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0. Introduction

Consider the semi-linear diffusion equation
(1) u=3u"+Fu) 1>0, —0<x<00
(u=u(t, x), u =~2u/ot, u"=0%u/ox?)
with the initial condition
(2) u(0, -)=/1.
The function F is always assumed in this paper to satisfy
(3) FeC'[0, 1], F0)=F(1)=0 and F(u)>0 O<u<l

and the initial function f to be measurable and compatible to F, i.e. 0< f<1. Our
interest is in the behavior of the solution for large time ¢.

We mean by the solution of (1) and (2) such a function u(t, x) defined on the
upper half plane [0, 00) x (— o0, 00) that (i) 0Su<1, (ii) u has continuous deriva-
tives u* and u” and satisfies (1) in (0, c0) x (— 00, 00), and (iii) u(t, -) converges to
fas t|0in locally L' sense. It is well known that such a solution exists and is
unique. We denote it by u(t, x; f). It is clear that u(t, x; u(s,-; f))=u(t+s, x;
f) (Huygens property) and u(t, x; f(- +y)=u(t, x+y:f). We sometimes con-
sider the equation (1) with different F’s and in such cases use the notation u(t, x;
f; F)in order to elucidate the dependence on F. There are just two trivial solutions
of (1): u=0 and u=1. We always consider our problem for non-trivial initial
functions f; f#0 and #1. Such initial functions are called data. We will mainly
deal with such data that f(x)—0 as x—o0.

The behavior of a solution u(t, x; f) is closely related to solutions of ordinary
differential equations

(4) iw'+ew +F(w)=0  (0Sw=l)

where c is a real constant. This equation is formally obtained if we substitute the
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wave form u(t, x)=w(x—ct) in (1). A non-trivial solution of (1) with such form is
called, if exists, a travelling wave with speed ¢. An associated function (or, equiva-
lently, global solution of (4)) w is called a front of a travelling wave with speed ¢ or
simply a c-front, which will be denoted by w.. Since (4) is transformed to 27'w" —
cew' + F(w)=0 by inverting the sign of x, we always assume c¢=0.

In many articles ([1], [6], etc.) it is shown, under the restriction F’'(0)>0, that
there exists the minimal speed, denoted by c¢,, such that a c-front exists if and only
if |c|=co,. We will give, for completeness, a proof of this assertion under present
situation, though the proof is essentially the same as those given in papers cited
above. Since the equation (4) is invariant under the translation along the x-axis
and w, has the corresponding ambiguity, we set the normalization: w(0)=1/2
except in §1 and §2. Under this convention just one w, corresponds to each ¢=c,.

General solutions of (1) and (2) are related with c-fronts in the following manner:
if a datum f satisfies certain conditions, then

(5) u(t, x+m(t)) — w,(x) as t— o

where u=u(t, x; f) and m(t)=sup {x; u(t, x)=1/2} (any number, e.g. zero, may be
assigned to m(#) when the set expressed with braces is void). This phenomenon
was observed by Kolmogorov, Petrovsky and Piscounov [13]; they proved that (5)
is valid with c=c, if we set f=1I_ ¢ (I5 is the indicator function of a set S).
Kametaka [10] or Kanel’ [11b] found a certain criteria on a datum for (5) to hold
which are satisfied with many data but not easily checked for a given one. The main
purpose of this article is to prove (5) for sufficiently general datum, e.g. any data
with compact support (Theorems 8.1, 8.2, 8.3 and 8.5).

The method of the proofs is similar to that used in [10] or [13] and summarized
in the following. Let u(t, x) be a soluiton of (1) and (2) and suppose that for each
positive ¢, u'(t, x)<0 on a right half x-axis, i.e. an infinite interval {x; x> N}.
Define

M(t)=sup {u(t, x); u'(t, y)<O0 for all y>x}
and define for 0Sw=< M(1)
x(t, wy=sup {x; u(t, x)=w}
o(t, wy=u'(t, x(t, w)).

Considering ¢ as functional of datum f, we denote it by ¢(t, w; f). Then, since
u(t, x; w)=wJx—ct), ¢(t, w; w,) is independent of ¢: this function is denoted by
t(w). We will prove (5) by showing that ¢(t, w) converges to t.(w). This will be
carried out at first, in §6, for data which is subject to several restrictions (Lemmas
6.1 to 6.4) and then, in §8, for general data by using this result and by applying some
comparison theorem on a parabolic equation. The section 7 is devoted to estimate
the order of u(t, x; f) decreasing to zero as x tends to infinity which justifies the
application of the comparison theorem.

The section 1 is devoted to prove the existence of c-fronts. The case where
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co> \/m is illustlated by examples in which an explicit form of w,, is given.
Also some comparison lemmas about the equation (4) are proved. In the section 2
asymptotic behaviors of w, for large x are investigated. Results are refinements of
those obtained from the standard theory of ordinary differential equations but will
play minor roles in the main story of this paper. In the section 3 we introduce
comparison theorems concerning parabolic equations which will play important roles
in later arguments together with results of §1 and §5. In the sections 4 and 5 some
properties of u(t, x; f; F) which are well known or readily proved are explained.
The main theorems are proved through §6 to §8 and formulated in §8.

In the section 9 we will investigate the speed of m(f) tending to infinity. It will
be proved that if (5) occurs then m-(f) converges to c as t tends to infinity. If F'(0)
> F’'(u) we will get, under additional assumptions, a fine estimate;

cot —m(t)~(3/2¢,) logt as t—> 00.(®

The question of when we may replace m(f) by ct+const. in (5) will be answered.

In the last section an alternative method, which is a modification of that used
in P. C. Fife and J. B. McLeod [3b]***), is applied to the problem described by (5)
in case ¢, > (/2F(0).

Notations. We will use throughout the article the following notations in
addition to those introduced above:

a=F'(0), c*= /2,
B=sup F(u)/u, y=sup|F'(u)l, y*=supF'(u)

(the supremum of a function is taken with respect to all arguments for which it is
defined unless otherwise specified); for a real number 4, A* =max {0, A}, A~ =min
{0, A}; if A is a real function of z, A* is a function defined by A*(z)=A(z)*; R=
(— 00, ) whole real line, E=(0, o0) x R open half plane: E,=(0, f)xR, [,={t} xR
t>0);

p(t, x)=(2mt)~V2e=x2/21 t>0, xeR

(p(t, x—y) is the fundamental solutions for the heat equation u'=2"1u"); for t>0
and a measurable function g on R we write

Pg=Pg(x)= SRp(t, x=y)g(y)dy
if this integral converges absolutely.

Some terminologies, which are used throughout this paper, are introduced in
the beginning of the section 1.

Most of the results of the present paper were announced in [17].

(*) “a(t)~b(t) as t -5 means that lim,_, a(t)/b(t)=1.
(x*) Their situation is different from ours, where F changes its sign at least one time.
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1. Fronts of travelling waves

In this section we find all non-trivial solutions for the equation (1), called trav-
elling wave, which has the travelling wave form

u(t, x)=w(x—ct)

where ¢ is a constant called a speed and w is a function on R called a front or a
c-front. We denote any c-front by w, to elucidate the speed. A c-front is charac-
terized as a non-trivial solution of the equation (4) on R. It will be shown that if
a global solution exists it is unique up to the translation along x-axis. Thus w,
corresponds at most one to each ¢ except this ambiguity. As mentioned in §0 we
treat only the case ¢=0. This amounts, as far as global solutions are concerned, to
set the boundary condition

(1.1) w(0)=0 and w(—o0)=1

to the equation (4).
We often consider the equation (4) in the phase plane:
w=p

(1.2)
p'=—2cp—2F(w).

The range of (w, p) is restricted to the strip 0<w=1. Any solution of (1, 2) which
stays in this strip and terminates at its boundary w=0 or 1 is called, for convenience,
a c-manifold. We call a corresponding solution of (4) a c-solution. Thus a c-
solution is a function defined and satisfying (4) on a (finite or infinite) interval, at
the end points of which it attains 0 or 1. A manifold to which a c¢-front corresponds
is also called a c-front. Let c= /2« and put

(1.3) b=c—\/c*~2¢ and b=c+ . c?-2a.

It will be proved that if ¢ >./2a there exist c-manifolds which enter the origin along
a line p=—bw or a line p=—bw. A c-manifold entering the origin along p=
—bw (resp. p= —bw) is called (c, b)-manifold (resp. (c, b)-manifold).

We will mean also by a ¢c-manifold a corresponding curve drawn in (w, p)-plane.
Parametrizing the part of this curve under w-axis with its w-coordinates, we denote
its p-coordinate by t(w). Then 7t satisfies

(1.4) T'=—2¢—2F(w)/t
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in its domain of definition.

The prospects of the vecter field defined by the right-hand side of (1. 2) is im-
portant in the arguments of later sections as well as of this section. It will be ex-
plained in the proof of Theorem 1.1 and illustrated in Appendix. We often use
explicitely or implicitely an argument described below. Let Q,(x)=(w(x), p,(x))
and Q,(x)=(w,(x), p,(x)) be smooth curves in R2. Suppose (wq, po)=(w,(0),
p,(0)) =(w,(0), p,(0)). Then according as

(WQ(O) w3(0)
det
pi(0)  p3(0)

the angle measured from Q,(x) toward Q,(x) around the point (wg, po) lies in the
interval (0, m) or in the interval (—=, 0) for all sufficiently small x. If the former
case (resp. the latter case) occurs we will say that the curve Q, crosses the curve
Q, (at (wq, po)) from the left-(resp. right-) hand side of Q,. For example let g(x)
be defined and twice continuously differentiable on an interval (x,, x,) with 0<g=<
1. Then the curve {(g(x), g'(x)); x, <x<x2} crosses c-manifolds from the left or
right according as

)<0 or >0,

g'(39"+cg' +F(g)<0 or >0

at intersecting points, since for a solution (w, p) of (1.2)

fw' gt : . .
det( ;o >=~"'{%g”+cg’+F(g)} at (w, p)=(9, 9.
g
The next theorem follows from standard arguments concerning with the 2-di-
mentional autonomous system. The proof is given for completeness.

Theorem 1.1. (i) There exists a positive constant co such that a c-front exists
if and only if c=c,. The c-front is unique up to the translation along x-axis.
(i) ¢, satisfies that \/ﬂ <c¢ = \/— (iii) Let c=c,. Then for a c-front w, there
exists llmw "(x)/wx)=—b, b=b if c>co, and b=b if c=c,, where b and b are

deﬁned bv (1.3). (Especially w (logx) is regularly varying at infinity with ex-
ponent —b, in other words w(x+ xq)/w(x)—exp {—bx,} as x—00.)

Proof. Step 1. Consider the fields for (1.2) for different c¢’s, say ¢ and ¢/,
¢'>c¢. Since

p

det ( ' > =2(c—c")p?
. —2F(w)—2cp —2F(w)—2c'p

is negative, c’-manifolds never cross each c-manifold from the right hand of the
c-manifold (c-manifolds are considered to be directed). (cf. Fig. I) Note that the
field points downward on the w-axis and that its w-component directs right in-the
upper half and left in the lower half of the strip 0<w=1 (Fig. I). Clearly the
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c-front lies always under the w-axis if it exists.

| [ [ | w
v ) v )
c¢'>c¢
///
7
« © -sol. c-sol
\\\

t——————T

There exists the unique c-manifold issuing from (1, 0). It is routine to prove
the existance. To prove the uniqueness assertion let (w*, p*) and (w**, p*¥) be two
such manifolds. Regarding the difference p=p*— p** as a function of w, we see
that the derivative dp/dw=p2F(w)/p*p** has the same sign with p, which implies
p=0 since p converges to 0 as w— |.

The c¢’-manifold issuing from (1, 0) lies over the ¢-manifold issuing from (1, 0)
if ¢’>c. This is proved by assuming the contray and by tracing back a ¢’-manifold
passing through a point between two manifold until getting to w-axis.

Step 2. Let a c-manifold pass a point (w,, —bw,) where b>0. The sine of
the angle, made by a tangent vector of it at this point and a half line p= — bw, w>0,
which is directed to the origin, and taken from the former toward the latter, is equal
to the ratio of

-1
(1.5) dct( ? ) =[b2—2bc+2F(wg)/wy]w,
b —2F(w)—2cp J,Z%8

p=—bwo

to \/1+b2,/b2+4(F(wo)[wo+cb)®w,. This ratio is less than a negative constant,
say —¢, if b>b>b (c=c*) and larger than a positive constant, say ¢, if b<b, b<b
or ¢*>¢ (20), for 0<wy <4, where ¢ or J, become small unrestrictedly only if ¢=>c*
and b approaches to 4 or b (c being fixed). It is easy to see that if 0<c<c* every
c-manifold reachs the negative p-axis with finite x and that if ¢>c¢* there exists a
c-manifold which enters the origin along p= — bw (called (c, b)-manifold) and those
along p= —bw (called (c, b)-manifold). These exhaust all c-manifolds entering the
origin (in case ¢>c*).(*)

Step 3. From Step 1 it follows that if the c-manifold issuing from (1, 0) enters
(0, 0) then the situation is same for any ¢'>c¢. Let ¢, be the infimum of such c’s.
By Step 2 c* <S¢, < /2B (the right side of (1.5) is negative for c> /28 =b).
Since b is increasing with ¢ and every c’-front lies over the c-front for ¢’>c¢> ¢, the

(x) According to the behavior of F near zero, there occur both cases that a c*-manifold entering
the origine exists and that such one does not exists (see Remark of Lemma 2.2).
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c-front enters (0, 0) along p= —bw if ¢>c,. This proves the first half of (iii). The
co-manifold issuing from (1, 0) enters (0, 0), because c-fronts with w(0)=1/2 con-
verges to a cq-solution with w(—oo)=1 increasingly for x<0 and decreasingly for
x>0 as c—cy. Thus the c¢y-front exists and (i) is proved. The second half of (iii)
is trivial if ¢ =c*. Let ¢y>c* and cy>c>c*. The c,-front is obtained as the limit
of c-manifolds issuing from (1, 0) as c—c¢,. Since each of these manifolds is bounded
from above by the (c, b)-manifold which moves monotonously, as ¢ 1 ¢y, to the
(co, b)-manifold, the c,-front is the (co, b)-manifold. Thus (iii) is proved.
The proof of the theorem is completed.

Remark. The (c, b)-manifold, whose existance has been proved in Step 2 of
the above proof, is unique if ¢>c* as is shown below. Parametrizing any two
(c, b)-manifolds with w-coordinates, denote by p=p(w) the difference of their p-
coordinates. Assume p>0. By 2a/b*=2c/b—1<1, we derive from (1.4) that
(w/p)-dp/dw<r<1 for small w. This implies p>w" which contradicts to p=o(w),
and we have p<0. Similarly p=0. Thus p=0.

In order to illustrate that when «< B both the case ¢, >c* and the case co=c*
occurs according as the shape of F, we give examples which are generalizations of
Fisher's population genetic model for the migration of advantageous genes. The
results are similar to what K. P. Hadeler and F. Rothe obtained for F(u)=u(1 —u)(1
+vu), v> —1 (cf. [6]).

Let G(u) be a function defined in 0<u £ 1, having the continuous derivative which
is continuously differentiable in O<u <1, and satisfying conditions;

G(0)=G(1)=0, G'(0)>0, G"(u)=o0(u""),

G'(0)=G'(u) and G(u)>0 for O<u<1.
Put F(u)=G(u)H(u; k), H(u; k)=1+2k"%G'(0)—G'(u)) k>0. Then the function
w=w(x; k) given in the inverse form

(1.6) x=ST/2——xdu/2G(u)

is a front with an associated speed
c=k[2+afk (x=G'(0)=F'(0)).

If k=,/2«, then ¢=./2a and hence co=./2¢. As k increases, F(u) decreases
and ¢, does not increase. Since co= /20, we get

co=+20  for k=./2a.
If k< /2x, then

limw'(x; K)/w(x; k)= — (2/k) lin},G(w)/w= —2afk=—c— Jc2=2a.

From (iii) of Theorem 1.1 it therefore follows that w(x: k) is the c,-front. This
means that
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co=kK[2+afk (> 2a) for k<. /2.

If G'(0)— G'(u)~uPL(u) where L is slowly varying at zero and p>0, then a<p but
co=+/22 for S22 Sk <,2a(p+1).

Similar arguments are available in the case F'(0)=0. Let G(u) be as above and
put

F(u)=G@)M(u; x), M(u; x)=2/k%(G'(0)— G'(u)).

Then w(x; x) given by (1.6) is the cy-front and ¢, =G'(0)/x.

The first example may seem to suggest that whether c,>c* or ¢o=c* does not
depend only on the behavior of F(u) near u=0. But there is an exceptional case
of Remark to Lemma 2.2 presented later, in which ¢y>c* is implied only by a be-
havior of F near u=0.

Let us state a lemma for use in the next section.

Lemma 1.1. Let F* be a function satisfying the same conditions as imposed
to F, and denote by w*, b*, b*, etc. the corresponding quantities. Assume that
F<F* for 0O<u<1 and that ¢>./2F*(0). Then, (i) the (c, b*)-manifold lies over
the (c, b)-manifold as far as they are under the w-axis, and (ii) for every (c, b*)-
manifold [resp. (c, b)-manifold] there exists a (c, b)-manifold [resp. (c, b*)-mani-
fold] such that the (c, b*)-manifold lies under the (c, b)-manifold near the origine.

Proof. First note that b<b*, b*<b. Since

w' w¥
det( = — 2(pF*(w¥)— p*F(w))
P

is positive at (w, p)=(w*, p*), (ii) is clear. (i) follows from the fact that a c-manifold
for F passing a point below the (¢, b)-manifold must reach the negative p-axsis (see
Fig. II). q.e.d.

w

v

7 (¢, b)-sol.

Fig. Il (F<F%)
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Corollary. Under the assumptions of Lemma 1.1 (i) if w and w* are the
(c, b)- and (c, b*)-solutions, respectively, with w(0)<w*(0), then w(x)<w*(x) for
x>0, and (ii) if w [resp. w¥] is a (c, b)- [resp. (c, b*)-] solution, then there exists
a (c, b*)- [resp. (c, b)-] solution w* [resp. w] such that w(x)>w*(x) for x>0.

2. Asymptotic behaviors of c-fronts as x— + o0

The tail of a c-front for large x is nicely approximated by that of a solution for
the linear equation 27 'w” +cw'+aw=0, if F behaves regularly (in some sense) near
zero. Indeed a theorem in the stability theory says that the error of the aproxima-
tion is a small order of e~P* with some p>0 if au— F(u)=o0(u'*%) with some ¢g>0
(cf. [2]). Here we find (weaker) conditions sufficient and almost necessary for
certain estimations about the approximation to hold. Symbols and terminologies
introduced in the previous section are used also here (and later sections).

Let us introduce a function &(u) defined by

F(u)=owu+ &) (a=F'(0)).
“Theorem 2.1. Let ¢> /2« and c2c,. Assume

2.1) Smlé(u)lu’zdu<oo.

Then the c-front sati.s;ﬁés
(2.2) w(x)=ae (1 +0(1)) as x — oo,

where b= — lim (w.(x)/wx)) and a is a positive constant and given by
x—o

? ('2\/c2—20&)"{5wc(0)+w’c(0)—g:ebsé(wc(s))ds} if c>cq
a=(‘
| —<2v’c2—2‘&>-’{ch(0)+w:.(0)—§ ePEws)ds}  if c=co
. 0
Theorem 2.2. Assume co=./2a and

(2.3) S &) u=2| log u | du < oo.
0+

Then the cy-front satisfies either (2.2) with ¢=c,, b=\/ﬂ or
(2.4) we(X)=a,xe"~v2%x(1 +0(1)) as x —s oo,

where a or a, are positive constants and given by

a=w,(0) + S:seJﬂ s E(wo(5))ds,

a1= VT 0+ Wi (0)— | e T el (5))ds.
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Remark. If &u) has a definite sign near u=0, the condition (2.1) is also
necessary for (2.2) to hold. The similar statement is asserted to the case of Theo-
rem 2.2 as well. (See Lemmas 2.1 and 2.2)

Theorem 2.3. Under the assumptions of Theorem 2.2 a sufficient condition
for (2.2) to hold is that there exist no F*, satisfying (3) and not identically equal
to F, such that F*2F and c§= /20 (where c} is the minimal speed corresponding
to F*). If ¢ satisfies that

(2.5) Swlé/(u)/quog uldu<oo or &u)=o(ul*?) p>0

then this condition is also necessary.
If €<0 near zero, then (2.4) holds under (2.3).

Applying the last theorem to examples of the section I, we have that if \,,
[1G" ()] +1G'(0)— G'(u)|/u]|logu|du <o or G'(0)—G'(u)=o0(u?), p>0, then the c¢y-
front for F=G - H with k> \/2G'(0) satisfies (2.4).

The proofs of these theorems follow from Theorem 1.1 and lemmas presented
below. The proofs of lemmas are somewhat complicated and may be skipped if
the reader is contented with the result for &u)=o(u'*?), p>0 or is little interested
in the problem all its own.

Let us write z(x)=eb*w(x) with b= — lim(w'/w) for a c-solution which satisfies
X 00

w(+ 00)=0 and write z = lim z(x) if the limit exists.
xX—*00 .

Lemma 2.1. Suppose ¢> /2x and at least one of the following conditions
holds:;

(2.6) S Eu)tu=2du < o0,
o+

2.7) S0+§(u)‘u‘2du> —00.(%)

Then for any c-solution w with w(+00)=0 there exists z ,=limz(x) with 0=z =<

X =0

0. 1f b=b the condition (2.6) [resp. (2.7)] is necessary and sufficient that z < oo
[resp. z,>0]. If b=b>0, the condition (2.6) [resp. (2.7)] is nceessary and suffi-
cient that z , >0 [resp. z,, < 0].

Proof. Write the equation (1.2) in the form
(djdx +b)(d]dx + b)w= —&(w),

then apply the formula Sxe”‘(d/dx+b) f(5)ds=eb*f(x)—f(0) twice, and you have
0
the integral equation

(%) x*=max {.x, 0}, x~=min {x, 0}.
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(2.8) w(x)=Ae™**—Beb*+ (b~ é)“S;[e"""“’ — e X ]E(w(s))ds,
where
A=[bw(0)+w(0)]/(b-b), B=[bw(0)+w'(0)]/(b—b).

Since logw(x)= wa’/w ds+const.= — bx +o(x) and since b>b, for the (c, b)-
0
solution we have

(29) (= —Bembt e b5 -y [ eBremds + (-1 "ebem9gyds,
and
(2.10) Bw(0) +w'(0) = S:e_bsc(w(s))ds.

Let b=b, i.e. w//w——b. It follows from (2.8) that

(2.11) 2(x)=A —Be-w—m+(5—Q)-lgxe-wwﬂx-s)z.‘f_“:ﬁlds
Jo /

-1(*, &(w)
—(b-b) ‘Soz——w ds.
and

(2.12) z'(x)=(b—b)Be b-b)x— Sxe‘“‘»"»’("“’z'@ds
(1]
Since z'(x)=0(z(x)) (which follows from w’+ bw=e"b*z'=0o(w)),

(2.13) z(x)=(l+o(1))[A—(B—Q)“S;z(s)%%nds}.

First assume S ﬁv:%)—_dw> —o0. From the inequality
o+

(x)SA'+ DS:z(s)P(s)ds

where A’, D are some constants and P(s)= — &(w(s))~/w(s), we can easily deduce the
boundedness of z(x) because of the integrability:

WO | §0w)~| wdw
) w? [w’|

S:P(s)ds = g

The integral in the right side of (2.13) converges, for the left side must be non-nega-
tive and z is bounded. . Now we get that there exists zw=A—(B—l_))*‘Sw5-§—(‘y—) ds,
which is positive only if (2.6) holds. °

Next assume So+‘£(‘:v—2ydw< . Let us prove that limz(x)>0. Without

X=>00

loss of generality, by virtue of Corollary of Lemma 1.1, we may assume ¢>0 near
u=0, which guarantees the existance of lim z(x)=z,. Then z,=0, by (2.13), leads
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to the contradiction:. .
z(x)=(1+o(H)Yb—-b)" S . S0 v)ds—o(z(x))

Thus lim z(x)>0. Now it suffices only to prove that if& E%)Z):dw=—oo then
0+

lim z(x)= o0, Letg é(x’%dw=—oo. Let x;, and x, are two points such that
0+

z(xy)=Zz(x) for x; <x<x,. Then, by (2.11), (2.12) and that z'(x)=0(z(x)),
Z(X)zZ(xn)—Z(xl)(E—l_?)“Sx E(w)rwlds —o(z(x,))

for x, <x<x,. If x, is large, Sx é(x))r—ds is small and z(x) is little less than z(x,)

for x>x,. Since lim z(x)= o0, this proves lim z(x)=o00. The proof of the lemma

in the case b=5 is completed.

In the case b=b we can proceed similary as above starting from (2.9) instead
of (2.8). q.e.d.

In the case c=/2x, >0, we get, instead of (2.8),

(2.14) w(x)=[w(0)+(w'(0) + bw(0))xJe~ >
- S:(x —5)e b= (w(s))ds, b=./2x.
Lemma 2.2. Suppose >0 and at least one of the following conditions holds:
(2.15) Smé(ll)*ll‘zlloguldu<oo,

(2.16) o S E(u)u~?|log uldu > — oo.
o+

Then for every c*-solution (C*=w’2;) w with w(+c0)= 0 the'e exists y, = lim

x~'eb*w(x) (b= \/2a) with 0<y,<co. If both (2.15) and (2.16) “hold, there then
occur two and only two cases: 0<y, <o (z,=00); 0<z, <o (y,=0),* and a
c*-solution to the latter case (or corresponding c*-manifold) is obtained as the
limit of (¢, b)-solutions (or (¢, b)-manifolds) as ¢ | ¢*. Conversely if one of these
cases occurs to some c*-solution, then both (2.15) and (2.16) hold. The cases
Yo =00 occur if and only if (2.16) does not hold. 1f (2.16) [resp. (2.15)] fails to
hold, then y, =0 implies z,, =0 [resp. lim z(x)= c0].

Remark. In the above lemma ifg €M)” fu=oo (which implies (2.15)
2 0+ ’

u?
falls and hence (2.16) holds by the assumption of the lemma) then there is no c*-
solutzon with w(+)=0. In such case we have co>c

Proof. Let w be a c*-solution with w(+ 00)=0. First we note that x=
—b~!logw+o(logw) as x— o0 and that

(x) The use of the symbol -, implies the existence of lim z(x).
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x B4 wl(0) + .
Sosé(%”v)-dpg ° b‘zé%lg——lloguldu(l +o(1)).

w(x)

From (2.14) it follows that
(2.17) 2000) = w(0) + (w'(0) + b O)x — | (x =)z s,
or, introducing the notation y(x)=z(x)/x,
(2.18) V(x)=w(0)/x +w'(0) + bw(O)—gx<l ——S->ys§ﬂlds.
0 X ) :
Assume y(x) to be bounded as x—oo. (Notice this holds always under (2.16)

as is easily seen (see the proof of the next lemma).) Then we have, by the hyposesis
of the lemma,

(2.19) S:z_é(w” ds < oo,

w

which further implies that stzgwl)— ds=o0(x) and hence that
(4]

(2.22) Voo =w(0)+ bw(0) — S ﬁ(w)ds

It is clear, by (2.18), that y, >0 implies both (2.15) and (2.16).
Let y,=0. Then we have

(2.23) 2 =m0+ x 2 as 4 "5 60 gy,

or, by dividing by z

_ _w(0) S z(s)/s  Clw(s)) -~ z(s) g COv(s)) 4
(2.24) I z(x) + xz(x)/x w(s) ds +SO Z(x) W(S)

Assume (2.15) to be true. Then z(x) is bounded. Because, assuming the contrary,
we can chose a sequence Xx,, X,,... such that z(x)<z(x,) for x=x,, z(x,)/x,> z(x)/x
for x> x, and z(x,)— oo, which leads to the contradiction, for the right side of (2.24)
tends to zero along this sequence. The boundedness of z(x) implies, by (2.23), that

Sws z |—é(L)la's < 00, and hence that
0 w
(2.25) z —w(0)+S s‘zé(w)a's

Clearly z,,>0 only if (2.16) holds. If z,=0, we have z(x)——S (s—x)z 5( £W) 4,

from which we deduce that (2.16) is spoiled. Thus we have proved that under
(2.15) y =0 implies 0=z, < 00 where z >0 is equivalent to (2.16).

Now we prove the existance of a c*-solution with y_ >0 under (2.15). Let w
be a c*-solution defined on an interval (0, x,), 0<xo < 00, with w'(0)/w(0)= —b/2,
w(0)>0 (w(x,-)=0). Note that Corollary of Lemma 1.1 can be readily modified to



466 Kéhei Uchiyama

the present case (Where ¢ =c*) and assume €20 near u=0. It follows for 0<x < x,,

from (2.14), that w(x)< w(O)(l + %x)e“’" and then, from (2.18), that

b oy— il S0w(s)) 4
»(x) 22(00) ;‘(O)S()(n ,>

Twis)
Taking w(0) to be small, we have, by the initial condition of w'/w, —w'(x)/w(x)=b/2

for 0 <x < x,, which implies —log w(x)gix and using this we deduce

y(x)gw(O)[%—S:(o( logw)é(w) 2dw} 0<x<xq.

Since the integral in the right hand side converges by (2.15), we have, for a small
w(0), y(x)gﬂw(O) for 0 <x <x,, which shows in particular that x,=o00 and y, >0,

i.e. w(x) is a desired c*-solution.

Under (2.15) a c¢*-solution with y_ =0 is obtained as the limit of (¢, b)-solutions
w(x; c), with common small w(0: ¢)=a,, as ¢ | c*, where the constant a, is chosen
so that a c*-manifold starting from (a,. 0) enters the origin (the existance of such
a constant is proved above). The convergence part is clear, since corresponding
(¢, b)-manifolds increase as ¢ | ¢* and are bounded above by a c*-manifold which
enters the origin (see Fig. I). To prove y,=0, it suffices to show that z(x; ¢)=
eb*w(x; ¢) are bounded uniformly in x>0 and ¢>c*. To see this we may assume,
as before, that £>0 near u=0. Then by (2.9) and (2.10)

2(x: ©)=w(0; c)+(5—lg)-lgf(eh—eés)aw(s»ds
~ (=)t | (P eremneu(s)ds

§a+ng(s; c)sé(w(s» ds=1z(o0; ¢).

0 v(s)

Since w(x; c¢) is bounded above by a c*-solution, we have s< —b~!log w(s; ¢)+logs
+0(1) and, using this,

a —+Kga 2(s;¢) é(W)

éz(oo:c) 0z(0;¢c) w? |log wlduw

where a constant K is independent of ¢. By (2.15) and Lebesgue’s convergence
theorem, z(o0; ¢) is bounded as ¢ | ¢*, which was to be proved.

Let (2.15) be spoiled. Since (2.16) implies the boundedness of y(x), by (2.18)
we see y, =0 and have (2.23). By Corollary of Lemma 1.1 we see that w is bounded
from below on x>0 by W with § =0 where W is a c*-solution for E<¢ with

S |Eu)|u~2|logujdu<oo. Therefore limz(x)>0, which, by (2.23), turns into
0+
lim z(x)=c0. (Remark follows from these and (2.19))

If Iim y(x)= co (which occurs only if (2.16) fails), then we can prove that lim y(x)
=00 as in the last part of the proof of Lemma 2.1. Now the proof of Lemma 2.2



Some non-linear diffusion equations 467

is completed.

Lemma 2.3. Assume (2.3) and (2.5). Let a>0. Then there exists uniquely
a c*-manifold with y_=0.

Proof. When the latter one of (2.5) is assumed, we can apply a theorem in the
stability theory (cf. [2]) to get the result by fixing z,,=w(0)+ Sws z-é(—;-) ds. There-
0

fore we assume the other one of (2.5). A c*-solution with y_ =0 satisfies (2.17) and
(2.26) W/(0) + bw(0) = Swé(w)e"’ds.
0

Assume there are two such solutions with a common w'(0), say J, and different w(0)’s,
say &, &5. Then we have y,=0 for any c*-solutions with w'(0)=48 and &, <w(0)
<ég,. Put z(0)=¢ and regard z as a function of x and &: z=z(x; ). By (2.17) we
have that n=dz/de satisfies

(2.27) n=1+bx— S"(x-s)cf(w)r, ds.

0
It follows from this and from 720 (e, is assumed to be small) that
(2.28) nsl +bx+xS:|é'(w)|r, ds.

By (2.28) n is bounded from the above on x =0 by the solution # of the linear equa-
tion

(2.29) ﬁ=1+bx+xg':)|c'(w)mds

which has the unique solution with the bound: f(x)<Ax+ B where A, B are con-
stants chosen independently of ¢ and 6. Now differentiate the both sides of (2.26)

with respect to ¢ and we have, by the Fubini's theorem, that b=Sw§’(w)nds, the
0

right side of which tends to zero if we let ¢ small. But this is absurd since &,
may be arbitrarily small (together with J). q.e.d.

Lemmas 2.1 to 2.3 and results of the section | prove Theorems 2.1, 2.2 and
2.3 except the last statement in Theorem 2.3. But since, for a front, w’(0)+ bw(0)
can be assumed to be positive, £ <0 implies, by (2.22), y, >0 as desired.

Theorem 2.4, Let a=0 and c¢>c,. Then for any small e>0 we can find
constants Cy, C, and N such that

4(x/(c=e)+C)=wx)=q(x/(c+&)+Cy)  for x>N

where q(x) is the inverse function of

x(w)=S:/ * dulF(u).



468 Kohei Uchiyama

Proof. Put t(w,)=w.. Then F(w)/t(w)—»> —c as w| 0. For any ¢>0 we can
find >0 such that

(—"‘E)F(I,T)é?(l,7)§(_"+£)ﬁlw) O<w<.
By integrating each part of this inequality, we get for x>wZ;!(d)

(c+s)gi Al 2 x—w;l(é)g(c—s)g AulFG),

[
we(a

or equivalently

X wZ' o) . i X wild) , -
o(Z5 -0 s gy 2w za( 2 -0 4 g7109)).

q.e.d.

To illustrate what Theorem 2.3 says we put F(u)=u'""L(u) with p>0 and L
slowly varying at zero. Then for ¢>¢,

wo(x)~c!/Pq(x) as x —

and q(x) is regularly varying at infinity with exponent —1/p. If we take F(u)=
u(—logu)~'~rL(—logu) with r>0 and L slowly varying at infinity, then for ¢>c¢,

log w(x)~¢~1/2*" log g(x) as x — oo,

and |log q(x)| is regularly varying at infinity with exponent 1/(24r). (In these cases
(with additional conditions on L) w,, satisfies (2.2).)

The next lemma will be used in the proof of Theorem 9.3.

Lemma 2.4. Let ¢=c* and a>0. Assume the condition of Theorem 2.1 if
c¢>c* and that of Theorem 2.2 if c=c*. Let S be the part of the half strip O<w
<1, p<0 sweeped out by all c-manifolds that enter the origin. Let (w, p) be a
c-manifold starting from (wq, po)€ S at x=0. Consider the quantities

a = lim eb*w(x) if ¢>c*
X =+

a,= lime*x~w(x) if c=c*
X—®0

to be functions of (wg, po)€S. Then they are continuous. Especially if (wq, po)
approaches to a boundary point of S which is not on {(w, p); w=1 or p=0}, then
a or a, tends to zero in each cases.

Proof. When c¢>c*, the statement is clear by (2.10) and by the first expression
of a in Theorem 2.1 which is valid for any (c, b)-solution, because {w/w'; w<d/2}
and exp {bx}w(x) are uniformly bounded as long as (w(0), w'(0)) moves in the inter-
section of S and w>46. In case c=c* use (2.22) and the expression of a, in Theorem
2.2.
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Corollary. Let w be a c-solution with (w(x,), w'(x,)) being a inner point of
S. Then, under the assumption of Lemma 2.4, if (w(xy), w'(x,)) approaches to a
boundary point of S not on {(w, p); w=1 or p=0} as a (or a,) and w(x,) being
fixed, x, tends to infinity.

3. Parabolic Equations

We exibit here comparison theorems on the parabolic equation
(3.1) w=au"+bu +cu+Q u=u(t, x)

where a, b, ¢ and Q are functions of (t, x)e E=[0, co)x R. It is assumed through-
out this section that a=>0 and Q@=0. Most of the results presented below are
standard and proofs of some of them are omitted (see e.g. [4], [8]). When we say
u satisfies (3.1) in an open set, it means that «", v’ and u” exist, are continuous and
satisfy (3.1) together with u in it. Let D be an open set of E;, T>0. We denote
by D the closure of D in R? and by dD its boundary. We will further impose on
solutions in D the continuity on D.

Proposition 3.1. Let u satisfy (3.1) in an open set D of Ey, T>0 and be
continuous on D. Assume there exists a constant M such that

(3.2) a(t, x)M, |b(t, x)| SM(|x]+ 1), c(t, x) SM(x?+1)
and
3.3) u(t, x)= — MeMx?

for (t, x)eD. Then uz0in D ifuz0on dD— ;.

Proposition 3.2. Let D be an open set contained in the rectangle (0, T) x
(0, 1). Let u satisfy (3.1) in D and be continuous on D. Suppose there exists a
constant M such that

(3.4) a(t, x)EMx3(1 +|logx|), |b(t, x)| < Mx(1+|logx]|)
and ¢(t, x)SM(1 +|logx|) for (1, x)eD.
Then u=0 in D if u=20 on 0D — ;.

Proof. Putting u,(t, x)=u(t, exp {(1 —x?)/2})(1£x<o0), apply Proposition
3.1 t0 uy.

Proposition 3.3. Let D be a rectangle (0, T)x (0, L) with 0<L=Z<o00. Let
u satisfy (3.1) in D and be continuous and nonnegative on D. Suppose that (3.2)
and (3.3) are satisfied, that by =sup pb and c,=inf ¢ are finite and a, =inf pa>0,
that 8, =infy,<7u(t, 0)>0, and that §,=infy ., .ru(t, LYy>0 if L<oo. There then
exists a function v defined and continuous on D, which is positive on D—1I, and

() Ir={(T, x); xER}.
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depends only on and continuously on 6., 8,, ay, by. ¢x, T and L such that u=v
on D.

Proof. We prove the proposition only when L<oo. Set

pagt, x+byt—y)ydy
(-]

0
u(t, x)= ee“'g

where ¢ is a positive constant chosen so small that
o(t, 0)<6, and o(t, L)<, for O<t<T.
Noticing v is a solution of
U=a,0"+ byt +c v with (0, x)=x2I_ 4 0y(X),

we see that w=u — v satisfies (3.1) with Q replaced by Q,=(a—a)v"+(b—by)v' +
(c—c4)v+Q and the boundary condition: w=0 on dD—1[,. 1t is easily seen that
v”"20 and v’ £0, and hence Q*=0. Therefore by Proposition 3.2 we have w=0 in
D as desired.

Proposition 3.4. Let u satisfy (3.1) with Q=0 in E and be continuous on
E. Suppose that (3.2) and (3.3) are satisfied in E, for each t>0 and that c is
bounded below on each compact set of E. Suppose g(x)=u(0, x) satisfies

g(x)=0 if x,<x<x;; 20 if x<x; or x>x,

with some extended real constants x, and x,: —0=<x,<x,=<00. Then there
exist extended real functions X ((t) and X ,(t) of t>0 with —0 S X ()= X,(t) £ ©
such that

S0 if X()<x<X,()
(3.5) u(t, x)
>0 if x<X,(t) or x>X,(1).

If x,=— o0 [resp. x,=00], we may set X (t)= — oo [resp. X,(f)=0].

Proof. By virtue of Proposition 3.1 it suffices to prove that if u(7, x;)<0 and
u(T, x,)<0 with X, <X,, T>0 then u(T, x)<0 for X, <x<X,. Let D, and D, are
connected components of {(t, x); u(t, x)<0, 0<t<T} whose boundary contains
(T, x,) and (T, X,), respectively. Define an open set D contained in E; by the
relation that

yi<x<y, forsome y,and y, with
(t, x)e D iff
(t9yl)ED1 and (t’yZ)eDZ'

Since by Proposition 3.1 both D, nl, and D, n I, contain points of the segment {0} x
[x, x,1, g<00on Dnl, by (3.5) and hence —u=0 on 6D—I;. Then Proposition
3.1 is applied to —u to get u<0 in D (we may assume D is compact by curtailing
it if necessary). Thus the proposition is proved.
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4. Fundamental Properties of u(¢t, x; f; F)

It is well known that our Cauchy problem (1) and (2) is reduced to finding the
solution of the integral equation

4.1) u(t, x)=P,f(x)+ g‘odsgkp(t— s, x—y)F(u(s, y))dy

such that 0<u <1 (this will be proved in the following).

The solution of (4.1) is obtained by the usual method of the successive approxi-
mation. The uniqueness of the (bounded) solution is proved by usual method (cf.
[13]). Let u be a solution of (4.1) (with 0=Su<1). Then we have equations for
t>0

(4.2) u'(t, x) =(P.f)(x)+ ds p'(t—s, x—y)F(u(s, y))dy
] R

@2 w( x) =<P,f>f<x>+g;dngp<t-s, x— Y)F'(us, Y))u'(s, y)dy

and

(43w 0=PY@+ [ ds] p-s x=)F s G, 1.
We will use formulas

(4.4) Sk—lf—lp(t. y)dy=2/\/2nt,

(4.5) SR—tTp(t, Ndy=1/t.

From these equations or formulas it follows that

(4.6) lu'(t, )< mR {11 +20FIJ 1}
and
(4.7) u"(t-x)| < 1/t42y(IF||t+ 1)

where || F|=sup, |F(u)|. We remark that these inequalities imply in particular, by
Huygens property of u, that u’ and u” are bounded on t>1, xe R. (Similar bound-

"y

edness assertion of u"is deduced from (4.8) which follows.) The existance and con-
tinuity of u* follows from (4.1) and the inequality (derived from (4.6))

|{ pt=s. x=n)Feus, ynay| =|{ pe—s x=y)Fudy

<const.{1/\/s +/s}/\/T—s,

Now the derivation of the equation (1) and (2) from (4.1) is immediate. The unique-
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ness of the continuous solution of (1) and (2) follows from Proposition 3.1 if f is
continuous. For a measurable f, putting f,=u(l/n,-) and u,(t, x)=u(t+1/n, x)
with u a solution of (1) and (2), each u, is the unique solution of (1) and (2) with f,
in place of f and hence u, is the solution of (4.1) where f is replaced by f,. Letting
n tend to infinity we see that u satisfies (4.1). Therefore uniqueness assertion for
the equations (1) and (2) follows from that for the equation (4.1).

Let u be a solution of (1) and (2): u(t, x)=u(t, x; f). Then u satisfies (4.1)
as just proved. By differentiating the both sides of (4.1) with respect to t we obtain

(4.8) w(t, X)=(Pf) + P.F(f)(x)

t
+{Lds{ pe=s, x=p)Futs, s, ydy
from which the existances of u” and u*' follow. Putting v=u’
4.9) v=Lv"+F'(u)v.

Suppose f is Lipshitz continuous on R. Then by (4.2) u’ is bounded on E;, T< 0,
and converges to f’ at any points where f’ exists, since (P,f)’ has these properties.

Suppose F” exists and is continuous on [0, 1]. Then from (4.8), by consider-
ing u*(t, x)=u(t+1/n, x)=u(t, x; u(1/n,-)) if necessary, we see as before that v=u"
satisfies (4.9). If we further assume that f’ exists and is Lipshitz continuous on R,
u' is bounded on each E; and converges to +f”+ F(f) at any point at which f”
exists.

The next lemma will be used repeatedly.

Lemma 4.1. Let k(t, x) and Q(t, x) are bounded measurable functions on E.
Then for each bounded measurable function g on R the integral equation

(4'10) u(t’ x)=ng(x)+S;dSPl—s{k(s’ ')u(sv ')+Q(Sa ')} (X)

has the unique solution which is bounded and continuous on Ey, T<oo. Such a
solution satisfies

4.11) et PgT(x)+ g: ekru=9p_ 0 (s, - )(x)ds
0

]
Sult, x) S Py (x) + | D P0 (s, ) (x)ds

where k* =sup k(t, x).

Proof. For a measurable function v on E we write
(4.12) K;v=K,u(t, x)= S'e“"s’P,_sv(s, ) (x)ds,
0

where 4 is a real constant, if the double integral for |v] is finite. Then formulas
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(4.13) gl (uK)w=pK; 0,
(4.14) AK{P.g}(t, -)=e*Pg—Pg, Ko{P.g}(1,-)=1Pg,
(4.15) (A— KK, =K, K,

are valid as far as the both sides of each equation have the meaning. Rewrite the
equation (4.10) in the form u=P.g+Ky{ku+Q}, and apply K_, to the both sides
of it, then we obtain, by (4.14), (4.15), the equation

u=e*Pg+K_,{(k+Hu+0Q}.

Iterating this equation, we see that the solution of (4.10) is necessarily given by
N
u=3 [K-polk+ A]"{le*Pgl-. +K_,0}

where K_,o(k+1) is the mapping: v—K_,{(k+A)v}. Chosing A so large that
k+21=0, we have

us 3 [k*+ 2K 1" ([e7 Pg*]-. +K_,0%)

=(k*+ )Ku[e ¥ Pg*],-. +KinQ*

=e* P gt +K,.0".

This is the same as the second inequality of (4.11). The first inequality is similarly
proved. '

Remark 1. In Lemma 4.1 if k and Q are uniformly Lipshitz continuous in x,
the solution of (4.10) gives the unique solution, which is bounded on E; and converges
to g as t | 0, for the equation

w=25u"+ku+Q.
Remark 2. Let F* and f* be a function on [0, 1] satisfying (3) and a datum,
respectively. Put w*=u(t, x; f*, F*),u=u(t, x; f: F) and w=u*—u. Then w

satisfies (4.10) in which g= f*—f, k=(F(u*)— F(u))/(u*—u)* and Q=F*(u*)—
F(u*). Therefore, by the first inequality of (4.11), if F*=F and f*= f then u*Zu.

Let ¢y be a bounded nonnegative measurable function on R. Then it follows
from the inequality, valid for |x|<M,

@6 Pazigl|  popdyey2m| o g(dy
JirI>N Iy[<M+J1 N

that

(4.17)  if g,——g in locally L! sense and boundedly, then \/t P,g,—/1P,g
uniformly on (0, T)x (=M, M) for each T< oo and M < 0.

(+) If w*=u, we put k=F"(u).
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Similarly we see that, for |x|<M

4.18) (PaYCISVTlal| (1, »)Iyldy
+ o a0y,

Lemma 4.2. Let f,, n=1,2...., and f be data and u, and u corresponding
solutions of (1) and (2). Suppose f,—f in locally L! sense. Then \/Tu,,—\/Tu,
tu,—tu’', and t\/7u’,;—->t\/_tu” as n—oo uniformly on (0, T)x(—M, M) for each
pair of finite constants M and T.

Proof. Putting w,=u,—u, we see that w, satisfies (4.10) with g=g,=f,—f,
k=(F(u,)— F(u))/(u,—u) and Q=0. Therefore that \/7w,,—>0 in the desired sense
follows from (4.11) and (4.17). By (4.2) we have

Wl IPugaY 1+ ds | 1p7=s. x=3) [F(us. y) = Futs, y)idy.

The first term multiplied by ¢ tends to zero by virtue of (4.18). The second term is
bounded, for |x| <M, by

217 as|” pt—s. ) 2Ldy

O0<s<egort—g<s<t

+alFI{ s pe—s s dy + TR sup s, )l

t

sup
H <N+M
<s<t
Chose & so small and N so large that the first two terms are less than an arbitrarily
given positive constant and then let n tend to infinity so that the last term tends to
zero. This proves that tw,—0. The last convergence assertion is proved similarly

by using (4.3).

Lemma 4.3. Let F,, n=1, 2,..., and F be functions on [0, 1] satisfying (3) and
u, and u corresponding solutions with common initial datum f; u,=u(t, x; f; F,),
u=u(t, x; f; F). Suppose F,—»F uniformly. Then u,—»u and u,—u’ uniformly

on Ep for each T<oo. Further suppose F,—F' uniformly. Then u,—u" and
u,—u" in the same sense.

Proof. Set w,=u,—u. Then w, satisfies (4.10) with g=0, k=(F(u,)— F(u))/
(u,—u) and Q=F,(u,)—F(u,). Putting ,=|F,—F|. we have |w, <4,y (e’"—1).
This proves u,—u in the required sense. Remaining assertions are similarly proved
by (4.2) or (4.3).

Lemma 4.4. Let a datum f have the continuous first derivative on R which is
Lipshitz continuous there. Suppose there exists extended real constants x, and
X,; —00=x,£x,S 00, and ¢>0 such that
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=0 if x<x, or Xx>x,

(4.19) %f”+cf’+F(f)’

<0 if x,<x<x,

where x’s are those points at which f" exist. Then there exist extended real func-
tions X, and X, of t>0 with — o0 £ X (1)< X,(f)< oo such that

>0 if x<X,@t) or x>X,(1
(4.20) z'(t, x)

<0 if X, ()<x<X,(1)
where z(t, x)=u(t, x+ct; f). If x,=x, we may put X,=X,, if x;=—00 then
X,=—00 and if x,=00 then X,= 0.

Proof. At first assume F” exists and is continuous. Then by the equation
(4.9) and remarks mentioned just after it the function v(t, z)=z"(t, x —ct)=u'(¢t, x)
+cu'(t, x), where u=u(t, x; f), satisfies (4.9) and that, as t | 0,

o(t, x) — glx)=3f"(x)+cf'(x)+F(f(x)) a.s.

and is bounded on E;, T<oo. It is proved as before that v(t, x) can be approxi-
mated uniformly on each finite rectangle [T~!, T]x [ — M, M] by solutions of (4.9)
v, such that v, are continuous on t=0 and g,=v,(0, -) satisfy that g,(x)=0 if x<x,
or x>x, and <0 if x, <x<x,. Therefore we may assume that g is continuous to
apply Proposition 3.4 which proves (4.20) (see also Proposition 3.3). In the case
that F” does not exist, use Lemma 4.3 and notice Proposition 3.3 to see the strict
inequality in (4.20). g.e.d.

Lemma 4.5. Suppose two data f and f* satisfy
f¥xX) S f(x)+0(e7?)

where b is a positive constant. Set v(t, x)=u(t, x; f*)—u(t, x; f). Then for each
constant ¢

o(t, x+ct) L0(e *=bx)*)  with Kk=b(c—b[2—y*|b),
and if ¢<b, for each finite N,
o(t, x+ct)§O(\/T"e"“"/2"y"‘) uniformly in x> N.
Proof. By Lemma 4.1 (see Remark 2 for it) we have
o(t, x)Ze™Pf*—f1 (x+ct).
Set
gx)=1 if x<0, =eb* if x>0.

Then

() If fo(X)< f(x)+o(e®%), then this can be replaced by “v(t, x+ct)<o(e~*'~**) as t—oo uni-
formly in x> N.”
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b2, ((x=bN)/VT
T .

P.g(x)= S” (L )yt e T
x/Jt

J—®L

The lemma follows from these and the formula Swp(l, vy~ % p(l, x) as dx— 0.

The following theorem asserts that if ¢= ,/2y* c-fronts are stable in a sense.

Theorem 4.1. Let cg\/ﬁ and f(x)=wJ x+ x,)+0(e~%%), with some con-
stants b and x,. Then

u(t, x+ct; f)=w(x+xq)+ 0(e7*'~bx)
where K is defined in Lemma 4.5; and if c<bh
ut, X+ct; f)=w x+x0)+0(/T e /2=y uniformly in x>N>—c0.

Proof. Immediate from Lemma 4.5 and the stationarity of c-fronts: u(t, x+
ct; Wc(' +x0))=wc(x+x0)‘

Let «>0. It is proved in McKean [14] (in case F(u)=u(l—u)) that if f(x)~
aw/x) as x— oo with a>0 and c= \/2_))? then u(t, x+ct; f)»w(x+x,) uniformly
in x> N, where xo=>b"oga, b= —lim ., [w./w.].

Here is a proof of this assertion under our setting. It will be not wasteful to
remark that Theorem 4.1 is not directly available for the present problem since
w/(x) decays as x—oo little more rapidly than e *, b=c— /c*=2x <c and k=
#—y*<0. Now we return to the proof. By the relation f(x)~w/(x+x,), for any
fixed >0, we have w(x+x,+06)= f(x)Swx+x,—0) for all sufficiently large x,
and by Lemma 4.5 we see '

Wx+xo+8)—Q(O)=Zu(t. x+ct: f)Swx+xo—98)+0(H)

for x>N with Q(t)=0(t""2exp{—(c?/2—y*)t}). In particular u(t, x+ct;f)—>
wJ(x+x,) as desired.

5. Limits of u(z, x+ct; f)
We will investigate in this section the problem: what is the limit of
z(t, x)=u(l, x+ct; f)

as t—»o00? The limit w(x)=lim,_ _ z(t, x), if exists, must be a solution of (4) on R.
In fact, in the equation

Z(t+s, x)=u(t, x+ct: z(s, +))
letting s tend to infinity, we have, by Lemma 4.2, the equation
w(x)=u(t, x+ct; w),

from which we see that w satisfies the equation (4) on R. In particular if 0<c<c,,
w=1or w=0. ’
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The following lemma is due to Aronson and Weinberger [1] except some addi-
tional statements. The proofs given here are based on their idears.

Lemma 5.1. Let g(x) be a c-solution (¢=0) defined on a interval (L, L,),
— o< L,<L,<00, such that g(L)=0 or =1 and that q(L,)=0.
(i) Let q(L,)=1 and L,= o0 (these implies c=cg). Set

(5.1 fo=1 if x<L,, =q(x) if L,<x

and set z(t, x)=u(t, x+ct; f). Then z(t, x) decreases with 1. The limit w(x)=
lim z(t, x) is zero if lim . q(x)/w(x)=0, and it is a c-front if otherwise and o> 0.
(i) Let g(L,)=0. Put

(5.2) f(x)=0 if x<L, or x>L,, =q(x) if L,<x<L,

and set z(t, x)=u(t, x+ct: f). Then z(t, x) increases with 1. Its limit is unity if
c<co or lim,, q(x)/w(x)=c0, and it is a c-front if otherwise and a>0.

Proof. We prove only (i), since the proof of (ii) is very similar. Let g(L,)=
I,Ly>—o0 and L,=00. Noticing ¢'(L,+0)<0, define for each constant a> | F|
=sup F(u)

1 x<L,—96
f¥x)={ l—a(x—L,+08)*> Ly—d<x<L,+d
q(x) x>L,+06

where J is a positive constant possibly chosen so that g'(L, +6)= —4ad and that
1 —a(28)?=q(L,+38). Then f* is continuous, has the continuous first derivative
and satisfies L /*"+cf* + F(f*)<0 at any x5 L, +dJ. Thus Lemma 4.4 says that
2*(t, X)=u(t, x+ct; [*) decreases with t. It is clear that z has the same property
by virtue of Lemma 4.2, since f* converges to f as a—oo. If lim g(x)/w(x) >0, we
have f(x)=w/x+x,) with some constant x, and hence z(t, x)Zu(t, x+ct; w(- +
xg)=wJ/x+x,). Thus w(x)=limz(t, x)=wJ(x+x,). This proves that w is a c-
front. If lim g/w,=0, we have lim w/w,=0, but this implies w =0 because w(x+ x,)
[w(x) converges to e~¥*0 as x— 00. q.e.d.

The information on the behavior of u(f, x+c¢t; ) may be roughly gathered by
Theorem 5.1 stated below. Results will be somewhat sharpened in Theorems 9.3
and 9.4. We will need the following condition on f.

Condition [G]: u(t, x: f)>1 as t—o0 locally uniformly.

If >0, this is the case for any data. We will discuss about Condition [G] at the
end of this section.

Theorem 5.1. Let f be a datum and set z(t, x)=u(t, x+ct; f).
(i) Let f(x)=0(e~"*) as x—c0. Suppose either that b>c— \'cZ—2a and
c¢>cq or that b>c*, c=cq=c*, and (2.3) and (2.4) are valid. Then for each N>
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z(t, x) — 0 as t— © uniformly in x> N.

(ii) Suppose either that 0<c<cy and Condition [G] is satisfied or that c2c,
and limf(x)e®*>0 with b<c— \/c2—2a. Then for each N> —

zZ(t, x)— 1 as t—> © uniformly x>N.

Remark. Assertions of Theorem 5.1 are obtained by several authors ([13],
[10]) in a special case under some restriction on F and by Aronson and Weinberger
in case that f has compact support (mainly) and ¢ #c,.

Proof of Theorem 5.1. Let f(x)=o(e™®*), b>c—\/c2—20 and c¢>c,. We
can chose a constant ¢, such that ¢>c,>c, and b>c,—./c5—20. Then there
exists a c,-solution g which satisfies the conditions of Lemma 5.1 (i) and for which
f<f* where f, is defined by the right side of (5.1). In the inequality z(t, x)<
u(t, x+ct; f,) the right hand side tends to zero, since, by Lemma 5.1, u(t, x+c4t:
f) tends to zero or to a ¢*-front. Thus z(t, x)=0. The required uniformity of con-
vergence is obvious. In the case ¢=cq,=c* we can similarly proceed, but taking as
q(x) a cq-solution which corresponds to the extremal one in all cy-manifolds that
enter the origin (see the last diagram of Appendix). These prove (i).

Let limf(x)et*>0 with b<c—./c?—2a, c=c,. We can find a function F,
satisfying (3) such that F,<F and F, <« e.g. set, for small u,

(5.3) F*(u)= S;(F’(v) A 2)dv.

Then, putting u,=u(t, x+ct; f; Fy), we have z2z, and hence z(t, - )1, since, by
Lemma 4.5 and Lemma 5.1 (ii), z,(t, -)—1. In the case c<cgy, we can proceed as
in the proof of (i) using Lemma 5.1 (ii). Thus (ii) is proved. g.e.d.

In the case c=cq>c,, Which is excluded from the above theorem, the situation
is different from the above (see also §10):

Lemma 5.2. Let cy>c¢*. For any couple of constants b and n with ¢o—
Jed=2a <b<cot+ J—20 (i.e. b¥2—cob+a<0) and b2[2—cob+oa<—n<0,
there exist positive constants A and A’ such that if we set

U(t, x)=w, (x — Ae ") — e mi7bx
Uult, )=w (x—A'(1 —e 1)) e b
and if a datum f satisfies
(5.4) Usty, x+x)S S S UL, x+x3)
for some constants t,, t,, X,, X,, then

(5.5) U¥t+1,, x+x)Su(t, x+cot; HSUX(t+1,, x+X,)
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for all t>0, xeR.

Proof. Extending F to a continuously differentiable function F on R so that
F'(u)<a for all u¢[0, 1], and setting u(t, X)=u(t, x+cot; f)—Uylt+1;, x+x,), we
have, by the mean value theorem,

v'=-;—U”+COU'+Fl(0)v+Q*(t+tl’ x+xl)
where
Q* =3 Ui+ coUuF(Uy) - Us.

Since (5.4) implies v(0, x) =0, for the proof of the left hand side inequality in (5.5)
it suffices to show that Q,=>0 on E, by virtue of Proposition 3.1.  Set w(t, x)=w,,
(x—Ae~") and h(t, x)=e~"'~bx, Then, putting &= —b22+cob—n,

Qu(t, X)= — F(W)+ F(w— h)+ah— Ane™""w’.

Since &> a. we can find a positive constant 6 >0 so small that
O<w<dor 1 —=d<w<1 implies O_t—-}{[F(W)—F(W—h)]>0

for all h>0. Then choose constants N and a >0 such that
d<w,(x)S1-6 implies w,(x)<—a and
w(x)£1-6 implies x> —N.

Note that w(t, x)<1—3 implies w.(x)S1—6. Now we may define 4 by the equa-
tion

Ana—y*ebN=0

so that 0, =0 (constants 6, N and a are chosen independently of A).

Noticing that w*=w_(x — A'(1 —e ")) 2w, (x) Z h(t, x) for large x, and follow-
ing the procedure similar to that taken in the above, we can find a constant A" such
that

Q*(t, x)=+U* + ¢, U + F(U*) - U*

= — F(w*)+ F(w*+ h)—ah+ A'ne”mw*' (U¥=w*+h)

IIA

0

which proves the right hand side inequality of (5.5).
These complete the proof of Lemma 5.2.

As the direct consequence of Lemma 5.2 we have

Lemma 5.3. Let co>c* and b and n make up a couple of constants in Lemma
5.2.

(i) Suppose that a datum f satisfies Condition [G] and f(x)=0(e ?*). Then
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for some constants x, x5, and K
Weo(x+x) = Ke 1 7bx<u(t, x+cots f)Swe(x+x,)+ Kem 7

Jor all t>0, xeR.
(ii) For any >0 there exists a positive constant 6 such that if | f(x)—w(x)|
<de ™ for all xe R then |u(t, x+cot: ) —w,(x)| <ee > for all t>0, xeR.

Remarks to Condition [G]. Functions F satisfying (3) are classified into two
classes according as Condition [G] is satisfied for all data or otherwise. In the
former [the latter] case we say F belongs to the class I [resp. class 1I]. The class
IT is not empty. Some criteria for F to belong to the class I are obtained by several
authors: Fujita [5], Hayakawa [7], Kobayashi-Sirao-Tanaka[12] (they all deal with
the problem in the multidimentional case). Hayakawa [7] says that if lim, o F(u)/
u3>0%) then F belongs to the class I and that if F(u)=o(u?)"* with some p>3
then F belongs to the class II. Kobayashi et al.’s results are sharpenings of these
consequences. Here is a rapid proof of the assertion: if F(u)/u3—o0 asu |0 then
F belongs to the class 1 (the proof is good for the multidimentional case). Let f be
any datum and set u=u(t, x: f; F). Then there exists >0 and ;>0 such that

u(l, x)=ep(ty, X) x eR.

It suffices to prove that u, =u(t, x: f,)—1 where f,=ep(to. -). Noticing u,(t, x)=
P.fu(x)=ep(t+to, x), it suffices, in turn, to prove that g(x)=ep(t+1o, x) satisfies,
with some >0,

(5.6) | 19"+ Fg(x))>0  xeR,

because this inequality implies that u(r. x; g) increases with t and hence tends to
unity by what is remarked at the beginning of this section. Since g"(x)=g(x)(x?—
t)/13, t,=t+1, and since ¢/\/2nt, 2 g(x)2¢/\/2nt e for |x|<./t,, we have

>0 if |xI=J1,
39"+ F(9) _
>F(g)—9g/2t, 2[F(9)lg>—nefe?]g® il [x|<{1;.
The right hand side of the last inequality is positive for some large r. Thus (5.6) is
obtained.
We note that for any £>0 there exists a datum f <g with compact support for
which [G] is valid. This follows from Lemma S.1. It is also obtained that if
lim,., u(t, xo)>0 for some x, then [G] is valid, as is proved below. The idea of

the proof comes from Kanel’ [11a]. We may assume x,=0. It is easily checked
that

ut, x)=§:p*(t‘ x, y)f(y)dy+g;dsgjp*a-s, x. YF(u(s, ¥)dy

(*) In n-dimentional case these must be replaced by lim F(u)/u'**/7 ~.0 and by F(u)=o0(u?) with
p=-142/n, respectively. ' ’ ’ .
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_ Sr u(s, 0)p'(t—s, x)ds x>0,
0

where p*(t, x, y)=p(t, x—y)—p(t, x+y). The first two integrals are positive and
the last integral, which is equal to 2g Cu(t—x2[v2, 0)p(1, v)dv, is bounded below

x/Jt
by (1/2)limu(t, 0) for 0<x<N and for all sufficiently large t. Thus the fact re-
marked at the beggining of this paragraph proves u(t. x)—1 in the desired sense.

6. Behavior of Front of u(z, x; f) (Special Case)

In this section we treat the problem expressed by (5) when datum f has a certain
special form. Suppose u(t, x)=u(t, x; f) decreases as x increases on some right
half of the x-axis and tends to zero as x—oo for each t>0. Put

L(n=sup {x; u'(t, x)=0} (= —oco if {-} is empty).
M) =u(t, L(1))

x(t, wy=sup {x: u(t, x)=w} 0w M(1)
o(t-w)y=u'(t, x(t, w)).

Note that ¢ is determined only by the shape of the tail of u (i.e. invariant under the
transform: f—f(- +const.)) and conversely restored to it through the inverse form

(6.1) x(1, w)=gw—-(‘ff‘u) .

We write ¢ =¢(t, w; f) to express that ¢ is determined by f and M(f)=M(t; ¢) for
convenience. We also write M =M{z} if 7 is a nonnegative function defined on
an interval [0, M]. Thus M(t; ¢p)=M{d(t, -)}. For each ¢ the graph of ¢(t, -) is
identical to the orbit of (w, p)=(u(t, x), u'(t, x)), L()Sx<oo. We will use ab-
breviations ¢ =0d¢/ot, ¢’ =0¢[/dw, etc. By formulas ox/ow=1/u’, éx[dt=—u"|u’,
¢'=u"[u" and
: s uu" —(u")?

(6.2) ¢ =_—(u—’)£3—_)_ ,

we derive from (1) the equation
(6.3) ¢ =1P2d"—Fp'+F' ¢ O<w<M().

Let g be another initial datum and set y =¢(1, w; g) and o=¢ —y. Then it follows
from (6.3) that w satisfies

(6.4) w=1¢?0"—Fo'+[F +3(@+yYW" ]o

in the domain {(¢t, w); 0<w<min {M(t, ¢), M(t, y)}, t>0}. This equation is fun-
damental in the later arguments. We will consider it as a parabolic equation dis-
cussed in §3 by regarding ¢, Y, ¢” or y” as given functions. Let 7 be a solution
of (1.4). Then w=¢ —1 satisfies (6.4) where ¥ is replaced by t,.since (1.4) implies
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0=%11t2t"-F1t'+F't O<w<M{t}.

We denote by 7, (¢=c¢g) the solution of (1.4) corresponding to the c-front, i.e. the
unique solution solving (1.4) on the interval [0, 1] with 7(0)=1(1)=0. The equa-
tion (6.4) will be sometimes cited in the alternative form

(6.4) w =320 —Fo'+[F' + 3 (¢ +¥)¢"]w.

Lemma 6.1. Let ¢, =c¢q. Let a datum f satisfy the assumption of Lemma 4.4
with c=c,. Suppose that there exists a constant x5 such that

(6.5) /=0 if x<x; <0 if x>xj,
that there exists a function &(t)>0, t>0 such that
(6.6) o, w; f)<z. (w) O<w<g(t), t>000

and that u(t, x)=u(t, x; f) satisfies

(6.7) u(t, x) — 1 as t— 0

and

(6.8) u(t, x+¢,t) — 0 as 1t — oo.
Then ¢=¢(t, w; f) satisfies

(6.9) o, wyst, (W)+o(l)  0SwsM(t; @)

uniformly as t— oo,

Proof. Applying Proposition 3.4 to the equation (4.9) satisfied by v=u’, we
see, by (6.5), that u'(t, -)<0 on a right half line and =0 on the other half. Espe-
cialy ¢=¢(t, w; f) is well defined and M(t; ¢)=max gu(t, x). Put z(t, x)=
u(t, x+c,t). Then by Lemma 4.4 there exists extended real functions X,(), X,(¢),
—0<X,2£X,<00, with which (4.20) holds. We will examine the evolution of
the orbits of the vector functions (w(x), p(x))=(z(t, x), z'(t, x)), x € R in the half strip
D={(w, p); 0<w< 1, p<0}. Parts of these orbits contained in D are denoted by
S,. For the proof of the lemma we assumed that — o0 < X ,(f)< X,(f)< o for any
1>0, since the other case is easy to deal with. Denote by A4, a point in D that
has coordinates (z(t, X (1), z'(t, X () =(z(t, X (1)), ¢(t, z(t, X,(1)))) or coordinates
(M(t; ¢), 0) according as z'(f, X,(1))<0 or =0. Denote also by B, a point with
coordinates (z(t, X,(1)), z'(t, X,(1))). By the equation z'=1z"+c¢,;z'+F(z) and
by what is remarked just before Theorem 1.1, ¢,-manifolds cross S, from the right
or the left hand of S, according as z>0 or <0 at intersecting points (see Fig. III).
Notice that z- <0 on the closed arc of S, between A4, and B, and z°>0 on the other
parts of S,. From these and the hypothesis (6.6) it follows that S, lies under the
¢,-manifold passing through A4, for each t>0. We denote this manifold by 7,. A4,

(») This condition can be removed if x; =oco where x, appears in (4.19).
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and T, lies over the c¢,-front.

7 A ©0 (1L,0) _ w
) >
/
]
4,
N
7
- {w, 7.,}
Fig. 111

It is shown below that if z'(1, X (1)) <0 then A for s>t does not enter into the
open domain bounded by T, and the w-axis untill z'(s, X,(s)) vanishes for the first
time after 1. Let t(u) be a solution of (1.4) corresponding to T, and set w=¢ —r1.
Then w satisfies (6.4) with =t and by Proposition 3.1 w(t+s, w)=0, 0<w> M{t}
for sufficiently small s. This proves the desired assertion. Especially we proved
that if z'(¢, X,(1))<0 for t, <t<t, then T, lies over S, for t; <t<t,.

To prove the assertion of the lemma first assume that there exists a sequence
{t,} such that t,—» 00 and z'(t,, X,(t,)=0, n=1, 2,.... By the hypothesis (6.7), for
each ¢>0 we can find n, such that M(t; ¢)>1—¢ for t>1, =t,. Let T be a c,-
manifold passing through (1—¢, 0). If t>1¢, and z'(t, X,(£))=0, then T lies over
T, and hence over S,. If t>1, and z'(t, X (1)) <0, then, by what has proved in the
previous paragraph and by the continuity of S, with respect to ¢, we can find a time
t" with t,<t'<t such that T lies over T,. and T, lies over S,. Consequently T lies
over T, for any t>r*. Since T converges to the ¢,-front as ¢ | 0, we have (6.9).

Next assume the remaining case: z'(t, X,(#))<O0 for t>t, with some constant
ty. Then T, lies over S,. if t'=1>t,. There exists an unbounded sequence t, such
that w-coordinate of A, tends to unity as n—»oo. Because in the opposite case we
can find d€(0, 1) such that z(ty, xo)>9 implies z*({y, Xo)>0, which in turn implies
z(t, x)>0 for t>1, and contradicts to (6.7) and (6.8). Since A4, tends to the point
(1,0), T,, converges to the ¢,-front. Consequently we have (6.9). The proof of the
lemma is completed.

Lemma 6.2. Let fo=1_,0y Then for any data f for which ¢ is well defined,
we have

O, w; f)SP(t, wi f) >0, O<w<M()
where M(t)= M(o(1, - ; ).

Proof. Set u=u(t, x; f) and ug=u(t-x; f;). We prove a stronger assertion:
for any s>0

uo(s, xo)Su'(s, xy)  if u(s, x;)=uo(s, Xo).
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Fix s>0. Let u(s, x,)=uq(s, xo). Putting
o(t, x)=u(t, X —Xg+x,)—up(t, x),

we have v(s, xq)=0and v'(s, xo)=u'(s, x,)—ug(s, xo). Therefore it suffices to prove
u(s, xg+x)=0 for x=0. Since v solves the equation

v‘=%()”+F/(Llo+0U)U 0§0§1

with the initial condition

lIA

0 if x<0
lim o(t, x)=f(x—xq+x,)—fo(x)
1o >0 if x>0,

we see, by Proposition 3.1 and by the method of approximation as used in the proof
of Lemma 4.4, that u(f, -)=0 on a right half x-axis and <0 on the other half for
each t. This proves the required assertion.

By the same method as used above Kolmogorov et al. showed that ¢(r, w;
fo) increase with t. But this fact now clear by Huygens property: ¢(t+s, w: f)=
o(t, w; u(s, - ; f)) and the lemma just proved. Thus there exists t(w)=Ilim,. , ¢(1,
w; fo). Since 1. (w)=¢(t, w; w,) we have t(w)<t,(w). These prove that u(t, x+
m(t): fo) converges to some function, say Ww(x), which is decreasing with W(co)=0
and W(—co0)=1. But by Lemma 4.2 ¢(1, w; w)=lim, , ¢(t, w; u(s, x+m(s); f,)) =
limg, , ¢(t+s, w; fo)=1(w), from which we see, using (6.3), that 7 satisfies (1.4) for
some c. Since <7, we have t=1,,. Consequently we have

Lemma 6.3. (Kolmogorov ef al.). Let fo=1_,0. Then
A1 wi fo) TT(W)  as 11 0.
The next lemma is complementary to Lemmas 6.1, 6.2 and 6.3.

Lemma 6.4. Let ¢,>c,. Suppose a datum f has the Lipshitz continuous
first derivative with f' <0 and satisfies that

. . i <0 if x<0
L e f '+ F(f) _
=0 if x>0

where X’s are those points at which f” exist. Further suppose that u(1, x+c,t;
f—-1last—oo. Then ¢=a¢(t, w; f) satisfies

(6.10) o(t, wy=1.,(w)+o(1) O<w<M(t; @)
uniformly as t—co.

Proof. The proof is very similar to that of Lemma 6.1 and here only the
outline is given. Let S, be the orbit of the vector function (z(t, x), z'(t, x)) of
X € R, where z(t, x)=u(t, x+c,t; f). As in the proof of Lemma 6.1 we can take a
point 4, on S, such that z°<O0 iff z is larger than the w-coordinate of 4,. Then
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c,-manifold 7, passing through A, bounds S, below for t'>1. There exists a se-
quence {t,} along which p-coordinate of A, tends to unity. Since A, is bounded
below by the graph of ¢(1, -; f,) by virtue of Lemma 6.2, A, approaches to the
point (1.0). Thus T, converges to the c¢,-front. This implies (6.10).

7. Asymptotic Behavior of u(z, x: /) for large x

In order to apply Proposition 3.3 to the equations (6.4) or (6.4)" we must know
the behavior of ¢ =¢(t, w; f) and ¢” as w | 0, which are involved in that of u=u(t,
x;f), u', u” and u” as x—»oco. Roughly speaking, the behavior of u(t, x; f) and of
its derivatives are asymptoticaly same as that of e*'P,f for data f belonging to
certain classes.

Definition. (i) Let u be a non-negative constant. A datum f is said to
belong to the class [E,] if

f(x)=0 for x>x, with some constant x, incase pu=0
f(xX)~A(x)p(u, x) as x — © in case u>0,

where p is defined in § 0 and A is such a function that A(logx) is slowly varying at
infinity, i.e. A>0 and

A(x+x5)~A(x) as x — oo for each constant x,.

(ii) Let A be a positive constant. A datum f is said to belong to the class
[Fi]if

J(x)~ A(x)e™** as x — 00,
where A is the same as in (i).
What we want to prove in this section is stated in the next two lemmas.

Lemma 7.1. Let f be a datum belonging to the class [E,] (uz0).
(i) Set u=u(t, x; f). Then following relations hold

(7.1) logu(t, x)~ —x2/2(u+1)
(7.2) du(t, x)|0xi ~(—x/(t+ ) u(t, x) j=1,2,3

as x— o0 uniformly in te (1/T, T) for each (finite) T> 1.
(ii) Set ¢=¢(t, w; f). Then

5 _ —
o, w)~ /;/+-[1 Jlogwlw and ¢"(t, w)=o(\/t_l‘_“ )/“?vg" I)
N

as w | 0 uniformly inte(1/T, T) for each T >1.
If n=0 all these relations hold uniformly in te (0, T).

Lemma 7.2. Let f be a datum belonging to the class [F,;] (A>0).
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(1) Setu=u(t, x; f). Then the following relations hold
(7.3) du(t, x)[ox] ~ (=) eA? 12t g(x)e=2x  j=0,1, 2,3

as x— oo uniformly in te(1/T, T) for each T>1.
(ii) We have

¢"(t, wi f)=o0(w™")
as w | O uniformly in te (1/T, T) for each T > 1.

Remark 1. The second parts of Lemmas 7.1 or 7.2 are readily derived from
the first parts of them and from (6.2). It is also clear by Lemma 7.1 (ii) combined
with Lemma 6.2 that for any datum f, for which ¢(t, w; f) is well defined,

(7.4) o(t, w; N)=0(/171/llog w]w)
as w | 0 uniformly in te(0, T).

Remark 2. By the fact that o(t, x)=1—u(t, x; f) is a solution of the Cauchy
problem

v=4v"—F(1-v), v0+, )=1-—f,

we can derive similar results on the behaviors of 1 —u(t, x; f) and its derivatives as
x— — oo to those obtained above. We will not, however, use them later except the
following simplest case: if 1—f(—x) belongs to the class [E,] (1=0), then

log(1—u(t, x))~ —x2/2(u+1)
u'(t, x)~x(u+1)~1(1—u(t, x))
as x— — oo for each t>0, where u(t, x)=u(t, x; f).
For the proofs of Lemmas 7.1 and 7.2 we prepare several lemmas.

Lemma 7.3. Let g be a locally bounded measurable function with S p(t, x)-
R
|g(x)ldx< oo for any t>0 and ess.sup {x; |g(x)|>0}=x, <oo. Then

Pg(x)=o(exp { —(x—x,)?/2t}) as x— o
uniformly in t€(0, T) for each T< 0.

Proof. Immediate from
—x.)2 x1
exp { (x 2;‘1) __}P‘g(x) = S_we*(x—x.)(xx—y)/tp(t’ x; — )g(y)dy

= Swe‘(""“)“'h/‘_e“"’/2 glx, —/ 1 wydw.
0

Lemma 7.4. In addition to assumptions imposed on g in Lemma 7.3, suppose
g=0 on the interval [x,, x,] with some x,<x,. Then for any constant x; with
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X3<X,y
(1.3) exp {(x — x3)2/21}Pg(x) —> oo,
especially
Pg(x)~Plg -1 (x, )} (x)
and especially
(7.6) (0"/0x™)P,g(x)~(—x[t)"P,g(x) n=1,2,...
as x— o0 uniformly in te (0, T).
Proof. The divergence in (7.5) follows from

exp {(x — x;)2/21} P,g(x) 2 exp {(x — a)?/2t} P,g(x)
ggx'e"“""y‘“”'p(t. a—y)g(y)dy-(1+o(1))

as x—oo0, where a is a constant which satisfies max {x,, x3} <a<x,, g(a)>0 and

ng(y)dy=(x—a)g(a)+o(x—a) as x | a so that Sx;'p(t, a—y)g(y)dy—g(a) as t | 0
(cf. Widder [17]).

Lemma 7.5. Let f be a datum with lim,_,  f(x)=0. Then
u(t, x; f)=e*P,f(x)(1+1t-0(1))
where o(1)—0 as x— oo uniformly in te (0, T) for each T.

Proof. Define F(u)=0 for u>1. Putting v(t, x)=e*P,f(x), u=u(t, x; f) and
w=u—uv, we have

w=Ko{kw+ F(v)—av}
where k=(F(u)— F(v))/(u —v) and K, is defined by (4.12). By Lemma 4.1

ra x)IéS;e”“’)P,-,IF(v(s, ) —a(s, -)| (x)ds.

Since v(t, x)—0 as x— oo uniformly in t€ (0, T), for any ¢>0 we can chose constants
M and L so that
[F(u(s, x))—auv(s, x)| Se27 v(t, x)+MPs_ I _ , 15(x)

if 5<s<T, where §=¢/2B. Then, using the inequality |F(v) —av| < Bv (v>0), we see
that if 0<t<T

Iw(t, )| < 1e7{eP, () + MP(,_spol (- 1x(X)} -

This proves w=t-0o(P,f(x)) uniformly in te(0, T), since the second term in the
braces is small order of P,f(x) as x— oo uniformly in 1€ (0, T) by virtue of Lemmas
7.3 and 7.4.
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Lemma 7.6. Let g be the same as in Lemma 7.4. Let T and n be a positive
constant and a non-negative integer, respectively. Then we can find such a con-
stant K (T, g)=K,(T, x,) depending only on T, n and x,=ess. sup {x; g#0} that

SRIP'(S, x=YIPIglIyl"dy S K, (T, g)(t+)" {Ix|"/\/'s +1x|"* 1} P4 dgl(x)

Jor x>1,120,5s>0, t+s<T.
Proof. Setting

I, 1, x)=§k|p'<s, x—y)Ip(t, y—2)|yl"dy

we have, for x> 1,

_ _ t X7Z)p-wip2
J(Zv t’ x) p(t+9’ X Z)SR| \/(t+s)sw+ t+s ’e

S £ P | _al"
x‘x t+sW t+s(x Z)* dw

< BT pt-t5. x =) {(VIEED 4217 ) (x4 121) + Ix17+1]

where K,(T) is a constant depending only on n and T, and
[ Iz s DIg@IAzZ KT, g)e+971 {Ix1715 + 517 Py dgICo),

which is the desired inequality.

Proof of Lemma 7.1 in case p=0. Let f belong to the class [E,]. The rela-
tion (7.1) is clear by Lemmas 7.3, 7.4 and 7.5. For the estimation of u’ we rewrite
(4.2)' as follows

u'(t, x)=e*"(P,f)(x)+ S;dsgkp’(t -5, x—y)J(s, y)dy

where J(s, y)=F(u(s, y))—ae*P,f(y). Then, using Lemmas 7.5 and 7.6, we see,
as in the proof of Lemma 7.5, that the last term in the above equation is small order
of xt7!P,f(x) as x—oo uniformly in te(0, T). Since (P,f)(x)~ —xt"'P,f(x)~
—xt~te *'y(t, x), the case j=1 in (7.2) is obtained.

Estimation of u” is carried out as follows: Set f,=u(t, -), u*(t, x)=u(t, x;
fa)=u(2t, x). To prove is that wuy(t, x)~e?**(x/2t)*P,,f(x) uniformly in te(O0,
T/2). By (4.3)

.7) it D= (Pf 0)+ | ds| pt=s. x=IGs. pdy
where

J(s, Y)=F'(uy(s, y)us(s, y)—ae*(Pf4)'(y).

Since fi(x)~ —e*'tx~1P,f(x)~e*(P,f)'(x) uniformly in t<T/2, we see, as in the
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proof of Lemma 7.5, using (7.6), that
(Pof ) (xX)=Pfu(x)~ —e*x(t+5)7' Py f(X)
~e %uy(s, x)

uniformly in 0<s<t<T/2. By this relation and by the inequality (4.6), for any
e>0 we can find constants M and L depending only on ¢, T and f such that

(s, DISelyl(t+5) P o (D) + Mt 45 TP 1)(¥)

for 0<s<r1<T/2. Therefore Lemma 7.6 says that the last term in (7.7) is bounded
by

Ky(T, ) (x[t /€ +x2Py f(x) + KxP - ,1)(x)

for x> 1, te(0, T/2], where K is a constant depending only on L, M, and T, while
we see also by Lemma 7.6 that

(Pofi) () =(Pf ) (x) ~ e*(x[20)2 P, f (x)

uniformly in 1€(0, T/2]. Thus we have u(2t, x)=u,(t, x)~e?*'(x/2t)*P,, f(x) with
required uniformity.

Noticing that u'~4u” and u” ~2u*', and using the equation u’'=%(P,f)" +
(PF(f) +(Ko{F'(1)u'})' (K, is defined by (4.12)), we can estimate the tail of u™ at
infinity as in the case of u”. Now Lemma 7.1 has been proved in the case u=0.

For the proof of Lemma 7.2 and of the rest of Lemma 7.1 we prepare the next

Lemma 7.7. Let A(x) be a function as appears in Definition of the classes
[E,] and [F,], and T a positive constant. '

(i) Let {g(x)}os(<1 be a family of bounded functions such that g(x)~ A(xp/
(w+0)p(u+t, x) (u>0) as x— o0 uniformly in te(0, T), then

(7.8) (0"[0x") Pg(x) =g+ (x) (= x/(u+t+))"(1+o(D// T n=0,1

where o(1)—>0 as x—> o0 uniformly in 0Ss<t<T.
(i) If g(x)~A(x)e ** (A>0) and g(x) is bounded, then

(0"]0x")Pg(x)= A(x)e~4*{(—2)"+ (1/t"~1)-0o(1)} n=0, 1, 2
where o(1)>0 as x— 00 uniformaly in te(0, T).

Proof. First we prove (i). Write g,(x)=A/(x)p(u+t, x). Then A(x)=A4
(nx/(u+ ) (1 +0o(1)) as x— oo uniformly in ¢t and

XR((x =»[Drp(t, x—y)gy)dy

- S;As(x_)’)l’(“ +5, x—y)p(t, ) (y/Drdy+O0(xm~te=x*12t] [12n-1) x> 1.

Let J denote the first term in the right hand side of this equation. Then
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J=plu+t+s, x)gf;As<#H+s \/(IH'S)t )X

+i+s L+i+s
puts _w 1 ) —w2)2 /
(‘/u+s+z tuFees) ¢ w2

where w, is defined by (u+s)(u+t+s)"1x—/(u+s)t/(u+t+s)w, =0. Since A(logx)
is slowly varying at infinity, A(x) is expressed in the form

A(x) = a(x) exp {S &) dy} x>0
where a(x)—a,, 0<a,< oo and gx)—0 as x—oo. Especially

A(Z(;;Co) — a(z(—x;‘o) exp {S: ° &(y) dy} o(e™*0) as xp — — o0

uniformly in x>0. Then it is not difficult to see

J= p(u+t+s)g A<#+t+s( \/t(ul;l-_i;l-s) )

x <,’H_—J;+—t)"e’“’z/2dw/\/§7z (L+o()[\[T")

= gr+s(x)(u+—);+s—>n(l + 0(1)\—/%-—"—> .

These combined with the fact that t~"p(t. x) = o0(g,(x)) as x— co uniformly in t proves
(7.8).
The second part of the lemma follows from

o
e—}.x

=Sl A

SRp(t, x —y)g(,v)< =

1
e‘~“”y"dy+0( X" e‘x2/2‘>

NG

1o 1
e Set /zA(x)<l+o(l)\/7">.

The proof of Lemma 7.7 is completed.

— e A

Now we prove Lemma 7.1 in case u>0. Fix ¢t;>0. By (7.8) and (4.2)' and
by Lemma 7.5 it is easy to see that (7.2) with j=1 holds uniformly in te (¢, T).
Using this, (7.8) and the equation

t
Wty ) =P, D@+ (Peg ) (ds
where g(x)=F'(u(t, +s, x))u'(t, +s, x), we see (7.2) with j=2. The case of j=3 is

similarly proved. The proof of Lemma 7.1 (i) is completed.
Lemma 7.2 (i) is similarly proved by Lemma 7.7 (ii).
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8. Approach of Front of u(z, x; f) to Front of Travelling Wave

Here we will clarify the behavior of the front of u=u(t, x; f), i.e. the function
u(t, - +m(t)) where

m(t)=sup {x; u(t, x)=3},

for large t. We will use symbols ¢(t, u; f), t., M(t; ¢), which were introduced in
§6, in this section too. We will mainly deal with data which satisfy the following

Condition [W7]: there exist t,>0 and a finite number N such that

(8.1) lim u(ty, x)=0, wu'(ty, x)<0 for x>N
and
(8.2) lim u(ty, x)>0 or u'(ty, x)>0 for x<—N

where u(t, x)=u(t, x; f): if F belongs to the class IT (see Remark to [G] in §5 for
the definition) we assume lim,_, _, u(ty, x)>0.

This condition scarcely narrows the class of data to be dealt with. For example
if f does not increase for large values of x and tends to zero as x—oo then (8.1) is
satisfied. Data which belong to the class [E,] or [F,] also satisfy (8.1). The
condition (8.1) guarantees the existance of ¢(t, w: f). The condition (8.2) is im-
posed in order to apply Lemmas 8.1 or 8.2, given later, which prove M{¢(t, - ; f)}
—1 as t—oo for data f satisfying [W]. Especially [W] implies Condition [G]
(see §5) and that m(t) takes a definite value for every sufficiently large t. If F
belongs to class I any datum with compact support satisfies [W7].

Now we state the main theorems, from which it will be seen that the behavior
of the front of u(t, x; f) depends mainly on the behavior of f for large x which is
inherited to u(t, - ; f) as was seen in the previous section.

Theorem 8.1. Let a datum f belong to the class [E,] (1=0) or to the class
[F] with 2>co— (Jcd—2a. ) Suppose Condition [W] is satisfied. Then u=
u(t, x; f) satisfies

(8.3) lim u(t, x +m(t)) =w,(x)
t—00
uniformly in x> —m(2).

Corollary. Let f be a datum with compact support. Suppose F belongs to
the class I. Then u=u(t, x; f) satisfies

u(ty X) = Weo(x = m(D) (0,00)(%) = Weo = X + M (NI~ 5,01(X)

—s0 as t— © uniformly in xeR

(*) The classes [E,] and [F,] are defined in §7.
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where m,(t)=inf {x; u(t, x)=1/2].

Theorem 8.2. Let a datum f belong to the class [F,] with 0</<co~—+/cd—22
(x>0). Suppose Condition [W] is satisfied. Then u=u(1, x; f) satisfies
(8.4) limu(t, x+m(1))=w,(x) c=/2+ali

t—0
uniformly in x> —m(t).

Remark. Let f be a datum such that f(—x) belongs to the class [E,] or [F,]
as well as f(x). Then assertions analogous to Corollary of Theorem 8.1 hold if F
belongs to the class I. The condition that F belongs to class I can be replaced by
Condition [G] (cf. §10).

In Theorems 8.1 or 8.2 the condition that f belongs to the class [E,] or [F,]
should be weakened. This is suggested by the next theorem.

Theorem 8.3. Let f be a differentiable datum for which Condition [W] holds.
Suppose

(8.5) —f'(x)= f(x)(b+0(1)) as x — o
and
(8.6) , f(x)e~b** — as x — —

for a positive constants b2co—\/c§—2« and by<b. Then for u=u(t, x; f), (8.3)
holds uniformly in x> —m(t).

- The next theorem is complementary to these theorems.

Theorem 8.4. Let x>0. Let f be a datum which is differentiable and posi-
tive for large x and satisfies that lim ., f(x)=0 and lim ., f'(x)/f(x)=0. Then
under Condition [W]

limu(t, x+m(t))=%
t—0o0

uniformly on each compact set of R.
For proofs of these theorems we need two more lemmas.

Lemma 8.1. Let f be a continuously differentiable datum. Suppose a con-
stant >0 is related with f in such a manner that the equation f(x)=6 has just
IWO roots, say x,, xX,, X, <X, and f'(x)<0 for x=x,, >0 for x<x,. Let (t) be a
solution of the equation 6°(f)=F(6(t)) with 8(0)=0. Then for each t. &(t) is related
with u(t, -3 f) in the same manner of how 6 is related with f. as long as 6(f)<
Sup g u(t, x; f).

Proof. Let g(x) be a continuously differentiable function such that 0<g <1,
g’'<0 and g is not a constant. Suppose that the equation f(x)=g(x) has just two
roots, say y,, v,, ¥ <V,, and that f'(x)<0 and f(x)<g(x) for x=y,. Put u=
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u(t, x; f), v=u(t, x; g) and T=sup{t; u(t, x)>v(t, x) for some xe R}. We show
here that u'(t, x)<0 for x=sup{x:u(t, x)=u(t, x)} if O<t<T. Since w=u-—v
satisfies

w=1w"+F'(v+6w)w’ 0£0=06(t, x)£1),

the set {(t, x); T>1t20, u(t, x)<u(t, x)} has just two connected components by
virtue of Proposition 3.4. Let D be one of them which contains a right half x-axis.
By Lemmas 7.3, 7.4 and 7.5 D, the closure of D in E, contains a right half of
lp;={T} xR if T<oo. Assume for simplicity that T is finite and set 0D=D— D and
F=0D—(l;Uly). Then u'Sv'<0 on I' because the intersection of D and [, is
connected for each positive t<T. Thus u'<0 on I', which implies, by Proposi-
tion 3.3, u’<0 in D. This is the same as what was announced to be shown.

Now the lemma is easily proved. Let f be such a time that 6(t) <sup,u(t, x).
Clearly we can find a function g for which g =4, conditions stated at the beginning
of this proof are satisfied and < T where T is defined in the previous paragraph.
Since 8(t) <u(t, x; g) x € R, we have u'(t, x)<0 for x= X,(1)=sup {x; (1) =u(t, x)}.
Similarly we get u'(t, x)>0 for x< X,()=inf{x:; d(f)=u(t, x)}. It is clear that
u(t, x)>6(1) if X, (H<x<X,(nN. Thus d(t) and u(t, -) arc related in the required
manner.

The proof of the lemma is completed.

The similar method proves

Lemma 8.2. Let f be a continuously differentiable datum. Suppose the set
{x; f(x)=0)} consists of just one point and f'(x)<O0 if f(x)=. Let d(t) be defined
as in Lemma 8.1. Then 8(t) has the same relation to u(t, - f) as 6 does to f for
each t>0. :

Proof of Theorem 8.1. Step 1. Setu=u(t. x; f)and ¢(t, wy=p(1+1y, w: f)=
¢(1, w; u(ty, +)) where 1, appears in Condition [W]. We will prove
(8.7) o1, wy=1,(w)+o(l) 0sw<M(t; ¢)

as t—oo uniformly. Since we know that ¢=7.+0(l) as a direct consequence of

Lemmas 6.2 and 6.3, for the proof of (8.7) it ;‘—ut’ﬁces to show that
(8.8) oL, w)St (w)+o(l) 0§w< M(t; ¢p).

= ‘¢g

Let ¢, >¢,. Condition [W] enables us to find a constant o >0 which is related
with u(to. -) in the manner stated in Lemma 8.1 or 8.2. We will show in Step 2
that there exists a datum f* and a constant f, >t, such that f* satisfies conditions
imposed in Lemma 6.1 and inequalities

S*(x)<min {g(x), o} xeR
and

#O0, w; f*)>¢(0, w; g)  O<w<M(g(O, -: f*)
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where g(x)=u(t,, x). Let such f* and 1, be found for each ¢, > ¢, sufficiently near
Co- Set ¢*=¢(t, w; f*) and Yy=¢(1, w; g)=¢(t+(t, —ty), w). Then we have, by
Lemma 8.1 or 8.2,

M(t; p*¥)<M(t; ) t=0

and hence o=y —¢* is defined and satisfies (6.4), where ¢ is replaced by ¢*, in the
domain D={(t, w); 1>0, 0<w<M(t; ¢*)}. Since M(t; ¢p*)=sup,u(t, x; f*) and
w(t, M(t; ¢*))<O0, there exists a continuous function M(f) such that 0<M(t)<
M(t: ¢*), t20 and w<0 in D—D, where D,={(t, w); t>0, 0<w<M(f)}. Then
=0 on dD,. Check that Proposition 3.2 is applicable to the equation (6.4) in D*
for the present w, using Lemma 7.1 (ii) or Lemma 7.2 (ii). Then we have w<0 in
Dy. Consequently Yy <¢* in D. Since ¢*=<t,+0(1) by Lemma 6.1 and since
7., | T a8 ¢y | co we get (8.8).

Step 2. Now we construct f*. We carry out this only in the case lim, ., _ . f(x)
=0 (in the other case the construction is much simpler). Thus we assume that F
belongs to the class I. Set h(x)=dexp{—x2} and take f,>1, such that h(x)<
min {g(x), 6} x € R where g(x)=u(t,, x; f) (see Lemma 7.4).

First we assume that f belongs to the class [E,] or [F,] with A>co+./c§— 2.
Let ¢, >cq and let /2+a/A>c >c¢, if f belongs to the class [F,]. Then, by Lemma
7.1 or Lemma 7.2 there exists a constant x, such that g’ <0 for x>x, and

1g"+cig'+F(g)>0 and g</2e for x>x,—1.

Set k(x)=—a(x—x,)2+g'(x;)(x —x,)+¢g(x;) where the constant a>0 is chosen so
large that

k" 4o, k' +F(k)y<0  if k>0,

max k(x)<dfe and /g'(x,)?+4ag(x,)/a<1.
xeR

Since (1/2)h"+c,h’+F(h)>0 for x<—1 and h(—1)=6/e, two trajectories {(h(x),
h(x)); x< —1} and {(k(x), k'(x)); k(x)>0, k'(x)<0} drawn in the vertical half strip
(0, ) x (0, 00) cross each other at just one point, say (w, p). Let x¥ and x, be values
of parameter at which they pass though it: h(x¥)=k(x,)=w, h'(x¥)=k'(x,)=p.
Now we may put

g(x) if x>x,
frx)={ k(x) if x;<x<x,
h(x—x, +x¥) if x<x,.

By Theorem 5.1 u(t, x+c,t; f*)—>0as t—»o0 and by Lemmas 7.1 and 7.2 lim,; , ¢(¢,
w; f¥)/w< —c;— \/c§—2a which implies (6.6) for ¢=g(t, w; f*). Other require-
ments for f* are clear by the construction and hypotheses.

When f belongs to the class [F,] with ¢o— \/c3—20<A<co+ JcF—2u, we

can find x5 such that
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1g"+¢c,9'+F(g)<0 and g<J/2e for x>x}

and then construct f* as above, but in this case f* satisfies the condition (4.19) with
x,=00. Thus f* is constructed.
Step 3. The inverse function of u(t, - +m(t)), denoted by x(¢, - ), is given by

g:/ztb(—t.dxl‘ﬁ =x(t, u)—m(t)

and converges to w;!(u); w l(w,(x))=x. The desired assertion follows from the
inequality

lut, x+m(t)) —w. ()] =u(t, x+m(t))—u(t, x(t, w.(x)))
SKw (w)—x(t, w)+ m(1)| if w=w. (x)SM(t, ¢)

where K,=sup {|u'(t, x)|; x € R} is bounded for large t by the remark following (4.6).
This completes the proof of Theorem 8.1.

Proof of Theorem 8.2. Set ¢p=¢(t, w: f). It is proved as in the proof of
Theorem 8.1 that ¢<t.+o0(1). Thus it suffices to prove that ¢ =1.+0(1). This
follows from Lemma 7.2 and the next lemma.

Lemma 8.3. Let a>0. Let a datum f be positive and dijferentiable on a
right half x-axis. Suppose lim_, . f(x)=0 and

(8.9) 0 —f'(x)s(b+o(1))f(x) as x— 0™
with 0<b<co—+/c§—2x. Then
(8.10) ot w; fHztw)+o(l) as t— oo
uniformly where c=b/2+a/b.

Proof. Setu=u(t, x; f). First it is proved that (8.9) implies
(8.11) 0 —u'(t, x)S(b+o()u(t, x) as x —— o

for each t>0. Put o(1, x)=exp{at}P,f(x). It is easy to see 0= —v'(t, x)S(b+
o(1)u(t, x). By Lemma 7.5 u(t, x)~u(t, x) as x—>oo. Set w=v—u. Then w'=
Ko{F'(u)w' +av'— F'(u)'} (K, is defined by (4.12)) and, by Lemma 4.1,

Iw'(t, x)l K, {la—F'()|[v'[} (¢, x)=o0(u(t, X))

as x—o0. Thus we have (8.11).

Set ¢(t, w)=¢(t+1, wi f). From (8.11) it follows that ¢(t. w)= — bw +o(w) as
w | 0. Take a constant ¢, with co<c,<c. Tt is not difficult to construct a con-
tinuous function Yqo(w), 0Sw<1 which has a piece-wise continuous derivative
bounded on each compact set of the half open interval [0, 1) and satisfies

Yo(w)<0 O<w<l, Yu(0)=yy(1)=0

(%) “a(t)<b(r) as t —»o0” means that a(r)< b(1), t >N for some N<oo.
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Yo(w)< (0, w) O<w<M(0; @)
_ 2o(w) O<w<+
—2¢; = 2F(W)[Yo(w) v
SPgw)  t<w<l|
and

—Yo(0)<c, —Je3—2a

(Yo may be taken to be equal to a (¢', b)-manifold with ¢,<c¢'<c near w=0 and
equal to ¢(1/2, w: fo), fo=1_, 0, near u—l). Let g(x) be a non-trivial solution of
the differential equation g'=y4(g9) on R and set y=¢(t, w; g). By Theorem 5.1
u(t, x+cyt; g)—1 as t—oo, because the last condition imposed on i, implies
g(x)exp{b*x} >0 as x—»ow if —yYu0)<b*<c,— /c;—2a. It is easily checked
that g satisfies conditions imposed on fin Lemma 6.4. Thus y(t, w)=1,,(w)+o(1),
while (6.4) combined with boundary conditions:

@0, w)>Y(0, w)y=iry(w) 0<w<M(0: ¢),
P(t. wy>(t, w) for w near 0 or near M(t; ¢)™®

implies ¢(t. w)>y(t. w) O<w<M(r: ¢). Therefore we have ¢(t, w)Z1.,(w)+o(l)
by virtue of Lemma 6.4. This proves (8.10) because t.,(w) 1 t(w) as ¢, 1 c. _
q.e.d.

Proof of Theorem 8.3. Set d)(t, w)=@(t+1y, w: f) where t, is a constant which
appears in [W]. As in the proof of Lemma 8.3 we see that ¢(1, w)< —bw+o(w)
and that for each b, b* <b, <b there exists a smooth datum g such that

glx)~e
g'(x)<0 x<0
and
(0, w)>p(0, w)  0<w<M(O; )

where Yy =¢(t, w; g). Let o be a positive constant which is related with u(ty, -; f)
in the manner stated in Lemmas 8.1 or 8.2. Conditions (8.2) and (8.6) allow us to
assume that g satisfies in addition g(—x)<min {u(ty. x: f), 3} so that M(1; ¥)<
M(t; ¢), t=0 and M(t; y)—1 as t—o0. Then as before we have ¢ <y, while, as
was shown in the proof of Theorem 8.1,

. Yi(t, w)grr.(w)+o(l) ¢’ =max {co. b1/2+0(/l?,'}.
This implies ¢(t. w)=1.(w)+o(1) and proves (8.1) as before.

Proof of Theorem 8.4. Set ¢p=¢(t, w; f). Condition [W] and Lemma 8.1
implies M(t; ¢)—1 as t—oco, while Lemma 8.3 says that ¢(t, wy=0(1) as t—o0.

() If M(t; ¢)=1, to get this strict inequality we may .use Remark 2 of Lemmas 7.1 and 7.2.



Some non-linear diffusion equations 497
From these the assertion of the theorem is obvious.
Under an additional restriction on F, Condition [W] can be removed:

Theorem 8.5. Suppose F(u)/u is non-increasing. Then in each of Theorems
8.1 to 8.4 Condition [W] may be removed from assumptions of each one. In
Theorem 8.3 the condition (8.6) may be also removed simultaneously.

_For the proof we use the following lemmas

Lemma 8.4. Suppose F(u)/u is non-increasing. Let f,, f, and f be so related
that f = fi+ f,. Let u, u, and u, be corresponding solutions of (1) and (2). Then
usu,+u,.

Proof. Set k(t, x)=F(u(t, x))/u(t, x) and let u¥ and u¥ be solutions of the
equation

u=%u"+ku

with u¥O0+, )=/, and u3¥(0+, -)=/f,, respectively. Then u=u}+u%. Since
F(u;))[u;= F(u)/u for any (1, x) € E, we have u;=u¥ (i=1,2). Thusu=Zu,+u,.

Lemma 8.5. Suppose F(u)/u is non-increasing. Let f, and f, belong to the
class [Eq] i.e. sup {x; f(x)>0} < oo and set m(t)=sup{x; u(t, x; f)=1/2} (i=1, 2).
Then m,(t)—m,(t) is bounded for large t.

Proof. We can assume that f,=1_, 4 and f,=I_,,. Since f,=f,—
fo(+ +1), by Lemma 8.4 and Theorem 8.1

Lmu(t, x+my(t); f1) 2w () = we(x + 1)~ (1 —e " )w (x) (x — ).
Hence my(t) — m,(t) (=0) is bounded.

Proof of Theorem 8.5. We deal with only the case that f belongs to the class
[E,] for some u>0. The other cases are analogously treated and omitted here.
Let f belong to the class [E,]. For each positive integer n define

fi=1 for x<—n; =f(x) for x>—n

and set m,(t)=sup{x; u(t, x; f,)=1/2}. Since f<f,<f+ fo(-+n), where f,=
I _ »,0p by Lemma 8.4

[u(t, x +m(t)) — w. (x +m(t) —m,(1))|
Su(t, x+m()+n: fo)+|u(t, x+m(t); f,) — w. (x+m()—m (1) .

By Theorem 8.1 the last term in this inequality tends to zero as t— oo uniformly in
x € R. Thus, writing my(t)=sup {x; u(t, x; fo)=1/2},

Iim |u(t, x+m()) — Weo (X +m(t) — m () S w,(x + lim (m(t) — my(1)) +n).

Since lim (m(f) —my(t))> — oo by Lemma 8.5, the left side quantity in the above
= A N
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inequality become arbitrarily small uniformly in x> — N for each real N when we
let n large. Therefore (8.3) holds uniformly in x> —N. The required uniformity
in x> —m(t) is obtained if we bound u(t, x + m(t)) below by u(t, x+ m(t); f,) where

f«(x)=0 for x<0; =f(x) for x>0
and apply Theorem 8.1 and Lemma 8.5. q.e.d.

In the proof carried out in the above we needed Theorems 8.1 to 8.4 applied to
data with lim,,_, f(x)>0. But for such data the proofs of these theorems are
much simplified. Indeed we need only the comparison argument based on Proposi-
tion 3.1 in the phase space and Theorem 4.1 in addition to Lemmas 6.2, 6.3 and
8.2 (see the proof of Theorem 8.3). Correspondingly Theorem 8.5 can be obtained
more easily than Theorems 8.1 or 8.2.

9. Speed of Propagation

We have seen in the previous section that the front of u(t, x; f) propagates with
speed m*(t) as forming the shape of the c-front with some constant ¢, provided that
the tail of f at (positive) infinity behaves regularly in a certain sense. The purpose
of this section is to get nice estimations of m(t).

Theorem 9.1. Let f be a datum. Set u=u(t, x; f). Suppose, for some
continuous function k(t), there exists

lim u(t, x + k(1)) =g(x) in locally L, sense,
t—00
where g is not a constant. Then g is a c-front with some speed c, |c|=c,. If m(t)
is defined by (for large t)
u(t, m(t))=% and m(t)—k(t) being bounded,

then m is continuously differentiable and m'(t)—c as t—o0. Furthermore v(t, x)=
u(t, x+m(t)), v’ and v" converge to w,, w. and w;, respectively, as t—oo locally
uniformly.

Proof. By the remark following (4.6) and (4.7), functions u’, u”, u"” are uni-
formly bounded for t>1. It follows that the function g is twice continuously differ-
entiable and, setting v(t, x)=u(t, x+ k(t)), we have

9.1) vV— g’ and v —>g” as t— o

locally uniformly in x. Let J be a connected component of the set {x; g'(x)#0}.
Without loss of generality we can assume g'<0 on J. Let x,eJ be fixed. Then
we can define a continuous function k,(¢) (for large t) by

u(t, ki(): f)=g(x,) and lim(ky(1)—k())=x.

Set v,(t, X)=u(t, x+ky(t); f). Then by (9.1)
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9.2) Ve —> g,y —> g and vy —g” as t——

locally uniformly. Note that v,(1, 0)=g(x,) is constant. Letting x be fixed at
zero and ¢ tend to infinity in the equation

Vi =7 Vs kyvu+F(vy),
we have

_{(1/2)g"(x1) + F(g(x,))}

g'(xy)

Kky(t) — ¢c= as t— o0.

Integrating the both sides of the same equation by ¢ from n to n+1 and letting n
tend to infinity, we have 0=(1/2)g"+cg’+ F(g). Hence g is a c-front. q.e.d.

McKean [14] found that if F(u) has the special form au(l —u) and initial datum
fis the indicater function of negative real axis then m(t)<c*t—o(t)+ const., where
we write

9.3) a(t)=(2c*)"!logt.

This is easily extended to the case that F(u)/u=<a, i.e. f=0a, and is readily derived
from

Proposition 9.1. Let v be a solution of the linear equation
%.4) v=3v"+ov
with v(0+, -)=g a.e. and with v(t, x)=0(exp {x2}) uniformly in te(0, T) for each

T< oo, where g is measurable and satisfies S e**|g(x)|dx<o0. Then
R

o1, x+c*1—o(1)) — \—/12=ng erg(y)ydye <>  as t— oo.
R

Proof. By the equation (x+c*t—Alogt—y)2=(x—y—2Alogt)>+2c*H(x—y—2
log 1)+ 2at?, we see
o(t, x +c*t—Alogt)=e*P,g(x+c*t—Alogt)

c*ilogt —(x— —A,IO l2 .
=¢ ——S exp{ ( y2, g0 +0*y}g(y)dye“ g

Then substitute A=1/2¢* to get the result.

Suppose F(u)/lu<a. Let f be a datum and set u=u(t, x; f), m(t)=sup {x;
u(t, x)=1/2}. Then

mt)< c*t—o(f)+const.  if Sec'x f(x)dx < oo.
R

This is immediate from Proposition 9.1 and the inequality u(t, x)<e* P, f(x). Let
A be a positive function such that
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S A(x)dx<oo and A(logx) varies slowly at infinity.
R

Then under the same restriction on F
c*t—a(t)—m(t)— oo i f(x)=0(A(x)e™'*) as x —> o0.

For the proof it suffices to show that if f(x)~ A(x)exp{—c*x} as x—o00 and f(x)=1
for x <0 then u(t, c*t—a(t))>0 as t—-00. But for such f we have seen, in Theorem
8.1, u(t, x + m(t)) > wo(x), while limu(t, x + c*1 — (1)) < const. exp{ —c*x} =
o(w.,(x)), since, by Lemma 2.2 (see also (2.22)), lim,_, w . (x)exp{c*x}/x>0. Thus
limu(t, x+ c*t—a(1))=0.

We get here a more exact estimation under some additional restrictions on F
and f.

Theorem 9.2. Suppose F(u)<au for O<u<!| and ou—F(u)=o0(u'*®) with
some §>0. Let f be a datum with sup {x; f(x)>0}<oco. Then

c*t—3a(t)+ const. Em(t) L c*t—3a(t)+O(loglogt).

Proof. Step I. We can fined a function F* and F, satisfying (3) such that
F*>F2=F, and F*(u)/u and F,(u)/u are decreasing. Therefore there is no loss of
generality in assuming f =f,=1._ ¢, by virtue of Lemma 8.5 and in assuming that
F(u)/u is decreasing.

Set u=u(t, x; fy) and o(t, x)=u(t, x+m(t)). Then, by Lemma 6.3, we see
u(t. x) | w.(x) for each x<0 and 1 w,(x) for each x>0 as t—oo0.

Let m(t) be the maximal convex function on t>0 that bounds m(t) below. In
the remaining part of this step we prove that m(t)—m(t) is bounded. Define a
function a(t, s, N), t, s, N>0 by

m(t+NY—m(t)=m(t+s+N)—m(t+s)+a(t, s, N).

Since ¢*t—m(t)—oo and m(t)—c*, there exists an unbounded sequence {t,} such
that m(z,)=m(t,). It is easily seen that

0=m(t)—m(t)< sup a(r, s, N) if t>t,.
s,N>0

r>ty

Therefore for our present purpose it is sufficient to prove that
(9.5) at,s, N\ — 0 as t— oo uniformly in s, N>0.

Set h(1, x)=[v(t, x)—v(t+ N, x)]*. Then h(t, x) S v(t, x + M(¢)) with some function
M such that M(f)— o0 as t—00. By Lemma 8.4 and the monotonicity of F(u)/u

L=u(s, m(t+s)—m(); o(t, -))
Su(s, m(t+s)—m(1); h(t, - ) +u(s, m(t+s)—m(t); o(t+N, +)).

Since u(s, m(t+s)—m(t); h(t, -))Sov(t+s, M(1))—0 as t— oo uniformly in s, N, we
have
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u(s, m(t+s)—m(t); v(t+N, -))+0(1)
=1 =u(s, m(t+s+N)—m(t+N); v(t+N, -))

and hence m(t+s+N)—m(t+N)=m(t+s)—m(t)+o(l) where o(1)>0 as t—o
uniformly in s, N. This is the same as the statement (9.5).

Step 2. Set k(t, x)=F(uv(t, x))/v(t, x). Then we have
v'=50"+mv' +ko.

In terms of the standard 1-dimentional Brownian motion {B,, t=0; P,, xe R} (cf.
[97), we have by Kac’s formula

v(t’ x) — Ex[ejok(s. B:-x+'ﬂ(t)—"'(~‘))dsfo(B'+ ’n(t))] ,

where E,[ -] stands for the expectation of Brownian motion B, starting from a posi-
tion x. Let g, be a function on R defined by

G(x)=Meb* M>0, b>0,

where constants M and b are chosen so that k=a—gq,. This is possible, because
u(t, X) T we(x) as t 1 oo for x>0, logw, (x)~ —c*x as x—00 and F(u)/u=o+o(u’).
Then

o1, X)2 e E,[e~Sots(Batm)=mit=)ds f (B + m(1))] .
Write
m(t)=c*t—n(t).

Setting L=inf,, .., {m(t)— m(t—s)—(s/t)m(t)}, we see, by the convexity of m(t) and
the boundedness of m(t) —m(t), that L is finite and we have

u(t, x) Z e E, [e-fourBermOF+Lyds f (B, 4 m(1))]
and
o(t, —1)2 e E_ [e~fousBetmf+L)as| B ()= —1]
xP_[-1<B,+m(t)<0].

where E.[-|-] stands for the conditional expectation. Since {B,+m(t)s/t; 0<s<t}
conditioned on B,+m(f)= —1 has the same conditional law as {B;; 0<s<t} con-
ditioned on B,= — I, the right hand side of the last inequality is equal to

13 l
e E_ [e-fotBrtLads| B — _ ugopu, y —m(@)dy

t *n(t) 1
—E_, [e-forrtBois| g = — 1 4[]8 (S e*rdy +o(l))
2nt )

=l pate, — 1+ L, =1+ L)es"O(1+0(1))
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where p,(t, x, y) is the fundamental solution of the parabolic equation
w=%u"—quu >0, xeR.

In order to estimate p*(¢, x, x) let (¢, x, y) be the fundamental solution of u'=u"—
qu where §(x)=exp{—2x}. Then

p(t, x, y)= Sme‘“‘%z—K,-s(e")Kis(e”) sinh (sm)d A s2=4,
0

where i=,/—1 and K, are modified Bessel functions of the second kind:

K (2)= S:e“ cosh 1 cos (st)dt

(cf. [15]). It is easy to obtain the corresponding integral representation of p,(t, x,
y) from which we have the asymptotic formula:

Pt x, x):%‘ﬁ/%{K(,(Z\/bz_M e‘bx/:)}zjlﬁ(l +O<\71-7)>'(*)

Therefore

ec‘n(l)
u(t, —1)= const. ——=—(1 +0(1))

NEE
and

n(t) < 2%—,,; logt + const.

This proves the first inequality in the theorem.

Step 3. We may assume without loss of generality that F(u)/u <a—n for 1/2<
u<1 with some positive constant n (<a) (if this is not the case, consider sup {x;
u(t, x)=1—¢} instead of m(t)). Then, setting

g*(x)=n if x<0 and =0 if x>0,
we have k<a—g* for all >0, xeR, and
o(t, x) S e E,[e~foat Brtmy-m=0)ds f (B 1 m(1))] .

Since for large t, by Step 2, m(f)—m(t—s)—m(t)s/t=n(t—s)—n(t) (1 —s/t) <4a(1),
we see, as before,

L=y, 0)< earEo[e—j:)q‘(B,-!-m(l):—+4<r(t))ds|B' +m(1)=0]
x Po[B,+m(t)<0]
=p*(t, 40(1), 40(1))ec""(1/c* +o(1)),

(x) We need here only “0<C,<y 7 3p,(t, x, X)<C;<oo (f 1 0)”. This is obtained under the
assumption that S+“q,,,(x)xdx<oo, 4,20, ¢,%0 and ¢, is locally bounded.
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where p*(t, x, y) is the fundamental solution of
u=%+u"—q*u.

The Laplace transform of p*(t, x, x) is explicitely calculated for x>0 as

_L_ ___1_; _p—2J2%ix _l — T+ n —2\/771‘::}
Gl(x’ x)_\/z {\/l (l € ) n (\/I \/A+’7)e ’
and inverting the transform we have, setting é =4a,

p*(t, 6(1), 8(1))

\/Znt{l_e_so "‘}+7={77(1 e '")} {://?t -w“}m

2
=-—ém2—?~(l+o(1)) as t— 0.

Thus we have

_26(1)*

1 1
— c‘n( )W —
PN ER (+ow)

or
n(t) = (3/2c*)logt—(2/c*)loglogt+ const.

and the second inequality of the theorem has been proved. The proof of Theorem
9.2 is completed.

Remark. Assuming F’(1)<O0 in addition to the conditions of Theorem 9.2, the
speed of the convergence expressed in (8.3).is generally not more rapid than that of
(tlogt)~! to tend to zero. In fact we have for v(t, x)=u(t, x+m(t); I - »,0))

Sup|x|<sgtlogslv(sw x)—ch(x)IgCI/t lOg t

where C and C, are some positive constants.
The proof is outlined here. Set M(f)= —S u'(t, x; I _ ,0y)dx. Then using
o)

Lemma 6.1 we have, after elementary calculations, that
m(t)=M(t)+Sw W (x)xdx +o(1), M'(t)=Sw F(u(t, x))dx.
Since c0=g°° F(w,(x))dx, it follows that

IM-(t)— col<y§ lo(t, %) — wey(X)] dx

S2y[Clog tsup . <cioglv(t, X)—w, (%)

) a(t)*b(t):S:a(t—s)b(s)ds.
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(1= we(x))dx],

+ S Woo(x)dx + S
x>Clogt x<-Clo
from which we deduce the inequality o

1 k(1)
tlogt + logt /"’

Sup[:c| <Clogl|wco(x) - U(t, X)l g Cl(

Here we put k(t)=M(t)—cot+(3/2c0)logt and chose positive constants C and C,
appropriately. Since M(f)=m(t)+ O(1), we see k(t)=0(loglogt) and then that the
above inequality implies the desired one.

It is interesting to compare the results as in Theorem 9.2 with the result obtained
in case F(u)=u(u—a) (1 —u) where 0<a <1 (as typical example): Fife and McLeod
[3a] says that with such F there exists the unique speed ¢ for which the differential
equation (4) has a global solution w such that 0Sw=<1, w(—o0)=1 and w(c0)=0
and that for any continuous f with lim,._,f(x)>a and lim ., f(x)<a it holds
that

(*) lu(t, x+ct)—w(x+x,)] — 0 as t— oo

where u is the solution of (1) and (2) with present F and x, is some constant.
Next three theorems give an answer to the question of when m(f) — ct is bounded
and such formula as described by () holds.

Theorem 9.3. Let a>0 and c>c,. Let f be such a datum that there exists
lim,, , e2*f(x)=a< o0 where b=c—./c?*—2a. Suppose S foe—F'(u)|lu=tdu < co.
0+

Set u=u(t, x; f). Then m(t)—ct is bounded if and only if 0<a<oo. If this is
the case and if Condition [W] is satisfied, then

(9.6) u(t, x+ct) — w(x+xo) as t— oo uniformly in x>N,
where xo=>b"1log(ay/a), ag=lim,_ , w.x)et*, for each N> — 0.

Proof. It suffices to prove (9.6) assuming that 0<a<oo. Set wy=Ilim,_ . u(t,
- +ct) and w*=1im,_ , u(t, - +ct). We will prove that if 0<a<oo

9.7) w¥(X) ~ wy(x)~f(x) as x — o0.

Note that these are immediate consequences of Lemma 4.5 if ¢2/2=9*. First we
prove w,(x)= f(x)(1 +0(1)).. For this purpose, as in the proof of Theorem 5.1 (ii),
take a function F satisfying (3) such that g |F(u)—aulu=2du < oo, F'(O)=a, F'<«

o+ - :
and F<F. Then a(t, x)=u(t, x; f; F)<u(t, x) and, since ¢2/2>a=sup F’, lim i(1,
X+ ct)=w,(x+ £,) where W, is a c-front corresponding to F and £, is determined
by W (x+ £¢)~f(x) as x—>o00. Thus w(x)= f(x)(1+0(1)). Next we prove w¥(x)<
w/x+x,). By Corollary of Lemma 2.4, for any 6>0 we can find a continuous
datum g such that with some constant L

19"+cg’+F(g)=0 for x>L and g=1 for x<L
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and such that g(x)~f(x) as x—»o0 and f(x)<g(x—3d), xe R. Let i=u(t, x; g).
Then by Lemma 5.1 lim fi(t, x+ct)=w/(x+x,). Since u(t, x)< a(t, x—9J), we have
w¥(x)Sw (x+x,—05). Hence w*=<w, (x+x). Since limw.(x+x,)eb*=aye 2%,
w*< f.(140(1)). Consequently (9.7) has been proved.

If Condition [W] is satisfied, we have u(t, x+ m(t))=»w,x), and hence (9.7)
implies (9.6). The proof of Theorem 9.3 is completed.

Similarly we obtain
Theorem 9.4. Let co=c*. Assume (2.4) and that
S |F'(u)—o|[logulu~ldu<oo or F(u)—ou=o(u?) p>1.
0+ .

Suppose lim f(x)x~‘e<"*=a exists and is positive and finite. Then under Condi-
tion [W]
(9-8) u(t, x+cot; f) — we(x+xo)
where x,=log(ae/a)/c*, ag=limw_(x)x"lec .

In case c=cy>c* we have

Theorem 9.5. Assume the hypotheses of Lemma 5.3 (i). Then m(t)—cot
is bounded. If we assume in addition the hypotheses of Theorem 8.1, then (9.8)
holds where x, is some constant. '

Proof. The boundedness of m(t)—cqt is clear by Lemma 5.3 (i). Let f belong
to the class [F,] with A>co—./c3—2x. Then if co—./cZ—2a <b<min{4, co+
Jc§—2a} we have

SUpP,so lu(t, x+m(t); f)+w,(x)|et* — 0 as x — ©
and hence, by Theorem 8.1,
SUP g [u(t, x+m(t); f)—wy(x)|eb* — 0 as t — co.

which combined with Lemma 5.3 (ii) deduces (9.8). When f belongs to the class
[E,], we can similarly proceed with any co—./cd—2a <b<co+./c§—2a.
q.e.d.

10. Supplement to The Case cy>c*

Here is given an alternative proof of Theorem 8.1 in the case ¢,>c*, which
provides a better consequence. The proof is a modification of a proof given in
P. C. Fife and J. B. McLeod [3.b] to the assertion cited in §9 and simpler than that
given through § 6 to § 8.

Theorem 10.1. Assume co>c*. Let f be a datum such that f(x)=0(e b¥)
for a constant b>cy—/c3—20. It is in addition assumed that Condition [G] in
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§5 is satisfied (this is automatic when a>0). Then (9.8) holds.

Proof. Set u=u(t, x; f) and z(t, x)=u(t, x+cot). Obserbing that v=u or
v=u’ satisfies that, with k= F(u)/u or k=F'(u), respectively,

1 ©
v(t+1, x+y)= —S p'(1=s, y)v(t+s, x)ds +S p*(1, y, ru(t, x+r)dr
0 0

+Sldsgwp*(l—s, Y, Dk(t+s, x+r)(t+s, x+r)dr
0 0

for xe R, y>0 and t>0, where p* is defined just after the equation appeared in the
last paragraph of §5, differentiating the both sides of this equation with respect to
», and then putting y=1, we deduce the estimates: for t>0, xe R

[W'(t+1, x+ DISK[uli, [u"(t+1, x+ DISKJu'[H

where [v]it=sup,c ;41,5 10(s, y)| and K is a constant independent of t and x.
We can assume b<c+./c2—2x. Then, by the equality u'=2"'u"+ F(u) and by
Lemma 5.3 (i), we see that for t>1, xeR

(10.1) 2(t, X), 12/(t, X, 201, )| <Kmin {e~> x4+ e-me=bx, 1)

where by =co+271/cd—20 and K, is a constant independent of t and x. Let e
be a positive constant so small that (¢, — b)e<n, and set

E(f)= g” e2¢0x[ 171, x)2— S’(""’F(r)dr]dx.
—&t 0 .
Then, by (10.1), E(f) is bounded as ¢ tends to infinity and
(10.2) E-(t)=o(1)—g“ e2¢0x[ L 2" 4 ¢o2' + F(2)]2dx.
_ —&t

From these it follows that there exists an unbounded sequence {t,} along which
E«(t,)—0. Since z, z’, z” and z" are bounded for x € R, t> 1 (see the remark follow-
ing (4.6) and (4.7)), we can find a subsequence {t,.} = {t,} such that z(t,., x) converges
in the norm of C?(— N, N) for each N>0. Let w(x)=Ilimz(t,., x). Then, by (10.2)
and lim E'(t,)=0, 27 'w"+cow' + F(w)=0 and by Lemma 5.3 (i), w does not de-
generate. Therefore w is a co-front. Since any cy-front is stable in the sense of
Lemma 5.3 (ii), we have actually lim z(t, x)=w(x) (see the proof of Theorem 9.5).
Thus the theorem is proved.

Appendix

Following diagrams illustlate solutions of the equation (1.2).
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(a) 0=<c<y2a (b) V2a Sc<cp, >0
P

OOV WY

€) c=cy>V2a (d) c=co=y2a (case 1)

RRRN

(

(€) c>cq () c=co=42a (case 2)

N
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