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EVALUATION OF TORNHEIM’S TYPE OF DOUBLE SERIES

SHIN-YA KADOTA, TAKUYA OKAMOTO AND KOJI TASAKA

ABSTRACT. We examine values of certain Tornheim’s type of dou-
ble series with odd weight. As a result, an affirmative answer to
a conjecture about the parity theorem for the zeta function of
the root system of the exceptional Lie algebra G2, proposed by
Komori, Matsumoto and Tsumura, is given.

1. Introduction and main theorem

For integers a, b, k1, ko, k3 > 1, let

Cap(k1, ko, ks) == Z

m,n>0

1
m¥kinkz (am + bn)ks’

which converges absolutely and gives a real number. Since Tornheim [12] first
studied the value (1.1(k1, ke, k3), we call the value {, (K1, k2, k3) Tornheim’s
type of double series (note that the function ¢, (1, 2, s3) with s; € C can be
viewed as a special case of the Shintani zeta function, but we will focus on its
special values). In [8], the second author examined the values (4 (K1, k2, k3) in
the study of evaluations of special values of the zeta functions of root systems
associated with As, By and Gs. The goal was to express the special values of
the zeta functions of root systems as Q-linear combinations of two products of
certain zeta values. As a prototype, we have in mind the analogous story for
the parity theorem for multiple zeta values [3, Corollary 8] (see also [15]) and
for Tornheim’s series [2, Theorem 2] (see also [16]). For example, the identity

Ca(1,1,3) =4¢(5) — 2¢(2)¢(3)
is well known. Similar studies have been done in many articles [7], [11], [13],
[14], [16], [17], [19] (see also [9]). In this paper, we will generalize the above
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expression to the value (4 4 (k1, k2, k3) with k1 + k2 + ks odd. As a consequence,
we give an affirmative answer to a conjecture about special values of the zeta
function of the root system of G5, which was proposed by Komori, Matsumoto
and Tsumura [5, Eq. (7.1)].

We now state our main result. We use the Clausen-type functions defined
for a positive integer k > 2 and x € R by

Cu() = Re Lig (i) = 3 “5Cmma)

mF
(1) m>0
. riz sin(2mma
Sk(x) = Imsz(e2 )= Z %,
m>0 m
where Liy(z) is the polylogarithm »_ _, fn—m Note that Ck(x) equals the

Riemann zeta value ((k) =3, ., —% when z € Z, and Sj(z) is 0 when z €
1

5.

2

THEOREM 1. For positive integers N, a, b, k, k1, ko, ks with N =lcm(a,b)
and k = k1 + ko + ks odd, the value (o p(k1, ke, k3) can be expressed as Q-linear
combinations of WQ”Ck,gn(%) and 7T2"+1Sk,2n,1(%) for 0<n< % and
de€eZ/NZ.

Theorem 1 will be proved in Section 4 by using the generating functions.
This leads to a recipe for giving a formula for the Q-linear combination in
Theorem 1. More precisely, one can deduce an explicit formula from Corol-
lary 3 and Propositions 4, 7 and 8, but it might be much complicated (we do
not develop the explicit formulas in this paper). As an example of a simple
identity, we have

(2)  G13(1,1,3) = 8i1 (367((5) —197%¢(3) — 2778, (%) — 4738, (%))

We apply Theorem 1 to proving the conjecture suggested by Komori, Mat-
sumoto and Tsumura [5, Eq. (7.1)]. This will be described in Section 5.

It is worth mentioning that since the value (g, 4 (k1, k2, k3) can be expressed
as Q-linear combinations of double polylogarithms

(3) Likl,kz (21’22) = Z

0<m<n

mkinks’
Theorem 1 might be proved by the parity theorem for double polylogarithms
obtained by Panzer [10] and Nakamura [7], which is illustrated in Remark 2.
In this paper, we however do not use their result to prove Theorem 1, since
we want to keep this paper self-contained.

The contents of this paper are as follows. In Section 2, we give an integral
representation of the generating function of the values (4 (K1, k2, k3) for any
integers a, b > 1. In Section 3, the integral is computed. Section 4 gives a
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proof of Theorem 1.1. In Section 5, we recall the question [5, Eq. (7.1)] and
give an affirmative answer to this.

2. Integral representation

In this section, we give an integral representation of the generating function
of the values (g 4(k1, ke, k3) for any integers a, b > 1. The integral represen-
tation of the value (4 p(k1,k2,ks) was first given by the second author [8,
Theorem 4.4], following the method used by Zagier (see also [6]). We recall it
briefly.

For an integer k > 0, the Bernoulli polynomial By (z) of order k is defined

by
text
> Bil@) pa—
k>0

The polynomial By (z) admits the following expression (see [1, Theorem 4.11]):
fork>landzeR (zeR-Z,if k=1)

- k! sin(2rma) .
Bi(z — [a]) = {—21 @ni" Smso TR | > 1 odd,
where i = 1/—1 and the summation ., is regarded as imy o0 Y nsimso

(2771 )k Em>0 COS(TQnT;‘mm)’ k=>2: even,
when k =1 (this ensures convergence). We define the modified (generalized)
Clausen function for k>1and x €R (zx € R—Z, if k=1) by

cos(2mmax) E>1:0dd
O M ke

'@mylzmw“mﬁmﬂ k>2:even.

With this, for k> 1 and x € R (x € R—Z if k =1), the polylogarithm
Lij(e2™) can be written in the form

S ——

We introduce formal generating functions. For z € R — Z, let

z — [z])tF o — [zt
Ba;t) ::Z-Bk(k# and y(z;t) ;:Zw.
k>0 : = !

(4) Liy(e*™") = —

PROPOSITION 2. For integers a, b>1, we have

> Caplk, ko, ka)ty 52k
k1,k2,k3>0
1 1
=1 (v(az; 2mity) B(bx; 2mits) + Bax; 2mity )y (ba; 2mits))
0

X B(x; —2mits) dx
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1
+ o) (v(az; 2mity )y (bx; 2mity) — w° Bax; 2mity ) B(bx; 2mits) )
0
x fB(x; —2mits) dx,

where the integrals on the right-hand side are defined formally by term-by-term
integration.

Proof. When kq, ko, k3 > 2, it follows that

1 -
/ Liy, (eQﬂiaz)Likz (ezmbz)LikS (6271-1'3:) dz
0

1 e2mimaz eZﬂ'inbwe—%ril;E p
= E X
0 mkinka ks
m,n,l>0

1 Y omi
Z s / 627r2x(am+bnfl) dr = Ca,b(kh kQ’ k3)7
0

mkinkz[ks
m,n,l>0

where Liy, (e2™) stands for complex conjugate of Liy,(e2™®). For ki, ko,
ks > 1, the above equality is justified by replacing the integral fol with

lem(a,b)

g >

j—1
j=1 Y Tem(a,p) T€

_J
Tem(a,b) €

where lem(a, b) is the least common multiple of a and b (see [8, Theorem 4.4]
for the details). Letting Li(xz;t) := ", Lix(e*™)t*, we therefore obtain

(6) ST Canlh, ko k)t el
k1,k2,k3>0

1
:/ Li(ax;t1) Li(bx;te) Li(x; ts) da.
0

Furthermore, the generating function of Liy(e*™**) with x € R — Z can be
written in the form

(7) Liz:t) = —% (ry (s 2mit) + i 2mit))

and hence, the right-hand side of (6) is equal to

1 1
(8) i) /0 (v(az; 2mity) + wif(ax; 2mit))
X (’y(bx; 2mity) + mifB(bx; 27m't2)) (’y(w; —2mits) — wif(x; 72m’t3)) dz.

We note that, similarly to (6), one obtains the relation

1
/ Li(ax;ty) Li(bx; ta) Li(x; —t3) de = 0,
0
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and substituting (7) to the above identity, one has

1
/ (v(az; 2mity) + wiB(aw; 2wity)) (y(ba; 2wita) + wiB(bx; 2mits))
0

x y(x; —2mit3) dx

1
= —7rz'/ (v(az; 2mity)
0
+ mif(ax; 27rit1)) (v(bm; 2mits) + wif(ba; 27Tit2)),6’(x; —2mits) dx.
With this, (8) is reduced to
1 1
~ @R / (v(az; 2mity) + wiB(ax; 2mity)) (y(ba; 2mits) + wiB(bx; 2mits))
e 0
x B(x; —2mits) dz,
which completes the proof. O
The coefficient of t* in v(x; 27it) (resp. B(w;2mwit)) is a real-valued function,
if k is even, and a real-valued function times i = +/—1, if k is odd. Thus,

comparing the coefficient of both sides, we have the following corollary. For
simplicity, for integers a, b > 1 we let

1
() Fup(t1,ta,ts) = / (as ) B(bws £2) B (s —ts) d,
0

where the integral is defined formally by term-by-term integration and by (5).

COROLLARY 3. One has

k1 4ko 4k
E Cab(k1, ko, k3 )ty ty> L5
k‘l,kz,k3 >0
k1+ko+ks:odd

1 1
= ——‘Fa b(271'it1,27‘['it2,27‘(’it3) — —‘Fb a(27Tit2,27Tit1,27Tit3>.
dmg dmi

Remark that, using the same method, one can give an integral expression
of the generating function of the Riemann zeta values, which will be used
later.

PrOPOSITION 4. For integers a, b> 1, we have

1

(10) v(ax; 2mity) B(bx; —2mity) dx

2mi Jo

d br+s
Z ged(@ ™ (| s,
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Proof. Let d=gcd(a,b) and set a =a’d,b=1"0'd. It follows that
1
| (e Li (e s
0

1 ' ( bn)
_ 2miz(am—bn
= E s /0 e dz

m,n>0
1 a’\" 1

o Z mrns F Z nrts

m,n>0 n/>0

m:Z—l,n a’|n

1

= —7Cr+s).

a/Sb/’r‘ C( )

Hence, we have

1 r+s
/ Li(az;ty) Li(bz;ta) doe = Z MC(T—}—S)t{t;
0

asbh”
r,s>0

By the relation f01 Li(az;ty) Li(bx; —t2) de =0 (a, b > 1) and (7), the left-hand
side of the above equation can be reduced to
1t
57 (v(ax; 2mity) + wiB(az; 2wity ) ) B(bx; —2mits) da.
™ Jo
Comparing the coefficients of t]t5, we complete the proof. O

3. Evaluation of integrals

In this section, we compute the integral F, (t1,t2,t3).
We denote the generating function of the Bernoulli polynomials by S (x;t):

) e tea:t _ B tk
Bo(; )-—m—z k(@)
k>0

For integers b, ¢ > 1, we set

ebtl—tz _ 1
ap(ty,t2) := Bo(0;t1)Bo(0; —t2) ————,
bty —to
_ . ebtl_tZ -1
Qp,c(t1,t2) := —t1e” By (0; _tQ)bia
t1 — 1o

which are elements in the formal power series ring Q|[¢1,t2]].

LEMMA 5. For any integers b, d > 1, we have

d
e~ Moy (ty,ta) = ap(ty, t2) + Z e (t1,t2).

c=1
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Proof. By the relation By (z) = Bi(x + 1) — ka*~! for k € Z>o (see [1,
Proposition 4.9 (2)]), we have Bq(x;t) = Bo(z + 1;t) — te®t. Using this formula
with x = —d,—d + 1,...,1 repeatedly, one gets

d
Bo(—d;t) = Bo(—d + 1;t) —te ™ = .. = By (0;t) =t > e~

Hence, we obtain

ebt1—t2 -1

e M ay(t1,t2) = Bo(—d; 1) Bo(0; —t2)

bt1 —to
d . ebti—t2 _
= ab(tl,tg) — 1 ;6 c 150(0; 7t2)m
d
=yt t2) + Y pe(ts, ta),
c=1
which completes the proof. O

REMARK 1. Let us denote by Ay(r,s) (resp. gb7c(r, s)) the coefficient of
t1t5 in ap(t1,t2) (resp. in & c(t1,%2)). Then, we have

A ( ) Z (_1)qz+P2bpququ2
r,8)=
’ p1lp2lq!qe!(p1 +p2 + 1)

pi1tqi=r
p2+q2=s
P1,P2,q1,92>0

Zb,c (r, S) = Z

p1t+qi=r
p2+q2=s
P1,P2,92>0
q1>1

and
(—1)n +q2+p2 1 —1pp1 By,

pil(gr — 1)Ip2lgo!(p1 +p2 + 1)

where By, = By (1) = (—1)*B(0) is the kth Bernoulli number. We note that
since &y ((t1,t2) € t1Q[[t1,t2]], we have Ay (0,s) =0 for any s € Z>o.

LEMMA 6. Let b, d be positive integers with d € {0,1,...,b—1}. Then, for
ze (4, 4L) we have

B(ba;ty)Bw; —t2) = e~ " ay(t, 12) Bo(w; bty — ta) — B(bw;t1) — Blw; —t2) — 1,
where we recall B(x;t) =3, Bk($ [z])tk
Proof. Since bz — [bx] = bx — d when z € (%l7 d%l)7 one has

(B(ba;tr) +1) (B(2; —t2) +1)
- tle(bx—d)h _tze—xtz

elr —1 e7t2 -1
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— e—dt1 tl _t (btl tz)x

—let2 — 1
bti—t2 _ | (bt —¢ )e(bt1*t2)l’
_ ,—dt1 0:t 0: —t € 1 2
e” " Bo(0;11)Bo(0; —t2) R— P

= e~ My (t1,12)Bo (w3 bty — t2),

from which the statement follows. O

PRrROPOSITION 7. For any integers a, b > 1, we have

1
(11) Fa7b(t1,t2,t3) :ab(tQ,t3)/ ’Y(al‘;tl)ﬁo(l‘;th —t3) dl‘
0
b—1 1
+Z&b,c(t2,t3)/ ’y(ax;tl)ﬂo((ﬁ;th—t;g)d(E
c=1 b

1
= [ et (B0it) + Bl ) da.
0
d+1
Proof. Splitting the integral fol = ZZ;B 4" in the definition of F, ; (see
b

(9)) and then using Lemma 6, we have

Fab(tlatZatS)

_Z/ v(ax;t1)B(bx;ta) B(x; —t3) dx

d+1

= ie_dhab(tg,t‘g)‘/i ’ "y(aif;tl)ﬁ(](ﬁr;btg — t‘g) dx
_ /dT v(az;ty)(B(bx;t) + B(w; —ts) + 1) da

d ar1
b
= ab(t27t3)+z&b,0(t2at3)>/i Y(aw;t1)Bo(w; btz — t3) da

3

where for the last equality we have used Lemma 5. Since fol Li(ax;t)dx =0
holds, we have

(12) /o ~y(ax;ty)dx = 0.

Hence the statement follows from and the interchange of order of summation

b—1 b—1
Z Zc 1 d=c"* O
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We now deal with the integral of the second term of the right-hand side
of (11).
PROPOSITION 8. For any integers a, b>1 and c€{0,1,...,b—1}, we have
1t

5 . v(ax; 2mity) Bo (x; 2mi(bty — t3)) da

. —1)%(2mi)?! ac c o
==i ) ( )q(!as—> 5p+s+1(7>3q(5>t1f+1(bt2—ts)’”‘ !

1
e N 1T 0)

s>1
p,q>0
p+s:even

x T bty — t3) 11,
where Sy (x) and Cp(x) are defined in (1).
Proof. For an integer s > 1, we let

sty = 3 S )

|
= k!
It is easily seen that for any integer s > 2 we have
d d
o vs(azst) = atys—y(az;t)  and - fo(x;t) = 6o (z;1).

By repeated use of the integration by parts and noting that vy (x;¢t) = y(z;t),
we have

1
/ v(aw; 2mity) Bo (z; 2mi(bty — t3)) da
%

27TZ btg — tg)) 1
= ax; 2mity)Bo (x; 2wi(bty — ¢ .
; (2miaty )51 [%( 1) 0( (bt 3))]5
-y (=1)%(2mi)rta!
o = plglas—1!
p>s
q>0

X [Cl (ax — [az]) B, (sc)]lctlf_sﬂ(btg — t3)0Te2
Z é+1 27m)p+q+s
B (p + s+ 1)lqla®

s>1
p,q>0

X [Clpisy1(az — [az]) By ()] %tfﬂ(bh —t3) Tt
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By definition, for any x € Q and k > 2 we have

Clp(z — [2]) = {

WCk(Z') k: Odd,

Zwsk(l'% k‘:even,

and hence, the above last line is computed as follows:

5 (—U(ﬂ& (s,,+s+1<a>Bq<1> ~ Sprati (7)3(1)))

s>1
P,q=>0
p+s:odd
X tp+1(bt2 — tg) 7Tl

+ Z |a257r’) (Cp+s+1(a)Bq(1) _CPJFSH(%)Bq(g))

s>1
D, q>(]
p+s:even

X tle_l(th — tg)[H»Sil,

which completes the proof. O

4. Proof of Theorem 1

We can now complete the proof of Theorem 1 as follows.
Proof of Theorem 1. We compute the real part of the coefficient of tlfltlz€2 t§3
in the generating function ﬁFa7b(2ﬂ-Z‘tl,2ﬂ'it2,2ﬂ'it3) for positive integers k,

kh kQ, ]i?3 with k= kl +k2 + kd odd. By (11) with tj — 27Titj, we have

1
—.Fayb(Qﬂ'Z‘tl, 27Tit2, 2’/Tit3)

2me
(13) = ap(2mita, 2mit3)
1
x — [ ~ylax;2mity) By (x; —2mi(ts — bta)) da
2mi Jo
b—1
(14) + Y apo(2mity, 2mits)
c=1
1
X 5 v(az; 2mity) Bo (; 2mi(bty — t3)) da
L Je
1 1
(15) ~ 5 v(az; 2mity) (B (bw; —2mi(—t2)) + B(x; —2mits)) dx.
™ Jo

By (10), the coefficient of t¥1¢52¢5 in the last term (15) is a rational multiple
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of ¢(k). For the first term (13), using (10) and (12), we have

1
— / v(aw; 2mity) Bo (z; —2mi(ts — bto)) da
21t Jy

€ D QCUks + ko + kst ehehe,
k1,k2,k3>0
k1+ko+ks:odd

where Y a,t" € Y V,.t" means a, € V; for all r. We also have
ay(2mity, 2mity) € Y Q(2mi)"TIHLS.
r,s>0

Hence the real part of the coefficient of t5'¢52¢55 in (13) can be expressed as
Q-linear combinations of 772"((/6 —2n) with0<n < % For the second term
(14), using Proposition 8 (see also Remark 1), we have

(16) &576(2772'152, 27Tit3)
1
X 5 v(ax; 2mity) Bo (x5 2mi(bty — t3)) da
™ s
) Ay (n2, n3)
-y Y pPe
nzy>1 s>1
n3z>0 p,g>0
p+s:odd

5 () )

x 8 (bty — t )‘1+S—1t”2tﬁs

A Cc ) . —
i Z Z b, n2 TL3) (27m)n2+n3+q 1

'a/é
no>1  s>1
n3>0 p,g>0
p+s:even

X (C(p+s+1)Bq

ac C —1,4no4mn
‘C”“*l(?)BQ(z))t’#%btz—t3>q+s tpege,

where we note that in the above both summations, p+ s+ 1 runs over integers
greater than 1. Since for any z € Q and k > 0 we have By (x) € Q, the real part
of the coefficient of t¥1¢52¢5* in the first term (resp. the second term) of the
right-hand side of (16) is a Q-linear combination of 2" 1S, 5, 1( g¢) with
0<n< % (resp. 772"0;9,2”(%) and 72°¢(k — 2n) with 0 <n < k23). We
therefore find that the real part of the coefficient of tlfltéc2 t5 in the generating
functlon L 51 b(2mity, 2mits, 2mits) can be expressed as Q- hnear combinations
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Of7T2n+1Sk o 1( u ) and 72 "Cl— 2n( C) with0<n< TB and c € Z/bZ. Thus
by Corollary 3, we complete the proof. O

REMARK 2. As mentioned in the introduction, the value (,(k1, ke, k3)
is expressible as Q-linear combinations of double polylogarithms Li,. s(z1, 22)
defined in (3), where the expression is obtained from the partial fractional
decomposition

:ﬂlysz 2 m(<€:i)%+(ﬁi)$> (r,s € Z21)

ptg=r+s
p,q21

and the orthogonality relation

1, N|d

1 dn __ ’
N 2 “N_{o, Ntd,

n€Z/NZ

where py = e*™/N and d € Z. For example, one can check

(17 Gs(L13)= Y Liva(us®.us) + Y Liva(ps,1)
w€EZ/3L w€Z/3L

From this, Theorem 1 might be proved by the parity theorem for double
polylogarithms examined in [10, Eq. (3.2)]. Although we do not proceed with
this in general, let us illustrate an example. As a special case of [10, Eq. (3.2)],
one obtains

Liya(z1,22) + Liva (27, 25")

(—1)n+1Lin (Z1)B5_n(2122) — Lil (21)64(22)

hE

n=1

5

n—1
Liyp ! B —n —Li ’
“rnz_;l( 3 ) (2 (22 ) 5 (2122) 25(2122)
where for each integer k > 0 we set By(z) = (27”) Bi(3+ logQ(T:iz))' We note

that Lix(uy) = Ck(%) + iSk(%) and By (us) = (2”” Bi(1) since log(—pu3) =
—%. With this, the above formula gives

Re(Liya(pz', ps) + Liva(pz? 13))
2 4
243( 843¢(5) + 3672¢(3) + 47*log 3),

Re(Liy a(p3, 1) + Liya(p3,1))

2313 (972g( ) — 1272¢(3) — 47 log 3 — 8175, (%) — 12728, (%))

2Liy 4(1,1) =4¢(5) — %Hc(:a),
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where we have used Cy(1) = Cy(2) = L37¢(k) for k>2 and Ci(3)
1

C1(2) = —1log3. Substituting the above formulas to (17), one gets (2). We
have checked Theorem 1 for (a,b) = (1,3) and (2,3) in this direction.

5. The zeta function of the root system G-

In this section, we give an affirmative answer to the question posed by
Komori, Matsumoto and Tsumura [5, Eq. (7.1)].
The zeta-function associated with the exceptional Lie algebra G is defined

for complex variables s = (s1, $2,...,5¢) € C° by
1
;Go) = .
C(s:G2) mzn;o ms1ns2(m + n)ss (m + 2n)% (m + 3n)%s (2m + 3n)e

The function ((s;G2) was first introduced by Komori, Matsumoto and
Tsumura (see [4], [5]), where they developed its analytic properties and func-
tional relations. They also examined explicit evaluations of the special values
of ((k;Gs) at k € Z8 ) (see [18] for k € Z ), where we note that the series
C(k; G2) converges absolutely for k € Z(;O.iFor example, they showed

109

1

Komori, Matsumoto and Tsumura [5, Eq. (7.1)] suggested a conjecture that
the value ((k1,...,ks;G2) with k1 + -+ + kg odd lies in the polynomial ring
over Q generated by ((k) (k € Z>2) and L(k, x3) (k € Z>1), where L(s, x3) is
the Dirichlet L-function associated with the character s defined by
Lo xs) = Y2 )
m>0 m

and the character x3 is determined by y3(n)=1if n=1 mod 3, x3(n) =—1
if n=2 mod 3 and x3(n) =0 if n=0 mod 3. We remark that the second
author [8] showed that the value ((k1,...,ke;G2) with k1 + -+ + kg odd can
be written in terms of ((s), L(s,X3),Sr(&),Cp (&) for N=4,12 and 0 < d <
N,(d,N)=1 (see also [5, §7]). The following theorem gives an affirmative
answer to the question.

THEOREM 9. For any integers k,ky,..., kg > 1 with k=Fk + --- + k¢
odd, the value ((k1,...,ke;G2) can be expressed as Q-linear combinations of
¢(2n)¢(k —2n) (0<n<E3) and L(2n + 1,x3)L(k —2n —1,x3) (0<n <
k=3), where ¢(0) = —3.

Proof. In [8, Theorem 2.3], the second author proved that for any integers

l1,...,lg > 1, the value {(l1,...,ls;G2) can be expressed as Q-linear combina-
tions of Ca,b(nlvn%ni%) with (avb) = (1, 1)7 (172)a (1»3)> (273), ny +ng +n3 =
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l14+ - +1g and ny,n2,n3 € Z~g. As a consequence, it follows from Theo-
rem 1 that the value ((kq,...,ks;G2) can be written as Q-linear combina-
tions of w2"Cy_ gn(G) and 71'2"“‘151c o 1( ) with 0<n < u and d € Z/6Z.
Now consider the values Ck(g) and Sk( ). They are expresmble as Q-linear
combinations of

@w= Y o @ezim)

m>0
m=d mod !

For k > 2, using the identities ((k) = >_4e7/17 (l(d)(k) and (:l(o)(k) € Q¢(k),
we have Cr(3) = () = "' (k) € QC(K) and Ci(3) = Cu(3) = & (k) —
%(C?(,l)(k:) + C§2)(k)) € Q¢(k). Furthermore, using the identity (( d)( k) =
a=* (d)(k) we have

l )

1 5
(5)-4(3)
=)~ VR + 5 (O E) + P B) — 3 (8 + ¢ ()

€ Q¢(k).

Thus, Ck( ) € QC(k) holds for any d € Z/6Z and k > 2. Likewise, it is easily
seen that Si(4) € Qv/3L(k, x3) holds. Then the result follows from the well-
known formula: ¢(2n) € Qn?", L(2n+1,x3) € Qv/37**! for any n € Zx( (see
[1, Theorem 9.6]). O

Let us illustrate an example of the formula for {(k1,...,ks;G2). Applying
the partial fractional decomposition repeatedly to the form (m +n)=*3(m +
2n) 4 (m + 3n) k5 (2m + 3n) ~Fs | we get

¢(1,1,1,1,1,2;Go)
1 9
= 5(1,1(57 17 1) - 16C172(57 17 1) + §C173(57 17 1) + 942,3(47 17 2) + 184213(5, 17 1)

Then, by Theorem 1 (actually we use Corollary 3 together with Propositions
4, 7 and 8), we have

oy 20T 505 9 (1

2507 505 3
= T06¢(7) = TC2)C(5) + SL(Lx)L(6. xa)

- 7
where L(1,x3) = NG
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