J. Math. Kyoto Univ. (JMKYAZ)
46-2 (2006), 201302

On the class number of the genus of Z-maximal
lattices with respect to quadratic form of the
sum of squares

By

Takahiro HIRAOKA

Abstract

In this paper we consider the quadratic form ¢[z] = 37" | 27 over
the vector space QL. We take a Z-maximal lattice L in Q) with re-
spect to ¢. Let {L(”}fg{) be a complete set of representatives for the
classes belonging to the genus of L. Applying Shimura’s mass formula,
we determine these representatives L explicitly for n = 11,13, and
14. Consequently we obtain class numbers k(11) = 3, k(13) = 4, and
k(14) = 4.

1. Introduction

We denote by QL the n-dimensional row vector space over the rational
number field Q. Let ¢ : QL x QL — Q be a nondegenerate symmetric Q-
bilinear form. We denote by @[z] the quadratic form o(z,z) on QL. In this
paper we consider the case p[z] = 21, 'z =Y, 27 for x = (z1,...,2,) € QL,
exclusively. By a Z-mazimal lattice L with respect to ¢, we understand a Z-
lattice L in QL which is maximal among Z-lattices on which the values @[]
are contained in Z. Let G¥ be the orthogonal group of ¢, that is, G¥ = {a €
GL,(Q) | «-'a = 1,}, and consider the adelization G¥ of G¥. For L and
a € G, let La be the Z-lattice in QY such that (La), = Lya, for all primes
p. Here, L, is the Z,-lattice in (Q,). which is spanned by L over Z,. We call
{La | a € GZ} (resp. {La | a € G¥}) the genus (resp. the class) of L with
respect to ¢. It is known that the genus of L is a disjoint union of finitely
many classes. Let {L(i)}fg) be a complete set of representatives for the classes
belonging to the genus of a Z-maximal lattice L. We call the number k(n) the
class number of the genus of L. Here, we remark that k(n) does not depend on
the choice of a Z-maximal lattice L (see §2 below).

It is known k(n) =1 for 1 < n <9 (see [8, Lemma 1.6]), and k(n) = 2 for
n = 10,12, 15 and 16, which will be mentioned in §3. The main purpose of this
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paper is to determine the number k(n) for n = 11, 13, and 14. The mass m(L)
of the genus of L is defined by

k(n)

(1.1) m(L) =Y [[(LD): 17"

i=1

Here, (L") = {a € G¥ | LWa = LM}, As for the value m(L), we have
the formula by [6, Theorem 5.8]. Therefore, to determine the number k(n),
first we calculate the left-hand side of (1.1) by Shimura’s mass formula. On
the other hand, we evaluate [['(L()) : 1] in (1.1) by finding a complete set of

representatives {L(i)}fg) for the classes belonging to the genus of L, for which
the equation (1.1) holds.

Now, we summarize the contents of the paper. In §2; we recall the notion
of the genus, the class and the mass of a Z-lattice with respect to ¢. In §3, we
give a criterion for the “Z-maximality” of Z-lattices which contains Z!. In §4,
we explain how to evaluate the order of I‘(L(i)) and give a set of representatives
for the classes. The result is k(11) = 3, k(13) = 4, and k(14) = 4.

As a final remark, it should be noted that our class number k(n) concerns
only the genus of Z-maximal lattices with respect to plz] = > I 7. As
mentioned above our determination of this number relies on the formula due
to Shimura, which is given for the case of Z-maximal lattices. As explained in
the introduction of [6], the maximal lattice plays, the similar role to which the
maximal order in algebraic number theory. The results on the maximal lattices
are more fundamental than results on smaller lattices.

Notation.  We denote by Q the rational number field and by Z the ring
of rational integers, by Z the set of all positive integers. For a rational prime
p, we denote by Q, the field of p-adic numbers and by Z, the ring of p-adic
integers. We put Q, = R. For an associative ring R with identity element, if
M is a R-module, then we write M, for the R-module of all m xn matrices with
entries in M. We write 1,, for the identity element of R}!. For x € R] we denote
by z the transpose of z. For x € R? we denote by det(z) the determinant of
x. The set of all invertible elements of R,, we write GL,(R). For R-module A
and B, we denote by A @ B the direct sum of A and B as R-module and we
denote by A®" the direct sums of n copies of A. If F is the field of quotients of
a Dedekind domain o and if W is an n-dimensional vector space over F', then
by an o-lattice in W, we understand a finitely generated o-module in W that
spans W over F. By a lattice we mean a finitely generated o-module in W
(not necessarily span W over F'). We denote by #X the number of elements
of X. If X is a disjoint union of its subsets Y1,...,Y,,, we write | |", Y; or
YiU---UY,,. If Bis a subgroup of a group A, we put [A: B] = #(A/B). We
denote by d;; the Kronecker’s delta.
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2. Preliminaries

We recall here the notion of [5], [6], [7] and [8] which will be needed in this
paper.

2.1. Quadratic form

For a positive integer n, let V.= QL be an n-dimensional vector space
over Q. We fix the standard basis {e;}]"; of V. We take a nondegenerate
symmetric Q-bilinear form ¢ : V x V' — Q. We take the matrix ¢o € GL,(Q)
such that ¢(z,y) = zpo - fy for any z,y € V. We set ¢[z] = p(z,z) for x € V.
Here we assume that ¢ is positive definite. We identify ¢ with ¢g. We put
G¥ = {a € GL,(Q) | ap - o = ¢} and call the orthogonal group of ¢, and
we put G5 = {a € G¥ | det(a) = 1}. Let h denote the set of nonarchimedean
primes, and co denote the archimedean prime of Q. We put v = {oc} Uh. For
any v € v and a Z-lattice L in V', we put

G¢ ={a, € GL,(Q,) | apyp - T, = 0},

GY = {(av) € H G? | Lpay, = L, for almost all p € h } .

vEV

Here, L, is the Z,-lattice in (Q,); which is spanned by L over Z,. G is
independent of the choice of L. G¥ (resp. G¥) acts V (resp. V, =V ®q Q)
on the right.

For a given Z-lattice L in V', we define the class ¢(L) and the genus A(L)
of L by

¢(L)=LGY ={La|aecG¥}, AL)=LGE={Lal|acGy}.

Here, for an element a € G¥, we denote by La a Z-lattice in V such that
(La), = Lya, for all p € h. Then there exists a finite set of Z-lattices { LV }F_,
such that

k
AL) = | |er®)

(cf. [5, Lemma 8.7 (4)]). We call this k the class number of the genus A(L).
For a positive integer h, we put

v(L,h) ={z € L|pla] = hj.

2.2. Shimura’s mass formula

For a Z-lattice L in V, we put I'(L) = {& € G¥ | La = L}. Let {Li}fg{) be
a complete set of representatives for the classes belonging to the genus A(L).
If (L) = €(L'), then [T(L) : 1] = [[(L/) : 1]. Thus [[(L®) : 1] is independent

of the choice of a representative of £(L(*")). Now we introduce the notion of the
mass of the genus of L by the sum
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We again note that m(L) depends only on the genus of L.
We put

C={aeG|La=L}, C*=(GY)anC,
I'“=aCa™'NG (a€GY), TL=GE{NI",
m(G?,C)= Y I, m@Gf.ch)= Y [t

GeaCeB G7aCteBy

Here, B (resp. By) is a complete set of representatives of the classes of
G?\G%/C (resp. GE\(G%)a/C™T ). By taking a bijective map

GP\G%/C 5 G¥aC v ¢(La~t) € A(L)/G¥ (= {¢(LW) | 1 <i < k}),

we see that m(G¥,C) = m(L). Moreover, by [6, Lemma 5.6(1)], we have
m(G?,C) =2"'m(G%,CT).

If L and L’ are Z-maximal in V| then L belongs to the same genus of L’.
This follows from [5, Lemma 5.9] and [5, Lemma 8.10].

Now we assume that ¢ = 1,,. Let L be a Z-maximal lattice in V' with
respect to . We use the formula in [6, Examples 5.16], which is given as
follows:

" 2 ifn+1 e 8%,
@1 mGLeT) = 1;[ (48) 1 Ban {3 L(2m —1)  ifn+3e 8z,
m—1
(2.2) m(G%,CT) = (2m) 7Y Bp| [] (4k) " Bax|
k=1
2 if n € 87,
' {3—1(2m — 1)@t —1) ifn—4c8Z,

(2.3) m(G%,CT) =2"" (m — 1)}(2r) """ L(m, )
m—1
] (4k) Y| Bax| if n+2 € 8Z.
k=1
Here m = [n/2] and ¢ is the primitive Dirichlet character modulo 4 and By is
the 2k-th Bernoulli number. Then we obtain m(L) for n = 11,13, and 14.

31-(219.36.52.7)"1 if n =11,
(24)  m(L)={691-(223.37.52.7.11)"" if n =13,
61-691-(225.38.5%.72.11-13)"!  ifn = 14.
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3. Z-maximality and known results

Hereafter and until the end of this paper, we assume that ¢ = 1,,. To
obtain the class number of the genus we have to find an explicit representatives
of the classes. Therefore, we consider the properties which is required for the
maximality.

3.1. Z-maximality
Let L be a Z-lattice in Q% which contains Z!. Let €1, ...,&, be a basis of
L. We define a matrix € by

e=|:| eGL.(Q).

En

Then we can express L = > 1" | Ze; = L}e.
Now, put L ={z € V | 2p(x,L) C Z}. If ¢[L] C Z, then we have

(3.1) 7. cLcLczl =27}
and [/ZEL L] =[L: 7] = |det(s")|, and hence
(3.2) [L: L] =2"-det(c)?.

Lemma 3.1.  Let L =) | Ze; be a Z-lattice in Q;, which contains Zy,.
Then the following conditions are equivalent:
(a) L is Z-mazimal with respect to ¢,

(b) {e;}1, satisfies

(3.3) {“”[51'] €z,

20(gi,65) €Z for 1 <i,j<mn, i#j,

and

20@=n)/2  ifp =+ (mod8), 0<a<3,
(3.4) |det(e)| = { ( )

22=m)/2 ifn =4 (mod 8).

Proof. Now we assume that L = Y | Ze; is a Z-maximal lattice which
contains Z!. We first note that Z-maximal lattice L satisfies ¢[L] C Z, and
the condition p[L] C Z is equivalent to (3.3). Under the condition (3.3), the
maximality of L implies the condition

z ¢ ifn= <a<
(3.5) [L:L]:{2 ifn=+4a (mod8), 0<a<3

22 ifn=4 (mod 8).

by the equality of [8, (1.6)], which is equivalent to (3.4) by (3.2).
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Conversely, we assume that L = Y i | Ze; is a Z-lattice containing Zj
and satisfying (3.3) and (3.4). Then L also satisfies (3.5). There exists a Z-
maximal lattice H in QL such that L C H (cf. [5, Lemma 4.8(1)]). Since
H is Z-maximal, [I;T : HJ] is equal to the right hand side of (3.5), and hence
[H:H)=[L:L). Since L C HC H C L, we have L = H. Therefore L is
Z-maximal. Hence we obtain the assertion of our lemma. O

3.2. The class number k(n) for n =10, 12, 15, and 16

Now, we introduce the results for the class number k(n) of the genus of
Z-maximal lattices in the cases of n = 10,12,15, and 16, which are followed
from the results of classification of even integral lattices in [2] and [9]. As
for the notation and terminology concerning lattice theory, see [1]. For root
lattices M = Ay, E7, Eg, and Ds,, when we express L = Z1§ with § € Q™ it
can be seen that there exists a Z-lattice L = ZLe such that § -6 = 27 1¢ - %,
which is unique up to isomorphism. We fix such L which contains Z! and put
M(27') = L. Especially for M = D,,,, we take

2n
Don(271) =) Zey,
=1

where
(3.6) e = e; » if ¢ is o.dd ori =2,
fi=2""(e;+e—1+e€_2+e€,_3) otherwise.
We put
Li=A1(27"), Lo=AP*(27), Ly = AP?(27),
Ly=D427"), Ls=Ds2H oA (271, Lg=Dg(27"),
L; = E;(27Y), Lg=Eg(271), Ly = Es(27H oA (27h),

then L, is Z-maximal by Lemma 3.1. Since k(n) = 1 for 1 < n < 9, by [8,
Lemma 1.6], L,, is a set of representatives for the classes belonging to the genus
of Z-maximal lattices for 1 < n < 9.

By the result of the classification of even integral lattices in [2], we can take
a set of representatives for n = 10 as {D19(27}), Es(27!) @ AP*(27!)}. Hence
we see that k(10) = 2. Similarly, we can take a set of representatives for n = 12
as {Fg(271) @ Dy(271), D12(271) } and for n = 15 as {Eg(27!) @ E7(271),
D14(2_1) + Zh15}. Here, hi5 = 2_1(81 +e3+es+er+eg+e11 +e13+ 615).
Consequently, we have k(12) = 2 and k(15) = 2. When n = 16, Witt proved
in [9] that the class number of the genus of even positive unimodular lattices is
2. Hence we see that k(16) = 2, and a representatives is given as {Eg(271) @
Es(271), Dis(271) }, where Dy = D1U(Dig+v) and v = 271(1,...,1) € Qi4.
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4. Determination of the class numbers

In this section we determine the class number k(n) of the genus of Z-
maximal lattice with respect to ¢ = 1,, by taking a complete set of represen-
tatives for the classes in the genus explicitly in the cases of n = 11,13, and 14.
For a lattice L = ZL§ with § € Q7, we put det(L) = det(d - '§) and call the
determinant of L.

3
m?

4.1. 11-dimensional case
Let n = 11. We put
LW = Eg(27 Yo AP327Y), L@ =Dyp27 )@ A (27Y),
L®) = B, (27Y) @ Dy(27Y).
LM L and L®) are Z-maximal lattices by Lemma 3.1, since Eg @ A??’,
Do ® A1, E; @ D, are even integral and whose determinants are equal to 23.
Moreover by [4, Lemma 1.4.6 and §4], we have
C(LM) 1] = [[(Es) : 1] - [(AF?) : 1]
=(21.35.52.7)(2* - 3)
:218.36'52_7

[D(LP) 1] = [[(D1o) : 1] - [T(Ay) : 1]
=(2'°.10!) -2
=219.3%4.52.7,

[C(L®)) : 1] = [[(E7) : 1] - [[(Dy) : 1]
=(219.3%.5.7)(2" - 3%)
=217.3%.5.7.
From these, we see that ¢(L(")) # ¢(LY)) for i # j. On the other hand, by
(2.4), we have
m(LM) =31 (212.30.52.7)7!
= LYY+ DL®) )+ nL®)y 1

Hence we obtain k(11) = 3.

4.2. Z-maximal lattices N3 and N4

We define two lattices V13 and Ny4 by
10

N13 = ZZ&‘Z + Zen + Z612 + Zhlg = D10(271) D A?2(271) + Zhlg,
1=1
13

N14 = ZZ&, + Zh14 = D12(2_1) ® A1(2_1> + Zh147
i=1
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where ¢; is as in (3.6),

hiz =2""'(e1 +e3+es +er+eg +e11 + ez + e13),
his =27 (e; +e3+es +er+eg+er + ez + en).

Then N;3 and Ni4 have the required properties with respect to the Z-
maximality in Lemma 3.1.

Lemma 4.1. We have
Niz = {27 (21, ..., 213) € (2712) | 320 29; =0 (mod 2),

Toi_1 + T2 =x13 (mod 2) (1 <1 <5),
11 = 212 = x13  (mod 2)},

Ny ={27Ya1,...,214) € (27'2)1, | Z?:1 T9; =0 (mod 2),
Toi—1 + T2 =214 (mod 2) (1 < <6),
z13 =214 (mod 2)}.

Proof. Let ¢ = 1,,. Since Z., C N,, and ¢[N,,] C Z, we have N,, C
(271Z)L by (3.1). Now we put

- el - Z;
€9 es
I J1
Ja o
> Jo
fi /
(4.1) e =1 e |, () = f7
f f
e
’ fio
f10 o1
o fra
€12 €13
h
| Pz | | has |
Then we have N, = Z! e. For v = 27 (z1,...,2,,) € (27'Z)},, the condition
x € N,, is equivalent to 2(¢(™)~' € Z!  which shows the assertions of our
lemma. O

For m = 13 and 14, we define the subgroup H,, of GL,,(Q) by

e-{feta]

Then by [4, Lemma 1.4.4], there exists a injective homomorphism of I'(N,,)
into H,,,. Hence we have I'(N,,,) C H,.

a € T(Dy(m-8)(271)).d € F(A?mm@_l))} :
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Proposition 4.1.  For m = 13 and 14, we have [Hy,, : T'(Ny,)] > 2.
Proof. We put
0 1
1n—2

Then 7, - M, = 1,. It can be seen that

Doy = {271, ... 20n) € (2712)3, | @251 =295 (mod 2) (1 <i<n),
n
ngn =0 (mod 2)}.
i=1
Thus Doy, (27112, = D2, (271), and hence 12, € T'(D2,,(271)). Therefore

n:[n2(m—8)| }EH.
" | Li6—m "

On the other hand,

hismis = 27 (ea + €3 + €5 + e7 + g + €11 + €12 + e13),
hiama = 2_1(62 +e3+e5+er+ e+ e11 + ez + e1q).

Thus hpfm ¢ Nm by Lemma 4.1. Hence 1y, ¢ T'(Nyy,). O

4.3. 13-dimensional case
Let us consider the case in which n = 13. We put

LW = B2 Yo D2 Yo A 27Y), L@ =Dp2 Haed (2,
L® = E:(27") @ Dg(27").
Then LW, L and L®) are Z-maximal by Lemma 3.1, since Eg @ Dy ® Ay,

D15 @ Ay, and E7 @ Dg are even integral and whose determinants are equal to
23, Then, by [4, Lemma 1.4.6 and §4], we have

[D(LM) 2 1] = [[(Es) : 1][T(Dy) : 1][T(Ay) = 1]
=(2.3%.52.7)(27-3%) . 2
=222.37.5%.7,

[M(L®)) : 1] = [[(D12) : 1][T(Ay) : 1]
=(2%2.12))-2
=223.3%.52.7.11,

[M(L®) : 1] = [[(B7) : 1][T(Dg) : 1]
=(2'9.3%.5.7)(2° - 6!
=2%0.36.52.7,



300 Takahiro Hiraoka

From these, we see that ¢(L(")) # ¢(LU)) for i # j. On the other hand, by
(2.4), m(LM) =691 - (223 .37 .52 .7-11)~. Since

(4.2) m(LW) =32 [D(LD):1]71 = (221 .35.52.7) > 0,

we have k(13) > 3.
Now we put L™ = Nj3, which is Z-maximal lattice containing Zi; by
§4.2. That is, L) € A(L™M). By the definition of the group H,3, we see that

(4.3) [Hiz:1] = [[(D1o) : 1J[T(AP?) : 1] = (2! - 101)(2* - 3) = 222. 3% . 5% . 7.
Combining (4.3) with Proposition 4.1, we have

[Hyz : 1] < [His : 1]

() IPEO): 1) = ey <

—92l.35.52.7

which shows [['(L®¥) : 1] < [[(L®) : 1] for i = 1,2,3. This means that
BL) # E(L) for i = 1,2,3. Then by (44) and (4.2), we have m(L()) ~
Zizl[F(L( )):1]7! <0, and hence

[C(L®W):1]=221.3°.52.7,
Therefore we obtain k(13) = 4.

4.4. 14-dimensional case
Let n = 14. We put

LW = Eg(27Y @ Dg(27Y), L® =Dy 27Y), LY =E,2 Y e E(27Y).
Then LM, L and L® are Z-maximal by Lemma 3.1, since Eg & Dg, D14,

and E; @ E7 are even integral and whose determinants are equal to 22. By [4,
Lemma 1.4.6 and §4], we have

DLW : 1] = [[(Es) : 1][0(Dg) : 1] = (21437 -52.7)(20 . 6!) = 224 .37 . 5% . 7,
[C(LP): 1] = [[(Dy) : 1] = (2% - 14!) = 2% .3° .52 .72 . 11 - 13,
CELZ®):1]=2-[D(E;):12=2.-(21-3%.5.7)2 =22 .3%.52. 72,

From these, we see that ¢(L(*)) # ¢(LY)) for i # j. On the other hand, by
(2.4), m(LM) = (61-691) - (22°-3% .53 .72 .11 -13)~ 1. Since

(45) m(LW) -2 [OEL@): 1) = (22435 .52.7-11)"! > 0,

we have k(14) > 3
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Now we put L) = Ny4, which is Z-maximal lattice containing 71, by
84.2. By the definition of the group Hi4, we see that

(4.6) [Hig 1] = [[(D12) : 1[T(AP?) : 1]
=(2'%.121) .23
=2%.35.5%2.7.11.

Combining (4.6) with Proposition 4.1, we have

[H14 . 1] [H14 . 1]

=2%.3.52.7.11
[H14 : F(L(4))] - 2 ’

(4.7) (EWy:1] =

which shows [['(L®) : 1] < [['(L®) : 1] for i = 1,2, 3. This means that ¢(L(®*)) #
g(L®) for i = 1,2,3. Then by (4.7) and (4.5), we have m(L(1)) =37 [(L®) :

1]71 <0, and hence

4
m(LW) =Y (L) ),
i=1
[C(LW):1]=2%.3°.52.711.

Therefore we obtain k(14) = 4.
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