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I n  th is  p ap er, w e consider th e  C au ch y  problem o f  system s w ith  double
characteristics ;

(1 )  Pu_-_=-Dt u+ i A '(t, x )D z i u +B u =f , ,J (1 ) in  S 2 c R t x R 71,
i=1

1 (2) u (t 0 , x )=u 0 (x ),

where A i(t, x ) and  B (t, x ) a r e  o f  order N  an d  A i(t, x ) a re  real (1.2 . _- _ ). We
assume the following :

Assum ption 1 . Each characteristic root 7=2,(t, x  ; e) o f det Pp (t, x  ;7, e)=0
is real, of constant multiplicity and at most double.

L et 2;  be double for 1 - ]* .r and be simple for r - F 1 - j _ s .  A s  well known,
under th e  assumption 1, th e  following condition (L ) is necessary fo r the  e  well-
posedness.

(L)
1

"PpPs"pn+ 2 i "Pp  { Pp , "-Pp} I r=2;  -= 0 (1

Here, Pp ,  P, and  copy  a re  th e  p rin c ip a l symbol o f  P , the  subprincipal symbol of
P and  the  cofactor matrix of P .  I n  t h e  previous paper, we considered 1) the
consequence of the condition (L ), 2 ) the  ex istence  of stably non-hyperbolic oper-
ators with only real characteristic roots, 3) sufficients conditions for the e  well-
posedness, restricting ourselves to th e  c a s e  o f  n = 1 . In  th is article, we shall
generalize t h e  resu lts in  th e  se c tio n s  1 and  3 in  [2 6 ]. However, there exists
some difficulties proper to the  case  in  higher dimension domains. Therefore the
results in  this artic le  a re  a  little rougher than those in  [26].

We shall use  the  no ta tion  and  the  definitions given in  [26] without mention
o f  i t .  We shall name the sections in the previous paper [26] and  this paper with
the  straight numbers. Then, we shall start from  the section 4. (If we say "the
section 1", it m eans "the section 1 in [2611".)
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§ 4. Smoothness o f  th e  eigen-vectors—the c a se  o f  higher dimension—.

In  this and  the  next sections, we shall establish th e  similar theorems in  the
domain of dimension n+1 (n a s  those in  the  sec tions 1 and 3 . If all of the
coefficients of Pp  depend only on t, we can obtain the results exactly correspond-
in g  to  th o se  i n  t h e  previous sections. However, i n  t h e  general c a se , some
essential difficulties occur when n _2 . I n  order to avoid one of such difficulties,
w e  a s su m e  th e  follow ing through this a n d  t h e  n e x t sections. L e t  u s  s e t
R,(t, x, e)--=rank P p (t, x ;  2,(t, x ; e), e), (1 j5 .r )  a n d  DL= {(t, x, E )E  x R n \ {O}
R,(t, x, e)=N-1}.

Assumption 2 .  The projection of the boundary o f each connected component
o f  DL to  D  l i e s  o n  a  fam ily o f  some disjo in t spacelike hypersurfaces {Tj,} 1

(1_< .jr), in  general, a s  a  subset.

R em ark  T he  determination of such hypersurfaces is not unique.

4.1° Theorems o f  th e  smoothness o f  th e  eigen-vectors.
In  this section, w e show  that the condition (L) implies th e  piece-wise smooth-

ness o f  t h e  eigen-vectors o f  A i (t, X ;  e)= x )e , under th e  assumptions 1

and 2.
ITffi devides D in to  a  fam ily o f  o p e n  connected subdomains {Di} k and a

closed se t f i ,  where R,(t, x, e) i s  c o n s ta n t o n  each Di x Rn \ {0}, 29 QU T i and

±'--= 0, j :< r ) .  I f  R ,-= N -2  i n  y s2ixRn\fol, R, becomes identically N -2

on x Rn \ {0 }. T hen  Pp  is strongly hyperbo lic i n  D , i f  a l l  R , a re  equal to
N -2  on  U R \ {O}, ( l _ j _ r ) .  Therefore, we consider th e  c a se  when R  0

takes the value N -1  o n  D'k z x Rn\ {0 } fo r some j o a n d  k 0 , (1 : j
Corresponding to Theorem 1.3, we can obtain th e  following theorem.

Theorem 4.1. (Smoothness of the  eigen-vectors o n  T*(f4)\{0}.)
Under the assum ption 1 and 2, w e suppose th at P = P ± B  satisf ies the condi-

tion (L).
(i) I f  R,-=N -1  on DiXR 72 \{0} , w e can take the real unit eigen-vector -6(t, x, e)

o f A i (t, x ;e) belonging to 2,(t, x, e) in C0 ( ixRn\{0}),
(ii) W h e n  R =N -1  on Q'k U Di, by  v irtue of (i), w e can tak e , in C- (Q-1,,x Rn\{0})

and in C0 0 (Q1><Rn\{0}), respectiv ely . I f  Z,(t, x, e) is continuously  connected
on (api1as21)><Rn\{0}, it must belong to C- (QiU Qix R n \ {O}) .

We shall prove this theorem at th e  last o f this section.
Since no bicharacteristic curve is tangent to a Dix Rn\ {0 } under the  assump-
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tion 2, th e  following corollary is immediately derived from Theorem 4.1.

Corollary 4.2. (Smoothness o f  t h e  eigen-vectors along t h e  bicharacteristic
curves.)

Suppose th at the same assumptions in  Theorem 4.1 hold and th at .1?,=N-1 in
f l ik xRn\ { 0 } .  L et 7r(s) be an arbitrary  bicha racteristic curve belonging to 25 (t, x, e).
Then, -é,(t(s), x(s), e(s)) tak en in  Theorem 4.1 is sm ooth on conS4XRn\{0}, where
co is a neighbourhood o f  7r(s) in  T*(Q).

Remark. By virtue o f Theorem 4.1 a n d  Corollary 4.2, the condition stated
i n  Y . D em ay [3 ], [4 ] is  no t rea lized  under t h e  assumption 2, because e , in

d  Corollary 4.9 m ust satisfy th e  equation of type sr= a e , along th e  bicharac-d s
teristic curve in  T*(S2i), i f  there ex ists S3 (t, x ; e). (See th e  remark 2 of Theo-
rem 1.3.)

Without some additional assumption like th e  assumption 2, th e  continuity of
x, e) is  no t, in  general, guaranteed in  t h e  c a s e  o f  n _ 2 , even if  th e  coef-

ficients o f  P ,  a r e  real analytic. (See Theorem 1.5 a n d  th e  example 4 in  th e
section 1.) However, we can re lax  the  assumption 2 in  th is case.

Theorem 4.3. (Real analyticity of the  eigen-vectors.)
Suppose the re al an aly tic ity  o f  the coefficients o f  P i,  and the assumption 1.

Then, only  one of  the follow ing tw o cases arises for each  j;
( I ) 1? =N -2  in  T*(Q)\{0}.
( I I )  1?,=N-1 in  T*(D)\{0} except an analy tic set.
Here, the exceptional set is  the support o f  the discontinuity  o f  12,(t, x, e). I f

its  projection to  S2 i s  a  f am ily  o f  spacelike hypersurfaces i n  Q w ith  respect to
D 1 -2,(t, x ; D x )  (ex cep t its  s ingu lar points), w e  c an  tak e  éi (t, x, e) in  the  real
analy tic class in  T*(Q)\{0} .

This theorem is brought from theorem 4.1 and  de  l'Hopital's theorem.

4.2° Proof of Theorem 4.1 —Reduction—.
From now on, we prove Theorem 4.1. T h e  proof depends o n  th e  same idea

a s  th a t i n  Theorem 1.3. However, since there exists a n  essential difference in
the case of  n 2 , w e  g iv e  th e  detailed proof again.

Suppose that P-.=- P,-1-B satisfies the condition (L ) . We consider th e  behaviour
o f -6(t, x, e) near apixRn\fol through reducing the  cond ition  (L ) to  t h e  first
order p a rtia l differential equations with respect to th e  elements o f  Ai(t. z ; e).
We consider mainly th e  property ( i ). T h e  property (ii) will be obtained immedi-
ately through th e  proof o f ( i).

A t first, le t u s  reduce th e  equation (1) to a  family of system s of type  2 x 2
and scalar equations.
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Lemma 4 .4 .  1) The condition (L ) is inv ariant under an  arbitrary  spacelik e
transformation.

2 )  L et T o (t, x ; e) be regular and homogeneous o f  degree 0  in  e ,  and more-
over, le t gL i ( t ,  x ; e )  and gL i ( t ,  x ; e )  be o f  degree — 1. L et us set gl(t, x; Dx)=
glo(t, x ; Dx)+T_1(t, x ; D x ) an d  V(t, x; Dx)=( 120)- 1 (t, x ; Dx)+Z-1(t, x ;  D i ). I f
P  satisf ies the condition (L ), the principal and subbrincipa l parts of  ai(t, x ; Dx )
•P(t, x; D t , D x )• V (t, x; D x )  also satisfy  the condition (L).

Pro o f . 1 )  w a s p ro v e d  i n  H. Y am ahara [25 ]. 2 ) is  e a s ily  p ro v e d  b y  the
following :

Grion,37,)_gioppgiv c.15p_xocoppn71

nI l
0- 0 ( T P V ) = g20B A T 1+ g20•11 )  A V M + g10(i)Pp(i)YZIT1

i=0 i=0

T o
( i ) P p gl n i ) -Fg2_ P gr'--Fg2 P g2'1 p  0 O p  -1•

i=1

(4.1)

Q. E. D.

Lemma 4 .5 .  For arbitrary  (t, x , e) in  O xiin\{0} , there ex ists a  neighbour-
hood a) o f  (t, x ) in  D  an d  a conical neighbourhood F  of  e  in  R 4 \101 such that
Ai (t, x ; e) has a  real C- -" em b lock in g"  m atrix  2 ° which is homogeneous of  degree
0 in  e. Here, 2 ,, satisfies

CI'
cT'

(4.2) A l2 0 = 2 0 C , w here  c;=

0

2
r+1

•.2,

1 in e,

0

and CV  is o f  type 2 x 2 , real and homogeneous of degree

Pro o f . The projection p ;  t o  th e  root space belonging to A ;  is g iven by

(4.3) P1r---.(1/27ci) (72.[—A1/1e1) - Y)7 ,
Yj

where T .,  is  a  circle including only 2 .,/  e  . Obviously, p , is  sm o o th  i n  a  neigh-
bourhood of (t, x , e) and  homogeneous o f degree 0 in  e .  T h is  implies Lemma 4.5.

Q. E. D.
W e use in  o rder to  express the asymptotic equivalence.

Lemma 4 .6 .  For arbitrary  (t, x , e) in  DxRn\{0}, there ex ists a  neighbour-
hood a) of (t, x ) and a conical neighbourhood F of  e  such that P (t, x ; Dt , D z .) has
an "em b lock in g operator" 2 (t , x ; Dx ) which satisfies the followings in coxT.

( i )  2 ( t ,  x  ; e ) " , E x ; E), w here 2 _ k (t, x  ;e ) is homogeneous o f  degree
h=0

—k and the right-hand side is a formal series.



Hype rbolicity of systems 255

(4.4) P(t, x ; D t , D )•  .(t , x ; D )— .( t , x ; D s )•C(t, x ; D t , D s ) mod.

C l

(4.5) C(t, x ; De, Ds)-=

where C i(t, x ;r, e ) , •-, C1(t, x ; r, e)+ E  c .J-k(t, x ; e), CL,, i s  o f type 2 x 2  when
k=0

and is scalar when Here C{(t, x ; r, e )=rI (t, x ; e)
when 1 j r  and Cl(t, x ; r, e )= --r— k e(t, x, e) when g o  and C t  are
those in Lemma 4.5, (1. j r).

(iii) 01-FC•1; satisfies the condition (L ) with respect to 2.e(t, x, e), if and only if
P  satisfies the condition L i (t, x, e)=- 0 in f2x lin\{ 0} , (1.•

00

Proof. Let us set formally g ( t , x ; g -k ( t , x ; D s ). Then,

(4.6) P. g3--, E -
1

Ph. ( a) g3-k (a)=Ppg0+( Pp ( i ) go()+B .B 0H - Ppg3-1)+ •••a!

where P i =iPp, .13 0=-B, (1_1e) and i ,  k  a n d  a  in  th e  summation run over
k i_O and i a i O, respectively. On the other hand,

g -k ( a) C -1 (a )= -B oc i+ ( 20 ( i ) c i(i)+ 2 0 C 0 -F g -iC i)-1 -a! e=0

where 1, k  a n d  a  in  th e  summation run over — 1, k_i0 and i a l O, respec-
tively. Multiplying _Biïl to the above formulas from left, we get

1
(4.7) e1(-B0i )— (g3V-B-.)C1=E—

a !  
-B0- 1  -  k ( a ) C-1(a )

1
-B0- 1 Ph. ( a ) -B-k(a) - Fe-(m-i),

where h , 1 ,  k  a n d  a  run over O k- m - 1  and la! ,i()
satisfying —  h+ k+ l al =m —1 or /-F k+ l a i  =ni -1. L e t  u s  s e t

, gl2m,

(4.8)
g ; l m ,

where .B!!„, is of type 2 x 2  when 2 x 1  when a n d  r-F1
1x 2  when and and a scalar when j _ s .  We also set
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' r i  
n i

(4.9)
• 'c l n ,

where Cl.„, i s  of type  2x2 when a n d  a  scalar when r+.1 j - s. First,
we s e t  :4'30 -=-I and Ci1 = r / - 0 1:( t ,  x ; e ) . Then equation (4.7) is equivalent to the
following (4.7').

(4.7') gi4,— gY „,C" =th e  known terms-6 0 0! ( m _i )  ,

(m>.1 and  ai ;  is  Kronecker's 5.)

If w e have the  un ique  so lu tion  A3.9.7„  o f  (4.7') by virtue o f 2i #2 .) , and if
i= j ,  we put CL( ,n _i ) -=(-1)x(" th e  known terms"  in  th e  right-hand side of (4.7'))
a n d  g'1.7

1m --=0. Here, we notice that CL( „,, ) a n d  gLin i a r e  smooth in  cox r even if
t h e  rank of 2 I— C '' c h a n g e s .  Since g o is regular and  smooth in  0)X F,

and C_„, belong to C- (cox r) and moreover they a re  homogeneous in  e.
By virtue o f th e  determination o f C-1/ (/_ 0), we have

(4.8) 0,-=the corresponding p a r t  o f  
[

g -
o
--1 B g 0 + gV Pp ( i ) go(i)i=0

g3;;--1(i) p p ( i )  0 + (71(0) p p  0 ( i ) _ g -0
 - 1(0) .0 0 ( i ) C

i=0 i=10 =1

Cl -B 0 1 -  1  + g 0 1 -  l e d  •

Therefore, we can prove the invariance of the condition (L ) by th e  same way as
th e  proof o f Lemma 4.4. Moreover, since C is  emblocked, the condition (L ) o f C
is equivalent to those o f C.' (1 - j. r). (See also K . Kajitani [11].) Q. E. D.

4•31  P ro o f  o f  Theorem 4.1 —Continued—.
L et us take P=-13

.7,± B  which satisfies the condition ( L ) .  By virtue of Lemma
4.6, P(t, x; 13 1 , D x )  is reduced to a  family o f  systems of type  2 x 2  a n d  scalar
operators modulo Ci--1-01, satisfies the condition ( L ) ( 1  j r )  since P satisfies
the condition ( L ) .  We se t Ci-- -(z--2 ,( t, x ; e)).[ —Ai and

x ; e) 1P(t, x;

c'(t, x ;E) x; e)

Al has a double eigen-value O. Then,

di(t, x ;e)=— a-i(t, x ;E ), (01 -, x ;e)) 2 +bi(t, x ;e)ci(t, x ;e)=-0,
(4.9) {

x ; e)) 2 -=0 and "Ci(t, x ; e)-=(r —2; (t, x ; e))1. ±:41(t, x  ; e) in  wx

L et us om it the suffix j. We assume that

R (t, x ,e)-- rank Pp (t, x ; 2 (t, x  ; e ), e )=N -1  in  S2k X Rn\ {0} ,
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t h a t  is, b(t, x ; e)i c ( t ,  x  ; e)I #0 i n  f2k X R ' \ {O}, a n d  t h a t  a  p a r t  o f  as2k
consists o f  T  t= 0 (x ) and  Qk is  in the side of t< 0 (x ).  L et us w rite  A  instead of
Al. B y  v i r t u e  o f  AM A+A ( i ) A c i ) +A c i ,A " ) + A A M = 0  ( f ) in ) ,  t h e  left-hand
side in the condition (L ) is equal to

(4.10) {(e.0- 2)/+ AI [Co — { ( e 0 - 2 ) V — A M }  {(e 0— 2)I +

+  {(C0-2 ) I+ Iceo-2)(i)i — A ")}  ice0—À)(0I+A(1)}i=0

— { (0-2)(a — A (0 } { (0-2)(i)i+A (i)} 1i=0 eo=

=A A ( 0) + Al2 ( i ) A " )-2 ( i )A ( i ) 1+ AA ( i ) A")+AC 0A.

aa  L et u s  se t ax =
i '  "a(t x • e) ae

a e
 a (t, x ; e ) andax 

By virtue o f (4.9), (4.10)=-0 becomes

[ a o ( t ,  x ; Po(t, X  ;

ro(t, x ; e) 50(t, x  ; e)]

the  following ;

n n

I.

(4.11) (—alb) t —{ 2e ,(—alb) xE  Az E (- a 1b),,,(— a 1b) i,

(4.12)

— 130( — alb) 2 —  (a. —30)(—alb)-kro=0,

(a/c) t d i  2 ( a / c ) —  E I c)e}-Fc,=1

when b#0,

(a lc) (alc) e i

— ro(alc) 2 — (6. — a0)(a/c)+130=0, w hen c 0.

Now, w e  s e t  g=— alb, h=a/c, a=Re a o ,  48=-Re p o , r=Re r o , and a=- Re ao .
Then, the  real pa rts  o f (4.11) and (4.12) become

(4.11') gt— scE (2x,—ax i —bx i g)ge,-13g 2 —(a—a)gd-r=0 ,

(4.12') he— i(2x,-Fax,—cx,h)hei—rh2—(3—a)h±13----0 .

Here, gh--=1 holds if  g#0  an d  h # 0 . (4.11') and (4.12') have the solution g=—alb
and h=a lc w hen b and  w hen c#0, respectively.

If  a , b and  c depend only o n  t ,  (4 .11 ') a n d  (4 .12 ') a re  expressed a s  th e  following :

(4.119 g, —  g 2 (a _ a)  g  r

2xigei— iSe—  ( a  a)g+r =CO
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(4.12') t
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ht —rh2 — - a )h +

r 4,h.r i + 17 2xhe i —r112 —(3—a)h+ A=0) .(=3.
Here, both o f th e  derivations operate on g  and h along the bicharacteristic curves.
Then, we can obtain the result as detailed as  Theorem 1.3.

Let us seek for the solutions of (4.11') and (4.12') which coincide with — alb
dwhen b#0, and with a/c  when c# 0 in (atn.Q k ) x F, respectively. Let d be a,

d s
that is, the derivative of a along the characteristic curve of (4.11') or (4.12').

1=1, —72,,
(4.11")

, ..= 1638.2+ ( a _ a ) g —r
,

(4.12")
1=1 , t Ve2 ,  É = 7 x 2-1-77s a— h7 x c ,

h =1 h 2 +(ô -a)h --  .

We consider the case when co intersects T : t =çb(x ). W e m ay assume that
w n Q k  does not intersect {T 1} without T  and that (70 is compact. (See Figure 6.)

12t

Figure 6.

At first, we consider (4.11") and (4.12") in (conS2 k ) x F .  Let us set

(4.13) x(0)= x , , e ( 0 ) = e ° ,  t(0)=0(x  °)— s „ (—=t°),

where (t°, f ,  e ° )E (0 x T  and s o >O. Moreover, we set

(4.14) g(0)= — a(t° , x° ; e ° )Ib(t ° , x ° ; e ° )  if b(t°, x° ; e ° )*0

or

(4.15) h(0)=a(t°, x° ; e ° )Ic(t ° , x ° ; e ° )  if c(t°, x° ; e ° )#0 .

A t  least, one of (4.14) and (4.15) can be always defined. If g(0) makes sense,
there exists the solution (t(s), x (s), e(s), g(s)) near (t°, x °, r  (— alb)(t° , x° ; e ° ))
and if h (0 ) makes sense, there ex ists the solution (t(s), x (s), e(s), h(s)) near
(t° , x ° , e° ,(a/c)(t° , x° ; e a )).

Lemma 4 .7 . Suppose that (4.14) makes sense and le t  (t(s), x(s), e(s), g(s)) be
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the solution (4.11") with the data (4.13) and (4.14). t=t(s), x=x(s), E = C ( s )  and
h=11g(s) are the solutions of  (4.12"), (4.13) and (4.15) as lo n g  as  g (s )#0 . Con-
versely, the assertion exchanging the places of  g and h is also true.

P ro o f. By the uniqueness of the solutions, t(s), x(s), e(s) and g(s) satisfy

(4.16) g(s)=—a(t(s), x(s);e(s))1b(t(s), x(s); e(s)),

a s  f a r  a s  b(t(s), x(s); e(s)) does not vanish. g(s)z0 implies c(t(s), x(s); e(s))*0
by v irtue  o f  (4.9). T hen, because o f  th e  equality h=11g(s)=a(t(s), x(s);e(s))
Ic(t(s), x(s); e(s)), we can see the followings ;

È'(s)=7 z2 - 7 za— (—  a 1 1))77 zbl (t. z(s),e(8))

:=7 x2+7 za — (a 1 zc ct, z.)=ce(3), zcs),E(s))

(4.17) I( s)= (17g(s))-=—k(s)I(g(s)) 2

{Pg 2 + ( a  3)g— r} /el g )= C t (s ),  s (s ),e (s ),  g (s ) )

h2 +(3— a)h— 131 h).--(t(8), 5(2). $(s), 1/ g ( s ) )  •

This shows tha t t-=t(s), x=x(s), C = C ( s )  and h=11g(s) are the solutions of (4.12"),
(4.13) and (4.15). The converse can be shown by the same way. Q. E. D.

By virtue of Lemma 4.7, the  characteristic curves of (4.11') and (4.12') coincide
each other in  p k .

L e t  u s  p u t  M= sup {17421, 17521, 175a 175b1, 175cl, a i ,  /31, 171,
where (t, x, e) runs over wx Sg - ', and let 01 a n d  02 b e  Arctan 2  and Arctan 3,
respectively.

Lemma 4 .8 .  F o r so <(0 2 - 0 1)12M, le t  t h e  in itia l surf ace  be 1 'xRn\{0},
where D is defined by t= 0 (x )-6 0.

1) I f  I  g(0)1=1a(t ° , x ° ; r)11)(t ° , x ° ; e ° )1 5_1, (where t° =0(x°)— so ), (4.14)
makes sense i n  a  neighbourhood U of  (t°, x°, e°) in  Tx1rtn\{0} and there exists
the  solution of  (4.11") with th e  data (4.13) and (4.14) starting from U across
T x R n {0 }  in  C"-class.

2) I f  Ih(0)1=la(t°, x ° ; e ° )Ic(t ° , x ° ; e ° )1 1, (4.15) makes sense i n  a  neigh-
bourhood U o f  (t°, x°, e°) in  TxRn\{0} and there exists the solution of  (4.12 11)
with the data (4.13) and (4.15) starting from 1.7  across TXRn\{0} in  C"-class.

13 )  I f  —
2  

<la(t ° , x ° ; r )lb (t ° , x ° ; ° ) I <2, there exist both the solutions of

(4.11") w ith th e  d ata (4.13)—(4.14) an d  o f  (4.12") with th e  data (4.13)—(4.15),
which start from a  neighbourhood o f  (t°, f ,  e°) in D  and which cross over T.
Here, neither g(s) nor h(s) vanishes on the interval from 1.  t o  T  an d  g (s ) and
h(s) satisfy the equality g(s)h(s) 1.

P ro o f. (4.11") and (4 .12) have the same major equations :

IÉ , , / T 1 M ( 2 - 1 - G ) E ,  é = —V -ii M (2±G)e,
(4.18)

6=2M(G2+1),
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w h ere  x (s)15X (s) 1(s) 1 17 (s) , e (s) .1 -12,T iez (s)1  a n d  g(s)( G(s).

T h e n , we prove only 1 ), since 2 )  can be proved by th e  same way a s  1) and
since 3) is immediately derived from 1) and 2). (4 .1 8 )  h a v e  th e  following solu-
tions and  the  estimates :

(4.19)
{ X-= X o +M s , IF E .  exp(5,V n Ms) , O>6.6 0 exp(-5A/VMs)

G=tan(2Ms+Arctan G ) ,  when G . 3.

The projection of the solution of (4.11") to (t, x)-space is  ta n g e n t to  t h e  family
o f  th e  p ro je c t io n s  o f  th e  bicharacteristic curves of P .  g ( s )  exists across T
because o f  s 0 <(0 2 — 01)/2M and I g(0) I < 2 . Moreover, we see that I x(s)— x ° I

and (max I e;' )exp(-5A/ T[ME 0) max I ,(s) I 5_maxle(s)I lexp(5A/TfMe.),

where i  a n d  s  run over 1 i n  a n d  0 _ .s  E.. Then, I e(s)1 never vanishes if
le° I O . It is obvious that the solutions of (4.11') belongs to C- -class a s  f a r  a s
they makes sense. Q. E. D.

By virtue o f  Lemma 4.8 , th ere  is  a  neighbourhood co' X i '  (c c w x  T )  of
(t, ( T ( w ) x r  such that there exists the  solution g(t, x , e) o f  (4.11') or
h(t, x , e) o f  (4.12') which satisfies th e  equality g(t, x , E)=— a(t, x  ;e)lb(t, x  ;e)
o r  h(t, x, e) -=o(t, x  ;e)1c(t, x  ; e), respectively, i n  (a/nQ k )x r ' .  Moreover, if  g
makes sense and does not vanish, h  also makes sense a n d  satisfies the relation
g h _ 1 .  The converse is also valid.

From now on, we write a) and F  instead o f a/ and F ' .  N o w , le t  u s  define
t h e  u n i t  eigen-vector -é(t, x , e) o n  (conS2 k )X E . T h e  u n i t  eigen-vector of
belonging to 2(t, x , e ) is  g iv en  b y  -±(1/Va 2+b2)t(b, a )= ±(1/V1±g2)t(1 , g ) if

b# 0, and by ±(11-Va 2 +0)`(a, c)=-±(11-V 1-Fh 2 )`(h, 1) if c # 0, when t <6 (x ) .  Let
us define

2)- 1 2 )

-±(1/A/1-Fe t (0 , • • • ,  0 ,  1 ,  g ,  0, • •• , 0) ,
(4.20) -e"(t, x, e)= 2,

H-(11-\/1-kh 2 )`(0, ••• , 0, h ,  1, 0, ••• , 0) ,

using the solutions g  o f (4.11') and h  o f (4.12'), where th e  s ig n a tu re  is chosen
suitably a s  O '(t, x , e) becom es continuous. Thus, we can get -é1( t, x , e )  in
C- ((canpk )X  F). T h e n , -é-=1 g o

-C - 1  g o -P  i s  t h e  u n i t  eigen-vector o f A i (t, x ; e)
belonging to 2(t, x , e) in (o)n f2 k )x T  which is real and belongs to C- ((confl k )x r) .

0(t, x , e) can be connected on  Qk X R"\ {0 }  in  C- -class since th e  eigen-space
o f A, belonging to 2 is of dimension one and since each in  (con,Q k )x T is taken
re a l. Then, the  proof o f th e  property ( i ) is completed.

Now, we prove th e  property (ii). Though g(t, x , e) o r  h(t, x , e) is defined
across T x [' starting from  1 'x  F, (4.20) does not always express the eigen-vector
of C  in  t > 0(x ). However, if R = N - 1  i n  (w \T )x R n\{ 01, we have the solution
g = o f  (4.11') o r  12± o f  (4.12') i n  a) w hich starts from  l' ± x F  a n d  coincides
— a(t, x ;e)/b(t, x ; e) or a(t, x ;e)1c(t, x ; e) in (ca( S2 ± )x r ,  w h e re  1", =
{t----0(x)-±z 0 } , Q_ = {t<0(x )}  and we take th e  same signature in
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a ll te rm s. I f  1(— alb)(t°, x ° ;e°)1 is  le s s  th a n  o r  equal to 1 on  (t_ n w )x T , g +
exists in  w x r  a n d  it is bounded o n  Txr. If  g -  o r  1/h -  coincides with g+ on
T x [', they coincide each other on conD _X T  because o f  t h e  uniqueness o f th e
s o lu t io n  o f  th e  C a u c h y  problem . Therefore, g +  co incides w ith  — a(t, x ; e)
lb(t, x  ; e) in  ( 0 A T ) x  and  it belongs to C- (w  xr). Then, we can take é(t, x , e)
in  C- -class in  w .  In  the  case  when I (a/c)(t ° , f  ; e ° ) 1  is  less th an  o r equal to 1,
w e also  obtain  -é(t, x , e ) i n  C- (co X r) under th e  assumption in  (ii).  Continuing
them, we obtain --é(t, x , e) in  C - (Q,U,(2_X .Rn\ {O}) . T h u s , th e  proof o f Theorem
4.1 is completed. Q .  E .  D .

4.40  J o r d a n 's  normalizer.
Theorem 4.1 implies th e  following corollary, which will be used in  th e  next

section.

Corollary 4.9. (Jordan's normalizer.)
Under the assumptions 1  and 2, suppose that the condition (L ) is satisf ied. If

a) in  Lem m a 4.6 is cov ered by  S 2k Upo there ex ist "Jordan's norm alizers" J .  k

and o f  Ci in  (co )X l" and (con,(215xJ2 respectively, (1 . j r) , that is,

Ci(t, x ; Do D x )•g i'( t, x ; D x )=- 5 i• '( t , x ;D x )• g i(t, x ; D ,, D x ),

mod (v =k , 1),
c0

2 i (t, X  ; 7 , e )" (t, X  ; 7 , C )+  E x  ; e),8=0

x ; 7, e )=71 -
A; (t, x  ; e) s i (t, x ; e)

0 2;(t, x ; e)

 

[ai
s i (t, x ;e)=bi(t, x ;e)— ci(t, x  ; e) in  w x r,  where Cii = ( r- 2 ; ) I -

ci di]
[*

x ; e).= i f  s i (t, x  ; e)#0,
0

CO

x ; E X; C), (u=k, 1),.9=0

where and are homogeneous of  degree — s in C.

Pro o f . If rank C (t , x  ; 2,(t, x  ; e), e )= 0  i n  ,Q;„ g , -  m a y  b e  I, a n d  if
rank Ci(t, x ; 2,(t, x ;C), e)=1 in  Q ?„ the existence of g.i." is guaranteed by Theo-

[*
*

74rem  4.1. When 6, ,  the condition (L ) implies that the  type  o f .0 , is .
0 *

(See, fo r example, H. Yamahara [25].) Q. E. D.
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§ 5 .  Theorems for the hyperbolicity in the domain o f higher dimension.

I n  th is  section, w e estab lish  tw o  theorem s on the hyperbolicity of P  in  D
under the condition (L ), supposing the  assumptions 1 , 2  a n d  a n  additional one,
w here D is  a  domain in  R n + 1  (n 2).

5 . 1 °  Case with real analytic coefficients.
Theorem 5 . 1 .  (Hyperbolicity in the case w ith real analytic  coefficients.)
Suppose the assumption 1, and the real analy ticity  and the boundedness of the

coefficients o f  P ,  a n d  suppose th at  the projection of the support of the dis-
continuity o f R i (t, x , e) to D  is a fam ily  o f  space-like hypersurfaces in  D  with
respect to .13,-2 1(t, x ; D i ), ( e x c e p t  t h e i r  s i n g u l a r  points). T hen P is
hyperbolic in  D under the condition (L).

Here, the loss o f  regularity  in  D is 1 if the case II arises for som e j and it
is  0 if the case I I  does not arise fo r  any  j,

Remark. For the local hyperbolicity in  D, w e need  no t the  boundedness of
the coefficients of P,.

B y virtue of Theorem  4.3, w e can obtain the  above result by the  sam e w ay
as the  proof of V. M. Petkov [19], [20] or H . Yamahara [25]. (H. Yamahara set
the stronger assumptions than those of V. M. Petkov, but they can be relaxed to
Petkov's through a  little  more precise consideration.)

5 .2 °  Case with coefficients in C- -class.
If the coefficients of P ,  b e lo n g  o n ly  to  C - -class, w e need som e additional

conditions besides (L ) for the  hyperbolicity of P  in  D. (See the section 3 .)  Here,
w e:only propose the theorem corresponding to Theorem 3.2.

F irst, w e  sta te  a proposition on the finite propagation under the assumptions
1, 2, and 3.

Assumption 3. In  / in  the assumption 2 does not accum ulate o n  arbitrary
compact set K  in  D for each j ,  th a t is,

( 4 )  There exists a positive constant (3K  such  tha t

dist(T)1;nK , , i f  k # l ,  ( 1 • j r ) .

Rem ark. Under the  assumption 3, E-1,=U

Proposition 5 .2 .  (Finite propagation.)
Under the assumption 1, 2 and 3, if the condition (L) is satisfied, the solution

of the Cauchy problem  (1)— (2) has a f inite  propagation speed 2 m a x (t,
maxl2 ; ( t, x ;e )! , w here e and j run ov er the unit sphere and respectively.e,

Pro o f . L et {D} k  be the  family of the connected subdomains o f  D devided
b y  U {71}1 . In  order to  ob ta in  the proposition, we need establish only the local
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uniqueness at each point in  D .  O n  th e  o th e r  h an d , obviously, the propagation
speed is 2. ( t ,  x )  in  each D'k . (See H. Yamahara [251)

Now, let (t o , x o )  be a  poin t on  U  {T1} 1 a n d  le t 7 ' 1 , • •• , T p  b e  the elements of

w hich pass on (t 0 , x ,). H e r e ,  ,t,t is  a t  m o s t  r  b y  t h e  assum ption 2 and

th e re  e x is ts  a  lense-shaped  neighbourhood w  of ( t 0 , x o ) w hich contains only
••• , T by th e  assum ption  3 . L e t P, b e  the  p iecew ise  smooth hypersurface

w h ich  is  co m p o sed  b y  t h e  i - t h  p iece  o f  {Tin Qt.} iU {t-- 4 0 } . O b v io u s ly , T i=
It= t  . I f  t h e r e  i s  n o t  t h e  i - t h  p iece , w e  ad o p t th e  ( i-1 )-th  piece. (See the
figure 7.)

Figure 7.

If u 0 (x)=O  on Q1 0 a n d  f (t , x )= 0  in  D , each of the solutions u(t, x ) vanishes
o n  th e  closures o f  t h e  domains surrounded by t ,  T 2 a n d  aw, because th e  pro-
pagation speed in  each Qrk  i s  Ân i a .(t, x), and a n d  aco are piecewisely space-like.
Therefore, especially, u(t, x) vanishes on T z n i -o . This implies that u(t, x) vanishes
o n  th e  closures o f  t h e  dom ains surrounded by D 2,  T3 a n d  Ow . Thus, step by
step, w e can see u(t, x)=-0 on cut° . Q .  E .  D .

Now, w e  are  in  a  position  to  s ta te  th e  theorem.

Theorem 5.3. (H yperbolicity in  the  case  with C"-coefficients.)
Suppose th at  the coefficients of Pp  b e lo n g  to  C- (Q )n B °(Q ) and th a t  the

assumptions 1, 2  and 3  are satisf ied. Then, P is hyperbolic in  Q  under the condi-
tion (L).

Here, the loss o f  regularity  on K f rom  t o is  at  m o s t max # ; Dik n K t o #  0

and R ; (t, x , )= N -1  on  T *(S 2 M {0 }), where K  is tense-shaped.

R em ark. For the local hyperbolicity, w e  n eed  n o t the  boundedness of the
coefficients of P p  i n  D.

5 .3 °  P roof of Theorem 5.3 —Reduction—.
F or convenience sake, we s e t  (2=I o xRn (==-[t 1 , t 2 1><Rn). Since th e  principle

of superposition holds good by virtue o f  Proposition 5.2 and the boundedness of
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L a x =  suP 2—.(t, x ),  we only need show  the solvability of the Cauchy problem
(t.x)Es2

(1)— (2 ) i n  [t o , t 0 + 6 ]x R n  f o r  arb itrary u 0 (x )E 2 (K ), f (t, x )E e t (I 0 ; 2 (K )) and
% E l ° ,  where K  is  a n  arbitrary com pact set and E  is independent o f  t h e  choice
o f  t o . W e tak e  a  c o m p a c t  s e t  K '  which satisfies th e  re la tio n s  K 'D K  and
dist(K, K')>Lax•(t2 — ti).

By virtue o f th e  assumption 3, we can take a positive constant 50 such that
th e  d is ta n c e  between arbitrary Ti,n (I o X K ')  a n d  T in (I o x K ' )  is  a t le ast 46o .
T h e n ,  f o r  a rb itra ry  p o in t  (t o , x o ) E I o x K ', c o o -=I'o x0 0 ( -=--[t o -5 0 , t 0 +3 0 ] x
{x x— x 0 I <60 } ) intersects at most o n e  o f  {Ti } j  O n the other hand,
w e can  take a  positive  5'0 such that Lemma 4.6 and Corollary 4.9 hold good for
a  finite {F,} in  co'o -- -It o  i x  x , where 5'o depends only on
K ' .  W e s e t  6=min{3., 6'0}, 61-- - a/10, 61=51(La.) - 1 , to +E i] a n d  co—=
/i x 0 -=/, X {x  x — x 0 1<5} . M oreover, we take .1<- ( 0 in Rtm su ch  th at
K ,E K i ,  and dist(Ki , l f , . + 1 ) = 5 1

 ( 0 i _ - 4), where K 5 = 0 .  By virtue of the principle
of superposition and the compactness o f K , w e only need consider the Cauchy
problem in 1 1 ><Rn for the data  u 0 (x ) in  2(6 ) a n d  th e  right-hand side f (t ,  x ) in
e ( I . ; 2(6)).

We seek for a  Fourier integral operator U(t, s; x, y, D y )  o f size N x N  which
satisfies

{ P (t, x; D t , D.,)•U(t, s; x, y, D y ) 0 ,  mod. S — ,

(t 0 _ s _ t_ t 0 H-61 ),
U(s, s; x, y, D )= - (x ) I  ,

and

(5.2) supp(t, .v ) U(t, s; x, y, D f(t X)1dist(x, K4)-- La.•(t — s), t>„s},

where ((x)ECW(K4) and ((x ) 1 on K 3 . By th e  property (5.2), we can modify the
coefficients o f  P  o u t  o f  I o x K ' .  W e can  fin d  a m odification such  th at the
assumption 1, 2 and 3 a re  kept correct in  Q and the coefficients are independent
o f  x  outside a com pact set. O f course, the condition (L )  may be violated out of
I o x K ' .  We follow th e  process in  H. Kumano-go [13 ]. W e w rite  P  in  order to
express the modified P .  Now, for each (t o , x o ) I 1 x1-?n, w e can  take g(t, x ;  e)
in  coxF, and g•-(t, x  ; e) in  (con,Q,',)xFi .

L e t {77i(e)} b e  a  p a r t i t io n  o f  th e  unity belonging to {P,} , which is homo-
geneous o f  degree 0. W e construct th e  so lu tio n  U  through t h e  principle of
superposition with respect to th e  following U i .

P (t, x ; D t , D s )•U i (t, s; x, y, D ) 0 ,  m o d . S — ,
(5.1')

Uz(s, s; x, y , Dy )=/C(x)r),(D y ).

From now on, we om it the  suffix i. L et us extend g(t, x ; e) out of a s  it  is
regular and homogeneous o f degree 0 in  e on /, xRnx Rn\ {0 } .  Set

(5.3) U(t, s; x, y , D y ) 2 (t, x; D x )- V(t, s; x, y, D , ) ,  mod.

We have the following :

(5.1)



Hype rbolicity of systems 265

(5.4) C(t, x  ; D 1 , Ds )• V(t, s; x , y, Dy )-=.0 , mod.

(5.4) is equivalent to th e  following (5.4').

(5.4') C.)(t, x  ;  Dt , D s )• s ; x , y, D 5 )—=0 , mod. S- - ,

w here  Vi-=1((2 j-1 )- th  ro w  v e c to r  o f  V, 2 j-th  row  vector of V), j_ r) ,  and
Vi=(j-Fr)-th row  vector o f  V ,  (rd-l j s). H ere , w e  c o n sid e r  o n ly  the case
where since the  case  w here r+1 ..<j_ s  is easy.

5 . 4 °  Determination of TV'.
L e t  u s  e x te n d  g j . ' su itab ly  o u t  o f  (con ) X F a s  it becom es regular and

homogeneous o f degree 0 in  e on  I,X  Rn X  Rn\ {0 }. Setting

(5.5) Vi(t, s; x , y, D r )==g."(t, x ; D x )• W i(t, s; x , y, DO ,  mod.

w e obtain th e  following :

(5.6) 0 (t, x ; D 1, D x )• W.7(t, s; x , y, D5 ) _ 0 ,  mod. S - ".

L et the  symbol o f 1r(t, s; x , y, D 5 )  be

W J(t, s; x , y, e)=w 3(t, s; x , e)exp[i0,(t, s; x , e)— iy•e]
(5.7)

uP(t, s; c'É s; x , e),m=-1
w here wL„,(t, s; x, e) is homogeneous o f degree —ni in  e, and w here  O p , s; x , e)
is rea l and homogeneous o f  degree 1 in C. O P ,  s; x , e) is defined by

a 
at 2,(t, s; x , 745,)=0 ,

0,(s, s; x , e)=x •e .

T h e r e  is  a  p o s itiv e  c o n s ta n t e  (_ e ,) , independent o f  s  a n d  j ,  such  that the
so lu tio n  o f (5.8) e x is ts  o n  / x Rn [ t 0 —s, t o + E ]  X  R n  f o r  a rb itra ry  s ./. a n d
arbitrary t c,E/ o . (See, for example, H. Kumano-go [131.)

F o r  a  w h ile , w e  o m it th e  v a r ia b le  s. W e  w r ite  7  instead o f 7 , and a,
instead o f a ia t .  L et us set
(5.9) ii,(t; y, x , e)=--h,(t, s; y, x , e)=0,(t; y, e)-0,(t; x , e)— (y— x)•795,(t; x , e).
By L. Heirmander [6], [7], w e have

(5.10) kE (t, x ; a195,, 7 95 i)w .Lm(t ; x, e)+E De2v.(t e)

+ E (1/a !)-V  k ( a) (t, x ; 70.0(w .Lm(t ; y, e)e i h i" ; y ' e ) )(a)1 y -x,
k,m

x ; atçbi, 7 95i)wi(t ; x, e)+Dtu) .1(t ;

+ g e ) ( t ,  x ; 70.0Dx,w{(1; x, e) - x ; 70,)wo ; x,i=,

(5.8)
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E  (A/ —1/a !)21 ( a)(t, x ;7 0 i )0 ; ( a ) (t ; x, e)wii (t ; x, e)
a 1=2

-Fgji (t, x ; a t 0i , Vçbi )w(t ; x, e)d- • • • .

[0 x; 701
Here, 01(t, x; at o,, 70,)=- in  (conS2,1,) x r ,  b u t, regarding that

0 0
t h e  ab o v e  eq u a lity  is  v a lid  o n  I 1 xRnxRn\{0}, w e  so lv e  (5.10) , , , O, w hich is
equivalent to (5.6). B y virtue of (5.1') and (5.3), th e  in it ia l  d a ta  o f  V  is  g iven
by th e  following :

v i ( s ; x, e)=0 , vo(s; x, e)=C(x)Y)(e)gcV(s, x;e),

tv ,(s ; x ,e )= 1 (s, x;e)G m (s, x,e;v_ i ;

w here  V(s ; x, y, e) , , ,
, , ,E , v_ 7,,(s ;  x, e)e , an d  Gm  i s  a  function o f  s, x , e

and  v_ t , (-1 - m-1). (5.5) and (5.11) bring th e  following :

(5.12)
x ,e ) = 0 ,  uPl(s; x, )=C(x)72()

X r  e )
=

V M - 1 6 ' 4t(S , X, ; W-/ ;

2j-1 2j

w here (B n j i s  
[0 ••• 0

O• 0

1

0

0

1

0•••

0• •O
_Bw' and  w h e re  C . is  o f size 2xN and  is  a

function o f  s, x, e and w 1 , ( - 1 1 . m --1 ). From  now  on, w e  omit the suffix j.

(i) The case of O in  (cor\Q„)xr.
W e regard thet s—.=0 on IxRnxRn\{0}, then (5.10) ,---,13 is equivalent to

(5.13) Dtw„— 2" ) Dz i w_m+gow-m —  E('■/ —1/a 02 (' ) 0(a) w-i=1

= F m (t, x, e; 0; w_ i ; , (771 -1 ),

w here  Fm  i s  a  function o f t, x, e, 0 and  w_ 1 , ( -1.1.__771-1). (5.13) is  solvable
w ith  the  in itia l da ta  (5.12). Obviously, wi (t; x, e)=-0, a n d  supp.w-.(t ; x, e ) is
c o n ta in e d  in  k J=  {(t, x)Idist(x, K . 4 ) : - - 2 - . . . • ( t - 5 ) }  b e c a u s e  th e  s u p p o r t  in  x  of

; x, e) is contained in  K 4  and the support of the right-hand side is contained
in  ./Z4, (m.:.0)'). Therefore,

supp w-m(t ; x, e)VZ -4xEclxK 5 x T .

(ii) The case of  s#0 in  (con,r2,)XT.
2 1 (t, x ; a to, 795) a n d  o (t, x ;7 0) have the  forms

(5.11)

1) ( 5 .1 3 )  has the propagation speed 2m „„(t, x) (<_.,7,„,„), since 2m,i. (t, x) =max FE2 i  (t, x

w here e and j  run over the unit sphere in R  and 1_5_j s , respectively.
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[ 0 —e(t, x ; 70)] [di(t, x ;70) x ; 70)1
and

[ 0 0 0 x ;70)_1 '

respectively, in  (co(',(2,)x T . W e  e x te n d  th e m  i n  Ix1rxRn\{0}, holding the
above  fo rm s. W e a lso  ex tend  g_ ,(t, x ; e ) th e re , w h ic h  is  sm o o th  a n d  homo-

[ *
geneous of degree — j in  e ,  ( j_ 1 ) .  L et 0_ 1 (t, x ;70 ) be and let

p (t , x ;7 0 ) *
u s pu t w_m,= (t w2 ) where w i s  o f  size 1XN, (i=1 , 2 ). Then, (5.10)--0
is equivalent to th e  following:

(5.14), DtwL,,,,+i — 2 D s i wlm+i —  E  ( ./ 1/  !)2 1 95(a) wLm+i+ wlnii=1 la 1=2
= F i

nt-1(t, X ; ; i=1, 2, —1 . 1 m -2),

(5.14) 2D 2 z0 — E (-V-1/a!)2 ( ' ) O(a)w!,,i+d4w 2-7,2+pwm+1lai=2

x ; 0; LIAI, tiAmd-i; i=1, 2, —1.1 m -2),

w h ere  F 1 a n d  FL , a r e  t h e  functions o f  t, x ,  0 ,  w iLt a n d  11A..+1 (i=1, 2,
(7). 0). L e t  u s  s e t  Won>

t i P i le F). (5.14)1 a n d  l e  X(5.14) 2 a r e  equivalent to

(5.15) 2(i)Dxiw<m)

[d 1 — E(A/ — 1/a !)2( a ) 95(a) d

4 —E( V' —11a!)2 ( 0(a) 
W<m>

(5.15) is inductively solvable w ith  the  in itia l data  (5.12). Obviously, the support
o f  wodt; x, e) is contained 1Z4 xF (cIxKo<F).

5 .5 ° Determination o f  17 2  o n  /X1f5 XRn\ {0} .
W e get the solution of (5.10), which depends on g", i n  t h e  previous section.

H o w e v e r , s in c e  t h e  v a lid ity  o f  g  is  g u a ra n te e d  o n ly  o n  (con ) x T ,  the
ex istence  o f th e  so lu tio n  o f (5.4') is  g u a ran teed  o n ly  o n  t h e  shaped  portions
M k  a n d  M i in  th e  f ig u re  8 b y  the relation (5.5) and the propagation speed ;Tm a x .
L et us se t on  .11/1„ (v=k, 1),

(5.16) e- i 0 e(1; x ;70)Cw--1(t ; Y, e)e 1 n ( " U ' x 'E) 1(01 y=x

and

0 0

(5.17) v"(t; x, E  w (t ;  X ,  e),

— S1VLkz,

w7==_0 an d  F<m>=

where v̀ In i is homogeneous o f  degree — m  in C. H e r e ,  a l l  o f  t h e  derivatives of
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t = s

Figure 8.

v ' ( t ;  x , e) (v= k , 1) co in c id e  each  o th e r o n  (T {s} X Rn)X Rn\ {0} because
v (t ; x , e ) satisfies the relation (5.11) on (M,r) {s} x Rn)x Rn \ {0} and the relation
(5.4') on 114 „x Rn\ {0} . Let us set

(5.18) v-Ln,(t ; x , e )= v (t  ; x, e) o n  T n M , v=k, 1).

We solve once more the equation (5.4') w ith the initial data (5.18) in a, X Rn \ {0}
(v= k , 1), regarding T X Rn\ {0} as the initial surface and reducing (5.4') to  (5.6).
Here, we need start, in general, from v(t ; x, e), tha t is,

(5.19) Vi(t ; X , y ,E ; x , e)e i r  i ( t;  e ) -

m=-2

because vl(t ; x, e) may not vanish on T  R n \ {0 } . We put

2j-1 2j
t [0 • • 0 1  0 0 .• • 01

/j = , j <r) ,
0 ••• 0 0 1 0 .• • 0

j+r

j = t (0 ••• 0 1 0 •-• 0), ( r -E l_ js ) ,  and V.,=/,v,(t ; x, e). Let us set

(5.20) e- 1 0  )7.1)(t ; x )'-'-'E ( 1 1 a !) _  „ ( ' ) (t , x ; 0 )[n t (t  ;  y, e)e i h J( ` '" '  Ea.) I y=x

w here m, 1, and a  run over —2 and I a 0, respectively. Here, we
ta k e  a  symbol u j( u J ' 7) whose asymptotic expansion is  g iven  by  (5.20) and
whose support is contained / x K ,X r i . Thus, we get the solution U(t, s; x, y, Dy)
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of (5.1);

(5.21) U(t, s; x , y, 1:4)= ,x ,  D u )0 1 ,

where supp(t, x ) U(t, s; x , y ,  ).V x l -C.,  and the order of U  m ay be 2.

5 . 6 °  Construction of the fundamental matrix.
Let us construct the fundam ental m atrix 0(t, s; x , y, Du ), which satisfies

P(t, x ; D t , D x ). 0 (t, s; x , y, D11)=-0,
(5.22)

CI(s, s; x , y, D y )=C(x)I ,

by  the same method as in H . Kumano-go [13]. (See also Ch. Tsutsumi [22].)
Let us put

(5.23) P(t, x ; D t , D s )• U(t, s; x , y, Dy )=R (t, s; x , y, Dy )=-R(t, s)ES -  ,

(5.24), R i(t, s)=—  V -1R (t, s),

and inductively,

(5.24) kR  k (t, s)= i (t, r; x , x ', D x ,). s ; x ', y, D y )dz- (k 2).

At last, w e set

(5.25) s)= R k (t, s).

The right-hand side of (5.25) converges and satisfies

(5.26) f?'(t, s)=— A ,7-1R(t, s)— R (t,r; x , x ', D x ,)• k r,  s ; x ',  y, Dv )dr, ,

and

(5.27) supp(t, x)P(t, s)g- k4 •

Now, w e set

(5.28)U — U ( t ,  ;  )C , x ', D x .)• P(z -, s; x ', y, D u )dr, ,

and

(5.29)

Then, C(t, s ; x , y, Du) satisfies

P.O=A /-1(1— C(x))1Z(t, s; x, y, Du),
(5.30)

0(s, s; x , y, D ) =( x ) I  ,
and

(5.31) supp(t, s ) /.7(t, s; x , y, Dy )c/ x /f,
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L et us tak e  u 0 (x ) in  Z (K o )  and f ( t , x )  in  e t (I ;.0(K o )), and let us set

(5.32) ii(t, x )=17(t, t o ; x , y ,  D y )u0(Y )-1-A / — 1Y  r1(t, s; x, y ,  D y )f (s, y )ds.to

u(t, x ) satisfies th e  following :

Pit= f d
(5.30')

ii(t 0 , x )=u 0 (x) ,

w here supp x [K o  U(K,c(--)K 5 )].
B y virtue of Proposition 5.2 and (5.31), w e see th e  following :

(5.33) supp f i(t, x )ci X [K i U K2c n1(5)] •

L et us take  r(x )EC :(K 2 )  which satisfies r(x)—_=- 1 on K 1 ,  and le t us set

(5.34) u(t, x )=- 7(x )ii(t, x ).

u(t, x ) satisfies (1) and  (2) because th e  d ifferen tia l opera tor does not w iden  the
s u p p o r t  o f  th e  functions. T herefore , r(x )0(t, s ;  x ,  y ,  Dv )  i s  th e  e x a c t  funda-
m ental m atrix for u 0 (x ) in D (K O )  and f ( t , x )  in  e t ( i; g/(K.)). Q. E. D.

DEPARTMENT OF MATHEMATICS,
KYOTO UNIVERSITY
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