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Sobolev spaces over the Wiener space based
on an Ornstein-Uhlenbeck operator

By

Ichiro SHIGEKAWA*

1. Introduction

Sobolev spaces over the W iener space, or m ore generally over a n  abstract Wiener
space , p la y  a  fundam enta l ro le  in  th e  M a llia v in  calculus. T h e y  a r e  based on an
Ornstein-Uhlenbeck operator, denoted by L , on the W iener space. I n  th is  p a p e r , we
consider a  different kind of Ornstein-Uhlenbeck operator LA.

To be precise, le t (B, H, p) be an  abstract Wiener space, i. e. H is  a  real separable
Banach space and  p is  a  Gaussian measure with a  reproducing kernel Hilbert space H.
L et A  be a  s tr ic t ly  positive defin ite  self-adjoint operator in  H .  W e consider th e  fol-
lowing semigroup (called an Ornstein-Uhlenbeck semigroup)

T ,f(x)-=- 1 B f(e - '^x± 1— e - 2 Ay)p(dy).

T h e  genera to r o f  { T ,}  i s  a n  opera to r i n  o u r con side ra tio n . W e  den o te  it b y  LA.

Moreover th e  associated Dirichlet form  is given by

e(f, g)=L(N A*D f(x), / A*Dg(x)) H *p(dx) (1.2)

w h e re  D  i s  t h e  H-derivative. I f  i1= 1 ,  t h e n  L A  i s  t h e  u su a l Ornstein-Uhlenbeck
operator L.

I t s  o r ig in  is  in  th e  q u a n tu m  field theory. In  physical literature, the  Ornstein-
Uhlenbeck operator in the M alliavin ca lcu lus is ca lled  t h e  N um ber operator a n d  our
Ornstein-Uhlenbeck operator is the f ree  H am ilton ian . So this operator is important in
physics.

T o  construc t S obo lev  spaces in  th e  M a llia v in  calculus, th e  M e y e r  equivalence
w hich insists th e  equivalence o f  tw o kinds o f  norms defined by L  and  D , is  essential.
S uch  a  problem  w as first discussed by P . A . M eyer [12] and then  M . K rée, P . K rée
[911 a n d  H . Sugita  [22] proved  it in  the higher degree case. I n  th is  p a p e r , w e w ill
ob ta in  a n  ana logous equ iva lence . T h is  problem  w as proposed by J. Potthoff [16].
T h e  equivalence in  our case is  a  little bit d ifferent from  that in the M alliavin calculus
because A  is not bounded in  general.

T h e  organization o f  th is paper is  a s  fo llo w s . In  the  sec tion  2 , w e g ive  a  precise
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definition of an O rnstein-Uhlenbeck operator and discuss the commutation relation of
L A  a n d  A/A*D w hich  is  u sed  la te r to  sh o w  th e  equivalence o f  norm s. W e a lso  p re-
p a re  the Littlewood-Paley-Stein inequ a lity . In  the  sec tion  3 , w e  g ive  a  proof of the
equivalence o f  n o r m s . I n  M ey er 's  p ro o f, the Littlewood-Paley-Stein inequality was
cruc ia l, W e a lso  use the Littlewood-Paley-Stein inequality which is extended to Hilbert
space valued functions in [19].

2 .  Ornstein-Uhlenbeck operator

L et (B, H, p ) be an  abstract W iener sp a c e  :  B  is  a  separable real Banach space,
H is  a  separable real H ilbert space which is embedded densely a n d  continuously in  B
and p  is  a  Gaussian measure with

p(1) Lexp —1B*<1, x> B1 p(dx)=exp 1111,4 , 1E B*c_,H*.

L e t  u s  define an  O rnstein-U hlenbeck process. T o  d o  th is , w e  g iv e  a Dirichlet
fo rm . L e t  A be a  stric tly  positive definite self-adjoint operator in  H and define _A to
be a  se t o f  all functions o f  th e  form

f(x)=P(n*<li, x>B, ••• , B*<1., x>B), (2.1)

w here  n E N , p  is  a polynom ial on IV  and 1„ ••• ,1„EC - (A*)(113*, A * : 11*--41* being
the dual operator o f  A  an d  c - (A * ) ,  n = , Dom (A " ) .  T h e  D irich le t form  in  our con-
sideration is given by

E(f, g)=L(-\/ A*Df(x), VA*Dg(x)) 1 1 p(dx) f, gE_A, (2.2)

Here D f(x ) is  a n  H-derivative o f  f  a t  x;

(. f x+ th)— f(x )
D f(x )[h 1 =  lim fo r  hEI1 (2.3)

W e assume th a t  C- (A * )f lB *  is  dense in Dom (A " )  u n d e r the graph  norm  o f  A*k for
an y  k E Z ., a n d  m oreover there  ex ists a  symmetric diffusion process associated with
the D irichlet form (2.2) (see, e. g. [10, 1, 181 for the construction).

The Ornstein-Uhlenbeck semigroup is given a s  follows ;

T t f (x ) , -- -- B f(e - "x+-V1—e - " A y)p(dy) fo r f Ec_A. (2.4)

T h e  above expression is well-defined if the sem igroup le -

t A l  g en era ted  b y  A  can be
extended to a  strongly continuous contraction semigroup in B  such  tha t, fo r t> 0

Ile- t A ll_run<1 •

where 11.1Lc(a) denotes t h e  opera tor n o rm . In  th is  case , {Pt }  is  a  Feller semigroup.
B ut in  our situation, (2.4) is well-defined tor f E A .  W e denote A/A*D by D A  and the
g e n e ra to r  b y  L A  to  sp e c ify  A .  W e  c a ll  L A  an  Ornstein-Uhlenbeck o p erato r. The
generator LA  is given a s  follows, fo r f(x)=P(B*<11, x>B, ••• , B*<1., x>n)
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L itf(x )= (A*1„ 1) ra2P 
1. 7  H  avav .13* N-a 1 , X  B , " •  B ••<In , X> B)

<A*1 x> aP (B*<l, x>B ••• B*<l x>B )•

Here <A*l i , x> is  the W iener integral o f A*/ i e H * ,  so it is defined almost surely.
By H-differentiating both hands in  (2.4), w e have,

D (T ,f )(x )= 1 3 e
- "*D f(e

- tAx+
,0 — e - "Ay)p(dy)

=e - "*T ,D f(x )

Hence we have the following commutation relation on _A;

D AT t=e -
"*T tp A • (2.6)

By differentiating in  t, w e  have

DA LA =( L A —  A * ) DA (2.7)

T h is  commutation relation p lays an im portant role in  th is  p a p e r .  It is convenient to
use  1—L A  to  define  Sobolev sp aces. S o  w e  co n sid e r 1—L A  a n d  l e t  {Pt } b e  a  semi-
group generated by LA - 1 : P t =e - tT t .

W e need a  bigger H ilbert s p a c e . L et H * ® n  b e  a  Hilbert space o f  a n  n-fold tensor
product o f  H *: 11*®n=H*0 ••• O H * . T h e n  / I*  c a n  b e  e x te n d e d  to  11"n w ith  the

derivation  property . In  fa c t, le t  dr(A *)„ be a n  operator in  11 * ® n  defined by ;

dP(A*)„12*0 ••• 01It= h t( D  •  0 - 1.*I I I ®  ••• ••• , hIEH*. (2.8)A=1

W e consider th e  operator 1—L A -FdP(A *)„ in  L 2 (p)O H *°n=L 2 (ii ; H * ® n ). T o  b e  more
p rec ise , w e  sh o u ld  w rite  1—LAO1H*0 , +1L 2(„)®dr(A *)„ in  p lace  o f 1—L A -FdT(A *) n .
But the re  is  no  fea r o f confusion, w e sim ply w rite 1— L A -F d T (A * ),.  L e t {Pin ) } o b e
a  semigroup i n  L 2( t t  ; H * ® n ) g e n e ra te d  b y  L A - 1 — d R A * )„. O f  c o u r s e , f o r  n=0,
P i° ) =P ,.  T h en , Pin ) can be represented as

Pin )u (x  )=E  [e
t o + d r c , 1 * ) ,O u ( X 0 1

(2.9)

w here E x  s ta n d s  fo r  th e  integration under P .  F u r th e r  it  is  e a sy  to  se e  th a t {Pin)} tao
defines a  strongly continuous contraction semigroup i n  LP(i.i; H * ° n ), for Now,
w e  c a n  e x te n d  the  com m uta tion  re la tion  (2.6) a s  follows. B y  n o t i n g  e -t(u rcA *)n —

e -tA*0 o e -tA* ,

D A P P ) =D A Pte - t A * 0  • • •  O e - t A *

= p te -tA *0  o e - t A * D A

n+1

' (2.10)

By differentiating in  t  w e  have
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DA(1-LA-kdRA*).)=(1- L A+ dr(A*) + ,)DA o n  _A(1-/ * " ) (2.11)

w here _A(H"n) , ,A0G - (A * )0  ••• ® C -(A ) (algebraic tensor product).
W e can  in tro d u ce  t h e  LP-Sobolev sp a c e  b y  u s in g  LA  and D A .  W e discuss the

relation between them. It is well-known that they define equivalent norms in  Malliavin
calculus, i.e . in the case of A=1.

W e need a  Littlewood-Paley-Stein in eq u a lity . L et us re v ie w  it  q u ic k ly . L e t fit,
t O be a  probability measure on f0 , 00) such that

,,
- e- as pt(ds)=e - l atf o r  a>0.

L et {Qin) }  be a Cauchy semigroup defined by

( P ) =Ç:P fl) p t (d s) (2.12)

W e sim p ly  d en o te  Qi°) b y  Q t . F u r th e r , w e  d e n o te  th e  genera to r o f  {Qin ) } by
— V 1 -L A -FdP(A*)„ as usual. N ow  w e define  Littlewood-Paley's G-functions by

a 2 112
OE(. 70U (X )= St

o t Q (X) d it( 2 . 1 3 )at

GIn,u(x )=if - tI DAQin)u(x)12„ (2.14)

T hen  the following Littlewood-Paley-Stein inequality is fundam ental (see [19] for the
p ro o f) . For a n y  pE (l, it holds that

uE,..4(H*"), (2.15)

11G in) u JIp JIUIJp, U e,A(H"n) (2.16)

H ere  11•11p stands for the LP-norm and w e denote  11744<liv11, if there exists a positive
constant cp  depend ing  on ly  o n  p  s u c h  th a t  Ilub<cpilvdp. W e use th is convention
throughout this paper.

3 .  Equivalence o f  norms

In th is section w e discuss the equivalence of norms defined by DA and L A . Let p
be any num ber in  (1, 00) and q be a conjugate exponent of p :l/ p + 1 / q = 1 . We denote
the inner product in  L2-space by (•, •), and w e use i t  a s  a  natural pairing o f  LP  and
L 2 . F irs t w e  have the following :

Theorem 3 . 1 .  It holds that

IIDAullp V1 - LAullp DAulln+Ilull, f o r  u (3.1)

P r o o f .  By using the commutation relation (2.10), w e easily  have

DAQt---Q1')DA
Hence
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D A /1 — LA =1/1 —  LA+ A * DA •

Then, for

—
a 

QP)DAu,,A— LA+A*Qii)DAuat
=D A QC O — L A U  •

Therefore

G ) ,DA u=G 1—LAu

N ow  by using th e  Littlewood-Paley-Stein inequalities (2.15) and  (2.16), w e  have

IIDAull n lIGinDAullp=11G10)A/1— LAullp.IIA/1— LAullp

T h e  reversed inequality is obtained by the  d u a li ty .  In  fa c t , w e  note  the  equality

(A/1—L A u, A/1 — LA02=(DAu, DA02+(u, 02.
T hen fo r  u,

I WI.— LA u, 021 I (DA u, DAN/1—LA– iv)21 + 1(u, A/1—LA– 'v)21

IIDAullqIIDA-Ji— LA - 1 7)11,+11ullqIIN/i-

,-11DAullglivIlp+IlullglIvIlp •
T hus w e have

II'Vl—LAul lq- IIDAudg+ M u dg

as desired. D

Remark 3 .1 .  By replacing 1—LA  w i th  —L A  in  th e  above proof, w e easily show

IIDAullp,-,11A/— LAullp.,11DAullp for u E A .

It is expected that sim ilar results hold in  higher degree c a s e s .  In  f a c t ,  it is  true
in  the  case  o f the  Malliavin ca lcu lu s . On the contrary, th e  sim ilar results d o  not hold
in  our case since A  is not bounded in  genera l. W e need  a  slight modification.

Proposition 3.2. For uE_A(H*("), it holds that

IlDkAulln,-11(1— LAd- d r (A * ).) k i2 u4 , k =1, 2, (3.2)

Proof. W e prove th is by induction on h .  F o r  k=1, b y  th e  sam e argum ent as in
the  proof o f  Theorem  3.1,

II DAu M J( I ; ; '_ 01+1)D A U MP
= 11Gin) -V 1— LAd- d r ( A *)nulIP

11/1 — LA+dr(A*)nullp •

N ext, assume (3.2) fo r  h .  T hen  by  using  (2.11)
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p=I1D ADkAull P

<111/1 —  I,  F  d r ( A * )n+ RDIÂUlip

= I1D kA1 / 1 —  A+ dr (A*)nuil P

LAd -dr (A*).) k "A/1— L A + d (A*)„ulj,

=11(1— LA- f- dr (A*).) ( "'"u11p

which completes the proof.

The reversed inequality does not hold in  general. But the following slightly
modified inequality holds.

Proposition 3 .3 .  For ueJi(H"n), it holds that

11(1 —  LA -  F d ( A * ).) l "u

EliDqU + 11 A/1—  LA - F d r ( A 4 )71+ k d r (A * )n + k - I )D IV I I I6

+11(1+ di" (A*)„ + k-2)DVullP

+1i1 L A+ d r ( A * )n+ k -B - 1 (1 + d r (A * )n+ k -0 2 D kA- 3 1 iliP

+11(1 +d r ( A * )ni-k-4)2D I 4 UIlp+ •••

111(1 -  F dr (A*) n ) k  1 2
 p ] for k: even

(3.3)
V1—LA+dr(A*)„ -- '0.+dr(A*)n) ( k  + 1 ) / 2  O p] for k: odd

P ro o f. W e prove this by induction on k .  For k =1,

I (4/1— L A - F dr (A*) n u, 021

=1((1— LA+ dr (A*)n)u, -V1— LA+ dr (A*) n
- l v)2 1

I MAU, D A  1 / 1— LA+d r(A * )n 1021

+ I (.0.— LA + (A*)n - '(1+ (A*) . )u ,  021

111).41111p1IDA../1—  L A - F d r

+11'0— LA+ d r (A*)„ - 1 (1d dr (A*)n)ullpliv11,

1D 414 L (A*)„- —  L A 4 d (A*),, - 1

+11'N/1— LA- F dr (A*) n
- 1 (1+ d (A * )n)ullplIvIlq

= {11D AO p+11 A/1 — L A - F d (A * ) n
- 1 (1- d (A*) n )24 p} 1101 q

which proves (3.3) for k=1 .
Assume tha t (3.3) holds up to k. W e first p rove  in the case tha t k is odd.
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=M(1—  L A +dl' (A *)) 2 ../1_L 4 dJ(A*) u p

2h [MD /1 —
 LA+dr(A*)flu  P

+

>< ./1_LA +dT'(A*) n up

+1(1+ df'(A*) +  k_2)DYV'1 L A +dP(A*) f l u

+ M i/i —  LA + d r (A ) f l + k 3 (1+dr(A*) f l ^k3)2 D

x V1_L A +dP(A*) n uMp

+  +  M ./1_LA+dr(A*)fl(1+dr(A*)fl)k^/2

x /1_L A +d1'(A*) n uJp]

=2k [M /1—  LA +dI'(A * ) n +kDup+ M(1+dT'(A*) n + k _l )D 4_l uII P

+M-  L A +  dP (A ) f l k̂ _2 (1+dV(A*) n +  k_2 )D 4
 2 u

+ M(1+dP(A*) n + k 3)2D U P + + (1 + d I'(A ) \<k+l)/2uJ ]n ,

2k [MDA DUM + M /1_L A +dT(A*) n + k (1+dP(A*) T h+ k)D 4 uMP

+ I(1+dT'(A*) n + k _I )D uJp + MDA (1+dI'(A*) n + k _2 )D i_2 uMp

+ , w/1—  LA + d r(A * ) f l + k 2
- l (1+d r(A * 2 D 2)n+ k - 2 ) U p

+l(1+dT(A*) n + k s )2 D S u p + + M (1+dP(A) <k+I)/2 uM ]n'

2' [ D 1 u M + M /1—  LA +d I(A *) f l + k (1+df'(A*) f l + k )D u l p

+ M(1+dP(A*) n + k _l )D l u II +  M1+ dP(A*) n + k l )D_ l u M

+ M %/1—  LA +dr(A *) f l + k _»(1+dT '(A *) n + k_2 )2 D 2 uMP

+lK1+dP(A*) n + k_3)2 D 3 uMn + +M(1+df'(A*) \(k+ l)/ 2 u j ]n ,

2 '[M D 'u  M+ M 'v'l —  LA +dP(A*) n + k  '(1+dP(A*) n + k )Du  I

+ IK1+dF(A*) n + k_l)DYu M

+  M s/i —  LA +dP(A *) IL +  k '(1 + d f '(A * ) +  k 2)2 D : 2 u M

+ (1±dP(A*) f l + k )2D 3 uJp+ + M (1+dP(A) (k + l)/ 2 u M ]n ,

Here we used that for  v E A ( R * ® r n ) ,  lE N

DA(1+dP(A*)m)IV(X) H ® (m  + i )(1+1IÏ*®dF(A *)m )DA V (X ) jj*® (m +1)

(1 + d T '(A * ) m + I ) I DAV(X) I (3.4)
To see this, we note that
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1
1H*8(771+1)+

1H *O d r ( A * )m  = 1 E4,0(71+1) + 1H*(2) S A * 0  0 1 H .

m+11 „ ,,
o(m+1)± j E l

1 H * 0  O A *0  0 1H*

=-1
H*0(rn+1) d r ( A

*
)m+i

since A * is  positive definite. Now (3.4) easily follows.
Similarly, we can prove in the case that k  is  even . This completes the p ro o f . D

B y noting that A /1— LA +dr(A *). - i  is bounded, we have

11(1— LA+dr(A*).)"ullp2k E 11(1+dr(A*).+k-i)c(` -")/21 DkA- lullp (3.5)
1=0

where [ . ]  stands for Gauss' symbol.
Now we proceed to estimate (1+ dr (A *)„ + „,)1,0771 . We need the following lemma.

Lemma 3 .4 .  For a>>0 , (1 ± d r (A * )n) a - c (1 —  LA + dr (A *).) - a is a bounded operator
in  L P(p)O H *" with

IK1 d  r  A * ) — LA+dr (A * ) n) - a  II C (LP  (p)011* C0n)

+2 -1 1 2 1"  (a) - 1  r (2CY — 2E+1) 1 121' (S)

where 11 •11 s u P ( p ) o n * o n ,  denotes the operator norm in  1,n(p)OH"n.

Pro o f . We use the spectral decomposition o f l+dT (A *) n ;

1d-dr(A *),4 :2 d E , i

Further, (1—L A -Fdr(A *) n )_a is expressed as follows ;

(1— L A -FdP(A *) n ) au=-- P(a) - 1 5°' d4 -  e—ztta- ldE,zT t u0 .1

Hence we have

11(1-1-dr(A *)a'(1 — LA - Fdr(A * )n) - a ullp

= 15:d t i 2a- tr(a) -- ie - 2 tta - idE2T t u

= Ptr (arit" - 172a - se 'tdE  2 T t u0

On the other hand,

1572" *e- "dE 1T t u  2 
H*On

, Ç c . * 2 2 a - 2 s e - 2 . 3 id(E 2 T t u, T t u),1

H*On

Haq3n
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= 22a-28 e -22 Y :{(2a-2s)22a-2E -1_222a-2e•, e-2 .1 t(E2T eu, T t u)d2

- D
2 a-- " - i(2t2—(2a-2E))e - 2 2 t(E 2 T t u, T t u)d 2

<5:222a -2ste-2 T u2t I t ..
I Ilee.d2

StIT tulleonÇ:2(2+1)2,2te_2(2+0t d2

,e.•- "t IT t u I li ten .ro 2.2 ' " '
( 2 2 a - 2 s +  1 2 a - 2 E ) e - 2 2  t d 2

e-2ttIT 1 u I
le e n 5:{(22)2 0-20+ 22a-2 } e -22 t d

0 0  1 Va -21
e ' I T u " ) "{102 - )

e d p + 2 2 " -- " - 1 1 (12, --2t2)

5e - 2 t  IT tu [ j *® n {2- 1 F(2a-26+ 1)es - 2 a+ 2 2 a - 2 5 - 1 }

e- 2 t t u {2-'i2P(2a-2E-1-1)"2C-a
+  2  a - 1 - ( 1 / 2 ) }  2

Thus we have,

11(1-kdr(A*) n r - €(1—LA-Fdr(A*).) - aullp

< dtr (a) - 't ' e - t  IT t it I ! p en  fr . -  "2- ' 12 1 " (2a —26-1-1)'" +2" - ' - ( ' " ) }
0

=111(11pr (a) - 1 12- 1 1 2 1 (2a — 2E+1) 1 1 2 5:e- t r - 1  dt±2 a - o - ( 1 ) 1 2 T e - t r - 1

(a) - i r (2a —2s+1)' (E)+2a - ' - " 1 2 )}

which completes th e  proof. CI

Now we have the  following proposition.

Proposition 3 .5 .  F or an y  1, mEN, i t  h o ld s  th a t fo r  uE..ii(H"n),

11(1 -  d r (A*),t+ .0' ullp,-. 2 1 11(1 —  LA+ d r (A * ) n ) ' + " + 1 ) / 2 u lIn. (3.6)

Proof. By Lemma 3.4, we have

11(i+dr(A*).ya—LA+dr(A*).)--(imullp2illull, •

Hence by using Proposition 3.2,

11(1+dr (A *).) LD1 uII

=11(1±dr(A*).) 1 (1— LA -1-dr(A*).) - 1 - "i 2 ) (1,— LA -Fdr(A *).+ .) 1+( " 2 ) D72 u

<2' II DT (1 — LA+ dr (A*).) 1 +"" ) u  p

L A+ d l '
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which completes the proof. 0

We summarize in  a  theorem.

Theorem 3.6. F o r  pE(1, 11(1— LA - Fdr(A*)n) k "u llp , k  =  0, 1, 2, ••• , and
11(1±dr(A*)n+.YD nitullp, I, m=0, 1, 2, ••• , are equivalent systems of  seminorms.

If  p=2, we can give an  equivalent norms. In fact note tha t in  this case, we can
take s=0 in  Lemma 3.4, i. e. '..7 1±dr(A*).-\/1— LA + d r(A * ) n

- 1  i s  a  bounded operator
with operator norm 1. So we have the following ;

Theorem 3 .7 .  Suppose that p = 2 . Then f or any 1, mEN such that 1-Em=k, it holds
that f o r uE_A(H"n),

11(i+dr(A *)n+7,31/2D2 u112- 11(1—  L A + dr (A*)n)k "Wiz . (17)

Conversely, it holds that f o r uE,f1(H"n),

io — L 4 +d r(A * ) ,x /2 /4 1 1 2 2 k 11(1+dr(A*)„.f.), I /2D72u112 (3.8)

4 . S ob o lev  spaces over an abstract Wiener space

W e a r e  now  in position to define Sobolev space over an  abstract Wiener space.
Let notations be a s  b e fo re . For sER, p>1, nE Z + ,  we define a  norm II •I18,p by

u 3, p := II( 1 —  L A  d r (A * )„ )" 'u  „ for u e,..)1(11"n ) (4.1)

W e remark that the above definition is well-defined. First, le t  u s  recall tha t for
(1—LA -F dr(A *) n ) - 7  i s  a contraction operator in  LP(p; Ii * e 'n ). In fact, we can

express (1— LA + dr(A * )„ ) - r  by using the semigroup {Pin)} a s  follows ;

(1— L A+ dr (A * )n) - 7  = r i(r) :. 'tr - T n ) dt .

By noting II P In ) 11.r(LP (p,H*0.)) e -  ,  we can see that (1—L A + d r (A * ) .) - = is  a contraction
operator in  L P (p ; H "n ). Hence, for s 0, (4.1) is well-defined for not only uEJ1(1/*®1 )

but also all uELP(ii ; H " n ).
For s=2k, kEZ + , (1—L A -kdr(A*) n ) k u is well-defined by noting the explicit form

(2.5). For general s 0  by choosing a  kEZ + , so that 2 k .s , and define

- 3 ) 1 2 k •(1—L,A + dr (A*).) , 12u--(1— LA+ dr (A*).)-(2 (1— L A+ d r(A * ),o uk

In another w ay, by using the spectral decomposition o f  1— LA- k d r (A * )n , we can
define (1 —  LA - Fdr(A *).)s 1 2 a s  a  se lf -a d jo in t operator i n  L2 ( p ;  H * ® n ). In this case,
noticing that

CO

n  Dom ((1— L A  dr (A*).)k),
k =1

(4.1) is well-defined for uEil(H*671).
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Now the Sobolev spaces can be defined as follows;

Definition 4 . 1 .  For each sE R , 1<p<0., the Sobolev space W P (R * ® )  is  a  com-
pletion of _A(H*6 4 )  w ith respect to  the norm

The following proposition is fundamental.

Proposition 4.1. (i) For and s' it holds that

p 1111118', p,f o r  u E . . A ( 1 1 * " ) .

(ii) 11•11,,, 1<p<00, s E R  satisfy th e  consistency condition, i.e., for any (s, p),
(s', p ')  an d  ukEil(11*°n ), kEN , such that Iliik11,,p—*0 an d  Iluk—aille,p , - 40 as k,
it holds that as k.-00.

P ro o f .  To prove (i), it suffices to show that

(4.2)

since p ',  for p 5 p '•  But, by noticing that (1— L A +  d r(A *)„ ) - (s' - s) is con-
tractive, (4.2) follows easily.

We shall show (ii). T o do this, we may assume that and s 5 s ' by (i). Set
vk—  L A +  d r (A*).)s" "u k• Then II vk —vt II P.

 —4) a s  k, l—>00. Hence, there exists a
vELP . (p ; H " " )  such that It is enough to show v = 0 . Now we notice

11(1 — LAH- d r(A * )0 (8 - 8 ' )/2vklIp=lluklIp., 0 a s  k-400
and

(1— L A +  d r(A * )„)(— )o w , n  L p(11; H*on)
pal

for w E_A(H *").

Thus, for W G - A (H " n ),

E (7 )(X ), W (X )),*e n tl(d X )

(V k (X ), W (X ))re en p (d X )
18-.5* J E

= u rn  (1— LA+ dr(A *).)"— )12
k E

X V k (X ),  ( l — LA+ d r ( A * ) n) ( 8 '  - 8 ) /2 w (X )) H se n t1(dX)

=0

which implies v=0. El

By the above proposition, we may regard Wv.P . (H "")g .W s.P (H "n ) for p p '  and
s 5 e .  In particular, by noticing W °.P (H "")=LP (p ; I i " n ) ,  W " ( 1 / * " )  is realized as
a  subspace o f  LP(p; H " " ) .  In the sequel, we use this realization.

Proposition 4.2. (i) For 1<p<co and s 0

Wi. P (H * " )=(1 —  LA+ dr(A *).) - "(V (11;11"10) •
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In other words, Ji(H*®") is dense in (1— LAH- d r (A * ). ) - 8 / 2 (L n (p ; 1 1 "")) under the norm
11. 118,p.

(ii) F o r  s _ 0 , the dual space o f  W s•P(H"n) is isomorphic to W  - "(11 " n ) where
1/ p+1/q=1. Further fo r  FEWLP(1 -1*°P) and GELP(p; 1-1" 70g.W - " ( H " n ) ,  it holds
that

ws.P ( li.on)(F, G) w -s. P( ir.on ) = E (F(x), G (x))„.. e n p(d x).

P ro o f . W e first show (i). Set

E=(1— LA+ d r (A * )n) - " ( L P ( [ 1 ; H " n )) •

T hen  E  is  a  Banach space w ith the norm  11. 11 In  fact,

(1— L A + dr (A*) n ) - ' 1 2 : (L i ; H * ' ), 11.1Ip) (E, 11 - 118.p)

gives rise  to  an  isometric isomorphism. B y  th is  isomorphism, it is enough to  prove
th a t ( 1 — L A + d r ( A * ) . ) 8 " ( - A ( H " n ) )  i s  dense in (L P (p ; H ""),  4 ) .

W e first show th is  in the case th a t s/2 is  a  non-negative integer, say k .  W e use
Nelson's technique. T o do so, w e introduce another class 3 (H "n ) .  Recall that A  is
the set of all functions of the form  (2.1). In  the  expression  (2.1), w e assum ed that
11, ••• , l n EC - (A * )n B * .  B y relaxing this condition as 1,, ••• , l C- (A *) we can define
a  w id e r  c la ss  l. S im ila r ly , w e  d e f in e  3 (H " ' 1)= 3 0 C - (A*)0 ••• OC - (A") (algebraic
tensor product). The advan tage  to  in troduce  th is  c lass ,J1(1-1*°n) i s  th a t  i t  i s  stable
under actions of 1—LA-Fdr(A*)„ and PP' ) , which can be seen from the explicit forms
(2.4) and (2.5).

T ake  v E L q (p ; H n ) so  th a t <u, v>=0 fo r uE(1—LA d-dr(A*) n ) k (,2(1--P ® ")). Here

<u, v>= . (u(x), v(x)),* e n p (d x ).  For u E 3 (H " 10, set

W(0= <V, Pi n ) B> for t .0 .

i 11ço(t)-4) as t—>CO since 11Pn)  1. (LPcp,.00n» B y the assum ption, we have

d k  

d t k
yo(t)=<v, (1— LA+ dr (A*)n) k P in ) u>

= 0 .

H ere w e used the fac t th a t PP' ) uE3(H "n ) since ji(11*(') u) i s  stable under the action
of P i " .  T hus ço is  a polynomial of degree less than k. N ow  it is easy  to  see  tha t
yo(t)_-0 and in particular,

<y, u>=0 for uE ,.(H*®n)

Therefore w e have v=0 since I ( R * ® )  is  dense in L P (p ;  H "P ).  By the Hahn-Banach
th e o re m  w e  have t h a t  (1—LA -Fdr(A*), i ) k (c1(H*")) is  dense in LP(p; 11" n ). From
th is , it is  easy  to  see  th a t (1— L A -  d r (A*) n )k (-A(H"T)) is dense . In  fac t, an  element
o f  (1— L  F  d  (A * ). ) k (A (1 1 * " ) )  c a n  b e  a p p r o x im a te d  b y  e le m e n ts  o f  (1—LA +
dr(A*)n) k (-A(111" " ) )  in  LP(p; 1-1" n )  by noticing the exp lic it fo rm  o f 1 — LA -Fdr(A*)„
and the assum ption  that C's(A*)nB* is  dense in  Dom (A * I) under the graph norm  of
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A* 1 for any / E Z + .
N e x t w e  show th a t  fo r general s (), (1— L A -Fdr (A *).) 8 1 2 , 4 ( H " n )  i s  dense in

(LP(12; 1/* ), 110. Take an integer k  so that 052k  — s< 2 . By the above result, we
have

H i p
(1— LA+ d r (A * ) )3 1 2 ( 4 (1 1" 10)

1 • R n
=(1— L A+ d r (A*)n)

- ( i k - - 8 ) 1 2 (1 —  L A + dr (A *),JkGA (Tpen))

(1—  L A+ dr (A *).) - ok /2((1_ LA+ d r(A * )„)k (A (H " n ) )  )

=(1—  L A + dr (A *)„) - ( 2 ' ) 1 2 (L P(p; H*°"))

2.(1 — LAH- dr(A*)„) . -1 (L P (te ; H*®"))

=Dom (1— L A+ d r (A*)„)

,,,q(11403)n) .

Here denotes the closure in L P(p; 11" n ). Since ..A(11* ) is dense in LP(1,,t; H*®"),
w e have

(1— LAH-dr(A*)„)'/ 2 (Ji(H*°n)) 1.11 P1 1 P LP(ti ; B*®")
as desired.

Secondly, we show (ii). By (i) , we obtained the isometric isomorphism A and C
as follows ;

A =(1—  L A+ dr (A*)„).1z : ws. , (H*.on) Lnca

C=(1—  L A  dr (A *) n )--s lz  :Tv-s , g(H*®n) ---> L q(p; H*®").

A s is w ell-know n, L P ( ti ; H " n )* a n d  L g(p; H " 'n ) a re  isometrically isomorphic and
hence W - s"2(H*®7 ) and W s.P(H*®")* are isometrically isomorphic under the isomorphism
A * C .  Moreover for FGWs• P (H " n )  and GE L g(f t; H*®")147 - 8 .g (H "n ) , w e have

ws,p(oon)<F, G> w -s, q ( H .on )

=w s,p(Hen)<F, A * CG>w-s,q(H*on)

= zpcp ; H*®.)<A F, CG>L q ( p ; 1 1 *0. )

(A F(),  C G (x ))„, 63,,, (dx )

=---1  (1 —  1, A+ d r (A * )703 1 2  F (X ) ,  (
1 —  LA+ dr (A * ),,) - s i 2 G(X)),*®,,p(dX)

=). (F(x ), G (x )) , o ( d x )

which completes the proof.

We set
W - 0 0 ,  i+(Hpen) : = w s .  p(Hpen) (4.3)

'Of
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(1147 8 . P( H *") . (4.4)

W - .̀ °- (H " n )  is a  Fréchet space and W - - " + ( l i " n )  is its dual space.

Theorem 4.3. For any  sE R , p>1, n E Z  +  an d  t> 0  the follow ing operators are
continuous.

D P (H * c " n ) P ( H " ( " " )A :W s ' (4.5)

W 8 . P (H " ( n + 1 ) ) P ( I I * " ): ----> (4.6)
L p(H*gn) Ws-2. pu i*on )A : Ws, (4.7)

p i n ) H p. p(H*871) P (Ip e n ) (4.8)

where W - .P (H "n ) is a  Fréchet space defined by

p(H*012) : ,  n  W s. (R*On)
sER

Moreover VP°. form s an algebra.

Proof. B y  u s in g  the commutation relation (2.12) and Proposition 3.2, w e have

IIDAu118-1,p=11(1—  LA+ dr (A * )n+0 " - 1 )  D AU liP

= 11D A( 1 —  L A+ dr (A * )n) "  1 )  / 212 11 P

— LA+ dr (A *).(1 —  LA+ dr (A *), i ) ( 8  - 1 )12 U

= 1112118,p

which proves DA in (4.5) is continuous. By the duality, we can prove that D I in  (4.6)
is continuous. So LA in  (4.7) is continuous since L A =— D A DA .

T o  p ro v e  th a t PP')  is continuous, we follow Sugita [23]. By noting (2.11), we
have for uE.A(H"n),

D(13  in)u)(x)Ehi=
t ( 1 4  d  f ( 4 . 1 9 ' ) D f (e-"x ± _ e-2tA A e -"h ]te (d y )

J B

Hence

DA(Pi n ) 0(X )Ehi

e -t(14-arC A *)70D f(e-tA x+ ,s/1 r— e- 2 "  y. )1: V Ae - t  A  hi p(dY)
JR

e- to+dr(A*).)D,{f(e - tA x A/1— c u A Y )}  [ (  A ct / A/1— e - tA)h]p(dy)
JR

e-t(1 + d r(A* )n) f (e - t A  X +171 —  e- "A y)D*((Arife - "/ -V1— e - ")h )p (d y )
.13

e - t ( l+ d r (A s )n )f  (e -2Ax + A/ 1 _ e -2tAy)<( 1/Ae - 2 A /1/1 — e - t A )h, y> te(dy)
JE

where <( vTie -tAi _ e-tA )h  y> is a W iener integral (so it is defined almost surely).
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On the other hand, for any gE LP(/.2; H * ® n ) , a  linear mapping

13 g(y)<h, y>p(dy) (4.9)

is of Hilbert-Schmidt class operator from H  to  H " n .  To see this, set

0 1 (h) -=- B g(y)<h, y>p(dy).

For a complete orthonormal system in H , Rh i , •>17=, forms a  complete ortho-
normal system in the W iener homogeneous chaos of order 1. Hence we have

<0 00

g (h )I ( 2 ) (H;H*0.)= E 10 g (h i )12
H ton= E

i= i i=1
.ÇB g(y)<h, y>p(dy)

2
H * o n

= 11J1g112

w here  / ( 2 ) (H; H * ® n )  denotes a  s e t  o f  all Hilbert-Schmidt class operators from H to
H * ® n , •  I / (2 ) (H :H * O n )  is its  Hilbert-Schmidt norm and J 1 i s  a projection operator to the
space o f H*'"-valued Wiener homogeneous chaos of order 1, which we denote Z i (H "n ).
Since LP-norm a n d  L 2 -norm a r e  equivalent o n  th e  subspace Z , (H * )  and  J i  i s  a
bounded operator also on  L v (p ;  H " " )  (see Sugita [22] Lemma 1.1 and Theorem 2.3),
we have

11.fig112.11g1lp •

Moreover, fo r a  bounded operator K:11 - 4 -1, the com posite mapping 0,0K  is also of
Hilbert-Schmidt class and

10,0KI-c
( 2 ) (H:leon) gl-c(2)(H,H*en>11K .c(H;H),•'5_,I1glIplIKILccH;H) •

W e  c a n  e a s ily  se e  th a t VAe -
1/A/1— e- tA i s  a  bounded operator by using the

spectral decomposition. In fact, by noting that Vle'/A/1—e -- " 1 / V 2 t  for 1 -13, we
have 11(-\/71- e- t A /A/1—e - t A )11.E(H) 1/1/2E Thus w e have

D4(Pi n ) 1 2 )(1 )  H *0(n+ 1)

<JÇ le - t ( l + d r ( A * )
n) 11(e - t A X + " V 1 e - " A 31)1 fegn} 1/P Ae--"/ V1—e - ")11_ccH)

._.{ B lu(e - "x+-V1— e - " A y)li'ee.} 11P 11(A/Ae- "/V1—e - ")11.r(H) •

Thus we obtain

WAPi n  ) u II Ç Iu(e -
tA x +

 A ll— e-2"3)1711*enti(dY )t(dx)} 1ip /1727

,112473/ 1  / .

On the other hand,
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11(1-kdr(A*)„)Pi 7 ) W1,

( 1 +  d i '  ( A * ) „ ) e -
to+dr(A.)0 u (e -tAx + . 0 _ e -2tA A t t (d y ) p(dx) 

11/p

y in
II ( 1 d - d r ( A * ) n ) e - to+dr(A*) „ )11.c ( H ) .6 B E Iu(e - tA x + .0 _ e - 2 t.,i_.Y) On P(d Y) Ii(d X )

u 11p/et

since 2e - t À  .1./ e t for ,1 0. Set s= t/ (/ + m ). Then by the semigroup property o f  {Pin ) }
and (2.9) w e have

11(1H-dr(A*)„., nt a n  P i" )1 4 ,

=I1(1+ ••• (1+ dr (A *)„,,m )P"+ "

x D DA P")u p

...(1/es)'(1/ A / 2 s )m p  •

N ow  by using (3.5) w e can  show th a t 
p )

 in  (4.8) is continuous.
L a s t ly , w e  show  t h a t  117 -  - - -  fo rm s a n  a lg e b ra . T a k e  a n y  f , .  It is

enough to estim ate the  L P norm  of (1+  d (A *),,+  D kA (f g). B y  the Leibniz rule, w e
have

d r(A * ) 1kD'(f g)Chi, ••• , Ilk]
k 1

jE oI C j )  dr (A *)1D iA todr (A*)L=1D ,A- i g [h,„ • • , k ]

w h e re  a  r u n s  o v e r  a l l  perm utations of {1, •-• , k} . T hen , by using the Holder in-
equality w e can get a  desired estimate. El

N ext w e show the Rellich type th e o re m . If A = 1  and B  is  an  infinite dimensional
space, then the inclusion Ws'• n (H "n )c,W s.P (H "n ) f o r  s ' < s  i s  n o t  com pact. So we
impose the condition th a t  A '  is  com pact. Then w e have ;

Theorem 4 .4 .  Assume that is com pact. T hen for s '< s  the inclusion W s P(H*on)
c..147 'P (1 1 "n ) is compact.

P ro o f .  B y the definition of Sobolev spaces, it is enough to  prove that for r> 0 ,

(1— L A+ dr (A *) n r  : H *® ") --->  LP ( p  ;  1 1 " n )

is  com pact. W e set S.--- ( 1—LA-kdr(A * )n) - •̀
First w e prove in case of p = 2 . Since A '  is  compact, A  h a s  o n ly  point spectra

w h ich  tend  to  c o ,  s a y  0< 22-<2, ••• —).00. Then, d r  (A * ). has only point spectra.
In fact,

o ( d r 2 ,+2 ,2 + • • • i2, ••• , i n = l, 2, •••}

w h e re  a (d r (A * )n )  deno tes t h e  spectrum  o f  dr (A*),„ M oreover, by  no ting  tha t
cr((d 2 / dx 2 ) —x(d/ dx))= {0, —1, —2, •••} w e can easily see that
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a(S)=-1(1+ n i 2,4-2„-E2„-F ..• +2
I n ) - 7

i= 1

(n ,, n 2 , •••)E .V F't  , nt<oo, j 1 , i2, in= 1, 2, •••}-.

H ence S  h a s  o n ly  p o in t sp e c tra  te n d in g  to  0. N o w  th e  com pactness o f S  easily
follows.

For genera l h >1, w e borrow  the argum ent of [6] Theorem  1 .6 .1 . W e first notice
th a t S  is  a contraction operator. W e can take a sequence of projection operators fn.}
o f finite rank such that {2r7,1 converges strongly to the identity operator o n  L P(p; H * ® 1 1 )
fo r each p > 1  (e .g ., ta k e  a  conditional eqpectation under a  finite a-field). Since S  is
compact in 1, 2 ( p ; H " n )

lim lIS — rnS ilza2(p:ieen))-=0

B ut, by  the contraction property

11S - 7  r nS11.f (L P  (p;H*On))

f o r  a n y  p > 1 .  F o r  f ix e d  p # 2 , take  p ,  so  th a t  2< p< p, o r  p 1 < p < 2 . Then there
exists OE(0, 1) so  th a t 1/P= 8/2+(1— O)/PI. B y  th e  Riesz-Thorin interpolation theo-
rem , w e have

II S 511S—rnSIII(L2(1e;II*On))11S rnS 111 :-(1 17 1 (p:11* On))

0 ( a s  n--> co) .

Since 7rnS is  o f f in ite  ran k , S  is  co m p ac t in  L n(p ; 11" n ). T h is  completes th e  proof.
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