-adm issible a.p. antirepresentation o f  S  h as  th e  pro-

perty  (ILM ),.
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P ro o f . I f  any antirepresentation T, E l o f  S  is 9I-admissible, *-a.p.
and  a .p ., th e n  so  is  {T, E, T, E l  a s  a  representation o f  S ,  respectively.
H en ce  it fo llo w s fro m  T h eo rem  4 .4  th a t (1 )  im p lie s  a ll t h e  others.
If 91 is left-introverted then {L, 91) is 91-admissible (see Lemma 1.9 ( I)),
*-a.p. a n d  u .b .  H e n c e  it  h a s  th e  properties (IL m )p , (IL E)i o r  (RG),
if (2), (3) or (4) hold respectively. In  each case 91 is left amenable by
Rem ark 4.7. Finally suppose th a t (5 )  h o ld s . If {L, 91) is  91-admissible
and  a .p . then  it h as  the  property (IL M ), a n d  hence 91 is left amenable
by Remark 4.7. q .  e .  d .

Remark 4 .1 2 . ( 1 )  F o r  th e  c a se s  o f  9 1 =  B (S ) o r  some function
spaces o n  S , th e  results in  Theorem 4.11 a re  studied by many authors,
e.g. (1)-=-(2) is in  M . M . D ay  [2 , 4 ] o r  J . Dixmier [5], (1).=.(3) in [4]
o r  J. Silverm an [22] and (1)-44 (4) in I. G lick sbe rg  [7 ], H . Reiter
[1 5 ], E . E . G ranirer [8] or M. Rimersma [17].

( 2 )  N o te  th a t  the antirepresentation {L, 91}  of S  on an S ,-linear
space 91 is a.p. if  a n d  only if  any f  91 is a  left almost periodic func-
tion o n  S.

§ 5. Representations of extremely amenable r-semigroups

W e sha ll show  b y  th e  analogous consideration as in  § 4  t h a t  the
extreme amenability o f  any  X -a lgebra  is  charac terized  by  m eans of
t h e  p ro p e rtie s  (IHM )*, (ER G)*, (M IE), (E R G ) a n d  (IH M ) (defined
below) concerning B - or C*-representations of X . W e begin  w ith  som e
n o ta tio n s  an d  definitions. L e t  D ={ T , A , p, B }  b e  a B-representation
o f  X  (see Definition 1.6). Then we put

H(T, A) = the ideal o f A  generated by {Tsf—f; s e S, fe A }  ,

0(p*, /i)= the cr(A *, A)-closure o f  {p(x)*111; x X} E B*) .

Since p(x) e Hom (A , B ), w e  se e  th a t 0(p*, tli)e 931(A) if e  9 3 I(B ) . F o r
th e  sake o f  brevity  w e say that a C*-representation {T, A, p, B l o f  X
is m -alm ost periodic  (m -a.p .) if 0 ( p ,  f )  is o-(B,971(B))-compact for
any f  e A , where
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0(p, f )=the o-(B , 9)1(B))-closure o f  {p(x)f; x e X} .

N o te  th a t  th e  o-(B, 9)1(B))-topology i s  a  locally convex Hausdorff one
for any commutative C*-algebra B  w ith  unit.

Definition 5 .1 .  L e t  D= { T, A , p , B }  b e  a  B -representation o f  X.
(1) D  is s a id  t o  h a v e  th e  property  (IH M )*  i f  th e re  e x is ts  a

m ap  0*  of  901(B) to 901(A ) such that

(5.1) T :0* =0*, 0*(tf r) e 0(p*, f o r a n y  s e  S  and  tlf E971(B).

(2) D  is s a i d  t o  h av e  th e  p roperty  (E R G )*  if  th e  following
inequality  holds f o r any  fE A :

(5.2) dA(f, H(T, A))?_ sup in f  <P(x )f , ti/ > ; x e X , tp 9.11(B)} •
X

(3) L e t A 0  b e  a  T  inv ariant closed subalgebra of  A , (po M AO
a n d  4/0 E 9)1(B). T hen  (A 0 , (Po , tf ro ) is  called  a n  in v a ria n t  system
o f  D  if

(5.3) <f , p(x)*I1/0> = < f, (Po> f o r any  f  E  A 0 and  X E X .

(4) D  is  s aid  to  hav e  the  m ultiplicativ e inv ariant ex tension pro-
perty  ( M I E )  i f  f o r  any  inv ariant sy stem  (A 0, (p0, tli0) o f  D  there
ex ists  an ex tension e 0(p*, 4/0) o f  (po such  that T :tp=cio  f o r  any
SE S.

Definition 5 .2 .  L et D ={ T , A , p, B }  be a  C*-representation of  X.
(1) D  i s  s a id  t o  h av e  th e  p ro p e rty  ( IH M ) i f  th e re  e x is ts  a

E Hom (A , B ) such that

(5.4) 0 1 s=0 , 0 ( f )  E 0(p, f ) f o r an y  s  e S and f  A.

(2) D  is  said  to  hav e the property  (ER G) if  the  follow ing inequa-
lity  holds f o r any  f e A :

(5.5) dA(f, 1-1(T, A))-?_-da(0, 0(P, f ) ) .

Remark 5 .3 .  ( 1 )  T h e  properties ( IH M )* , (M I E ) ,  ( IH M )  and
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(ERG) (or (ERG)*) in the above are analogous to the properties (ILM)*,
(IL E), (IL M ) and (RG) in § 4 respectively.

(2) A  B-antirepresentation T, A I  o f  S  is  s a id  t o  have the pro-
perties (I HM)7, (ERG)7 and (M IE ), if th e representation {T, A , T, A}
o f  S ,  h a s  th e  properties (IH M )*, (E R G ) and (M I E )  respectively.
The properties (IH M ),, (ER G), and m-almost periodicity o f  any C*-
-antirepresentations of S  are defined similarly.

(3) The property (M IE ), fo r  a  B-antirepresentation {T, A }  o f  S
is defined as follows : L e t A ,  b e  a  T  inv ariant closed subalgebra of
A  and  90 e 9J1(A) satisf y  <Tsf, (1)0> = <f, 90> f o r any  seS  and f E A ,.
T hen  there  ex is ts  a e 0(T*, 9o) s u c h  th at  TN =49  f o r an y  se  S .

Under these definitions we can state the main theorem in th is sec-
tion.

Theorem 5 .4 . F o r an y  X-algedra 91 the f ollow ing conditions are
m utually  equivalent:

(1) 21 is ex trem ely  am enable.
(2) A ny  21-m-admissible B-representation o f  X  h as  th e  property

(IHM)*.
(3) A n y  91-m-admissible B-representation o f  X  h a s  t h e  pro-

perty  (ERG)*.
(4) A ny  91-in-adm issible B-representation o f  X  h as  th e  property

(MIE).
(5) A ny 91 -ni-admissible m-a.p. C*-representation o f  X  h as  the

property  (!HM ).
(6) A n y  9I-m-admissible m-a.p. C*-representation o f  X  h as  the

property  (ERG).
Since any B-representation o f  X  is B(X)-m-admissible, the next

is an immediate consequence of Theorem 5.4. (cf. [19]).

Theorem 5 .5 .  F o r an y  T-semigroup X=(S, X )  th e  follow ing con-
ditions are  m utually  equivalent:

(1) B (X ) is ex trem ely  am enable.
(2) A ny  B-representation of  X  has the property  (IHM)*.
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(3) A ny  B -representation of  X  has the property (ERG)*.
(4) A ny  B -representation of  X  has the property  (M IE).
(5) A ny  m -a.p. C*-representation of  X  has the property  (IHM ).
(6) A ny  m -a.p. C*-representation of  X  has the property  (ERG).

In order to prove Theorem  5.4  we prepare some lemmas.

Lemma 5.6. A n X -algebra 11  is  ex trem ely  am enable  i f  t h e  re-
presentation L(M)={L, 91, 6, CI h as  an y  one  o f  the  properties (IHM )*,
(ERG)*, (M IE), (IHM ) and (ER G).

P ro o f . This is  sh o w n  b y  the sam e w ay  as in  Lemma 4.6 (2).
q. e.d.

Lemma 5.7. L et 91 be an X -algebra and E9.11(91).
( I )  F o r  a n y  91-m-admissible B-representation { T, A , p, B}  o f  X

there corresponds a  m ap  0*  o f  9 .)1 (B ) to  9)1(A) su c h  th at f o r  any
E 9 R (B )  and f  e A,

(5.6) <J; 0*(1P)> =9(<.f> P(x)*O>), 0*(1P) E ()(P*,

(2) A ny  91-m -adm issible m -a.p. C*-representation { T , A , p, 13}
o f  X  th e re  c o rre sp o n d s  a 0  e  H o m (A , B )  su c h  th at f o r an y  f e  A
a n d  E 9)1(B),

(5.7) <O (f ) , 0> =49(<P(x )f , >), E 0 ( p ,  f ) .

(3) If  yo is  inv ariant then the m aps 0* in  ( I )  and (I) in (2 ) satisfy
T f 0*=0* and 0T s=0 f or any  se  S  respectiv ely .

P ro o f .  ( 1 )  F o r  any e9.)1(B) le t  us app ly  L em m a 2 .1  the 91-
-adm issib le  m ap X  3 xi-- p(x)*0 e 0(p*, t/i). T h e n  w e  c a n  g e t  a  map
0 * o f 9)1(B) to  9)1(A) with (5.6) (cf. Lemma 4.8 (2)).

( 2 )  F or a n y  f  e  A  consider the m a p  o f  X  t o  the a(B, TII(B))-
-compact set 0 (p , f )  defined by X x i— ,p(x )f e  0 (p , f ) . Then by Lemma
2 .2  we can define the m ap  0  o f A  t o  B  w ith (5.7). Moreover using
(5 .7 ), w e can see easily  that this 0  is  a homomorphism as C*-algebras
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(cf. Theorem 10 i n  [8 ]).  (3 ) is show n by the  sam e w ay a s  in  Lemma

4.8 (3). q. e. d.

L e t  u s  now  prove Theorem  5.4. A t  firs t suppose  tha t 91 is ex-
trem ely am enable a n d  ço e 39)1(90. L e t D= { T , A, p, B} b e  a n  91-m-

-admissible B-representation o f  X .  T h e n  b y  L e m m a  5.7 (1, 3) there
exists a  m a p  0 *  o f  9.11(B) t o  9J1(A) w ith  (5.1) a n d  (5.6). L et f E A
a n d  i/J e9J1(B ). Since < h, 0*(0> = 0  fo r  any  h E H(T, A ), w e have

d A(f, H( T, A ) )  inf {II h h  e  H (7 , A))

^ in f {I < j —h, 4)*(0)> I; H(T, A))

= (P*(11)> IT(<.1; P(x)*IP>)1

= < P O W ,  > inf fd < 1/./ > I ;  x  XI .

Hence (5.2) h o ld s  fo r  a n y  f E A .  T hus D  h a s  (IH M )*  a n d  (ERG)*.
O n  t h e  o th e r  h a n d  le t  (A , Q0, tie()) b e  a n y  invariant sy s te m  o f  D
a n d  p u t  q)=-49*(tlio)e 0(p*, clio). T h e n  b y  (5.1) 71( p=v f o r  a n y  s E S.
Since each elem ent i n  0(p*, 00) i s  a n  extension o f  cp b y  (5.3), cp is
ou r desired  ex ten sio n  o f  (p0. H ence D  has (M IE ).  L e t  D = IT, A,
p, B 1  b e  a n  91-in-admissible m-a.p. C*-representation o f  X . T h en
by L em m a 5.7 (2, 3) the re  ex ists  a  0  e Horn (A , B )  w ith  (5.4). Since
0  satisfies 1NPWM :5- Li. fo r  any J e  A  a n d  0 (h )=0  for a n y  h e H(T, A),
we have for any je  A

(1,(f, A ))= inf 11 f—h); h e H(T, A ) )  114)(f )11 4(0, O(P, f)).

Hence D  has (I H M ) a n d  (E R G ). S o  it is  show n  tha t (I)  im p lies a ll
th e  o th e rs . C o n v e rse ly  suppose  t h a t  (2), (3), (4), (5) a n d  (6 )  hold
respectively . T hen  since  L(91) is a n  sa-m-admissible m-a.p. C*-re-
presentation o f  S , it h a s  (IHM )*, (ERG)*, (M IE ), (IH M ) a n d  (ERG)
respectively. Hence by Lem m a 5.6 91 is extrem ely am enable i n  each
c a se . Thus Theorem 5.4 is proved completely.

Corollary 5.8. A n  X-algehra 91 is e x t r e m e ly  a m e n a b le  i f  and

o n ly  i f  -11a, .follow ing in e q u a lity  h o ld s  fo r  a n y  fe  91:
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(5.8) inf {11 f — ; h E 91)} in f  {If (x)I; x e X} .

P ro o f . By Theorem 5 .4  and Lemma 5.6, 91 is extremely amenable
if and  on ly  i f  L(91) h a s  (ER G), th a t  is, (5 .8 ) ho lds fo r  any f  e 91.

q. e. d.

Remark 5 .9 .  ( 1 )  Theorem 5 .4  can be easily  extended to  the case
o f  any quasi-extremely amenable X-algebras by only slight m odifica-
tio n s  of the properties (IHM )*, (ER G)* and s o  on . F o r example it
su ffices to  m od ify  the property  (E R G ) f o r  a  C*-representation T,
A , p, 131 o f X  as follows :

Fo r som e f inite subset a={ ai, a2,..., au}  o f  S  w e have

dA(f, H(T(a), A))?-_-dB(0, 0(P, f ) ) f o r an y  f  E A,

where H(T(a), A )  is  th e  ideal o f  A  g e n e rate d  b y  E7=iT,,,(Tsf—f);

se S ,f e A } .
( 2 )  Applying Theorem 5 .4  to  a n y  S 1 -a lg e b ra , w e  g e t  the next

theorem by the same way as in Theorem 4.11.

Theorem 5 .1 0 . L e t  21 b e  an S 1-algebra. F o r  t h e  following
conditions, (1) im p lie s  all th e  o th e rs . I f  91 is lef t-m -introverted, then
a l l  the conditions f rom  (1) to  (4 ) are  m utually  equiv alent. A dditional-
ly  if  the antirepresentation { L , 91} o f  S  o n  91 is  m -a.p ., th en  all the
conditions are mutually  equivalent.

(1) 21 is ex trem ely  lef t am enable.
(2) A ny  91-m -adm issible B -antirepresentation o f  S  h as  th e  pro-

perty  (IHM )7.
( 3 )  A ny  91-m -adm issible B -antirepresentation o f  S  h a s  th e  pro-

perty  (ERG)r.
(4) A ny  91-m -adm issible B -antirepresentation o f  S  h a s  th e  pro-

perty  (M IE),.
(5) A ny 91-m -adm issible m -a.p. C*-antirepresentation o f  S  has the

property  (IHM ),.
( 6 )  A ny  91-in-adm issible m -a.p. C *-antirepresentation of  S  has
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the property (ERG)i.

Remark 5.11. For the case of B (S ) E. E . G ranirer [8] gives the

sam e  o r  analogous characterizations as  in  th e  above  theo rem . For

example the equivalence (1)<*(4) is Theorem 7  i n  [ 8 ] .  Moreover the

sim ilar characterizations o f  quasi-extremely left amenable semigroups
are studied by A. T. Lau [11].

D E PA RTM E N T O F  M ATH EM ATICS,

K A G O SH IM A  U N IV ERSITY
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