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Introduction.

T h e  present paper deals with a  ce rta in  generalization o f  my former result
[2 ] and Shiba's one [6 ] concerning the Riemann-Roch theorem on open Riemann
surfaces.

For this purpose we introduce a  certa in  subspace AB o f  harmonic semiexact
differentials (see Definition 2.1) a n d  define the  notion of AB -behaviour o f mero-
morphic differentials near th e  ideal boundary (see Definition 2.2). We find that
AB -behaviour gives a  generalization o f  A ,- and A 0-behaviour i n  [2 ] and [4], [5 ]
respectively. By using AB -behaviour we can define, a s  i n  [6 ],  t h e  singularities
a t  t h e  ideal boundary and  show  the  ex istence  o f elementary differentials with
prescribed such singularities.

After these preparations we shall show  in  § 3 a n  algebraic duality theorem
o n  two mutually dual spaces o f differentials (Theorem 3.5), from which we can
immediately deduce the Riemann-Roch theorem (Theorem 3.6). Finally w e shall
mention some specializations o f this theorem (Theorems 3.7 and  3.8).

T he author would like to express his sincere thanks to th e  referee fo r many
helpful comments and suggestions.

§ 1 .  Preliminaries.

We shall be working o n  an  arbitrary open R iem ann surface W  with genus
g ( _ 0 0 ) .  T h e  space o f  differentials which we a re  dealing w ith is a  real Hilbert
space A  of square integrable complex differentials on W  w ith t h e  inner product
defined by

<21, 22>=Re(21, 22)=-Re1 21 A 2=R e .f
w

(a 1 a2 d-bi b2 )dxdy

where 2,-=a,dx+b,dy for a local parameter z -= x+ iy . T h e  norm i n  A  w ill be
denoted by 11•11. T h e  r e a l H ilbert space o f  sq u a re  integrable real differentials
w ith th e  usual inner product ( , ) w ill be denoted  by T .  By {Q} we denote a
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canonical regular exhaustion o f  W .  F o r  term inology and notations we follow
[1], [2 ], [3 ], [5 ], [6 ].

W e use  the  following orthogonal decompositions and relations.

A =Teir, A =A heileoED A t,

Ah=AtseEBAh.=AhsenAtseEDAhmeAtni,

A h =A c n M .

(cf. [1], [2], [51)
T he  following classical Lemma is often useful in  our work.

Lemma 1.1. L et Q  be a canonical regular region on W and 2_7(W)-= {A »

a  canonical homology basis on W  m odulo div iding cycles s u c h  t h a t  S t  i s  a
canonical homology basis on t  modulo Q .  S uppose 0, and 0 2 a r e  closed 0-dif -
ferentials on Q and  0 , is semiexact, then

(01, 0 n 2 = -f.(f01)g-52+ 2 .f A i 0 ) .

where E stands for the sum over all A i , B .; contained in  Q . (cf. [1], [2], [5], [7])
12

§ 2 . Definitions and existence theorems.

Divide the set of positive integers J-= {1, 2, ••• , g}  in to  tw o disjoint set J„ J,
and let _E-= {L, 2} ( j . j 2 ) be a  se t  o f  stra ight lines L , in  th e  complex plane passing
through th e  origin z-- =0.

Definition 2.1 . A  (closed) subspace A B  O f A h s e n A te  is  c a lle d  a  behaviour
space if  it satisfies th e  following conditions.

( i) A B =i111-3 *, where AL- is the orthogonal complement in  A hsenA ts, o f  AB.
(ii) For each 2 b  AB,

A.;
2a=-0 fo r  jE A; B.;J ,  and 2b, 2b EL ;  f o r  /G./2.

W e denote such a  subspace by A__B-=AB(-C, J ,  JO o r  ju s t  b y  A B .  I t  is  n o w  an
e a sy  m a tte r  to  v e r ify  th a t  g = a b l 2 b C  A g l is  a lso  a  behaviour space i f  A B  is
a  behaviour space.

Definition 2.2 . A  meromorphic differential O o n  W  w ill b e  sa id  to  have
AB -behaviour i f  t h e r e  i s  a  neighbourhood U  o f th e  ideal boundary all7 o f W  on
w hich  it can  be  w ritten  as

95=2b-E2h.+2e0

where 2 b A B , 2h,,, A h . and 2, 0 E A e o n iP .
A  meromorphic function f  (not necessarily single-valued) o n  W  is said to
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have AB -behaviour i f  df h a s  A B -behaviour.

R em ark. L e t AB be a s  ab o v e . T h en  th e  space

Alp= ABEBAhra

satisfies

(0 ) '  A B , C A h „

(i)' A h = AB ,e i  „

(ii)' V 2 E A B „  
A ; / 3 ,2=0 if  jG,J, and 2, 2 eL i  i f  jG .J2 ,

fo r w e  k n o w  the  orthogonal decomposition A h=A hsenA lh̀seeA hmEDA 77, (cf. [1],
[5]) . H ence A B , i s  a n  immediate generalization o f  A , in  [2 ] and  also o f A o in
[5 ] (cf. Def. 6.1 in  [2 ] ) .  Conversely, every space AB, satisfying (0)', ( i)' and (ii)'
induces a  subspace AB a s  in  Definition 2.1. T o  se e  th is , w e  o n ly  n e e d  to  note
th a t A B ,= iA ,V i / M -

e =iA h =A h m, and hence we can consider the quotient space
A B /A im . In  other w ords, th e  spaces which we now consider correspond t o  the
behavior space A,(J„ JO in  [2], § 6 in  a  one-to-one manner.

Definition 2.3 . Tw o behavior spaces A B  a n d  A'B  w i t h  t h e  sa m e  partition
./2) a re  called dual to each other if and only if L o = L J . {z-= zi • Li,

L;} .1.2), and

2'b*) L o , fo r 2bE AB and A E A ..

I n  t h e  fo llow ing  w e  assum e t h a t  L o -=R . L et P  be a  reg u la r  partition of the
ideal boundary aW , and  take  th e  following real linear space o f  differentials.

AP= W O  i s  a n  analytic differential o n  some UGE(W ) and  (P)-semiexact}
Here by e(W) w e m ean a collection of neighbourhoods o f  th e  ideal boundary aw.
Let Af -={ E AP I .fA .0=0 for jG ,J, a n d  A ,  

3 

E  for j , JG ,  and A , B J E2_7(U)} ,

.47,6= {OEB = A (  has A B -behaviour} . A nd so  w e consider the quotient space

Definition 2 .4 .  T h e  elements o f  V %  w ill be  ca lled  (P)A B -singularities, and
the  subspaces o f  17 ,3 w ill be  called  (P)A B -divisors.

Definition 2 .5 .  L e t  V=V(P, A B )  b e  a  (P)A B -divisor. A  regular analytic
differential A on  W  i s  s a id  t o  b e  a  m u ltip le  o f  V if  there exist  eyG V, 2bE AB,
2hni A h r,, and 2,0 G A eo n A l such that

2= a+ 2 b+ 2 h .+ 2 eo
on some Um e(W).

In  th is case w e  say  2 has (P)A B -singularity a .  T h e  follow ing linear space w ill
be a  basis fo r our work.
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D(V)= 1212 is  a  m ultip le  of VI.
N ow  w e are  ready  to  g ive  the  uniqueness and existence theorems.

Theorem 2.6. (Uniqueness). Let OED(V ) be free of (P)A B -singularities. I f

0 =0  fo r  jE A; B;

J, and g5E L ; fo r  jE L ,  thenA;  

P ro o f .  Since 0  does not have (P)A B -singularity, w e can w rite

sb=2b+2h.+2,0

on  some UEE(W ). L et D be a  canonical regular region such that a p c u . Then
by Lemma 1.1

2S2=(0, 0).Q =  - i (0 , 0 *)

H. 29)0—z (L.,95B20-1Bi k ,o)
I f  we apply Lemma 1.1 to  th e  first term  in  th e  right side

as2 9)Çb=V i l b + 2„ .+ 2,0)(-2.b + L .+ ,7,0)= — (20+2,, + 2, 0 , 4 + + 2 ) I2

2 ( . A;22'.ç.B;
L  j B ;

b1Ai
L )

since 0=2 0 +2 4 .+2 ,0  on 3 f2 and 0=
B ;

.ç 2 , 0 = 0 .  O n  th e  otherA; / 3 ; A; 
hand, by th e  hypothesis in  th e  theorem,

2b =0 for j j  a n d
A; A ;

çb B i s3. 0.Aid=imh. 2,5
Ai B i B i J A  j

A nd so
110112,9=Im(2 b -F-2h .+2,0, Hlt.+2:0)Q .=-Im P Q .

Here
Pf2=(2b+2h.+ 2t -i- 2t.+2t)a •

By considering the orthogonal decompositions in  § 1 one can get lim Im PQ=Im Pw

=0, i. e., 1101Rv-=0, that is , 0.=.0.

Theorem 2 .7 .  Let fah J E J ,  and {co, AA J E J 2  be given sets of non-zero complex
numbers such that cri, PA L .; fo r f e ,I2 . Then there exist holomorphic differentials

a i (B )  ( je J)  and q5,3i (il i ) (jG.I 2 )  such that
(i) ç5 (B )  and O(24 ; )  are free of (P)A B -singularities, j. e., these have A B -

behaviour,

(ii) 1A k g 5 "i (B ; )=ol i (B ; XA k ) fo r  k , jE J,

fo r j E L.
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A k 0a1(B )), 1 B k Op j (A))E L k  f o r  h, .1E.I2, (1?-'̀ .i)

5A  0 a 1 (133 )± a J E L 1 , . 13.7 0p j (4 0 —  /3 j E L ,  f o r  j E L.

A k g5,,,(B.,), z , gi„,(B ,)E L  k  , fo r  j E ft  an d  h E J2

Lk ç5a)( B ) )  L k ° a , ( A , ) = 0  f o r  j E J ,  a n d  k E J,.

These a r e  uniquely determined.

P ro o f. Regard B , a s  a n  oriented analytic Jordan c u rv e . Let R , be relatively
compact ring domain containing B , .  Define y , C2-function o n  R 1 —B 1 a s  follows

{  — ia ,: on  the  left side o f  B,

O: o n  t h e  righ t side  o f  B,,

W e  c a n  e x te n d  y a s  DECg(W — B ,). T hen dOE A(W). (cf. [2], [5]. [7 11). If  we
consider the orthogonal decompositions

Ac— A heile, , A .en A tseeA ,,,.eA tm eA .
and

A nserV itse---A B eiA t=A niA B ,
then

d0-=2:± i2L +2t.+2;,„,±2e0,

where 21 , 2LE AB. An., iiiimeA hm, and  2,0 E A e o . If  w e  set

04/3 J)=(2b-F2h,70-Fi(2b+2h,,)*,

then 0 , 1(B 1)  is  a  holomorphic differential o n  W and

¢ , ; (13.7)=2b+2hm - k id 0 +4 — i — i2,0

=idDH- (21,- F2)± (2h . — i4 ,0 - 1.2e0.

Obviously 2b-F2i,E AB, 2n. — i 2 , .  A h .  a n d  —i2e0 E /le°. S i n c e  do h a s  compact
support, this differential has A B -behaviour.

Let r be any c y c le . Then w e can w rite

.Çr Oa1 (B i)------ a;(B JX r) -j p b + 2 0  .

I f  we take Ak, B k  in stead  o f  r w e obtain th e  period relations in (ii).
A s  f o r  uniqueness, suppose th a t  0 1 a n d  0 2 a r e  tw o admissible differentials.

Then 0 1 - 0 2 satisfies the conditions in Theorem 2.6 and  so  0 ,- 0 2 =0 , i. e., ¢1,==-çb2.
T he proof for the  case  çbp,(A ,) is  similar.

v-=

Before giving the existence of differentials with (P)A B -singularities, we give
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some m ore term inologies. L e t  P : p ,  a n d  ta k e  43 w  {X }. W e say that

(P)A B-singularity a  is  zero outside o f la if  we can find a  representative ds (E k e')
o f  a  such  tha t ds -- 0  o n  a  neighbourhood o f  all/ — /3. In  th is  case w e  c a ll  d s  a
nice representative o f  a .  T ake a (P)A B-divisor V .  If  all elements of V  are zero
ou tside  p  then  w e  say  V  is  zero outside of p.

W e denote by V(P, AB; 13, M) a (P)A B-divisor w hich  is zero outside o f  p and
is  of dimension in (a s  a  real vector space), W e  assume m*0 whenever
P # 0 .

Theorem 2.8. (existence of dif ferential w ith (P )A B -singularity). Given o- 17
= V (P , AB; P, in) there ex ists a regular analy tic dif ferential 95 on W  such that
has (P)A B -singularity a .  Moreover under the period conditions

fo r  jE L  and çb, 95E L  fo r  .IEJ2

95 is uniquely determined.

Pro o f . Let a  b e  a  representative o f  a  n ea r aw. T h e  dom ain o f  definition
o f  a  can  con ta in  t h e  closure of some U E E (W ). Since a  is (P)-semiexact then
a I U  c a n  b e  e x te n d e d  to  a  differential A (W ) such  tha t supp . O nW — U  is
c o m p a c t (c f . [5 ]) . S in ce  a  is  a n a ly tic  o n  U  th e n  a- —i 04 = 0  t h e r e .  A n d  so

—i8-*=0 n e a r  aw. T h u s  8 - —i'd*G /11(W )C A (W ). Because of the  orthogonal
decompositions A -= A h sen A tseE B A h .E B A eb E D A ft,  a n d  Ahseninse=ABGiAt w e can
find 2, 2 E  AB ;  2h., ,7.E A h. ; 2e0, 2 /e0G A bb such that

84 = 2 - Fi 2t - 2 .± 77L+ 2',0+ 2'eô

A nd so  w e can  ge t a  harmonic differential

If  w e set

1 1 1 1
0 = -

2  
(7 .-Fiz- * ) ="d + -

2
- (2b— i2D—  —

2
(i2h.+2'h.) —

 —

2
(i2e0+2'eo) ,

it is  easily  seen  tha t th is is  a  required differential. T h e  uniqueness follows from
Theorem 2.6.

§ 3. A  duality theorem and the Riemann-Roch theorem.

I n  th is  section o u r  m a in  o b je c t  is  to  o b ta in  a n  algebraic duality theorem
w h ic h  g iv e s  r is e  to  the Riemann-Roch theorem  (cf. [1 ] pp . 325 , [2 ] [3 ]). For
this purpose we need som e new term inologies. L et Q  s ta n d  fo r  canonical parti-
tion o f  aw. L et P  be a  regular partition such that aW =aU pU r where PU r#  0 .
The partition P  induces the partition PD: 8g2 -= C Y Q U A Q U rfl of the  re la tive  bound-
ary  o f each canonical regular region Q , such that afl, A, a n d  7, a r e  dividing
cycles homologous to a , p  a n d  r respectively]
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G iven tw o dual behaviour spaces A'B=AB(-C', 11, J2), in-=AB(--C n ,  L  JO and
two divisors VQ =V (Q, A , 9, m),V p=-V (P, A 'A ,  ï ,  n ) we define the following real
vector space

M(V (2 )=- if •= 0 1  E D(VQ) a n d  j  0=0 fo r jE L , E L; fo r  j e A l .

T o  b e  ab le  to define a  well-defined bilinear mapping from M(V Q ) xD(V p) to
R  we need th e  following lemmas (cf. [1 ], pp. 325. [2], [3], [5]).

Lemma 3.1. I f  a=dsE11 (1,, w ED(V p) and fEM (V Q ), 7EN :E%

lim  I m  s w  and lim  Imf  f i rsz-w Jp0 a - 4 v rt2

exist and are finite.

Pro o f . L et S21 , Q 2  (p[21) be sufficiently large canonical regular regions, and
G  be a  region bounded by PI=Pfl i  a n d  j32=13(22.

Applying Lemma 1.1 to  G  we get

sw =— (a, W*)a+ E w)
P2--Pi G ,J2  A B i B • A i

since a=0  an d  1 w = 0  fo r j E J i . Moreover we have (a , W*)G=—i(a, 0) 0 =0
A ) A i

since  ana ly tic  a n d  antianalytic differentials are orthogonal to  each other. A lso,
because o f duality conditions in Definition 2.3,

° L i  w )  Lo --- R  and  so

E w— )=0
G , J 2  A i B B A i

Hence Imf sw=0, i. e., s w = Im  s w . This means that sw  is  inde-32-P1 P2 P PD
p e n d e n t  o f  th e  choice o f  D  p ro v id e d  th a t  D  is s u f f ic ie n t ly  large. Thus

lim Im sw  exists.12-w ,s9

A  similar proof for the second part of lemma.

Lemma 3.2 . Let fEM (V Q ) and w ED (V p). I f  f  has (Q)A 1
B -singularity  a and

w  has (P)/1-singularity  7, then

lim  Im f fw = lim  Im f s o w + lim  Im  fro .s2-4v JS Q PD rp

fo r  any nice representatives ds o of a and r o o f  r .  Consequently,

lim Re  „

1
sow=  1  l im  It rq  SoW

1V LQ - 7Ci jjga 27z. ta-w
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and

i r1 .film Re  f ro= lim  Im  f r oQ 271 Ts?

are independent of the choice of nice representatives ds c, o f a  and 7 0  o f r.

P ro o f . W rite  df=dso± 2 i,-F2'hin+2;0 a n d  w-=r 0 -1-2W+2;; 1,±2/0 o n  so m e  U.
L et Q be a  canonical region such that 6 l2 C U . Since ds o a n d  r o a re  z e ro  outside
o f  ;3 and r  respectively, then

aa =
a Q+(2+1 s2 (1

( d  s +  2 " ±  4 0 ) ) ( r  0 +  2 L '  + 2 ; ; . + 2 /€'0)
, 

( o - F2h.+2,0))(2o +2h.+2e0)±.Ç so(2W4- 2 . + 2 )
a  2 4  (-2+ T Q t Q

tç ((4+  2 ; n + 0)7
 0 •

If  we apply Lemma 1.1 to  th e  first term  and consider t h e  hypothesis o n  differ-
entials, it follows that

fw=—(2L, 2i,'*)+Es24- E ( 2g — ,fs ow +f f r o ,
612 Q .  2 A B j B• JA5 19.(2 T./2

where

       

2,,L*)a - H(2'b, 2/e10*)a- k (2 ., 2;;.*)a.

2 * )f2+(40,n*).a - k(2',0, 2i;.*),Q - k(Zoo, 214* )[21

a n d  lirn ImEs2=0 b y  m e a n s  o f  th e  o r th o g o n a l decompositions in  § 1 .  O n the
Q-.1V

other hand, as T B  a n d  T,4 a re  dual w. r. t. R,

lim  Im (4, 77
Q = O  and E  Irn0' 24 2/t,' 2 '4 2 1j)=-0

S2- 4V TV,J2 A jB i B A i

Hence

lim  im f fw=lim  Irn sow±lim  Im 1 fro , q. e. d.
Q OD /3Q rs?

From  this lem m a w e give th e  following definition.

1
Definition 3.3. W e  c a l l  — u r n  R e - - - J  so w  (resp. —lim R e  

1

f r o )  thef2-41,2 7 r i  130 . S 2 - 4 V 2 7 1 ?  J I Q

residue o f  sw a t  p (resp. fr a t  r ) and w rite  R es sw (resp. Res fr ), w here a=d s

(resp. r) is  the  (Q)A'B -(resp. (P )T A -) singularity  o f  fE M (V Q ) (resp. wcD(Vp)).
Similarly, we can define, fo r those f  an d  eu in  Lemma 3.2, Res fw , R es fw , Res

a

feu a n d  Res fw.ow
W ith this definition th e  above result can be w ritten as
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Lemma 3.4. Let f  and  w be as in  Lemma 3.2. Then

Res fw+ Res fw+Res fw=Res s w + R e s f t.
A

Now we define th e  following real vector spaces.

S(V Q Vp)-= IfE M(VQ)1 f  is single-valued on  W and Rps fz-=0, VT E

D(VA( VQ)=- { W  D(V p)1Rtes sw=0, VdsE VQ }.

After these definitions we state th e  duality theorem.

Theorem 3.5. (D uality Theorem ). I f

dim [M(VQ )/S (VQ ) V p ) ]  + 00 ,

then
M( V Q )/S(V Q ) V ) D(Vp)/D( Vp11 VQ )

holds.

P ro o f .  If fE M(V Q ) and  WED(Vp), then  w e have

—27r Res f w= E  I m 0  d f d w )  (finite sum).J A i Bi Bi A i

For (f, w)EM(V Q ) x D(17,) and  the  (Q)A'B -singularity ds=a of f ,  we define

h(f, w)=Res sw .
A

Because o f Lemma 3.2, h  is  a  well-defined bilinear mapping from Ai( VQ ) x D(Vp)
into R .  From Lemma 3.4 w e can w rite

h(f, , w)=
1

2 z  , Im ( A  f  L w  -1 13.7 d f . 
A -

j  w)—Res fz- .

One can  see  tha t S( VQ 1Vp) is  th e  left-kernel and  D(Vpll VQ ) is  the right-kernel of
h . ([1 ], [2 ], [5 ]). T he  duality theorem follows.

M ain R esults:
From Theorem 3.5, a s  in  [6 ]  we can deduce the  following theorems.

Theorem 3.6. I f  m is f inite, then

dim S( V(2 ) Vp)=m+2— 2 m in ( ,  1)—dim D(Vp)/D(Vp( V Q ) ,

w here #r denotes the num ber o f (ideal) boundary components o f r.

T h is  i s  a  generalization of the Riemann-Roch theorem in  [2 ], [6 ]. Indeed,
i f  Ji (resP. J2) is  em p ty , th en  T heo rem  3.6 reduces to  T heorem  4, [6] (resp.
Theorem 5, [2]).

Theorem 3.7. If the genus g  o f W is f inite then
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dim S(1/) —dim D(A)= Ind . — 2g+ 2

w h e r e  A= VA VQ , 1/A= VQ 11 Vp and Ind. A= m — n —2 min(itr, 1) i s  the index  of  A.

L e t  W o b e  a n y  R iem ann  su rface  o f finite genus a n d  13=  {pp P2, ••• Pr} ,

r= {97, 92, ••• qs } disjo in t subsets o f  W o su ch  th a t P U r#  0 . Take the open
Riemann surface W _W 0 — PU r then aW =aU pU r where a=a147

0. L et (mi , m2,
••• , mr) and (n1 , n2, ••• , n8 ) be ordered sets of positive integers associated with p
a n d  w ith  r respectively. We se t m0=Em1, no=E n .  If P = 0  we take m0 =0

and  if  r=o we take n0 ---0.
A s in  [6 ] we consider th e  vector space V(p) spanned by the differentials wfì i

and  rup which a re  holomorphic near aW and

dzi   / dz
-{

- - - 
wp (resp.

u , resp..N/ 1 ' : near p i

77/4 ..--- zi i

0 (resp. 0): near aW— {p i }

(1.- i r, 1 itt1 n21)

And th e  vector space V(r) spanned by the  differentials

dC; (

{

—   dC;
r r e s p .  V  1 )  near q;

oi (resp . -0:7'-0= ''''.1 C P

0 (resp. O): near alv— {q; }
and

(resp. çbk)=

dcC:  (resp. eicC: n e a r  q,

cd,Ck (resp. -V 1 d
c
C

k
k ) :  near qk

0 (resp. O): near W— {q 1, qk}

 

2-__./e_ s ) for I f  7 = 0  w e take V(r)= {0 } .  Then we
can  w rite  m=dim V(P)=2m 0 a n d  n=dim V(1)=2n 0 -2 min(n o , 1). A n d  so we
state the  following theorem

Theorem 3.8.
dim S(1/) —dim D(A)=2(m 0 — no )-2g+2 ,

w h e r e  A.= VAI VQ, V (2= V(Q, 11;3; p, m), Vp.-= V(P, A , r , n).

Finally we remark that by particular choice o f  t h e  space A B  our result
reduces to [3 ],  which initiated t h e  study of Riem ann-Roch theorem on open
Riemann surfaces.
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