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0. Introduction and statement of the results

Let X be an open set in R", n>2, with a smooth boundary Y and R"\X cBg=
{x; |x| <R} for some R>0. Suppose that R" is provided with a smooth Riemannian
metric ds?=g'/(x)dx,dx; which is Euclidean outside the ball Bg. Set g(x)=
det(g;,(x)), gij9°*=0* (Kronecker’s index), i, k=1,...,n where the summation
convention is used. Let 4,,

4,u(x) = 90712579120 S () ). we C(R),

be the corresponding Laplace-Beltrami operator and H= —A4,+ V(x) with some
real-valued function Ve C3(Bg).
The operator H will be considered as a self-adjoint operator in L?(X) (the

scalar product in L?(X) is given by (u, v)=gx u(x)v(x)g'/2dx) with boundary con-

ditions of Dirichlet (Neumann) type on Y. Throughout this paper Byu=u,, while

Neumann boundary condition is of the form BNu=<g—:(x)+y(x)u(x)> =0, where
/Y

y e C*®(Y) is a real-valued function and v is the outward normal to Y, pointing into
R"\X.

The spectral function e(4; x, ), Ae R!, of the operator H is determined as
the distribution kernel of the spectral projectors E, of H. Namely,

Eat, )= e(hs x, Du)ox)g(0)!/29(y)!2dxdy, u, ve CF(X).

This function is closely related to the outgoing (incoming) Green’s functions
G*(A; x, y)(G~(4; x, y)) which are given by

(0.1) (—4,+V(x)—A)G*(4; x, y)=6,(x) in X, yeX,
0.2) B;G*=0 in yeX and j=D or j=N,

and by the outgoing (incoming) Sommerfeld’s condition at infinity
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+
03 165 x »I<Cran, (%8061, x, y)| <z

as r=|x—yl=(x; = y;)*+ - +(x,— y,)*—> 0.
Here J,(x) is Dirac measure (d,(x), u(x)g(x)"/2)=u(y), ue C*(X). Note that the
distributions G*(4; x, y) can be obtained by the principle of limiting absorption

G*(A; x, y)=lim,,, G(Atie; x, y) in DY (XxX), AeRN0,

where G(z; x, y), Im z#0, is the distribution kernel of the resolvent (H —z2)~1,

This paper is devoted to the asymptotics of the spectral function e(4; x, y) and
the Green’s functions G(4; x, y) as A—o0.

The function G(z; x, y) is exponentially decreasing as |z|—>oc0 in the region
{zeC; 0p< +argz<mn—0,} for any 6,>0 and x#y. To obtain the asymptotics
of G*(4; x, y) as A— 0o some additional restrictions on the geometry of X are needed.
To formulate our main assumptions consider the generalized geodesicson X=X U Y
determined as the projections on X of the generalized bicharacteristics of the operator
0?—4, (see [18]). First we impose the nontrapping condition

(N) There exists Tp>0 such that there are no generalized geodesics with
length Ty within X n Byg.

Next we fix two points x,, yo€ X. It will be said that x, belongs to the illuminated
region Il(y,) with respect to y, if there exists a generalized geodesic connecting x,
and y,, otherwise x, is said to belong to the shadow. Suppose that x,eIl(y,) and

(T) Any generalized geodesic connecting x, and y, may hit the boundary
only transversally.

Let y: [0, ]2 t—>x(t, yo, no) be a generalized geodesic having a length t,#0 (¢ is
the natural parameter on y) and initial codirection 7, € T,X\0 and connecting the
points y, and xo (y(0)=yo, ¥(to)=xo). Then the curve [0, 1]3s—x(s, yo, ) may
hit the boundary Y only transversally for (¢, 1) close to (t,, ,) and the map (¢, #)—
x(t, yo, n) is well defined and smooth in a conic neighbourhoof of (¢, ). Next
we suppose that the differential of the last map is of maximal rank at (¢, %,), i.e.

(C) rank(d,,x)(to, Yo, Mo)=n for any 1,#0, 1o #0, such that x(t, o, 7o) = X,.

In case where the curve y: [0, to] € t—>x(t, yo, no) does not hit the boundary Y the
condition (C) means that y, and x, are not conjugated points along y [15]. Note
that the set of all the points x, € Il/(y,) that do not satisfy either (T) or (C) is closed
and nowhere dense in X for any y,e X.

In view of the implicit function theorem there exist only finitely many generalized
geodesics y;: [0, Ti(x, y)]— X connecting the points x and y (y;(0)=y, y(Ti(x, y))=
x), j=1,..., J, whenever x € Il(y) and (T) and (C) are satisfied at (x, y). Moreover,
J is locally a constant and T; can be chosen to be locally smooth functions.

The distributions G*(4; x, y) have singularities only at the diagonal x=y in
X x X, which can be described by means of Hankel functions H{V(z)=J(z)+
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iY(z), H?(2)=J(z)—iY,(z), ve R'. Namely, for x sufficiently close to y, A>0
and for any v=0, 1, 2,... consider the distributions

— (2-n)/2+v
FEhs x, )= 227w (TG R ) 0T, )

where T(x, y) is the Riemannian distance between x and y and I=1 in “+ " case,
I=2 in the “—"" case. Note that the functions F¥(4; x, y) are smooth outside the
diagonal of X x X and near this set they behave like [x—y|?>7"*2¥ In|x —y| when
(2—n)/2+v is a non-negative integer and as |x — y|27"*2¥ otherwise.

To separate the regular part of G*(4; x, y) from the singular one we need
some cut-off functions. First denote by r, the injectivity radius of the exponential
map T,R"3v—exp,ve R" related to the metric g;; (r;=sup {r; By(r)3v—-exp,v
is a diffecomorphism for any ye R"} where B(r)={veT,R"; g;;(y)v'v/ <r?}).
For given x, ye X set ro(x, y)=min (r, dist(x, Y), dist (y, Y)), where dist(x, ¥Y)=
inf{T(x, z); ze Y}. Now choose the cut-off functions y, € CP(R'), yx,=1-yx;
so that supp x; =(—r¢/2, 1o/2) and yx,(s)=1 for |s|<ry/4. The main result in this
paper is

Theorem 1. Suppose the condition (N) fulfilled and (xq, yo)€ X x X. Then
there exists a neighbourhood K of the point (x4, yo) such that
(i) If xo&1l(y,) then GX(A; x, y) is a smooth function in (0, o) x K and

ID3DED}GE(A; x, Y)IKCA™N in (Ay, ©)x K, 4g>0,
for any a, B, y, N and some constants C independent of (4, x, ).
(i) If xo€Il(y,) and (T) and (C) are fulfilled at (xq, yo) then
M-1
04 G4 x, ) =u(T(x y) X Usx, NF A x, p)

J M-1
+ 3% n(T)CE; (x, p)eiTEn o294 Ri(h: x, y),
j=1 v=

where R e C*((0, o) x K)), kyy=M —[n/2] ([n/2] is the entire part of n/2) and
(0.5) ID3DEDIR(4; x, y)I < CA%,  6=[n/2]—M +|Bl+]y|

in (Ag, 0)x K for any 2,>0, [n/2]+|B|+|y|<M. The functions U, and C,;
are smooth in K, C; (x, y)=Ci i(x, y) and

(0.6)  Uy(x, y)=2"*0i2g(=m/2|det (02T 3(x, y)[0xdy)|**(q(x)g(y))~*/*
(0.7) Co, (%, y)=(—1)Bsils2 =125 (A=m/2T (x, y)(1-mi2
x |det (02T 3(x, y)[0x0y)|*/2(g(x)g(y))~*/4,

where 1;=(3—n)/2+a; for some integers a;, and B; coincides with the number of
reflections of y; at the boundary in case of Dirichlet problem, B;=0 in case of
Neumann problem.

The number «; can be described as an index of a curve of Lagrange spaces as
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it was done in [6], [7], [10].

Theorem 2. Suppose the condition (N) fulfilled. Then e C*((0, ) x X x X)
and there exists a neighbourhood K of the point (xq, yo) € X X X so that

(1) If xo&1U(yo) then
ﬂ(/1, X, )| <CyA™N in [Ag, 0)x K, A;>0 forany N>0,
di

(i) If xoell(yo) and (T) and (C) are fulfilled at (xq, y,) then
(0.8) %(,12; x, y)= le\(/? vgo Uy(x, )<2_T(’/{’_J’))T VJ%Z__V(AT(x, »)

J M-1
tr £ 2 1a(T)) Re(eTsenCy JAO-2-9024 Ryy(A; x, ),

J

where Ry € C*(RL % K) and R, satisfies (0.5) in (4y, 0)x K for any a, B, y, M
Ao>0.

>

Theorems 1 and 2 hold also in the case where X=R". The corresponding
results are formulated in §4.

The asymptotic behavior of the spectral function and Green’s functions for
second order elliptic differential operators was investigated by many authors.
Results close to those of theorem 1 were obtained by Buslaev [2], [3] for Schrédinger
operator H= —A4+V in a domain X < R", with Neumann boundary conditions on
Y, provided R"\X is compact and strictly convex. More precisely the uniform
asymptotics of G*(4; x, y)/(x, )€ Yx Y was investigated in [3] as A—oo0 and
|x—y|«1. As a consequence an asymptotic expression of G*(4; X, y),,y as A=
was obtained when x eIl(y) and the line passing through the points y and x hits
the boundary transversally. A result close to theorem 1 was obtained also by
Alber [30], provided n=3 and if there is only one ray (t->y+t(x—y), t>0) in X
connecting the points x and y. In contrast to [2], [3], [30] we allow the points
x and y to be connected with a multiple reflected ray. Moreover, the metric g
may not be Euclidean in X, thus the construction of an asymptotic solution to the
problem (0.1)-(0.2) by the usual method of geometrical optics breaks down when
x is far away from y. We also write explicitly the first coefficients in the asymptotic
expressions.

An asymptotic expression of Green’s functions including only the first sum of
(0.4) was given by Babich [1] but the remainder term R,, was not estimated. The
asymptotics of the spectral function of the operator H in R" was investigated in [22].
The non-trapping condition assumed in [22] is a little more restrictive than (N)
because it does not allow the geodesics to have self-intersections. Asymptotics
close to those of theorem 1 and 2 were announced in [23], [24] by the author.

An asymptotic expression of the spectral function e(4; x, y) in case X=R"
was obtained also by Vainberg [28], [29]. Without assuming the condition (C)

he proved that %{A; x, y) behaves as A— oo like a global oscillating function given
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by Maslov’s canonical operator. When (C) is fulfilled he obtained the asymptotics

de ,, . 2 N
W(l’ X, y)—)' 2 i

=1

S <§ Vi i(x, ¥, w),1—f/2>ei(ﬂsk(x,y,w)—gmdw
s"-2\j=0

with some amplitudes ¥, ; and phases S,.

Note that the results obtained in this paper are connected also with the asymp-
totics of the scattering phase [2], [21] and the scattering amplitude [20].

The article is organized as follows. In §1 the distributions G* are written in
the form

G4 x, )=+ Se““(P(t)Y(i DU, x, y)dt+0(A~")

where ¢ € CP(R"Y), ¢()=1 in a neighbourhood of t=0, Y(¢) is Heaviside function
and U(t, x, y) is the solution of the mixed problem

(D2 —H)U=0
(0.9) B,U=0, j=D,N
U(09 X, ,V)=0, Ut(Os X, }’)=5(x_J’)

To do this, we use essentially the decay of the local energy of U(t, x, y) as t— o0,
which is valid in view of the non-trapping condition (N). Let ¢;e CF(R?Y), ¢, +
@,=¢ and supp @, =(—rq, ro), @()=1 for |t|<ry/2. Consider the distributions
;:Sexp (I (O Y(D)U(t, x, y)dt k=1,2. The asymptotics of G}(4;, x, y) as
A— oo is investigated in §2. Note that for |t|<r, and (x, y) close to (x,, yo) the
distribution U™*(t, x, y)=Y()U(t, x, y) will be a solution to the problem

(D -H)U* = —5(0d(x —y)
(0.10)
U7,<0=0

To obtain a parametrix for (0.10) we apply Hadamard’s construction (see [9], [11]).
Denote by Z,, v>n/2—1 the functions

Z,(t, x, y)=02—T¥x, y))v+(z—n)/2/r<1+v+2—2n>

for t>T(x, y) and Z,=0 for t<T(x, y). The distribution Z, admits an analytical
continuation with respect to v in Rev> —1. Moreover, for |t| <r, the fundamental
solution of (0.10) can be written in the form

o]
Uu*(, x, y)~ vgo Uy(x, PZ(t, x, y)

for some suitably chosen smooth functions U/(x, y). The Fourier transform of
Z, with respect to t is just F7.

In §3 we consider the Fourier transform G3(4; x, y) of the distribution ¢,(?)-
Y(®)U(t, x, y) which may have singularities only at the points (Ti(x, y), x, y) for
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(x, y) close to (xq, yo). Near these points one can apply Chazarain’s construction
of a parametrix for (0.9). In this way we present the distribution ¢,()Y())U(t, x, y)
as a sum of Fourier oscillating integrals for (x, y) close to (x4, o). In view of (C)
the corresponding Lagrange manifolds coinside with the conormal bundles of the
manifolds t=Tj(x, y) near (T(Xo, ¥o), Xo, Yo)- This allows us to obtain a microlocal
representation of ¢,YU(t, x, y) near (T}, xo, y,) in the form :

(0.11) So el =N, (1)a;(x, y, 0)0~/2df

with some amplitudes a;. In case where X = R" a similar representation was found
by Y. Colin de Verdiére [5]. The first coefficients C§, ;(x, y) are obtained after a
careful analysis of the principal symbol a; of a;.

Note that G3(4; x, y) can be written also in the form

523 x, 9)=[e (1., U0 Y0

where i, , is the inclusion map i, (1)=(t, x, y) and the corresponding ‘‘pull-back”
map (i, ,)* is a Fourier Integral Operator. In view of (T) and (C) it can be proved
that (i, ,)* and U(¢, x, y) have a transversal composition as Fourier integral operators.
which also leads to (0.11). In §5 we impose a little more general condition than (C).
Namely, we suppose that the roots of the equation x(t, yo, #)=x, with respect to
(t, n) form a smooth conic manifold W whose tangent space T,,,,W coincides with
the kernel of the operator P,,=(d,,x)(t, yo. ) for any (¢, 1)e W, n#0. Such a
situation occures for example in case where X is a domain in R", Y=0X contains a
part of a circle cone and x,, y, are some points on the cone axis. In this case the
operators (i, ,)* and U(t, x, y) have a clean composition which gives an asymptotic
expression for G*(4; x, y) close to (0.4).

Acknowledgments. The author would like to thank V. Petkov for the helpful
discussions.

§1. An integral representation of Green’s functions

We start this section with some remarks on the spectrum of the operator H.
This operator has no positive eigenvalues in view of Rellich’s uniqueness theorem
and the unique continuation property for second order elliptic differential operators.
Moreover, the nonpositive poing spectrum of the operator H is finite in view of the
apriori estimate for elliptic problems in unbounded domains

[l ”HZ(X) <C( Hu”LZ(X) + ”Bju”H%(Y)"" ||”||L2(xn(|x|<p))

ueH*(X), j=D, N and p>R, where H%(X) is the usual Sobolev space. The
continuous spectrum of the operator H coincides with Rl =[0, o). Therefore H is
adirect sum H=H,®H, of an operator H, of finite ran kand a non-negative operator
H, with continuous (even absolutely continuous) spectrum. Denote U, ()= H,"/,
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sin (tHY/?), U t)=H;'2sin(tH!/?) and U()=U, ()@ Ut), te R'. Obviously
U(¢) is the propagator of

(D} —-H)U@)f=0
(1.1) B;U()f=0, j=N,D
VO =0, L UWfe0=f, feLXX)
and the distribution kernel U(t, x, y) of the operator U(t) solves (0.9)

Denote by Se"'“U(t, x, y)dt the partial Fourier transform of the distribution
UeS'(R!x X x X) with respect to ¢ and set Y(¢)=1 for t>0, Y(¢)=0 for t<0.

Proposition 1.1. Suppose the condition (N) is valid. Then for any compact
K=K,;xK,, K;=X, j=1,2, there exists a number Ty such that for any
e CP(RY), p(t)=1 on (— Tk, Tg) we have

(1.2) G*(A: x, y)= ig e Y(+ DU, x, y)dt+rEL, x, y)

where rf is a smooth function in a neighbourhood of R} xK. Moreover, the
estimate

(1.3) ID}DDYrE(4, x, y)| < CA™N
holds for A>1, (x, y)e K with a constant C independent on A, x, y.

Remark. A similar proposition was proved in [22] in the case when Y=0
(see also [29]). The proof given in [22] can be modified to work also in our situation
Y#¢. Here we use another idea which is based on the decay of the local energy for
hyperbolic equations.

Proof of Proposition 1.1. According to the principle of limiting absorption
(1.4 G%(4; x, y)=lim,, o G(A+ig; x, y), AeRN0,

where the limit is taken in a distribution sense. For this reason we consider the
equality

(H—z2)1=+ S e Y(+ DU ()t +(H,— z2)1,
for +Imz>0, Re z+#0, given by the functional calculus. Let 5#;€ CF(R") j=1, 2,
#(x)=0 in a neighbourhood of the boundary Y and 5#;(x)=1 for x in a neighbour-

hood of K;. Choose a function ¢ € CF(R!) such that ¢(f)=1 on (— T, T) for some
T which will be specified later. Let us write

(1.5) #(H —22) 1o, = + S o) Y( & 1), U(1)#,d1 + R*(2)

for +Imz>0, Rez#0. Here R*(z)=R{(z)+ RE(2),
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Ri(2)=#,(H,— 21 #, :LS ()Y (4 ), U (1)
R ()= £ | e (Y (£ 0#,U (08t

and Y € C*(RY), Y(t)=0 for any te(—T, T), y(t)=1 for ¢ sufficiently large.

Let us denote by Z(H™s, H%) the Banach space of bounded linear operators
mapping H™5(X) into H5(X). The distribution kernel of the operator ¢(¢)Y(+1¢)-
#,U ()o#, is a smooth function in R!Ix X x X since the point spectrum of H
is finite and the corresponding eigenvectors are smooth functions in X.

Integrating N times by parts we get the inequality

(1.6) “DgRit(Z)”y(Hw,Hs)SC(l+|Zl)_N

in {ze C; |Rez|>1, +Im z>0}.

To estimate the norm of the operator R3(z) we use the decay of the local energy
of UJt) as t—oo. According to (N) there exists a number Ty such that
any generalized geodesic beginning in a compact neighbourhood 6cX x X of
(supp 5#,) X (supp 5#,) leaves 0 by the time Tyx. We now set T=Tg so ¢(f)=1 on
[— Tk, Tx]l. According to the theorem for the propagation of the singularities
the function U(t, x, y) is smooth in [(— o0, — Tg) x (Tg, 00)] x 0, i.e. the generalized
Huygens’ principle holds. Thus the conditions (A")-(C’) in [27] are satisfied and
theorems 9 and 11 in [27] (see also (25], [19]) give
(1.7) | DI (o, U (1), )l L2ty < Ct8 || £l L2(xy» € LA X)

in |t|> Tk and for some e R! and any j>0. Since (D?—H)U(t)f =0 for any
distribution fe D'(X) and the functions s#(x)=0 for x in a neighbourhood of the
boundary 0 we obtain

| D} AU 25, msy=Ct? 4, [t| > Tk,

for any se R! and j>0. Moreover y(t)=1 for [t|> T and some T} > Ty, thus the
last estimate yields

(1.8) IDLRF () g u-s,n < C(1+12])7N

on {ze C; +Imz>0, |Rez|>1} and for any k, s, N. Letting +Imz |0 in (1.5),
(1.6), (1.8) we obtain

#,(H— (2 +i0))" 1, = + S eitt (1) Y(+ 1)o#, U(f)o#,dt + RE(D)
where R*()) satisfies the estimate
(1.9) IDREM) g(a-s,m5y < Cis,8A7N, A>1.
To prove (1.3) we use (1.4) and the estimate
|DLDEDYro(4, x, v)|=(DiR*(A) D33, Dd)| <
< Cy s nIDY(P) -l DEO(x)N| AN
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for A>1 and s> n+|a| +|B] which is valid in view of (1.9). This proves the claim.

Let ¢;eCP(RY), ¢,to,=¢ and supp@;<=(—rg, Fo), @(t)=1 for
te(—2r/3, 2ro/3). Here ro=min (ry, dist(x,, Y), dist (y,, Y)), 1o is the injectivity
radius of the exponential map in R”" related to the metric g;; and ¢ is determined as
in Proposition 1.1. Consider the operator H= —4,+V(x) in R" and denote by
U#(t, x, y) the solution of the problem

(D} —H)U=(t, x, y)=£()(x— y)
(1.10)
U@, x, y)=0 for +t<0

Let W(t, x, y) be the distribution kernel of the operator cos(tH'/2). This distri-
bution solves the mixed problem

(1.11) B,W=0, j=D,N
W(O’ X, y)=5(x_y)’ VV;(O’ X, y)=0

As a consequence of Proposition 1.1 and the finite propagation speed for the solutions
of the wave equation (D? — H)u=0 we obtain

Corollary 1.1. Suppose the condition (N) holds. Then

(1.12) Gk 3, )=+ | 49, (DU, x, y)dt

+ S e (DY (L DW(t, x, y)dit+r%(4, x, y)

and r*(4, x, y) are smooth functions in a neighbourhoof of R.xK satisfying
(1.3) in [1, c0) x K.

Let us turn now to the spectral function e(i; x, ¥). This function can be written
in the form

(1.13) %(12; x, Y)=Q2ri)"YG*(A; x, y)—G~(4; X, y)} for A#0
since the following identity is satisfied

—gTE,1=(2ni)‘1{(H—,1— i0)~1 —(H — 2 +i0)-1}.

Moreover G~(4; x, y)=G*(4; x, y) for x# y (the coefficients of H are real functions)
and we obtain

(1.14) %(/12; x)=LImG+*(hix,))  for x#y, A0,

Note that formula (1.13) and Proposition 1.1 yield together
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(1.15) %(,12 %, y)——ge”“(p(t)W(t x, Y)di+r(A, x, y)

where re C*(RY x K) and r(4, x, y) satisfies the estimate (1.2) in [1, o) x K. As
a consequences of (1.15) one can prove that ee C*(RL x K).

§2. Hadamard’s fundamental solution

In this section we consider the asymptotics of the distribution G}(4; x, y)=
Se"“tp,(t)U*(t, x, y)dt where U™ solves (1.10). To evaluate G¥(4; x, y) as A-» o0
we use a local parametrix to the problem (1.10) the idea of which goes back to
Hadamard [11] and M. Riesz. At this point we use essentially the construction of
a parametrix which is due to Friedlander (see [9], §6.2).

Let (xq, yo)€ X x X be such that T(x,, y,) <ro/2 and set

Ki={xxX; T(xq, X)<ro/16}, K,={xeX; T(yo, X)<ro/16}, K=K;xK,.
Consider the functions Z, defined by
2.1) Z,t, x, )= —TXx, y))"*""2[(v+(3-n)2) for t>T(x,y),
Z(t, x, y)=0 for t<T(x, y)

in R'xK and for any ve C, Rev>(n—1)/2 (I'(v) is the usual gamma-function).
The distribution Z, admits an analytical continuation with respect to v in the region

Rev> —1, which is described in ([9], §6.1). Moreover, there exist some real-
valued functions U, € C*(K) such that

@D Ut xy)-'Z U W2 5 DeCHRIXK), ky=M~[n]2]

for M>n/2, where [n/2] is the entire part of n/2. The coefficients U (x, y) are
determined in K by some transport equations. More precisely Uqy(x, y) is given by
(0.6) while U (x, y), v>0, have the form

U(x, y)= —%Uo(x, y) S;(iggly(v(s), y)s*~lds,

where y(s) =exp, (sv(x, y)), s€ [0, 1], and X 3 x—uv(x, y) € T, X is the inverse function
of the exponential map v—exp, v defined in {xe X; T(x, y)<r,}, r, being the in-
jectivity radius of the metric g in R*. (see [9], §6.2).

The same construction holds also when the operator H has the form H=—4,+

h(x, D)+ V(x), h(x, D)= Z hy{x)D;, D;=—id/0x; and h;e CP(R"). In this case
the function Ugy(x, y) can be obtained by multiplying (0.6) with

exp (=i {7 W@, n(x, s )

where ¢* is the Hamilton flow of q(y, n)=(g'/(x)nm;)'/* and n(x, y) is given by



Elliptic differential operators 669

n(x, y)=(g1,(0)(x, YV,..., Guj(WI0(X, Y)).
Now we shall investigate the Fourier transform of Z, with respect to t. First
note that

Fid; % p={ewz . x yat 1>0,

for (n—3)/2<Rev<(n—1)/2 (see [8], pp. 11 and 69) and since both sides are ana-
lytical distributions with respect to v in Re v>> — 1 we obtain the last equality for any
v with Rev> —1. Next we write

@3 [ 0.0zt x, y)dt=F3(hs x, N+ R %, 9)
in R'x K. For any positive and integer N we have
ANR,=(— 1) S ei4(1— ,)DVZ,dt + S et ()P(1, D)Z,dt

where @, € C2(R!), @5(f)=0 for |t|<2r¢/3 and P is a differential operator with
smooth coefficients. Note that (1—¢,)DVZ, is a smooth function in R x K which
is estimated by

I(L—@)DNZ(t, x, y)|<C(1+[t)7?, p>0,

in R1xK for N>p+2v+1—n, while the function ¢;(t)P(t, D)Z(t, x, y) is
smooth in R!x K and has a compact support with respect to t. Therefore R, e
C>((0, o) x K) and satisfies the estimates
|DiD£D;Rv(l; X, )’)|SC)~_N in [A'O’ CD)XK, )'O>0a
for any a, B, y and N>0. In view of (2.2) and (2.3) we obtain
M-1
@4) Gi(h %, y)= £ Uy(x, DSk x, )+ Rig, (4 x, 9)

where
M-1
Rig s %, =5 R % 9+ | e0,08u(t, x, y)at

and S, € CM-n/21 (R'x K). Therefore R}, € C¥~1"/21((0, o) x K)) and is infi-
nitely differentiable with respect to A in A>0. Moreover, an integration by parts
yields the estimate (0.5) for R}, in [4g, ©) X K, A4g>0 for any «, §, y and M such
that M —n/2—|B|—|y|>0.

Similarly we get (2.4) for G7(4; x, y)=S et*to (DU (t, x, y)dt, where “+’
sign is replaced by ““—’’ sign.

Now we have

M-

25 Gk % »)=Gilk x )= £, Uy(x, )FIG: x »)=Fy(ks x, )

+Ry,1(4; x, ).
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Note that the function
2on_,
Fihix, )= Fy (i xo)=mi( 870, Grer, 9))

is smooth in {(x, y)e X x X; T(x, y)<r,} for any ve R'. Indeed TJ(T) is
an analytical and even function with respect to Te R!. Moreover the square of
T(x, y) is a smooth function in {(x, y)e X x X; T(x, y)<r,} since T(x, y)=
lv(x, Wy=+/9:;(»)o(x, y)v(x, y) (T(x, j) is the geodesic distance between x and y
along [0, 1] 3 s—y(s)=exp, (sv(x, y)), see [15]) and the vector valued function v(x, y)
is a smooth map for x close to y as the inverse function of the exponential map.
Therefore the remainder term Ry, , is a smooth function in (0, 00) x K which satisfies
(0.5) in [4g, 0)x K, 4,>0 for any «, B, y and M.

§3. Fourier distribution related to W (t, x, y).

The fundamental solution W(t, x, y) of the mixed problem (1.11) can be written
for (x, y)e X x X, xell(y) and satisfying (T) as a sum of Fourier distributions
(see [4], [10]). For this reason we shall investigate Fourier distributions I e I~1/4
(R"*'x X; C) which Lagrangean manifold C has the form

C={t x,y;71, & —n)eTHR"*1 x X)\0; (x, &)=r'(y, n), T+4(y, n)=0}

and q(y, n)=(g"(y)nn;)"/*. Here r'(x, n)=(x(t, y, n), &(t, y, n)) is a smooth
family of homogeneous canonical transformations which iwll be specified later in §4
where the results of this chapter will be applied to obtain the asimptotics of
G3(4; x, ).

Suppose that

(3.1) rank (d, ,x) (¢, yo, n)=n

for any (¢, n) e (R"\0) x T} X such that x(t, y,, n)=x,.

Let Sy={neT;X;q(y,m)=1} and T>0. Denote by (T{x, y), n/x, y))e
(RN\0)x S¥, j=1,..., J all the solutions of the equation x(t, x, y)=x with respect
to (t, n) for (x, y) close to (x,. yo) and such that 0<Tj(x, y)<T. These functions
are given by the implicit function theorem.

In this section we write I(¢, x, y) near the point (T;(x, y), x, y) as an oscillatory
integral with a phase function ¢ =0(T;(x, y)—1), 6 € R} and compute the principal
part of the corresponding amplitude.

The principal symbol of I is a section in the tensor product Q,,,(C)®L(C)
of the helf-density bundle Q,,,(C) and the Keller-Maslov line bundle L(C) over C.
The bundle Q,,,(C) has an intrinsic trivialisation. Indeed, the projection

7.: C— R'XTHX), =n(t,x,y;7,&n=( y,n
is a diffeomorphism; so the pull-back

S, =ng(ldt|'2@|dy A dn|'/?)



Elliptic differential operators 671

is a nowhere vanishing smooth half-density over C which is obviously invariant
under the flow

@, y,n)— {(t, x, y; t, & —n); (x, ©)=r'(y, n), T+4q(y, n)=0}.

Denote by &, a nowhere vanishing section in L(C) which will be specified later in
the concrete situation (L(C) is a trivial bundle) and set =&;®S,. Then the
principal symbol a of I is given by a=ad(S,;®®,), where d is a smooth function on
C.

Proposition 3.1.  Suppose that (3.1) is satisfied at the point (xo, yo)€ X X X.
Then there exist some amplitudes a;e S°(R"x X; RY), a;~ X a; (x, y)0~¢ for
s=0
|61 > 1 such that

(3.2) It,x, )= ¥ (zn)‘%‘li%ﬂgw 2I0(T;(x,0) =) +y;m/2]
T;<T (0]
n—1
xay(x,y,0)0 2 do

for some y;€ Z|4 in a neighbourhood of (0, T) x {x0} X {yo}. Moreover
(3.3) a;,o(X,y)=2""2T;(x, y)1~"/2|6T}[0xy|"/?d y(x, y)

Where éj(xa y)=d(Tp X, Yy — 11 6(771’ Vs ’1])’ _rlj(x’ y)) and |62T§/axay| Stands for
the corresponding determinant.

Remark. Formula (2.2) was first obtained by Colin de Verdiere when r*
coinsides with the Hamiltonian flow of q(y, ).

Proof of Proposition 3.1. The proof of (3.2) is based on the following

Lemma 3.2, Suppose the condition (3.1) holds at (xq, y,). Then C is generated
by the phase function

@it x, y, 0)=0(Ty(x, y)—1), (& x,y,0 R xX xR}

near the point p;=(T{(Xo, ¥o)s X0» Yo, — 1, &(T}, Xo, 1;), —1 (X0, Yo))-

Proof. In view of (3.1) one can choose (x, y, 0) as local coordinates in C near
pj,ie.

C={(Tj1(x’ y)’ X, Y3 _05 éj(xs )’)9, _r’j(x’ y)G}

where &(x, y)=&(T}, y, n/(x, y)) and (x, y, )€ R"x X x RL. Since the symplectic
form dt A dv+dx A d€+dy A dn vanishes on C we have & (x, y)=0Ty(x, y)/0x,n;(x, y)
= —0Tj(x, y)/0y, which proves the claim.

Now formula (3.2) follows immediately from the definition of Fourier distri-
butions [13], [26] and Lemma 3.2.

To compute the amplitudes a;, one should find the contribution of the phase
function @ =0(T(x, y)—1) (the index j is dropped for the sake of simplicity). First
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note that the critical set of ¢ has the form
2,={(t, x, y, 0)e R"™' x X x R}; t="T(x, y)}

Denote by Q,: Z,—C the diffeomorphism

Ql(t’ X, Y, 0)=(t’ X5 V5 @, @Oy, (py)’ (ta X, Y, 0)624,. Then the map Q=n°Q1 Q:
Z,>R'x(T*X) is a diffeomorphism in a conic neighbourhood of the point
(T(x, y), x, y, 1) which provides Z,, with local coordinates (¢, y, 7). The correspond-
ing density dy on X, (d; is the pull-back of Dirac measure under the map Q) is
given by

ds=|D(t, y, n, Yo)|D(t, y, x, 0)|1Q*(|dt|®|dy A dn])
where |D(u)/D(v)| stands for the Jacobian of u=u(v) (see [13], §3.2). Since
0%¢[000x=0T/0X and n=—0T/dy, a short computation gives

dy=0"|D(~5L0, 7(x, ) D(x, 0)| " 0*(drI@Idy A di.

Moreover STx, y) = —n(x. y) & 5= (n: a0y, n)=1) for any (x, y) close to (xo, yo).

Let R""'5 w—f(w) € S} be a local coordinate system on S* near —#n(x,, y,). Then
R™"\03 (w, 0)—f(w)fe T3X is locally a diffeomorphism. For any yeX denote

J(@, §)=D(f(@)8)/D(w, 0)| and w(x)= f-l('—g_f(x, y)). Then using the chain
rule we obtain

|D(_g_§e, T)/D(x, e)|§/0=1=w(f(w)9, D)ID@, 0, Tjgzy

w=w(x
X |D(w(x), 0, T(x, ))/D(x, 0)l,6=1 = J(c, 1)|D(ex(x), T(x, y))/D(x)|.
On the other hand

|D<%T2(x, )[PG) | =271D(f(@)6)/ D/, 0) 9T

x|D(@(x), T(x, y))/D(x)| =2"J(w, T(x, y)) ID(w(x), T(x, y))/D(x)| .
Since J(w, T)=T""1J(w, 1) it follows that
Jds=27200-m/2T(x, y)n=1/2|92(T2)/dxdy|~1/2 x
x Q*(|dt|'>@|dx A dn|'/2)

Translating a;,,0"~1/2,/d; via the map Q7! one obtains a half-density on C which
is equal to

a;, 0T~ D2272|02(T2)[dxdy|~1/2S,

According to Hérmander [13] the last density multiplied by i*+(1-n/2@, is equal to
the principal symbol 4(S;®@;) of the Fourier distribution I for some ae Z/4,
hence (3.3) holds. Thus Proposition 3.1. is proved.
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§4. Asymptotics of green’s functions

In this section we investigate the asymptotics of G(/; x, y) as A— oo in both
cases X=R" and X # R". First we suppose that H is a self-adjoint operator in
L%(X) (X = R" is provided with the metric g;;) having the form H= —4,+h(x, D) +
V(x), where h(x, D)= i hi(x)D;, hje Co(R"), Ve Co(R"). Let us assume that

=1
the following two condlitions are fulfilled. First the metric g;; is supposed to be
non-trapping, i.e.

(N) Any geodesic R! € t—exp, (tv), (x, v) € T(X) goes to infinity as t— co.
The second condition is

(C) The points x, and y,, (X9, yo) € X x X, are not conjugated along any
geodesic arc connecting them.

The latter condition meas that the differential d (exp,v),,-,, is not degenerated at
any point v, € T,X such that exp, v, =x, ([15]).

Let R'st—¢'(y, n)=(x(t, y, n), &(t, ¥, n)) be the projection of the bichar-
acteristic strip (¢, x(t, y, 1), Fq(y, n), &, y, 0)), 4(y, )=/ (y)nin; of the operator
D?—H into T*(X), ¢°(y, n)=(y, ). Since for any (¢, y, v)e R' x T(X), veS,=
{ve T,X;g;;v'v/ =1} we have x(z, y, v*)=exp, (tv) with v* given by the can onical
isomorphism T, X 3 v—v*=(g,(y)v/,..., g,(y)v/)e T, X, the condition (C) is
equivalent to

“.1) rank (d, ,x)(t, yo, N)=n

for any t#0, n#0 such that x(¢, yo, 7)=x,.

Denote by G(4; x, y)=G(A+i0, x, y) the Green’s functions of the operator H
in X=R"; G(z; x, y) being the distribution kernel of the resolvent (H—z)"1. To
obtain the asymptotics of G(4; x, y) as A—» o0 we use essentially the results of the
previous section.  Set

r'(y, m=¢'(y,m, (y,mMeT*X,

and denote by Ty(x, y) and n,(x, y)e Sy, j=1,..., J, respectively the length and the
unit codirection of the geodesic [0, T;(x, y)]3t—y;()=x(t, y, n,(x, y)) connecting
the points x and y for (x, y) close to (xo, yo). Choose the functions y;, j=1, 2
as in Theorem 1 with r, replaced by r; and denote

bj(x’ y)=exp<—l?g h(¢s(y’ ”j(x’ Y)))dS) ]=1’9 J.

Theorem 3. Suppose the condition (N) fulfilled and (C) holds at (x,, y,) €
R?". Then (0.4) and (0.5) are satisfied. The coefficients Uy(x, y) and C§ ;(x, y)
are given by multiplying (0.6) and (0.7) by b{x, y). Moreover p;=0 and the
number a; coinsides with the number of the points te (0, Ti(x, y)) conjugated with
t=0 along the curve (0, T;)> t—y,(t) and counted with their multiplicity.

T;(x,y)

0
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Proof. Arguing as in §1 one can prove that (1.12) holds with W solving the
Cauchy problem

[ (D2—H)W(t, x, y)=0 in R2*1
W(0, x, y)=06,x), W(0, x, y)=0
where (8,(x), u(x)g(x)/2)=u(y). Since the asymptotics of the first integral in
(1.12) is given by (2.4) it is enough to investigate
G5(A: x, y)=id! g: e, (DW(1, x, 1)dt

as A—»oo. To apply the results of §3 we suppose that Wis a half-density rather than
function in X and that the operator H acts on half-densities. Such a half-density °
W,,, can be obtained by multiplying W by the canonical half-density g(y)'/4g(y)!/+
on X. The correspoinding to H operator acting on half-densities is H,,, =
g'/*Hg='/%. Then W, is a sum of two Fourier distributions W,,=I*+1",
ITe I "Y4R!x X x X; C*) where

Cr={(t, x, y; 7, &, —m); '(y, M=(x, &), T+ q(y, n)=0}.
The integral

[ entos0r-(t x, yyar
0

is rapidly decreasing with respect to A as A— oo uniformly with respect to (x, y) in
a compact neighbourhood of (xq, yo) since WF(I")cC~ <{(t, x, y, 1, £, n); 1>0}.
Consider the half-density

I %, ) =id1 | e, (01 (1, x, y)d
0
for (x, y) close to (xq, ¥o)- According to (3.2)

L(4, x, y)=(21)~(+D/2{3=n/2)(n=1)/2

X {é eiAT (x,y) Soo Sw ei[}.(e—1)(Tj—t)—a]n/Z](pz(t)aj(x’ v, ,19)9""5—1d0}
0 .

=1 0
+ry(4, x, y)

where the function r,(4, x, y) and its derivatives are rapidly decreasing as A— oo.
The stationary phase method yields

42) L4, %, y) = (2m)U-m/2iGnizs 02/
J M-1 .
X 3T eATemb, (%, Y)ATT+ Ry
Jj=1 v=0

and R,, satisfies (0.5), which proves (0.4). What we have to do is to compute the
first coefficients by (x, y). First we define a nowhere vanishing section &, of
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L(C*) (see [7]). The manifold C* n {t=0} is the conormal bundle N*4 of the
diagonal 4 in X x X. Moreover L(N*4) possesses a canonical constant section S,
such that the Keller-Maslov part of the principal symbol of §,(x) is equal to &,.
Now we extend the section S, to a global one on C* requiring it to be a constant
along the bicharacteristics t—{(t, x, y; 7, &, —n); t+4q(y, n)=0, (x, )=¢'(y, n)}.
As in §3 we write the principal symbol of I'* in the form a=3d(S;®S,). Then

(-g_la__-?ﬂq+2i Sub (Hl/z))a=0
at

where £y is the Lie derivative along the Hamiltonian field H, and sub (H,,,)=
h(x, £) is the sub-principal symbol of H. In view of the choice of G, and &, the
transport equation gives

(8,— H,+2ih(x, &)d=0

while the initial conditions for W yield a(0, y, y,—q, 1, —)=1/2. Therefore d=
—é—exp(—igt h(¢s(y, n))ds) and according to (3.3) we have

[s]

_nt+2 1-n 2 i (Ty
bo, (5, 9) =27 Ty(x, y) T 10T 0x0y) 2 exp (=L | ' h(§(3, m, v, y))ds).

Multiplying (4.2) by the canonical density g(x)~1/4g(y)~1/4 of order —1/2in X x X
we get the asymptotics of G3%(1; x, y) as A—»oo. The first coefficients in this
expression are

(2m)(=mi2jmar3=mi2b, i(x, y)(g(x)g(y))~1/4.

The assertion concerning «; was proved by Colin de Veridére in [5]. Thus (0.4)
and (0.5) are proved for G*(4; x, y) and the first coefficients are found. Arguing in
the same way can obtain an asymptotic expansion for G~(4; x, y) and for —Z%(l; X, y).
Thus Theorem 3 is proved.

Remark 4.1. It can be proved that the half-density I,(4; x, y)=g(x)!/4G%(A;
x, y)g(y)!/* is a global oscillatory function ([31], def. 1.3.2) without assuming the
condition (C). Then the results in ([31], §4) may be used to obtain asymptotic

expansions of G*(4; x, y) as A— o0 in some cases when (C) is not fulfilled.
Indeed, consider the Lagrange manifold

A={(x,y; ¢ —neT*X x X); Ee S¥, ne Sy and (x, £)=¢*(y, n) for some te R}

which can be viewed as a flow-out of the isotropic manifold A o={(y, y; 5, —n);
n € S}} along the bicharacteristic strips of g(y, 7). Denote by i: A GT*(X x X) the
inclusion map.

Proposition 4.1. I,(4; x, y) is a global oscillatory function in R2" of order
(n—3)/2 defined by the Lagrange immersion i ([31], §1.3).

Proof. First note that C* is generated near any p°=(t,. xo, yo; °, £°, #°) e C*
by a non-degenerated phase function of the form
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#(t, x, y, O)=W(x, y, 0/16))—16], 0e R**!, k>0,

where Y(x, y, a), ae S*={ae R**!; |a|=1} is a non-degenerated phase function
such that i defines i near p®=(x,, yo; £°/|7°|, n°/|7°|) (for definition see [31], §1).
Indeed, suppose that ¢(t, x, y, 0), 0 € R**! is a non-degenerated phase function at
some point g°=(ty, Xo, Yo, 0°) €24 Zy={q; q is close to g° and dy¢p=0} which
defines C* near p©, i.e. rankd ., 0ds®(q°)=k+1 and Cy=C* where Cy=iy(Z)
and iyt x, y, 0)=(t, x, y; d¢, d,¢, d,9), i4(q°)=p°, (Z4 is an 2n+1 dimensional
manifold and iz: Z,—»T*(R2"*!) is an embedding, see [31], p. 214). Therefore
dtd(q®)#0 and there exist some smooth functions y(x, y, o) a(t, x, y, a), a€S*
such that ¢(q)=¢,(q)a,(q) where ¢,(t, x, y, )=|61(Y(x, y, 0/|6])—1) and a,(t, x,
y, 0)=a(t, x, y, 6/|6))>0 in a conic neighbourhoof of g°. Moreover Z,=2, and
ig(@)=1i4,(1, x, y, 6/la;(q)) for any q=(t, x, y, 0)€ X, close to q° Therefore ¢,
is a non-degenerated phase function which defines C* near p° As a consequence
Y(x, y, @), € S* is a non-degenerated phase function near (xq, yo, %), %o =0°/]6°|.
Moreover, i, defines i near p° since iy (x, y, ®)=mn(is,(Y(x, y, @), x, y, @))€ 4 for
any (x, y,a)eX, where m,(t, x, y; 7, & n)=(x, y; &/|tl, n/|r]) and =, maps C*
into A.

Let K be a compact in R?". Choose some non-degenerated phase functions
Yi(x, y, a),aeS*, k; >0, j=1,..., J, such that id,j defines i: A T*(R?") near some
point p/ and ¢t x, y, 0)=|0|(Y (¢, x, y, 0/|0])—1t) defines C* near some point
pieC*, and

(e G ia Eo)) 073" (upp (@)X K)=0. malt, %, y3 7, & = x. ).

Since I* e I~1/4 (R' x X x X ; C*) there exist some amplitudes a; € S*~*~D/2(R2n*1
X R**1) such that
J
I x 0= £ et na x, 9,0)d0+ 00, %, y)
=

Rkj+

and singsupp Q n (supp (¢,)x K)=@. Using again the stationary phase method
we obtain

J A kj/2 3
. x 0= % ()" e anis, y, 2, Hds
Jj=1 T Ski

o0
where b(x, y, a, )~ VZ=:0 b; (x, y, )A(n=3/27v as A—oc0. Therefore I,(4; x, y) is
a global oscillatory function of order (n—3)/2 defined by the Lagrange immersion
i: A->T*(R?*").
Now we turn to the case when X is a domain in R" with a smooth boundary Y.

Proof of Theorem 1. First suppose x,&Il(y,). Then there are no generalized
geodesics connecting the points x, and y,, in particular xo#y,. According to the
propagation of singularities of the solution U(t, x, y) to the mixed problem (0.9)
we have (t, xo, yo)é&singsupp U for any te R!. Moreover U(t, x, y)=0 in a
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neighbourhood of (0, x,, y,) since the finite propagation speed for the solutions of
the wave equation (D2 — H)U =0. Then the function ¢(t)Y(#)U(t, x, y) is smooth in
a neighbourhood of R!x {x,} x {yo} and has a compact support with respect to t.
Now (i) follows from Proposition 1.1.

Now suppose xq€Il(yo). The asymptotic behaviour of the first integral in
(1.12) is given by (2.4). Thus we have to investigate the asymptotics of G}(4;, x, y)
as A—»o0.

Let y: [0, To] 3 t—x(t, yo, no) be a generalized geodesic connecting the points
X, and yo. Suppose that y meets the boundary Y only transversally at the times
t=t, s=1,..., k, k=0, where 0<t,<t,<:-<t,<T,. Consider the broken Hamil-
tonian flow ¢'(y, n)=(x(t, y, n), &(t, y, n)) associated with 12—g"/(x);£; in T*(X)
for (¢, x,n) close to (Ty, yo, Ho).- Then q(¢'(y, n)=q(y, n) for 0<t<T, and
(y, n) in a nieghbourhoof of (yo, o). Let @'(y, n)=(x(t, y, n), &, y, n)) be the
Hamiltonian flow associated with 72 —g#/(x)¢,€; in T*(R") t is the dual variable to 7).
For (y, n) close to (o, 7o) We denote

ri(y, M= To(x(Ty, y, m), &(To, ¥, M)

It was proved in ([10], Proposition 3.7) that r} is a canonical transformation for
any te R'. Moreover, ri(y, n)=¢'(y, n) for (¢, y, n) sufficiently close to (T,, yo,
10), hence q(ri(y, m)=q(y, n) and

CE={(t, x, y; 1, & n) e TR x X)\0; t+q(y, n)=0, (x, ) =ri(y, n)}

is a Lagrange manifold in T*(R"*! x X).

According to Theorem 4.1 in [16] there exist some Fourier distributions V* e
I-"U4(R"*1 x X ; Cit) such that the solution W(t, x, y) of (1.1) can be written as a sum
W=V*+V~ microlocally at the points p* =(Ty, X0, Yo; F9(Vo> N0)s &(To> Yos Mo)>
—1n0)€Ct, i.e.

ptEWR(W—V*— V7).

Let the conditions (N) and (C) be fulfilled. Then the equation x(t, y, 1)=x
has only finitely many solutions (Ty(x, y), n;(x, y)) € (R"\0) x S} in a neighbourhood
of (xo, yo), j=1,...,J. Moreover T; and 5; are smooth functions near (x,, y).
Denote by ri, and Cf, the corresponding canonical transformations and Lagrange
manifolds. Then there exist some Fourier distributions Vi eI~V/4(R"*' x X; C}),
j=1,..., J, whose symbols vanish outside a small conic neighoburhood of the points
pT=(T{x,, yf’)’ X0s Yo; —1, (T}, o, n;), —n(Xo, o)) and such that the distri-
bution W— . VT is microlocally smooth at (¢, xo, yo; —1, &, n) for any te R'\0

and any ¢, r; elR". Moreover the projection of r§ (y, ) on the base R" coincides
with the curve x(t, y, n) for (¢, y, n) close to (Tj, yo, nj(xo, ¥o)), so the condition
(3.1) holds for r;,. Now we apply Proposition 3.1 in the same way as it was done
in the proof of theorem 3. The distribution ¥} can be written in the form

© n—1
Vi=(2m) (nDi2j-m)/2 SO elloTyxy)=0%aym/2) g (x, y, 0)0 Z df
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where a; satisfies (3.3). Moreover corollary 4.3 in [10] gives @;=1/2 for the
“mixed’”” Neumann problem and @;=(—1)¥/2 for the Dirichlet problem, where k;
is the number of reflections of the geodesic y;: [0, T(xq, ¥o)]13 t—=x(t, yo, 1:(x0, ¥o))
at the boundary. The number o; can be computed in the same way as in [7], [10],
[20]. Denote 6(t)=(d, ") '(V), te(0, Ti(xo, ¥o)) Where the differential is tacen
at the point (x, £), x=x(t, yo, 1{(Xo, ¥0))» E=E(t, Yo, 11(X0, Vo)) and V={(0, 6¢) e
T,y TX} is the vertical space in T, -(TX). Following closely the arguments in
[7], [10], [20] one can prove that a;=ind(é;) (the index ind(d;) of the curve J;
was defined in [6], [13].

Arguing in the same way one can obtain (0.4) and (0.5) for G=(4; x, y). The
equality Cg, ,(x, y)=C§ i(x, y) holds since G™(4; x, y)=G*(4; x, y) for x#y and
the functions C§ ;(x, y) are smooth for (x, y) close to (xo, yo). Thus theorem 1 is
proved.

Proof of Theorem 2. The function %i—(l’; x, y) is smooth in R} x X x X in

view of (1.15)and since for any ¢ € CP(R!) the function X x X 3(x, y)—<W(-,
X, ¥), @) belongs to C*(X x X) (here the partial hypoellipticity of the wave operater
D?—H with respect to x is used.) Moreover, (i) follows directly from Theorem 1.
To prove (ii) we write

e (32, x, )= (2n0) 1 (G}~ Gi} + (210) " {G} ~ G3).

Then (27i)~1{G{ — G7} gives the first expression in (0.8) in view of (2.5) while (2ri)~!-
{G%—G3} gives the second one. This completes the proof of Theorem 2.

§5. Some other results

In this section we investigate the asymptotics of the spectral function e(1; x4, y,)
at some points (xq, ¥o) Which do not satisfy the condition (C). We still suppose that
the condition (T) holds at (x4, yo)€ X x X.

Consider the set W={(t, n) € R! x T,X; x(t, yo, N)=Xo} and for any (t, ))e W
denote by P, , the linear map

Pt,r]=(dt,r]x) @ yo, m)s Pt,n: T(t,n)(R1 X T;‘OX) I Ton-
Instead of (C) we impose the following condition

(5.1) There exist some reals T, ;>0 and some smooth conic manifolds W, ;= T, X
of dimention d+1, 0<d<n—1, j=1,..., J, such that Wis a disjoint union of
W, ;=1{T,;} x W, ; and T, W, ;=Ker (P,,) at any point (t, n) e W, ;.

For exmaple consider a domain ir R" with smooth boundary Y which contains a
part of a circle cone I' ={(s, w); we S""2, a<s< b} and suppose that x,= y, lies on
the cone axis of I.  Then W contains the n—1 dimensional conic manifold W,_, o=
{tw; we S"2, 1>0}.
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Theorem 4. Suppose that (N) is valid and (T) and (5.1) are satisfied at the
point (Xg, yo). Then

de o n+d— -v iATgq,;j
452, X0, yo) ~ B 5, ArH-IIIVRe(C, e T4)

for some complex number C,, ; and Cq 4 ;#0 when W, ;#0.

Proof. Denote by i, ,: R'->R'xX x X the inclusion map i,,,(#) =(, xo,
Yo). Let (i, ,o)* be the corresponding “pull-back’ map (see [13]). It is well
known that the composition S(t)= (i, ,,)*W(t) is a well defined distribution when

W(t, x, y) solves (1.11). Moreover (1.13) can be written in the form

e 02, x0, yo)= 271, ([_ e OW (e, x, y)dt)+0G~)

= Sw e (1)S(1)dt+0(AN) .

Note that (i,,,)* is a Fourier integral operator with a canonical relation D =
{(t, T 1, X0, Yoo T, & 1), T#0} and (iy,,0)*€I"%(R!, R'x X x X; D). For given
Mo € Wd, ; and for (t, y,n) close to (T, yo, o) we shall denote rj (y,n)=
¢ Tau(x(Ty ;, y.m), &(Tyj, ¥, m)).  Let Ci ; be the corresponding Lagrange manifold
defined in §4.

Proposition 5.1. The canonical relation D and the Lagrange manifold C} ;
have a clean composition A, ;=DyC} ; with excess equal to d and A, ;={(T,;, 1),
t<0}.

Proof. Following the notations in [26] we denote L=D x C§ ;, M= (T*R"\0)
x A*, where A* is the diagonal in T*(R'x R"x X)x T*(R' x R"x X). Let II be
the projection IT: T*(R')x T*(R* x R"x X) x T*(R! x R" x X)—»R! x T}X defined
by I((s; p), (t, x, y; 7, &, ), (1, %, 5 %, &, i) =(t, n) e R' x T3X. Itis easy to see
that the map IT,: T, (L n M)—>T,(W, ;) is an isomorphism at any point p=((t; 1),
(t’ X0s Vo5 T» & m, (1, X0, Yo3 T, €, 7)) where t=Td,j’ x(t’ Yos ’7)= X0, é(t’ Yo, '7):6
and t+4(y, n)=0. Moreover II,: (T, L)n(T ,M)—Ker P,,, t=T,;, is an isomo-
rphism and in view of (5.1) we get T, (Ln M)=T,(L)n T, (M). Therefore D and
C} ; have a clean composition. The excess coincides with the dimension of the
fibres of the map L N M e p—(t, 7)€ A,; which is equal to dim W, ;—1=d. This
proves the proposition.

The theorem about the composition of Fourier integral operators [26] gives now
n—-1 J
S(t)=3 X Iy Iy ;€IC+D2HUS(RY A, ;).
d=0 j=1
Since the function ¢(t, 0)=0(T, ;—1), (t, 0) € T*R!, >0 defines 4, ; we have

1,,0)= " etmarng, (0)d0
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o0
where supp g, ;<= R} and g, ; ~ ZO Gy,q, 0047172012 §—> 0, for some complex num-
=

bers g, 4 ;. Moreover g, 4 ;#0 since the principal symbol of W does not vanish on
Cj,;(Wis a Fourier distribution near C} ;). This proves the theorem.

Note that the regular part of G*(¢; x, y) can be written as a sum of global oscil-
latory functions in E={(x, y)e XxX; xell(y) and (T) is fulfilled at (x, y)}.
Indeed, arguing as in Remark 4.1 we obtain

G2 %, D) ~ia(TCx, 1) B Uk, FECE % 9)+2:(TCx, ) 3 F7035 %, 9)

as A—o00 in any compact K< E if (N) is fulfilled. Here the functions (1), T(x, y)
are as in the introduction and g(x)'/4f#£(4; x, y)g(y)'/* is a global oscillatory fuc-
tion defined by the Lagrange immersion i,: A, T*(R" x X) where

Ay={(x,y; ¢, —n) e THR"x X); £eS,,neS,, (x,&)=ri(y,n) for some te R'}.

The second sum in the last asymptotic expression is finite in (x, y) € K since in view
of (N) and (T) there exist only finitely many k € Z such that

K n {(x> y)’ (x’ y’ é» '1)5/11( fOI' some (6’ 77)}#0

The half-density fF(4; x, y) has an asymptotic expansion as A—oo similar to (4.2)
near any point (xo, yo) Which does not belong to the caustic set of A, (the projection
map 4,3 (x, y; &, n)—(x, y) € X x X is a diffeomorphism near (x,, y,)). Moreover,
some asymptotic expansions of f £(4; x, y) near the caustic sets of 4, may be obtained
using the results in ([31], §4).
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