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Lipschitz stability in the lateral Cauchy
problem for elasticity system

By

Jin CHENG, Victor IsAkov, Masahiro YAMAMOTO and Qi ZHOU

Abstract
We consider the isotropic elasticity system:

pdiu — p(Au+ V (Vi) — VAV u)

3
=Y Vu-(Vu; +0u)e; =0 in Qx(0,7)

j=1

for the displacement vector u = (u1,u2,u3) depending on = € Q and
t € (0,T) where Q is a bounded domain in R® with the C*-boundary,
and we assume the density p € C?(Q x [0,7]) and the Lamé parameters
A € C¥(Q x [0,T])). We will give Lipschitz stability estimates for
solutions u to the above elasticity system with the lateral boundary
data
u=g ondNx(0,7), du=h onl x(0,7)

where T" is some part of 9Q. Our proof is based on (1) a Carleman
estimate with boundary data, (2) cut-off technique, and (3) principal
diagonalization of the Lamé system.

1. Introduction and basic results

In this paper we are interested in Lipschitz stability estimates in the lateral
Cauchy problem for the classical elasticity system

pdtu — p(Au+ V(VTu)) — v(AVTu)
(1.1) : .
- Z Vi (Vu; +0ju)e; =0 in Qx(0,7)

Jj=1

for the displacement vector u = (uq,us,us) depending on & = (z1, z2,23) €

and t € (0,7). Here Q is a bounded domain in R® with the C2-boundary,
1

Q = Qx(0,T), v is the outward unit normal vector to 9, and e; = | 0],
0
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0 0
es=[(1],e3=[0]. We will assume that the density p € C?(Q) and the
0 1

Lamé parameters p, A € C3(Q), p > 0 and 3A+2u > 0, p > 0 on Q. We will
give stability estimates for solutions u to (1.1) with the lateral boundary data

(1.2) u=g on 9 x(0,7T), du=h onT x(0,7),
where I' is some part of 0f.

We will use the following notation: d; = 9/0x;, 0y = 0/0t, V = (01, ...,
On)y Vet =(01,...,0n,0), 0, =ad? — A, £ =0Q x (0,T). We set

full@) = ( [ as) "

H*(Q), s € N denotes the L?-based Sobolev space with the norm

lullfy (@) = >~ 1D ull3(9) -

| <s

When we consider the space H*(R"™), this norm can be equivalently defined by
means of

lully(®™) = (2m)~" /(1 +1EP) [a) e,

where u is the Fourier transform of u. This definition extends to s € R. We
will drop the symbol € in norms and integrals when 2 = R™. The norms
|- l2(I" < (0, 7)), [| - [[1)(I" x (0,T)), etc. are defined similarly.

Our main results are the following theorems.

Theorem 1.1.  Assume that the functions ¢, @1 are strongly pseudo-
convex correspondingly in Q\ (z°,T/2) and in Q\ (x',T/2), with respect to the
differential operators pd? — ul\, pd? — (2u+N)A, 2°, 21 are different points of
Q, o1(21,T/2) < p1(2°,T/2),

(1.3) <0, ¢1<0 on Qx{0,T}
and
(1.4) 0<¢, 0<¢ on Qx{T/2}.

Assume that I' C 092 satisfies

(L5) {z € 0Q; (Vp(z,t) - v(z)) <0, -
(Voi(z,t) -v(z) <0 forallt€]0,T]} DIQ\T.
Then there is a constant C depending only on Q, ¢, ©1, p, i, A, I such that

(1.6)
[0ea(-, )l|2(€2) + [[ul, )1y () + 18:V T a (-, )]2(2) + [V (-, ) [ 1)(2)
< C{[[hl2(T" x (0,7)) + llgll1) (%)
+ [V ul| (1) (%) + 118, V" al[2(T x (0,T))}
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when 0 <t <T.
If xg & Q, then we can take p1 = @ and in Section 4, we consider only
such a case.

In the case of 2 € Q, a usual choice of ¢ (e.g., see (4.3)) does not satisfy
the pseudo-convexity. Therefore we need two weight functions ¢ and ¢; in
Theorem 1.1. We will recall the definition of a strongly pseudo-convex function
in Section 2.

We can give more explicit results in two important particular cases:

(1) QC B(0; R) ={z;|z| < R} and I = 99,

(2) QC {-h <z3<0, 2} +25 <r?} and I is open in 9.

Theorem 1.2.  Assume that the functions a = p/u and a = p/(\ + 2u)
satisfy the conditions

(L.7)
1 T T 1
92a<a—|—§ (t—5> oa—+a? (t—;) Va> <a+§x-Va—§8na
0’a <1 onQ.

If in case (1) R < 0T/2 and in case (2) T' contains {0 < x - v — fvy,} N OQ,
7% + h? + 2h3 < 02T? /4, then bound (1.6) holds.

We expect that the terms with V7u are not needed in (1.6) and can be
eliminated by more sophisticated methods.

Next in place of 9,u = hin (1.2), we take the surface traction for a stability
estimate. In this paper, for brevity, we further assume that g = 0. That is, in
place of (1.2), we consider

(1.2) u=0 on o x (0,7), oc(u)y=h onT x (0,7).
Here the stress tensor o(u), a 3 x 3 matrix, is given by

o(u) = )\(VTu)(el,ez,eg)
+ pu(Vug + 01u, Vug + dau, Vug + dsu).

Theorem 1.3.  Assume that the functions @,p1 are strongly pseudo-
conver with respect to the differential operators pO2 — pA, pd? — (2u + N)A
correspondingly on Q \ (x°,7/2), and on Q\ (z*,7/2), 2°,x' are two different
points of Q, p1(x!,T/2) < p1(2°,T/2), and satisfy (1.3), (1.4), and (1.5).
Then there is a constant C depending only on Q, ¢, ©1, p, i, A, I such that

[8ra(, )l|2(2) + [l )1y () + 0.V ul-, 1)][2(2)
(1.8) + VT u(, )l 1) ()
< C{|h[2(I' x (0, 7)) + [[Vh|2(T" x (0,7))}

if u e C%(Q)? satisfies (1.1) and (1.2)', and VTu € C?*(Q)3.
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Theorem 1.4.  Assume that the functions a = p/p and a = p/(A+ 2p)
satisfy conditions (1.7). If in case (1) R < 0T/2 and T' = 09, and in case (2)
T contains {0 < z-v — B, } NOQ, r2 + h% + 2hB3 < §2°T?/4, then bound (1.8)
holds.

Sharp uniqueness in the continuation for the static elasticity system with
any first order perturbations (and smooth coefficients) was obtained by Dehman
and Robbiano [6]. Using much more elementary techniques, Ang, Ikehata,
Trong and Yamamoto ([2]) reduced a static system with zero order pertur-
bations to a principally diagonal one and obtained sharp uniqueness of the
continuation results under reduced smoothness assumptions. The dynamical
system with constant coeflicients has been considered by Bukhgeim and Kar-
dakov [4] by using spherical means and by Alabau and Komornik [1] who trans-
ferred to this system the original approach of multipliers used by Lop Fat Ho
[22] for the wave equation to obtain sharp stability estimates in energy norms
(cf. Grasselli and Yamamoto [8]). The time dependent classical elasticity with
variable coefficients and arbitrary first order perturbations was considered by
Isakov [13] by pseudo-convexity methods. See also Isakov [14]. In the forthcom-
ing paper (Eller, Isakov, Nakamura and Tataru [7]), sharp uniqueness results
for the lateral Cauchy problem for system (1.1) and some conditional Hélder
type stability estimates are proved on the basis of Tataru [25]. The results
of these papers are obtained by combining known results for scalar hyperbolic
equations of second order and principal diagonalization of the elasticity system
and they imply approximate boundary controllability of this system. For the
stabilization for the elasticity system, we can refer to Horn [11]. Yamamoto
[28] applied principal diagonalization to some inverse source problems for the
Maxwell system. Recently, Lebeau and Zuazua [21] obtained quite complete
interior controllability results for a thermoelasticity system where Lipschitz sta-
bility is not possible. About general approaches to such estimates for scalar
hyperbolic equations of second order, we refer to papers of Bardos, Lebeau and
Rauch [3], Burq [5] (methods of geometrical optics) and Tataru [26] (methods
of Carleman estimates).

2. Lipschitz stability for principally diagonal hyperbolic systems

In this section, we do not assume that the spatial dimension is 3. In other
words, €2 is a bounded domain in an n-dimensional space.
We are considering the following system of partial differential equations

(2.1) P(uj +bj(z,t;Vyu,u) =0, j=1....m inQ=Qx(0,T),

where the principal part P(j) is a real second order t-hyperbolic operator with
C*'-smooth coefficients, b; are linear functions of Vu with L>(Q)-coefficients
and u with L"T(Q)-coefficient, and u = (u1,...,u;). We will impose the
following Dirichlet lateral boundary condition

(2.2) u=g on 3.
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To formulate results we need a (weight) function ¢ € C?(Q). This function is
called strongly pseudo-convex on Q) with respect to the operator P with the
principal symbol p(z,t;¢), ¢ € C**! if Vi is not zero on Q and if for any
(x,t) € Q, the equality

p(xvt;<)207 CZS""“—V@, T#O

or
p(z,t;8) =0, Vep(z,t;8) - Vaup(w,t) =0,  £#0
implies that

n+1
> 9;0000p/0¢;0p/0Ck + T S(OkpOp/OCk) > 0

j,k=1

(cf. Hérmander [9], [10]). Here @ denotes the complex conjugate and S is the
imaginary part.

Let T_ ={x € 9Q: (Vo(z,t)-v(z)) <0foralte (0,7)}, Iy =0Q\T_
and I' be a neighbourhood of I'} in 092.

Theorem 2.1.  Assume that @, p1 are strongly pseudo-convex corre-
spondingly on Q \ (z°,T/2) and on Q \ (x',T/2) with respect to P(j), j =
1,...,m, and satisfy conditions (1.3), (1.4), and (1.5), 2°, 2! are two differ-
ent points of Q, o1(xt,T/2) < p1(z°,T/2). Let u satisfy (2.1) and (2.2) with
g = 0. Then there is a constant C' depending only on Q, ¢, 1, P(j), b;, T
such that

10ru (- 1) [2(€2) + [lul- 1)[[1) () < Cll,ul[2(I" < (0,T))
for allt € (0,T).

Proof. By conditions (1.3) and (1.4), there is €1 > 0 such that

(2.3) p< —e1, p1<—€ on Qx ((0,e1)U (T —¢e1,T))
and
(2.4) 1<, €1 <1 on Qx(T/2—¢e1,T/2+¢€1).

Henceforth we set B(zg,T/2;6) = {(x,t) € R |z — 22 + |t — T/2|% <
§2}. To apply Tataru’s Carleman estimates ([27, Theorem 1]), we make use
of cut-off functions 0 < x,x1,x2 < 1. Let x € C*®(R), x = 0 on (0,&1/2) U
(T —e1/2,T),x =1o0n (¢1,T —€1). Let x1 € C°(R"), x1 = 1 near 90\ T
and x; = 0 near I'y. Let B; be the ball B(z°,7/2;6) C Q with By not
containing the point (x1,7/2). Let x2 € C*®°(R" 1), ya =10on Q\ By, x2 =0
on By = B(zY,T/2;5/2). In addition using the conditions of Theorem 2.1, we
can choose § so small that o (2!, T/2) < ¢1(x,t) for (z,t) € By.
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We have
u=ug+u; +us+us, where
(2.5) u = (1 —x)x2u, W= xx1X24,
uy = x(1—x1)xeu, uz=(1-x2)u

We set w; = (U1, .-+, Uim), 1 =0,1,2. B

Observe that suppu; C K7 where K7 is a compact subset of Q x [e1/2,T —
€1/2]\ By with K7 N 9Q contained in I's x [0,7] C I'_ x [0, T] which does not
intersect I'y. Since I'y C I'_ and does not intersect I'; , the Dirichlet boundary
operator on I'; satisfies the strong Lopatinskii condition in the direction V1

([27, Proposition 5.1]). Henceforth let |a] < 1. By Theorem 1 in [27], there
exists a constant C' > 0 such that

(26) TN 0% 5]3(Q) < Clle™ P(juryl3(Q),  1<j<m

for large 7.

Similarly, suppus C K, where K is a compact subset of Q x [g1/2,T —
€1/2]\ By with K3 N 9Q contained in T x [0, T]. The Cauchy boundary ope-
rators always satisfy the strong Lopatinskii condition (cf. [27]) in the direction
V. By Theorem 1 in [27], we have

2.7) 72T 0 un 3(Q)
< C{lle™ P uzl3(Q) + 7€ dyuz [3(F x (0,7)}, 1<j<m,

for large 7 > 0.
Here and henceforth C' > 0 denotes a generic constant which is independent
of 7. From (2.5) and Leibniz’ formula

P(j)ur; = xxaxeP(j)u; + A1 (uy) = Ar(us j), 1<j<m,

due to equations (2.1). Here A;y.;, A(-;j) are linear partial differential operators
of first order whose coefficients of the first-order terms are in L>°(Q) and the
coefficients of the zeroth-order terms are in L"*1(Q) (depending on Y, x1 and
X2). A similar formula holds for us,;, 1 < j < m.

Using these formulae, adding inequalities (2.6), (2.7) and summing over
j=1,...,mand |a| <1, we arrive at

Z Y e 0 unglI3(Q) + (€m0 uayI3(Q)

J=1al<1

+ [[€7P0%u0y;3(Q) + lle™ 0%z [13(Q)}
(2.8) < C(Z > e 0% u,ll3(Q +Z||qg e u;|3(Q)
j=1]al=1

+7]le™ 0, u;13(T x (0,T))

£ rleleme gy, [3(Q) + ||ewa“u3;j||§<c2>)-
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Here gju; is the zeroth-order term from by, ..., b,,. Let n > 3. Since Q € R7 !
and ¢; € L"T(Q) for 1 = 1,...,m, by Holder’s inequality and the Sobolev
embedding we obtain

le™#qju;]3(Q) < ||Qj||2Ln+1(Q)HewujH%z(nﬂ)/(n—l)(Q) < Clle™u;ll gy

< O [ 7lle™u3@) + Y €T 0%u;l3(Q)

lo<1

Hence by taking 7 large, we can eliminate the term |le™?g;u;||3(Q) in the right
hand of (2.8), so that equality (2.5), the triangle inequality (in the left side of
(2.8)), and (2.8) yield

m
YD e oy |3(Q)
J=1l]al<1

(2.9) < O[> > {lem?0usl5(Q) + rlle™ B uyll3(T x (0,T)

i=1lal<1
+ 372072 0%u13(Q(1) U By} |

where Q(1) = Q x ((0,e1) U (T —¢1,T)). Choosing 7 large, we can eliminate
the first terms ||e™?9%u;||3(Q) in the right side of (2.9).
Next we will eliminate the terms
75 210lemP 9%y [|3(2 % ((0,€1) U (T — €1, 7))

Due to condition (2.4), the left side in (2.9) is greater than

m

e27e Z Z ||8auj||§(Q x (T/2 —e1,T/2+¢1)).

J=1]al<1
Writing the last sum as
T/2+e1 m ,
[ TEwmd E0=Y 3 10tuC0lB@)
T/2=e1 j=1lal<1

and observing that by elementary properties, the integral with respect to ¢ is
not less than 2e1 E(0) for some 6 € (T/2 —e1,T/2 + €1), we conclude that the
left side in (2.9) is not less than 21271 E(0).

Since system (2.1) is t-hyperbolic, the known energy estimates (e.g., John
[15]) imply that E(t) < CE(#), E(t) < CE(0),0 <t < T. Using the above
bounds from (2.3) and (2.9), we conclude that

21 E(0) < C(7]|e™?0,ulj3(T x (0,T)) + m3e =271 E(0)

m
+3°3 rllemeovu|3(Br) + e ul3(B)).

i=1|al=1



482 Jin Cheng, Victor Isakov, Masahiro Yamamoto and Qi Zhou

Again choosing 7 large we can eliminate the term in the right side containing
E(0). After that we fix 7 and, using that E(¢) < CE(0), we will have

(2.10) E(t) < C(|0,ul3(I x (0,7)) + [[ullfy (B1)-

The last step of the proof is to eliminate the norm over B;. To do it we
will use the Holder type conditional stability estimate in the Cauchy problem
from [7].

Let Q. = QN{(z,t);p1(x,t) —p1(xt,T/2) — 69 > }. Due to the choice of
B; we have By C Q. for some small positive €,dp and (z*,7/2) is not in Q.
We will fix such €, dp. By Theorem 3.3 in [7] we have

[ull(1)(B1) < [Jull(1)(Qe)
< C{[|yull2(T x (0,7) + [|8,ull5(T x (0,7)[lullf;,*(Qo)},

where 6 € (0,1) depends on . Using the Holder inequality, for any §; > 0,
we can choose C(d1) > 0 such that a?b!=% < §;b + C(6;)a and combining the
above inequality with (2.10) without the norm over Q(1) and with the obvious
bound ||u\|?1)(Q) < CE(0) we finally obtain

all(1)(2) < C(61)[[Bvull2(T" x (0,T)) + Cdy[|ull) (@)

Choosing 07 < 1/C we eliminate the last term and complete the proof of
Theorem 2.1. O

In this proof we have used general Carleman estimates of Tataru ([27]) and
the device of Klibanov and Malinsky ([16]) and of Tataru ([26]) for deriving
Lipschitz stability from such estimates. A new ingredient is the introduction
of the cut-off function x;. See also Lasiecka and Triggiani [19].

Now by using the sharp bounds of Lasiecka, Lions and Triggiani ([18]) in
hyperbolic problems under minimal regularity assumptions on their coefficients,
we will remove the condition g = 0 of Theorem 2.1. In the case of smooth
coefficients, such estimates are due to Sakamoto ([24]).

Lemma 2.1.  Assume that equations (2.1) do not contain the terms with
a,ﬁkuj.

Then there is a constant C' depending only on Q, T, P(j), b;, j=1,...,m
such that any solution u to (2.1) and (2.2) with the initial conditions u = ug
and Oyu = uy on Q x {0} satisfies the bound

(2.11) (e, ) 2)(2) + 19u(-, £)]]2(€2) + ([ Gpul|2(3)
< C(llaoll(1) () + [luall2(2) + lIgll 1) (2)),
when 0 <t <T.
Proof. Let us consider the scalar hyperbolic problem
v+ Av=F inQ
(2.12) v=19, O =11 on Q x {0} ,
v=_G on3, wherevy=G on 90 x {0},
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where A = —%9;(a’*9),) with a/* € C1(Q) strictly uniformly positive on Q.
Let T' < Ty. Let G* be an extension of G onto 2 x (0, Tp) with [[G*[|(1)(9Q x
(0,Tp)) < Cr||Gl|(1)(¥). The existence of G* is guaranteed by extension theo-
rems for Sobolev spaces. Let us extend F' onto Q x (T, Tp) as zero. By Theorem
4.1 in [18] for solutions v* to extended problem (2.12), we have

107 D[y () + 10e0™ (-, ) [[2(2) + 18007 [[2(32)
T
< Co (/0 1 $)ll2(2)ds + ool (1) (€2) + [oa[[2(2) + [G7{] 1) (92 x (OvTo))>

where Cy depends only on 2,7y, the constant of ellipticity of A and on
lla"*]l1)(Q). Hence

(2.13) o O)ll) () + 10w (-, 1) [12(€2) + ([0 v]l2(X)
T
< Co </0 1E (5 s)l[2(2)ds + [lvo 1) (2) + [lva [[2(2) + CT|G||<1)(E)>-

We will apply bound (2.13) to any of equations (2.1) written in form (2.12)
where A is the divergent form of the principal elliptic part of P(j) and F' is the
sum of b; and of the remainders from the transformation of P(j) into the diver-
gent form. Observe that ||F(-,s)[2(22) < C(|[u(-,s)1)(€2) + [|0:u(-, s)]]2(22))
where C depends only on the C''(Q)-norms of the principal coefficients of P(j)
and on the L% (Q)-norms of other coefficients. Summing these bounds over
7 =1,...,m and applying the triangle inequality, we will have

(s )l () + 18sul, )[[2(2) + [[Gsull2(%)

T
< Co </O (s 9)lly () + [18rul:, 5)[12(2))ds

+ luolfay () + [[ua [l2(2) + CTIIgIIm(E))

for all t € (0,7). When T < 1/Cy by taking supremum of the both parts of
the obtained bound for u and using elementary properties of the integral, one
eliminates the integral term. Since smallness of T" needed for that is determined
only by the coefficients of system (2.1) and since the energy at ¢ = T is bounded
by the initial energy and the Dirichlet boundary data, we can repeat this step
and in a finite number of steps to exhaust the whole initial interval (0,7).
Observe that T is used to guarantee that the constant Cp in (2.13) does not
depend on T. The proof is complete. O

This lemma permits us to eliminate the condition g = 0 of Theorem 2.1.

Corollary 2.1.  Assume that the operators P(j) do not contain terms
with 0;0ru;. Let functions ¢, p1 be strongly pseudo-convex and satisfy con-
ditions (1.3), (1.4), and (1.5) as well as other conditions of Theorem 2.1 on

¥, P1-
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Then there is a constant C' depending only on Q, T, ¢, P(j), b;, I' such
that any solution to problem (2.1) and (2.2) satisfies the bound

(2.14) 10ca(-, £)[12(2) + [lul, 1)l 1) () + [Gvull2(%)
< C(llgll1)(E) + 0vull2(I" x (0, T7))).

Proof. To derive this result from Theorem 2.1 and Lemma 2.1, we in-
troduce a function uf € H'(f2) coinciding with u on 9 x {0} and such that
lugll(1)(2) is bounded by C||gl/(1)(X). Solving the initial value problem for
hyperbolic system (2.1) with the initial data (u*(-,0), 9yu*(-,0)) = (u§,0) and
the lateral Dirichlet data g on 3, we obtain a function u*. By Lemma 2.1

(2.15) (- D)1y () + [|0,u” (-, 1) [[2(2) + [[0,u"[[2(X)
<COlgll(®), 0<t<T.

Subtracting u* from u, we obtain for their difference equations (2.1) and the
zero lateral Dirichlet data on X. Applying to this difference Theorem 2.1 and
combining its bound with (2.15) by the triangle inequality, we complete the
proof. O

Now we discuss cases (1) and (2) in the n-dimensional case:
(1) QC B(0,R) and T C 09,
2)QCc{-h<z, <0, 23+ - +22_, <r?}
which are already introduced before Theorem 1.2 (the three dimensional case).

Corollary 2.2.  Assume that the coefficients a = a(j), j =1,...,m of
the principal parts P(j) = Og;) of system (2.1) satisfy conditions (1.7).

If in case (1) R < 0T/2 and T = 092 and in case (2) T' contains {0 <
v — P, NOQ, r?2 + h% +2h3 < 6?T?/4, then bound (2.14) holds.

Proof. We will apply Corollary 2.1 with
p=e" -1

and
Y(x,t) = a:% 44 wi_l + (z, — B)? —62(t — T/2)2 —s.

It is known that under conditions (1.7) with respect to the principal coefficients
the function ¢ = exp(ov)) for large o is strongly pseudo-convex in Q\ {(3,7/2)}
with respect to the wave operators C, ;) ([14, Section 3.4]).

In case (1) we let 3 = 0 and will make use also of the funcion ¢; = e 1,
U1(x,t) = Y(x1,...,Tn—1,%n — Po,t) with small Gy. Then condition (1.3) is
satisfied with any s > R? — #?T2/4 and condition (1.4) is satisfied with any
s < 0. Since R < 0T /2 we can satisfy the both conditions (choosing for example
s=(1/2)(R? — 0272 /4)).

In case (2) we let s = 32 — 4§, § > 0. Then the function ¢ is strongly

pseudo-convex on the whole @ and the function ¢; is not needed. But to
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comply formally with Theorem 2.1 we can choose as z°,z! any points of

such that ¢(zt,7/2) < ¢(z°,T/2) and let p; = ¢. Condition (1.3) follows
from the inequality z2 + - + 22 _; + (z,, — 3)2 — 0*°T?/4 — 32 + § < 0 for all
x € Q which is a corollary of the inequality r2 + h? 4+ 2h3 < 62T? /4 when § is
small. Condition (1.4) is satisfied because 0 < § = 32 — (8% — §) < (z,T/2).

So in the both cases Corollary 2.2 follows from Corollary 2.1. O

It is not difficult to see that conditions (1.7) and 72 + h% + 2h3 < 6*T2 /4
are compatible and mean that 7" is large (and 6 is small, but it suffices to let
6 = T3/ to satisfy the both conditions). Condition (1.7) can be satisfied
when 0 < a; + (1/2)x - Va; — (3/2)9na; on Q.

3. Proofs of estimates for the elasticity system

To prove Theorems 1.1 and 1.2, we will extend system (1.1) for three
unknown functions uy, us, u3 to a new one for four unknown functions by intro-
ducing v = VTu. We refer to Eller, Isakov, Nakamura and Tataru [7], Ikehata,
Nakamura and Yamamoto [12].

Lemma 3.1.  Let v=V7Tu. If u solves (1.1), then

{ pO2v — (A +2u)Av + Ay (v,u) =0 }

(3.1) ! ‘
pOPu — pAu + Arg(v,u) =0 in Q,

where A1.1 and Ay.2 are (matriz) linear partial differential operators with mea-
surable and bounded coefficients in Q.

This lemma and the results of Section 2 imply Theorems 1.1 and 1.2 for
Cauchy problem (1.1) and (1.2).
Next we have to prove Theorems 1.3 and 1.4. We recall that we take

(3.2) g =0.
For simplicity we set
Lu = p(Au+ V(VTu)) - V(AVTu)
3.3 >
(3:3) - Z V- (Vuj + 0ju)e;
j=1

and a’ denotes the transpose of a vector a under consideration.
For the proof of Theorems 1.3 and 1.4, it is sufficient to prove

Lemma 3.2.  On 09, we represent Vu and 0,(VTu) by linear functions
of o(u)v and V(o(u)v) with bounded coefficients.

Proof. The proof is modification of an argument in [12] where o(u)r =0
is assumed. Here we give the proof for completeness. O
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First Step.  We set

(Vuy)T
u— 6%1 — U9 T
(3.4) \ (333]')19,]‘53 (E§U3;T) .

Then, under assumption (3.2), we have

(3.5) Vu = {(Vu)v}v’ on 9N x(0,7)
and
(3.6) Via= (Vu)v v on 90 x (0,7).

In fact, setting u = (uy,us,u3)? and v = (v1,v0,13)7, we see that condition
(3.2) implies

du;
91 ou;
e Ou; — .. = v 1 <7<3.
Vu; gif (Vu; -v)v ( 5 ) v, <i<3
Oxs
Therefore we have
(Vuy)T (Vuy -v)vT
(3.7 Vu= | (Vu)' | = | (Vug-v)pT |.
(Vusz)T (Vus - v)vT

By definition (3.4), this means (3.5). Moreover by vvT = 1, we have
(Vuy -v)vT (Vuy - v)
(Vu)y = ((Vu2 : V)VT) v= ((Vw : V)) ,
(Vug - v)vT (Vus -v)
and so
(Vu)v-v = (Vuy - v)vy + (Vug - v)ve + (Vug - v)vs = Trace Vu = Vi u
by (3.7). Thus we see (3.5) and (3.6).
Second Step.  In this step, we will prove that
(3.8) Vu = S(o(u)v) on 90 x (0,7)
for some 3 x 3 matrix S € C(99Q x [0,77)3*3.
Proof of (3.8). We define a 3 x 3 matrix B = B(z,t) by

(3.9) B(z,t)a = Xz, t)(a- v(z))v(z) + 2u(z, t){Sym (av(z)T) v (z)
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for a € R3. Here and henceforth, for square matrices A = (a;;)1<i,j<3 and
B = (bij)1§i7j§3a we set SymA = (1/2)(A -+ AT) and A . B = Zij:l aijbija
|A|? = Zij:l aj;. Then

(3.10) B = B(x,t) is invertible for all (x,t) € 9Q x (0,T).

In fact, since Cv-a = C - (av?) and (1/2)(C +CT)-C = |(1/2)(C + CT)|? for
an n X n matrix C, we have

(Sym (av™))v - a = (Sym (av”)) - (") = [Sym (av”)[2.
Hence

(Ba-a) = \a-v|? + 2u|Sym (avT)|?

3.11
(3.11) = \|Trace A|> + 2u|A|2.

Here we set
A = Sym (av™)

and

Trace A

(3.12) C=A- I,

where I3 is the 3 x 3 identity matrix. Then Trace C' = 0, so that
(3.13) C-I3=0
by the identity C - Is = Trace C'. Therefore (3.11) through (3.13) imply

Trace A 2

I3+ C

Trace A
IO +2 a3ce 13-C>

Ba-a = \|Trace A|? + 2u ‘

Trace A . |?

= \|Trace A|*> + 2u <‘ I3

3N +2 1)
= A e AP 4 2p|C) > 2 Trace AJ* + do|C,

where §p > 0 is a constant. By (3.12), we have A = C' 4 (Trace A/3)I5, so that
SolA|? = (80/3)| Trace A|? + 60|C|? by (3.13). Therefore

Ba-a > §y|Sym (av”)[?.
Moreover we have

1
[Sym (av")[* = - (Javr"|* + 2(av”) - (va”) + |va’|?)

1 1
= ;0P +2la- v + JaP) > Zal?
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so that
]
(3.14) Ba-a> 50|a|2 on 00 x (0,7).

Moreover direct calculations verify that Ba-b = Bb - a for every a,b € R?,
which means that B is a symmetric matrix. Therefore (3.14) implies (3.10).
On the other hand, by (3.5) and (3.6) we have

B((Vu)w) = M(Vu)w - v}y + 24u{Sym ((Vu))oT) o
= A(VTu)r +2u{Sym (Vu)}r = o(u)yr  on 92 x (0,T).
In view of (3.5) and (3.10), the proof of (3.8) is complete.

Third Step.  Since u € C?(Q)", we see from (3.2) and (3.8) that Lu =
p(Au+V(VTu)) = V(AVTu) + Fi(S(o(u)v)) on 92 x (0,T). Here and hence-
forth F; denote linear maps with continuous coefficients. Therefore we obtain
(3.15) pAu+ A+ p)V(VTa) = Fy(o(u)y)  on 99 x (0,T).

Since 99 is of C?-class, for any 20 = (29,23, 23) € 99, we can take neighbour-
hoods V in R? of 20 and U in R? of (29, 29), a function x = x(z1,x2) € C*(U)
such that

(3.16) (x1,22,23) € VN IN if and only if 23 = x(z1,z2).
We introduce a new coordinate n = n(z) = (91, 72,713) by
(3.17) m=x1, N2=2, n3=z3— X(T1,T2)

for (z1,22) € U. We define a set W of (m,m2,m3) by W = n(V N 9Q) C
{(m,n2,0); m,n2 € R}. Henceforth we locally regard u = u(xy, z2,23) as a
function in (91, 72,7n3) € n(V). Then boundary conditions (3.2) and (3.8) imply

ou

w0, gt = (),
(3.18) 924
=F =1,2, j=1,2 in W.
On;on; w(o(wry,V(e())), i=12, j ,2,3, in W
Then noting that dsx = —1,
Ju Ou ou ou Ou
= = 5~ Oixg—, i =1,2, - =
Ox; on; X ons ‘ Oxs ons
we see
8211 821_1 821_1 au
= -0, —(0;0ix) —
6%8;10]- 8ﬂz‘877j Jxamang ( J X) ons
({9211 8211
—0iX7 o+ (0:iX)(0X) 55 1<id, j<2,
XanjanB ( X)( JX) 877§ J
Pu _ 0%u d*u 9*u 0*u

522 = o2’ Omdms  Omoms O Xang
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Therefore (3.18) implies

0%u 0%u o
(3.19) 9201, = 8iXana—n§ + Fs5(o(u)v, V(o(u)v)), 1<i,7<3
in W. We substitute (3.19) into (3.15), and we obtain
82’&1'
a3

0%u 0%u 0%u
2 A ; it ; g2 ; g
1 Vx| + (A + ) { dixOix o + 0ix02x o + 0ix03x o
= Fs(o(u)r,V(oc(u)r)), 1<i<3
in WW. We can rewrite the above equalities as
(3.20)
82’11,1 82u2 82U3
D b t b b
) < o3 " on3 " onj

where we define a 3 x 3 matrix D = D(n,t) by
D =D(n,t) = A+ w)(VX)(VX)" + | Vx|’ L5.
For any a € R?, we have
Da-a=(A+u)((VX)(Vx)"a-a)+puVx|*(a-a)
= A+ )@ V) +pulVxl’lal’.

T
) = Fr(o(r. V(o)) i Wx (0,7),

(3.21)

We see from p > 0 and 3\ 4 2u > 0 on @ that
(3.22) Az, t) + 2u(z, t) > do, (z,t) € 02 x (0,T),

where dy > 0 is a constant.

Since p € C(Q), by (3.22) we can choose a sufficiently small € > 0 such
that

(=2

g,(mﬂe8QX@JW

Applying Schwarz’s inequality in (3.21), by (3.23), we obtain

(3.23) Az, )+ (2—¢e)p(z,t) >0, plx,t)>

Da-a=(A+p)(a-Vx)* + (1 — pe) | Vxl*la® + ue| V[ [af
=\ +(@2-eu)(a Vx)*
(3.24) +u(l —e)(|VxP|al® = (Vx - a)?) + ue|Vx[*|al?

506 506
> pe|Vy|?|al* > 7|VX|2|3|2 > 7|a\2.

At the last inequality, we use |[Vx|? = 1 + (91x)? + (02x)? > 1. By the defini-
tion, D(n,t) is symmetric, inequality (3.24) implies that D = D(n,t) is inverti-
ble in W x (0,T"). Therefore (3.20) yields

9%u

o Fy(c(wv,V(o(u)v)) in Wx(0,T).
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We combine (3.19) to obtain

-(z,t) = Fy(o(u)v, V(e (u)v)), xeVNIN, 0<t<T, <i, j<3.

Therefore, since z° € V is an arbitrary point of 9Q and 9 is compact,
0,(VTa) = Fy(o(u)v, V(o (u)v)) on 90 x (0,7),

where Fy is a linear map whose coefficients are bounded on 9 x (0,T). Thus
in view of Theorem 1.1, the proof of Theorem 1.3 is complete. o

4. Lipschitz stability for a principally diagonal hyperbolic system
on the basis of a directly derived Carleman estimate

Theorems 1.1 through 1.4 are proved on the basis of Carleman estimates
with boundary data by Tataru [27], where Carleman estimates are shown in
a general setting. On the other hand, we can establish a similar Carleman
estimate more directly for an operator [, = ad? — A. This direct derivation
is shown in Lavrent’ev, Romanov and Shishat-skii [20] for the operator OJ (i.e.
a = 1). In this section, we modify the argument in [20] for O,. This direct way
is less transparent than [27], while it admits less regular boundary 9. On the
other hand, the direct way gives a worse condition for 7" than in Sections 1 and
2, although in the case of constant a, the results in this section coincide with
the results by Tataru’s Carleman estimates and by the multiplier method.

In this section, we treat general spatial dimensions again except for Theo-
rem 4.3. First for the statement of the Carleman estimate directly derived, we
take g € R with ¢ & Q and let us assume

(Vo)) _, &
a(x) ’ '

(4.1) alz) >0, 2+

We take 8 > 0 such that

4
< TN
da(z) +2(Va(z) - (x — xg))
(42) b < TNa@)|( T a(@) + da(@)?’
6 < ﬁ on Q.

Remark 4.1. In the case of a = constant, condition (4.2) is reduced to

B < (1/a).

Moreover we set

(43) ﬂ%ﬂZM—mF—ﬁG—§>2
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and

(4.4) Q) = {(a,t) 12 € Q, p(a,1) > 6%}

with 6 > 0,

(4.5) Iy ={ze€d: ((z—=x) v(x)) >0}, I =00\T4.
Now we can state a Carleman estimate.

Theorem 4.1.  For § > 0, there exists a constant C' = C(§) > 0 such
that

(4.6) / |Dqul?e*™? dxdt + / ¥ |0, ul*do
Q%) (T4 x(0,T))NOQ(5)

>Cr [ (9P + o)t O [ e
Q%) Q%)

for large T > 0 provided that

[ HQENEQE). Tu=0 on 00()\ (02 (0.7)
) Oru=0 on  0Q(9). '

We consider

(48)  aj()0fuj — Auj +bj(z,t;Vepuu) =0,  in Q, 1<j<m

and
(4.9) u=g on T.
Here u = (uy,...,uy) and a;, 1 < j < m satisfy (4.1), b; are linear functions

of Vu and u whose coefficients are in L>(Q) if the order of differentiation is 1
and the coefficient of the zeroth order term is in L™*1(Q).
On the basis of Theorem 4.1, we can prove

Theorem 4.2.  Let Q be a bounded domain in R™ whose boundary 02
is of piecewise C*. We assume

|z — x0]
4.10 T > 2max
( ) zeq VP

Here 8 > 0 satisfies (4.2) for all ay, ..., an. Then there exists a constant C > 0
depending on Q, T, xg, a;, bj, 1 < j < m, such that any solution u to (4.8)
and (4.9) satisfies the bound

[, 8)ll1y () + l|8rul-, D)[2(2)
< C(lgllqy(®) + 10ull2(Ty x (0,7))),  0<t<T.
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Remark 4.2. We set

~(a)(z,t) = min { 1 daty) +2(Valw) (v 50) 1} .

T|Va(z)|’ T|\Va|(1+a)+4a®> a
Then (4.2) is rewritten as

(4.2) 8 < min_vy(a)(z,t).
(z,t)eQ

In terms of y(a), we can rewrite (4.10) by

T>2 max 2%l
(z,)eQ,1<j<m /v(a;)(z,t)

In the case where aj, 1 < j < m are constants, then condition (4.10) for
T > 0 follows from

(4.10) T>2 max \/ajlx— xol,

zeQ,1<5<m

which is same as required by the multiplier method (e.g. Isakov [14], Komornik

[17], Lop Fat Ho [22], Powell [23]). Therefore our result can generalize observ-

ability with constant coefficients by the multiplier method. We notice that the

multiplier method can not treat b; with terms of derivatives of the first order.
By the same argument as in Section 3, Theorem 4.2 yields

Theorem 4.3. Let Q C R? be a bounded domain and let its boundary
0Q be of piecewise C%. We set

p(z)
2u(z) + A(z)’

(4.11) ai(z) = plz), az(x) =

(@)

In (1.1) we assume that p,\, 1 € C3(Q) are independent of t, and g = 0 in
(1.2). For xg & Q, we assume that a1 and ay satisfy (4.1),

x € Q.

|z — x0]
4.12 T > 2max ,
( ) :L’Gﬁ \/B

where > 0 satisfies (4.2) for a; and ay. Then there exists a constant C' > 0
depending on Q, T, xo, p, 1, A, such that any solution u to (1.1) and (1.2)
satisfies the bound

a8l @y (€2) + [19rul-, 1) [|2(€2)
(413) (VT 1)) () + [0V (-, 1)]|2(2)
< C{|Mhll2(Ty % (0,7)) + [Vh]j2(Ty x (0,T))}, 0<t<T.

A similar bound holds for solutions to (1.1) and (1.2).
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The rest part of this section is devoted to the proofs of Theorems 4.1 and
4.2,

Derivation of Theorem 4.2 from Theorem 4.1. The deduction is
similar to the proof of Theorem 2.1. By zy ¢ 2, we note that we can take
©1 = . In terms of Lemma 2.1, we may assume that g = 0. We set tg = T/2
in (4.3), that is,

2
(1.14) ooty =l —aof =5 (¢~ 5 )

where § > 0 is chosen later. For the proof, it is sufficient to verify that ¢
defined by (4.14) satisfies (1.3) and (1.4) with § > 0 satisfying (4.2). In fact,
condition (1.4) is straightforward from xo ¢ Q and (1.3) follows directly from
(4.10). O

Proof of Theorem 4.1. We will extend the proof in [20] (pp. 123-128)
where a(z) =1 is considered. For convenience, we denote:

x:(xlv"‘axn)u .Tn+1:t, A1::An:17 A’n+1:_a’7

4.15
(4.15) w(z,t) = e™?@0

and will make use of the function

T
(4.16) Y(xz,t) =4 —28|Va(z)] ’t - 5’ —2n —2fa(x) —e.
Letting
(4.17) v = wu,
we obtain
2
n+1
w?(Oau)? = Z Aj{ﬁjgv — 270;p05v + (72(8j<p)2 — T&?@)U}
j=1
n+1 n+1
> —2(0,v)T¢v — 4 Z Aj(‘)?v Z A;710;p05v
j=1 j=1
(418) n+1
+ | 279 Z A;(T2(9;0)% — T&?@)UQ — 72%?
j=1
n+1 n+1
—4 Z A;10;00;v Z Ap(T%(0pp)? — 1O )V
j=1 k=1

=514+ 55+ S5+ 54,
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where we have used an elementary inequality:

(B—C+ D)*=(B+ D —79yv)* + C? + 2B1ev
—2BC + 2m¢wD — 12*v* — 2CD
> 2Briv — 2BC + 2rpvD — m%¢*0? — 2CD

with the obvious choice of B, C, D and S, S5, 53, S4.
Henceforth the sums are over j,k = 1,...,n + 1, unless specified.
Multiplying the terms in So, we yield
Sy = —47 Y A ApOrpdvov
= —47 Y 0;(A; ApOrppd;vh) + 27 Y k(A Axdrep(00)°)
— 27 ) Ok(AjApdrp)(070)° + 47> 0;(A; Apdhip) 0500k,
where we have used 20,v(9x0;v) = 9 ((0jv)?).
Substituting v = wu, observing that 0;v = w(d;u + 7(0j¢)u) and generi-
cally denoting by Ry the terms containing the factor w, and by R, R, R2, R3,
. the terms bounded by Cw?(|Vu|? + 72u?) (where a constant C' > 0 is
independent of 7), we have
Sy =21 9;(w?(A; Ardip(0ku)? — 2A; A Orpdjudiu + Ry))
— 27w Zak (A ArOkp) (05u)? — 27°w* > 0 (A; ArOkp)9;00; (u?)
- 27‘311)2 Z 8k (AJAkakap)(ﬁjcp)zuz
+arw® Y 0;(A; Apdrp) djudpu
+ 277w Y 0;(A; ApOr) (000 (u) + Oppd; (u?))
+ 47%w? Z 0, (A; AxOrp)9;0(Op)u?

We note

2w Op(A; ArOrp)0;00; (u?)
=Y 0;(TPw’ O (A; Axdip) (050)u”) — 770 (w?) Ok (A; AkOiep) (060)
— 72w 0; 01 (A; ArOp) (87 0)u?
= —27%w%(9;0)? 0k (A; AOrp)u? + > Ok R1 + Ry
= OBy — 27w (9;0)0k(A; ArOrp)u® + R.

Moreover using similar relations for the terms with 9y (u?), 9;(u?) and collecting
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3,2

the terms with the factors Tw? and m3w?, we have

Sy =273 9;(w(A; Ardip(ku)? — 2A; Ay Orpdjudyu) + Ro)
+ 21w Y {20;(A; Aprp)0judiu — Op(A; Ardrp) (95u)*}

(4.19)

+27%0 Y " {0(A; Arrep) (050)°

— 20;(A; AxOp)0;p0kp}u” + R+ Y 0;Ry.
Similarly

Sy = 2mpw? Z A; (72(8j<p)2 — 78]2@) — 2w

20 = 273w > 4;(9;0)%0* + Ry
and
(wa1) Si =21 ) AjAr0ip(T(0p)® — T070)0;(v°)

= 27w > " 0;(A; Ar050(0kp)*)u? + > 0;Rs + Re.
Noting 9;v = (0ju + 7(9;p)u)w, we see

—272Aj1/)(8jv)2 = —27w? Z Ajp(0ju + 7(9;0)u)?
and
— Ar? A (0505 )u = —27w (A1) (05 (1)) (05%)
= 7272@-( 2(A V0 0)u 3+ 27’28j(w2)Aj1/J(5j<,0)u2 + 272w28j(Aj¢8jcp)u2
we have
S1 = —2(0gv)19pv

(4.22) =21 9 (App(dw)v) — Ty 9;(A %) —2r 3 A (0;0)?

= Z 8jR0 + R — 27”[1)2 ZAJZZ) (%u) + 27’3’(1)2 ZAJ’LZJ j(p) u

By (4.19) through (4.22), we have

w(au)® > 27 Y 0;(w?(A; Ar(00(0ku)? — 204p0judku)) + Ro)
+ 21wy {20;(A; Apdrp)0judyu
— Ok (Aj Apdrp) (95u)® — Aj(95u)?}
+ 2750 Y {24;4(0;0)% + k(A AxOkp) (950)°
— 20;(A; ArOkp) 0500k + 0;(A; AL 0(Okp)?) Yu®
+ R+ Ry,

(4.23)
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Now we consider the integral of w?(d,u)? over Q(§). First we estimate the
integral of the divergence terms in the right side of (4.23). Since Ry contains u
as factor, the divergence theorem yields

8jR0dxdt =0
Q(%)

by ujaq(s) = 0. Moreover, since u = 0 on 9Q(9), as the surface integrals, we
have only

27'/ Z w? A Ap{0;0(0ku)? — 205 p0;udutv;do.
9Q(8)N(I'x(0,T))

When k = n+1, the integral is zero because Op41u =0 on I' x (0,7") and when
j =mn+1, it is zero because v, 1 = 0 there. Due to the condition v = 0 on
I’ x (0,T), we have

Oju = v;0,u.

Hence the integral over 9Q(6) N (T x (0,77)) is

27'/ w? Z((@ﬁp)ui — 2(0p)vvk) (Opu)’vido
9Q(8)N(I'x(0,T7))

= —27/ w? Z((‘?j(p)uj(&,u)Zda,
8Q(5)N(I'x (0,T))

because >." I/JZ = 1. According to our definition of ¢, we have

D= 2z —wo); v <0

on I'_. Summing up, we obtain

[the surface integrals from the right side of (4.23)]

> =27C w?(9,u)’do
9Q(8)N (D4 x(0,T))

with some constant C' > 0. Henceforth, generically by C', we denote a positive
constant independent of 7.

We break the factor of 2rw? in (4.23) into the sums over j, k = 1,...,n;
i=1L....nk=n+1Lk=1,....n,j=n+1; j =k =n+1 to conclude that
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this factor is

Z{z [p(05u)° — O p(O5u)? — 1 (05u)*}
+ Z{Q @)y 119)05udp 1t — Oy 1 ((—a)Dngr ) (1)}

+ Z{Qanﬂ(faaw)anﬂuaku + O (a0 ©) (Ony11)?} + arh(Dpy1u)?
+ 87L+1(a28n+190) (6n+lu)2
- T
=(4-2n—9)|Voul* + Z {45 (t - 5) 0;a0;udu — Zﬂa(ﬁju)z}
+ Z 2(9;a(x — 20); + na)(Opu)? + arh(dpu)? — 2Ba*(0pu®)
where we have used definition (4.14) of ¢, the equality 0,41 = 0; and time
independence of a. By using the Schwarz inequality for the scalar product

V.a - Vu and then the inequality 2|V u||0u| < |Viul? + |0pul?, we conclude
that the last sum is not less than

{4 —2n — 1 — 28|V,

T
t— —‘ - Zﬂa} |V pul?
2
r 2 2
+4-28|t— 3 |Vea| +2(Vea - (x —x) + na) + ayp — 206a” ¢ (Oru)
> |V, ul?

+ {—25|Va|

t— g‘ (1+a)+2Va-(x—xo)+ (4_5)a—45a2} (815“)2

due to choice (4.16) of 1. Summing up, we can claim that for some small ¢, in
view of (4.1), the factor of Tw? in (4.23) is not less than

| Vpul® + clowul?,
with some constant ¢ > 0, provided that

2(Va - (z —x0)) +4a
T|Va|(1+ a) 4 4a?

ol

8 <

Similarly the coefficient of 73w? in (4.23) is
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[the coefficient of 273w?u?]

= {24;9(050)* + Ok (ArA;0r) (05)
—20;(A; AkOrp) 0500 + 05 (A A0jp(Ore)*)}
T

)

t—
2

= 8{(¢+2n+2aﬂ)|x—xo|2 — (ayf% + 2naB? + 24*3%)
T T
>8{2ﬁ‘t—§ t——’
t— ZD 52}.
2

T
:8{(4—5—2ﬂ|Va| t—g‘) |z — o)
) 5 T T|?
—(p(4—¢e)a—2ap°|Va||lt—=| | |t—=
2 2
2
2
<aﬁ |Val 5
T € €
- to = 9% 9%
(v =3[+ (2-5)) 2+ (>-3))
+ <4 — e —20|Vd|
Here we have used ¢(t,z) > 62 in Q(5). The first and the third conditions in
(4.2) imply that

T T —
aB?|Val |t — 5‘ — <|Va| t— 5‘ +2a)5+2>0 on Q.
Then for sufficiently small ¢ > 0, we obtain
T T €
2 R — —_— R —
af*|Val |t 2‘ (Va t 2’+a<2 2>)ﬂ

+ (2 — ;) >0 on Q.
Therefore, under the first condition in (4.2),

[the coefficient of 273w?u?] > 8 (4 — e —20|Val

T 2
t—§D6

> 8(4 — e — TB|Val)s>.

Hence we choose a sufficiently small € > 0, so that we can complete the proof
of Theorem 4.1. I
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