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ALGEBRAIC PROPERTIES OF SMALL HANKEL
OPERATORS ON THE HARMONIC BERGMAN SPACE

YONG CHEN, WEI HE AND YUNZHONG HU

ABSTRACT. This paper completely characterizes the commuting
problem of two small Hankel operators acting on the harmonic
Bergman space with the symbols one being bounded and another
being quasihomogeneous, or both being harmonic. The charac-
terizations for semi-commuting problem and the product of two
small Hankel operators being another small Hankel operator for
certain class of symbols are also obtained.

1. Introduction

Let D be the open unit disk of the complex plane C. Let LP = LP(D,dA)
be the usual Lebesgue space on I, where 1 < p < oo and dA is the normalized
area measure. Let b? denote the harmonic Bergman space on ID consisting of
harmonic functions in L2. It is well known that b? is a closed subspace of L?,
and hence is a Hilbert space by itself with respect to the inner product

(o) = /D o dA

for functions ¢,1 € L?. Each point evaluation is easily verified to be a
bounded linear functional on b?. Hence, for each z € D, there exists a unique
reproducing kernel R, € b2 such that for every ¢ € L2, Qo (z) = (p, R.),z €D,
where @ is the orthogonal projection from L? onto b?.

As is well known, a function « in D is harmonic if and only if it admits a
decomposition u = f + g where f,g are holomorphic on . Furthermore, if
u is in L2, then both f and g are in L2. Here, L2 denotes the well known
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holomorphic Bergman space consisting of all holomorphic functions in L2. As
a result of this observation, we see that
bV =z2L2q L2
In particular, there is a simple relation between R, and the well known
Bergman reproducing kernel K,
Rz:Kz'i'K_l: ZE]D,

where K, (w) = m Thus, @ : L? — b? admits the integral representation

aelo)- [ [ Lt fpw)daw)

(1—wz)?2  (1—2w)?

for ¢ € L?. Recall that the Bergman projection P, the orthogonal projection
from L? onto L2, has the following integral formula

P(p(z):‘/]l)%d/l(w), z€D

for ¢ € L?. Hence, the projection @ can be rewritten as

(1) Qe =P(p) + P(®) — P()(0), ¢elL?

Let U : L? — L? be the operator Uf(z) = f(2), then U is unitary and
UQ=QU. Given a function ¢ € L?, the Toeplitz operator Ty : b*> — b* and
small Hankel operator Hy : b*> — b* with symbol ¢ are densely defined by

Tyu=Q(¢u),  Hyu=QU(du)

for functions u € b2. Clearly, T, and Hy are both bounded linear operator
on b? when ¢ € L. From the equality UQ = QU, one can easily get the
following relation between Toeplitz operator and small Hankel operator

(2) Hy=UT, =TyuU.

For ¢ € L?, the Toeplitz operator T¢ and small Hankel operator H » on the
Bergman space L2 are densely defined by

Ty(F)=P(pF),  HyF=PU(¢F), FeL.

It is easy to see PTyP = T¢ and PH4P = Ef(z,. Note T¢ =0 only if ¢ =0.
Combining these facts with formula (2), we have
(3) Hy=0 <= T,=0 <= ¢=0.

Let ¢*(2) = ¢(2), then ¢* =U¢p =Ug. It is easy to check H: = Hy+ and
]?[;; = Ef¢*. So Hy is self-adjoint if and only if ¢* = ¢.

The algebraic properties, such as commutativity or product of two oper-
ators, are important topics in operator theory. In [3], Brown and Halmos
completely characterized the algebraic properties of Toeplitz operators on the
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classical Hardy space H2. From then on, many related works on Toeplitz
operators or (small) Hankel operators emerged (see [21], [13], for example).

For the case on the Bergman space of the unit disk, the algebraic properties
are more subtle than that on the Hardy space. [1] and [2] obtained the Brown—
Halmos type theorems for Toeplitz operators with harmonic symbols. Many
subsequent works studied these problems for special symbol classes, such as
harmonic symbols, radial symbols or quasihomogeneous symbols, see [6], [17],
[19], [20] for example. For boundedness, compactness, commutativity and
product of small Hankel operators on the Bergman space, one is referred to
[15], [23].

On the harmonic Bergman space, [14] has studied the algebra of Toeplitz
operators and small Hankel operators. Some studies focusing on the algebraic
properties of Toepltz operators with harmonic symbols [5], [7] or quasihomo-
geneous symbols [8], [9], [10], [18] showed that the results obtained are also
quite different from the case on the Hardy or Bergman space.

Motivated by these works, in this paper we first study the algebraic prop-
erties of two small Hankel operators on the harmonic Bergman space. Unlike
the Toeplitz operators case in which many algebraic properties are still un-
known even for harmonic symbols or quasihomogeneous symbols, we obtain
complete characterizations of commuting problem and the product problem
for certain quasihomogeneous or harmonic symbols. Moreover, our results
can apply to answer some algebraic properties of Toeplitz operators on the
harmonic Bergman space.

In order to introduce our main results, we need the notation for quasihomo-
geneous functions. Let R be the space of radial functions in L2. By using the
fact that the trigonometric polynomials are dense in L? and that for ki # ks,
e’*199% is orthogonal to e**299R, one sees that

L =Pe*'n.
keZ
Thus, each function f € L? can be written as (see [4]):
(4) P(re®) =" e*ip(r), R
keZ
Moreover, if ¢ € L*°, then each ;. is also bounded on I since for each r €
[0,1),
1 27 . .
[r(r)| = ‘%/0 1/1(1“616)67”69 do

We call every function in e**YR to be quasihomonegeous function of degree k.
For the commutativity of two small Hankel operators, we first note that
there is an obvious case. In fact, by (2) and (3), we have

(5) HiHy=HyH, <+ Ty=Tyy <= ¢=Ud,

< sup|¢(z)|, keZ.
zeD
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then H1H¢ = HU¢H1, and hence
(6) HHyvp = HprvgH

The above case will be included in our characterization of commuting problem
for two small Hankel operators.
Now we state our main results of this paper.

THEOREM 1. Let p € Z, p € L™ be radial and ¢ € L*°. Then Hipo,Hy =
HyH.ive, if and only if one of the followings holds:

(a) ¢=0;

(b) ¥ is a quasihomonegeous function of degree p;

(¢) p=0, @ is nonzero constant and Utp =1).

Note that Uy = ¢ if and only if ¢ = ¢ + U with ¢ = > pe*py(r),
where each ¢y is a radial function. In particular, if ¢ is harmonic, then
Uy =1 if and only if ¢ = ¢ + U, where ¢ is an analytic function.

THEOREM 2. Let u,v € L*®° Nb2, then H,H, = H,H, if and only if one of
the followings holds:

(a) au+ Bv=0 for some o, € C and |a| + |B| #0;

b) u=alp+Up)+ A, v=0(p+Uyp) + A2, where a, B, 1, 2 € C and ¢
is an analytic function.

We would like to point out that the above main results can be applied to
answer when the difference of product of Toeplitz operators T, Ty — TyyTv,
is zero for one symbol being bounded and another being quasihomonegeous,
or both being harmonic, since by (2), we have

U(T,Ty — TuyTue)U = HoHyy — HuyHo.

THEOREM 3. Letp € Z, ¢ € L™ be radial and v, ¢ € L. Then the follow-
ing statements are equivalent:

(a) Heipe¢H¢ = H¢;

(b) HwHeipsw = H¢;

(c) p=0¢=0o0rp=¢=0.

THEOREM 4. Let u,v,¢ € L>® Nb%. Then the following statements are
equivalent:

(a) H,H, = Hy;

(b) H,H, = H¢;

(¢c) u=¢p=0o0rv=¢=0.

Also, by (2) the above two results can be applied to answer when H, Ty =
Ty or TyH, =Ty for ¢, and ¢ in certain symbol classes.

In the next two sections, we will prove Theorems 1 and 2 respectively, and
in the last section, we will prove Theorems 3 and 4. Many corollaries including
semi-commuting problem and zero product problem will also be included in
corresponding sections.
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2. Commutativity of two small Hankel operators with
quasihomonegeous symbols

In this section, we are going to prove Theorem 1. We first give the following
preparations.
For ¢ € L'([0,1),rdr), the Mellin transform @ is defined by the equation

3() = /O oy dr

It is clear that @ is analytic in the right half plane {z : Rez > 2}. It is impor-
tant and helpful to know that the Mellin transform is uniquely determined by
its value on an arithmetic sequence of integers. In fact, we have the following
classical theorem (see [22], p. 102).

LEMMA 5. Suppose that ¢ is a bounded analytic function on {z:Rez > 0}.
If ¢ wvanishes at the pairwise distinct points {zy : k = 1,2,...}, where
inf{|z¢} >0 and 327 Re(3-) =00, then ¢ =0.

REMARK 6. As a simple application of the above lemma, we have the
following fact which we will use frequently to prove our main results: for ¢ €
1 . . 1 _
LY([0,1),rdr), if there exists a sequence {ny }x>0 C N such that ;- 7 =00

and @(ng) =0, then ¢ =0.
When considering the product of two small Hankel operators, we also use

a well known fact about the Mellin convolution of their symbols. If p, 9 €
L'([0,1),7dr), their Mellin convolution is defined by

1
r dt
ervi= [ o(5)e0%. reo.
It is easy to verify that

(7) @ % (s) = B(s)U(s),
and that if ¢ and v are both in L'([0,1),7dr), so is ¢ * .
The following lemma comes from [10, Lemma 2.1].

LEMMA 7. Let p € Z and ¢ be a bounded radial function. Then for each
keN,

k+p+1)p2k+p+2)2KP, k+p>0,

Ti 6 (Zk) = 2(
e 20—k —p+1)@(—p+2)z27P, k+p<0,
)2

k—p+1)p(2k—p+2)z"7, k—p>0,
20p—k+1)p(p+2)2PF, k—p<O0.

o) -

By (2) and the above lemma, we have the following result which will be
used frequently in this and the last sections.
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LEMMA 8. Let p € Z and ¢ be a bounded radial function. Then for each
keN,

20k +p+ 1)@k +p+2)28*tP k+p>0,
2(—k —p+1)@(—p+2)27FP k4+p<O0,
2(

() -

k— o2k — NzFP  E—p>0
Heipsw(zk) pt )%j( -l )Z ’ p="
&(

{2(p—k+1) p+2)zPF k—p<O0.

REMARK 9. Let p,k € Z and ¢ be radial. In view of the above two lemmas,
we see that there are two constants A, jt, independent on z = re*?, such that

_ k| ik6\ _ y..lp+k| i(p+k)O , K| ik6\ _  |p+k| ,—i(p+k)
Telp%(rl le )7)\74 UL Helpeso(rl le )7,ur| lg=i(p+k)0

Now we first investigate commutativity of two small Hankel operators with
quasihomogeneous symbols.

PROPOSITION 10. Let p,q € Z and p,% be bounded and radial. Then Hipo,
commutes with H s, if and only if one of the following cases holds:

(a) p=q;

(b) p#£q but ¢ =0 or p =0.

Proof. Suppose p # q. By Lemma 8, direct calculation gives that for each
integer k > |p| + |q|, Heivo,Heiaoy(2%) and Hyiqoy Heivo ,(2%) equal to

Ak +q+1)(k+q—p+ )2k + ¢ +2)@(2k + 2q — p+ 2)2F TP
and
Ak +p+1)(k+p—q+ 1)@k +p+ 2)1h(2k + 2p — q + 2)2F+P4

respectively. Since p # g, we see k +p —q# k+ q—p. Hence, if Heipo,,
commutes with H_iqe, from the above two equations we have

P2k +p+2)(2k+2p —q+2)=0, k=[p|+]ql-
Let By ={k>0:p2k+p+2)=0}, By ={k>0:9(2k+2p—q+2)=0}.
Then it is easy to see that Y, .5 =00 0r Y 7 = 00, hence by Remark 6
we get ¢ =0 or ¥ =0.
For the case p = ¢, direct computation using Lemma 8 gives that for each

integer k >0,

HeipewHeinw (zk) = HeipewHeinLp (Zk),

Heipngeipr (Ek) = HeiprHeipGLp (Ek),
hence H.ipe,, commutes with H,ise,,. We complete the proof. (]

The above result implies that two small Hankel operators with quasihomo-
geneous symbols of same degrees always commute, while those with quasiho-
mogeneous of different degrees commute only in the trivial case. In particular,
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H.ipoy, is a normal operator. H.ipe,, is self-adjoint if and only if ¢ is a real-
valued radial function for H;p% = H.iroz. These facts are similar to the
commuting small Hankel operators with quasihomogeneous symbols on the
Bergman space [15], [20], but different from the commuting Toeplitz opera-
tors on the Bergman space [19] or on the harmonic Bergman space [8] with
quasihomogeneous symbols.

Proof of Theorem 1. The sufficiency is obvious by (6) and Proposition 10.
We turn to show the necessity. Let 1(z) =3, o, €04y, (r).

Claim: H_ipe , Hy commutes with Hy Hipe,, if and only if
(8) He”’egoHei(PJrn)%pern = Hei(pfn)ﬂwpinHeipgsa, ne.

Indeed, for fixed ki, ke € Z, by Remark 9 we have

<Heip9LpHeik9,¢k_ (rlkl‘eikl‘g)m‘@lei@e)

_{o, k#p+ ks — ki,
N <HeiP94pHei(p+k27k1)9,¢}p+k2_k1 (lel‘eikl‘g),7““”'6““29), k=p+ ke —kq,
and
<Heik9wkHeip9¢(lel‘eikle),T‘kzleik20>
_{0» k#p+ki— ko,
N <H6i(”+’°1*"'2>9%+k17k2 Hipo, (r1k1leik10) plkaleikad) = fp = pt kg — ky.
Hence for ki, ko € Z, we have
<Hew9¢Hw (T\k1|eik10)’r|k2|eik29>
= <Heip9ngei(wkrkl)e%MQ_kl (rlklleiklg)’r|k2‘eik29>
and
(Ho Hyino , (V1 1eik10) plhzl ikt
= (Hoosms-sangy oy oo (1971 6510), Lt
Let n=ky — k1, then n € Z. So Hipo,Hy = HyHive, together with the
above two equations give
(9) <Heip%Hei<p+n)9¢p+n (T\kl\eikle) , plkitnl ik +n)9>
- <Hei<p7n)ewp7nHeipsw(r‘klleikle),T|k1+"‘ei(k1+")9>
for all n,ky € Z. Now fix n € Z. It follows from Remark 9 again that for each
m € Z and m # n,

k ik10 k i(k 4
<Heip9¢Hei(p+n)9,¢p+n (7"' 1] pik1 )77"‘ 1+m| gi(k1+m) >:0

and
k ik10 ki1+m| i(k1+m)0
<Hei(p—n)9w nHeipe Q(Tl 1|e’ ! ),’I" 1 ‘61( b ) >_—0
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for all k; € Z. Therefore, it is easy to see that (8) holds by the above two equa-
tions together with (9). The converse is obvious from the above arguments,
so the claim holds.

In order to prove the necessity, in what follows we assume ¢ # 0 and ¥, #
0 for some mg # 0 and mg # p. We want to use the equation (8) to deduce
p=0, ¢ is a nonzero constant and ¥,,, = ¥_,,, which is the case (c) of the
theorem and will finish the proof.

Let ng =p — myg, then ng #0,p and 9,_,,, #0. By (8) we have

. . Y — . . k
Helpstel(p+n0)9wp+7lo (Z ) = Hel(pfno)swpino Helpstp (Z )
and
. . R — g . , zk
HeinopHyicoinny, . (2%) = Hoonoroy, . Hewoyp (2).

By Lemma 8 and straightforward calculations, the above two equations give
that for all k > [p| + |no|,

(10) (k+ p+no+ 1)B(2k + p + 210 + 2)¥pna (2k + p+ no + 2)
— (k+p+ 1)P(2k +p+2)Ppng (2k +p+no +2)
and
(k—p—n0+1)<ﬁ(2k—p—2n0+2)m(2k—p—no+2)
= (k= p+ 1)@k —p+ 2y (2k —p —n0 +2),
respectively. Substituting k with k& 4+ p+ ng in the last equation above, we get
(11) (b + D@2k + p+ 2)Uping (2k +p+no +2)
= (k+n0 + 1)3(2k + p+ 2n0 + 2)0y—ns (2k +p + 10 + 2)
for all k& > 2|p| + 2|ng|. Let
Ey={k>0:5(2k+p+2)=0},
By = {k>0:9, n(2k+p+ne+2)=0}.
Note ¢ # 0 and p_n, # 0. Then by Remark 6, we see ZkeEl % < 0o and
Y ken, + <oc. Put
E = (Z— EyUE>) N [2|p| 4 2|ng|, +00).

Then Y, L = o0o. Since for k € E, $(2k+p+2) #0, (2k+p+2n9+2) #0,

then (10) or (11) tells m@k +p+mno+2)#0 when k € E. Thus by (10)
and (11), we get

(12) (k+no+1)(k +p+no+ 1)[F(2k + p+2no +2)]
— (k+D)(k+p+1)[2k+p+2)]
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for all k € E. Let z =2k + 2, then the above equality becomes

(z42n0) (2 + 2p + 2n0) [@(z + p + 2n0)] 2= z(z +2p) [@(z +p)] g

It follows from Lemma 5 and (12) that the above holds on {z:Rez > 2|p| +
2|ng|}. Without loss of generality, we now assume ng > 0. So put z = 2kng
above with k > 2|p| + 2|ng|, then

—~ 2 ~ 2
2kno (2kno + 2p) [3(2kno + p)|” = 2kono(2kono + 2p) [P(2kono + p)]

for all k > ko = 2|p| + 2|no|. Let C = 2kong(2kono + 2p)[p(2kono + p)]?, then
clearly C # 0. Now using the property of Mellin convolution (7), the above
equation becomes

C
2kno(2kng + 2p)

for k > kg. Therefore by Remark 6, we get

GFP(2kng + p) = = CrP * 7=P(2kng + p)

px=Crlxr P

Since ¢ is bounded, so it is easy to check ¢ x p € L%([0,1),rdr), which
forces rP x r=P to be in L?([0,1),7dr). But it holds only when p =0 since
rPxrP(s) = ﬁ(s‘p — sP) for p#0. Hence, we get p=0. So pxp=C1x1
which gives 3% = C12 by (7), that is, p = +v/C1. By Remark 6, we easily get
that o = VC or @ = —\/5, a nonzero constant.

Note ng =p —mg and 1(k) = 1/k. Now when p =0 and ¢ is a nonzero
constant, (10) or (11) will give

D (2 +mo +2) = Yo (2k +mo +2), ke E.

So by Remark 6 again, we obtain that ¢,,, =1%_,,. The proof is complete.
O

3. Commutativity of two small Hankel operators with
harmonic symbols

In this section, we are going to prove Theorem 2. We always assume
u=f+g, v="h+k, where f,g,h,k are all holomorphic functions on D with
g(0) =k(0) =0. o

Recall Up(z) = ¢(z) and p* =Up =U g, so it is easy to check that (K,)* =
K; or K, =UK; and for p € L2, [P(p)]* = P(¢*).

Note b? = zL2 @ L2. Let U be the unitary operator from zL? @ L2 to

zL? @ L? defined by
~ I 0
0=(o 1)
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It is easy to see U* maps 22 @ L2 to L3 = 2L2 ® L2 and

~. (I 0
70 o)

since U* =U on L2. For ¢ and 9 in L?, we let ¢ ® ¢ be a operator defined
by ¢ ® 1 (¢) = (¢, ) for function ¢ € L2.

We use the idea of [14] to obtain the following block matrix representation
of small Hankel operator. The representation is useful in this paper and
indicates that the small Hankel operators on the harmonic Bergman space
are closely related to the Toeplitz operators and small Hankel operators on
the Bergman space.

LEMMA 11. Let ¢ € L*°. Then on zL? & L2, we have

a’

UH, " = Hy—1@P(¢) Tus—1® P(¢7) .
Proof. Since P(@) = [ (@)]* =UP(p*) =UPU¢y for p € L?, so by (1), it
is easy to see that Q=P —1® 1+ UPU. Now for f; € zL? and fo € L2, we
see that

Hofv =QUOU ) = Hyfr — [1® P(@)] i + UT,
and
HyUfo=QUobf2) =Tugfo — [L@ P(¢*)] f2 + UHys fo,
so for [f1, f2]* in 2L2 @ L2, the above calculation shows

rr 7k f 77 f
UH,U ( f;) =UH, (U}Q)
_ 5 (=10 P@)f +[Tye — 10 P(6")]
UT¢f1 +UHyyf2

[Hy —1 ® P(9)f1+ [TU¢ —1® P(¢*)] f2
T¢f1 +HU¢f2 ’

which gives the desired matrix representation. The proof is complete. O

We recall some simple facts about Toeplitz operator T and small Hankel
operator H¢ on the Bergman space L2. It is clear that H¢ = HUPU¢ and

H, =1®1. In addition, for analytic functions ¢, we have T, K, = p(2) K.
and

(13) TupHy = HyT, = Hpy.

The first equality above comes from [15, Proposition 2.1] and the second one
is deduced by direct computation.
The following lemma gives key formula to prove Theorem 2.



ALGEBRAIC PROPERTIES OF SMALL HANKEL OPERATORS 305

LEmMA 12. If H,, commutes with H,, then
(14) P(kUg—gUk+ f*h— h*f) = gh* — kf*,
and for each z € D,
(15)  [P(ED) + k) P(FKS) — Pl(kf)EL] — k() S

— 1 P(T) + g()P(TS) — PL(gh) ] — 920"

Proof. By Lemma 11, we can get

7 Tk 7T FrkTT I A B
(16) OUH,H,0* =UH,0UH,0" = (C D),

where C': zL2 — L2 and
C=T,[H, ~1® P®)] + Hy,T,.
So U(H,H,)U* =U(H,H,)U* gives that
Tu[H, —1® P(v)] + HyuTy =T, [H, — 1® P(a)] + Hyo T
We take adjoint of both sides of the above equality to get
[H,- — P(0) 1] Ty + TyHy = [Hy- — P(a) ® 1] Ty + Ty Ho,

then acting on Kz(= K7) of the above and applying (13) and ¢(0) = k(0) =0,
we can get

(17)  f*P(RK.)+k(2)P(f*K.) + P[(f*h —h* [)K.] — k(2)f*
=h"P(gK.) +g(2)P(h*K.) + P[(gUk — kUg)K.] — g(2)h".

Put 2z =0 in the above equality, we get (14). Set G =kUg — gUk + f*h —
h*f. Since

P[(I-P)(G)K.)(w) =((I - P)(G)K.,Ky) = ((I - P)(G),K.K,) =0,
where [ is identity operator on L2, hence by (14) we have
P(GK) = P[P(G)K.] + P[(I - P)(G)KZ] = P[(gh* — kf*) K.
Insert the above into (17) we then get (15), completing the proof. o

It should be pointed out that, the information of commutativity of two
small Hankel operators with harmonic symbols are all included in the equa-
tions (14) and (15), just as we will show below. It is easy to verify that for
nonnegative integer n,

n— B u"dA(u) 1 2 Cnejo
P(u KZ)(w)_/D(l—zﬂ)Q(l—wﬁ)Z_n+1zcn’jz .
j=0
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where ¢, ;= (n+1—7)(j+1),0<j<n. Now let f(z) =) ,",a,2", then
applying the above formula we get

aj+
(18) ZZ j _,_js j_ 1Ci+si”? w’.
j=0s=0
LEMMA 13. Letu=f+g,v="h+k, f(z) =Y 07 sanz", g(2) =3 nr o bn2",
h(z) =307 gcn2™ and k(z) =" dn2", where by = do = 0. If H, commutes
with H,, then

n—1
(19) > k(@rdn g —Cbpk) =0, 1<j<n-—1,
k=1
for each fized n > 2, where
o = ch)J(rjlﬂ)J J<k,
k=Y (n—j)(n .
’ ( Jn)(ﬂjl:rl)k’ j>k.

Proof. We deduce (19) from the equality (15). Indeed, direct calculations
combining with the formula (18) give

Cts—jt—g | s, t
H(w)P(EK)( Z(Zajdtﬂ e >zw

t,s=0
o0 t+s

k(z)P(f*K.)(w) = Z (Za]dﬂrg —j +t1> 2w’
t,s=0

and
) t+s Ct+t .
“kK) Tidys St st

hence in the expansion of the left—hand side of the equality (15), the coefficient
of wt is

c oo [t+s

t+s— jt 7

| Lo ]+ R e
s=0 Lj=0 s=0 Lj=t

(') t+s
Z[Zagdtﬂ . 3;:1

s=0 Lj=0

2% — g a;dgz°
s=0

for each integer t > 0, that is,

t+s
Cits—jit—j
> S S S

s=0 Lj=0

t+
2 d Ctys,t ad s
_Z% Heip a1 |
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for each t > 0. Recall that ¢, j = (n+1—7)(j+1),0 <j <n, and dy =0, then
the above becomes

00 t .
-1 _ js(s+1)
20 - PRk Gl
( ) §t+3+1 ;(Z]t"r ]t+8+1_]
t+s—1 .
tt+1)(t+s—
+ § a/]dt+s ] )( 1 j) ZS
j=t+1 Jt

for each t > 1. Similar formula as above can be obtained when computing the
right-hand side of (15), thus the equality (15) will give

t—1

_ _ js(s+1)
id s—j3 b s—j .
j:1(a3 t+s—j — Cj0t+ ])t+s+17]
t4+s—1 .
_ _ tt+1)(t+s—j)
+ Z (ajdtﬂ,j —Cjbt+5,j) - 1 =0
j=t I+
for every s,t > 1. Now put t + s =n > 2, then the above is changed to (19)
and we finish the proof. O

PROPOSITION 14. Let u,v € L® Nb%. If H, commutes with H,, then there
exist constants v, B € C satisfying |a]+|8| # 0 such that au+ Sv is a constant.

Proof. Suppose H, commutes with H,. By Lemma 13, we have the equa-
tion (19). Now if we can show that for each fixed n > 2, the determinant of
(n —1)% matrix («; ) is not zero, then we will get

a_kdnfk*abnszoa 1<k<n-—-1.
Therefore, we have

which will approach our desired result.
In fact, we need to apply the elementary transformation to the matrix
(aj ). Fix kth column in the matrix, where 1 <k <n —2. Note o, =

Z—;]f(.j + 1).77 Aj k+1 = k+2 (J + 1).7 when .] <k and A1,k = W7
Al 1 k1 = (”*kfl)k(i;?)(kﬂ). Now we multiply —% to every entry

of the kth column and then add each to corresponding one of (k+1)th column,
we can see that the entry of (k4 1)th column becomes zero in jth (1 <j <k)
row and Z(k'é']gr(g(_nk;llz%“) in the (k + 1)th row. Now we apply the above
process n — 2 times in the order of k=n —2,n—3,...,2,1, then the original

matrix becomes the lower triangular matrix which is denoted by (8, %), where

0, j<k,
Bj,k =3 2k(n—k)(n+1) ik
Gt D(nt2—k) J =%
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for 2<k<n—1and 81,1 =0a1,1 =n — 1. Therefore,

et ) = det (B, 1) = (n — o 2k(n—k)(n+1)
det(a; ) = det(Bj) = ( 1)]};[2(16“)(””_@#07

thus (21) holds.
It is easy to see that, from the equalities (21), only one of the following
three cases will occur:
Case 1. bj =d; =0 for all j > 1, i.e., v and v are analytic functions;
Case 2. aj =c; =0 for all j > 1, i.e., v and v are co-analytic functions;
Case 3. afu—u(0)] + Blv — v(0)] =0 for some «, € C and |a| + |3] # 0.
Now we show both Case 1 and Case 2 are included in Case 3. Indeed, for
Case 1, u= f and v =h, so

(HiHLK.,K,,) = (P[U(fHLK.)],Kw) = (W K., K,),
and similarly (HyH¢K,, K,) = (fUMK.,K,). Thus, HH}, = H,Hy implies

P[th — fUh)KZ} = O, i.e., Tth—fUh(Kz) =0. So we get Tth—fUh =0 and
this implies hUf — fUh=0. If f=0 or h =0, we have done. If h # 0, then
by + = % we see easily that % is a constant, i.e., f = Ah for some A € C,
which is the special case of Case 3. If f # 0, the argument is similar.

Same reasoning applies for Case 2. We complete the proof. (]

Note that the condition au + Sv being a constant in the above result is a
sufficient and necessary condition for commutativity of two Toeplitz operators
with harmonic symbols on b2 [7], but it is not sufficient for the small Hankel
operators case, as Theorem 2 has said.

Now we can prove our second main result.

Proof of Theorem 2. The sufficiency is easy to verify by (6). We now show
the necessity. Suppose H,, commutes with H,, then (14) holds and by Propo-
sition 14, we can assume without loss of generality that

(22) f—ao=Ah—co), g=Mk

for some \ € C.

If A\=0, then u= f 4+ g =agp, a constant. The case of ag =0 is trivial. If
ag # 0, then v = Uv by (5), that is, h — h(0) = k*, so v =h + k = h(0) + k* +
Uk*, which is the special case of (b).

In what follows, we assume X # 0. Using (22) and direct calculations,
(14) gives

(@ — Aeo) (k — h* +72g) =0,
which implies ag = A¢y or h = k* 4+ ¢9. Combining this with Proposition 14,
it is easy to see that ag = Acy will give Case (a) and h = k* 4+ ¢ will give
Case (b), completing the proof. O

We give some corollaries to Theorem 2.
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COROLLARY 15. Let u,v € L*™.

(a) Ifu and v are both analytic or co-analytic, then H,H, = H,H, if and
only if au+ pv =20 for some «a, 8 € C with |a| + |B| # 0.

(b) If one of u,v is analytic and another is co-analytic, then H, H, = H, H,
if and only if u=0 orv=0 oru and v are two constants.

Notice that the above results are different from the same case of commuting
Toeplitz operators on the harmonic Bergman space obtained in [5] and [7].

For harmonic function u, recall that Uu = w if and only if u = ¢ 4+ Uy for
some analytic function ¢, so the following result is also clear.

COROLLARY 16. Let u € L>® Nb?, then H, is a normal operator if and only
if one of the followings holds:

(a) u* = MAu for some A € C;

(b) Uu=wu and [u—u(0)]* = Alu —u(0)] for some X\ € C.

Note that if u(z) =" a;27 + > b;z7, then u* = M means that there exists
a constant o such that all aa; and ab; are real-valued. So the above result
indicates that the case of the normal small Hankel operator is also different
from the case of normal Toeplitz operator obtained in [5], [16].

4. Product of two small Hankel operators being another small
Hankel operator

In this section, we will investigate the product problem of two small Han-
kel operators and prove Theorems 3 and 4. It is remarked here that, for
same problem of Toeplitz operators case, there is only partial result for the
quasihomogenenous symbols [9], [10] and no any consequence for harmonic
symbols.

Let C be a conjugation on a separable Hilbert space H, that is, C? = I and
(Cp,Cy) = (1, p) for g, € H. A bounded linear operator T' on H is said
to be C-complex symmetric, if CTC =T*. For more details about this type
of operators, one is referred to [12]. The following lemma is obvious by the
definition of complex symmetric operator.

LEMMA 17. Let A, B,T are all C-complex symmetric operator on H. Then
AB =T if and only if BA=T. In particular, each case implies AB = BA.

The above lemma is a simple property for complex symmetric operator, but
for our study about product problem of Toeplitz operators or small Hankel
operators, it is very useful and even unexpected. Indeed, let C'f(z) = f, then
C is a conjugation on b? and T}, is a C-complex symmetric operator, i.e.,
CT,C = T;‘, [4]. Now set Oy = CU, then C is also a conjugation on b? and

C1H4C1 = CUH4CU = CUUT,CU = CT,CU =TiU = Hj,

which implies that Hy is a Cj-complex symmetric operator. Applying the
above lemma, we have
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PROPOSITION 18. Let ¢,1,¢ € L*°. Then
(a) T,Ty =Ty if and only if TyT, =Ty, in this case T,Ty =TyT,.
(b) Hy,Hy = Hy if and only if HyH, = Hg, in this case H,Hy = HyH,,.

So when we consider the product problem, we can use the results of com-
mutativity obtained before. Note that in [9] the authors only proved the case
of Toeplitz operators with homonegeneous symbols, but here the result is valid
even for general symbols.

In order to prove Theorems 3 and 4, we also need the following lemma. Re-
call that Toeplitz operator T, and small Hankel operator ET¢ on the Bergman
space L2 are defined by fd)(F) = P(pF') and PNI¢F = PU(¢F) for F € L2. For
analytic function ¢, it is easy to see fwi, = fw and f¢f¢ = T¢w.

LEMMA 19. Let ¢,9 € L. Then Hy =Ty, if and only if ¢ =1 =0.

Proof. 1f Hy =Ty, then PH,P = PT,P, that is, Hy = Ty. It is known
that a bounded linear operator T on L? is a small Hankel operator if and only
if T.T =TT, [11]. So T: Tw —Tsz, that is, Tw =Ty, therefore zy = 21,
which means ¢ = 0. Hence, ¢ =0 because of (3).

The converse is obvious and the proof is complete. O

Now we proceed to prove Theorem 3.

Proof of Theorem 3. Tt is obvious that (c) implies (a) and (b). For the
direction of (a) or (b) implies (c), by Proposition 18 and Theorem 1, we only
need to consider the following cases which will induce the case (c) of the
theorem.

Case 1. ¢ =0. In this case, we see Hy, =0, so ¢ =0.

Case 2. Hcipo,Hivo, = Hy, where ¢ is a radial function. Suppose ¢ =
> kez ek ¢, where each ¢y, is a radial function. For every positive integers
m and n, by Lemma 8 and Remark 9 we have

<Heip9wHeip9,¢}Zm,Z_n> =0
and
(Hyz™, 77 = (Hyitn-mry 2™ 77 = 2(n 4 1)y (m +n + 2) (27, 27).

Hence, for integers m,n >0, gb/n_\m(m+n+2) =0. Let j=n—m, then j€Z
and (b j(2m+ j +2) =0 for all positive integer m. Therefore, by Remark 6
we obtaln ¢_j =0 for each j€Z. So ¢ =0 and H_ipo, Heips,, = 0. It follows
from Lemma 8 again that when m > |p|,

0=Hivo,Heioy (2™) =4(m+p+1)(m+1)3(2m +p+ 2)72(2m +p+2)"

which implies 3(2m + p + 2)$(2m +p+2) =0 for all m > |p|. So ¢ =0 or
1 =0 by Remark 6.
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Case 3. H.Hy = Hy, where c is a nonzero constant and U1 = 1. That is,
Tey = Hy, which gives ¢ = ¢ =0 by Lemma 19, completing the proof. (]

The following result about the semi-commutativity of two small Hankel
operators is an immediate consequence of Theorem 3.

COROLLARY 20. Let p € Z, ¢ € L™ be radial and ) € L>. Then the fol-
lowing statements are equivalent:

(a) Heipe¢H¢ = Heipﬂww;

(b) Hine'iPGLp = He’ipgtpw;

(c) ¢=0 ory=0.

Another consequence of Theorem 3 is about the zero product problem of
two small Hankel operator which has independent interest. It can deduce the
same conclusion for the Toeplitz operator since TyTy = U(HyHyy)U by (2).

COROLLARY 21. Let p€Z, p € L™ be radial and v € L*>°. Then

(a) Heivo,Hy =0, if and only if HyH,ipe, =0, if and only if ¢ =0 or
Y =0;

(b) Teire, Ty =0, if and only if TyT,ipe,, =0, if and only if p =0 or ¢ =0.

We now prepare to prove Theorem 4. Using Lemma 11 and similar argu-
ment as done in (16), it follows from H,H, = H, that

A [H,—19 P(@)][H, —1® P(0)] + [Tra — 1@ P(u*)]T,
=H; 1 P(9),

B: [H,—1®P@)][Ty,—1®P(*)] + [Tyu — 1 ® P(u*)] Hy
ZfU¢—1®P(¢*),

C: T,[H,—1® P@®)] + Hy,T, =Ty,

D: T[Ty, —1® P(v")] + Hyu Ty = Hug.

The above four equalities will play great role for us to prove Theorem 4.
We first give the following lemma.

LEMMA 22. Let u,v € L® Nb% ¢ € L>. If H,H, = Hy, then P(U¢p) =
P(6).

Proof. In view of Proposition 18, we see that u and v satisfy case (a) or
case (b) of Theorem 2.

For case (a): If a =0 or =0, then v =0 or u =0, so we have ¢ =0 which
certainly implies P(U¢) = P(¢).

For case (b): If a =0, then we have Hy, Hg(p4v4)+1, = Hy, that is, by (2),

T [B(p+Ue)+22] = Hyp,s
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then by Lemma 19 we have ¢ =0 and A1 8 = Ao =0. So ¢ =0 gives P(U¢) =
P(¢) and \iBp=Xda=0givesu=0if \y =0or v=0if \; £0. If §=0, the
argument is similar.

Now in what follows, we only need to consider a8 # 0 in case (a) and (b)
of Theorem 2. Without loss of generality, we may assume a = =1. So we
let u=h+k+ A and v="h+k -+ Ay with h(0) = k(0) =0, where A\, = Ay or
h=Fk*.

We compute C* acting on 1 to obtain

(23) P(¢) = P(kUk + hh*) + kh* + Ak + Aoh* + Ay Aq.
Because H,«H,~ = Hy-«, so in this case we compute D acting on 1 to obtain
(24) P(¢*) = P(kUk + hh*) + Eh* + Mh* 4+ Aok + A1 e,
Since A\; = Ay or h = k*, then equations (23) and (24) give P(¢) = P(¢*), i.e.,
P(U¢) = P(¢), completing the proof. O

From the arguments of the above proof, we have seen that in order to prove
Theorem 4, we only have to consider the case H,, H, = Hy when u=h+k+ X\
and v =h+ k 4+ Ay with ~(0) = k(0) =0, where Ay = Ay or h=~Fk*. In this
case, by straight calculations, A and B become

A: Hy—1® P(9)
=Tk runtn Tppnir, + HeHp — kK" @k
— 1@ [P(kUk + hh*) + kh* 4+ Ak + Aah™ + A1 o],
B: Tys—1® P(¢*)
= Hy Ty + Tunsn, Hukrn + HiTunga, + The Hup — K" @ b
—1® [P(kUk + hh*) + kh* + Ah* + Aok + A1 ]
Using (23), (24) and (13), we can simplify A and B as
A Hy =T yoninTrgnin, + HiHp — k" @k,
B: Tug = Hige i ninnyning) + HiTunins + Do Hungn, =k @ (R4 A1)
Also, C and D become
C: Ty =Hppoy niny)(hre) T Hunen Tp + Than Hi — (h+ A1) @ k,

D: Hug =T(hgx, ) kx+Fk*+(Uh+2a)F
+ Than Tuntr, + Hungx, Hunx, — (h+ A1) @ (b4 A2)".

Note that B, D are defined on L2 and A, C are defined on zL2. It is
easy to see A and C also hold when acting on 1 because of (23), (24) and
P(U¢)=[P(¢)]* or P(¢)=[P(¢*)]*. So the above A, B,C, D are well defined
on L2.

We now turn to prove Theorem 4.
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Proof of Theorem 4. Tt is easy to see that we only need to show (a) im-
plies (¢). Since ¢ is a harmonic function, so by Lemma 22 we get U¢p = ¢. Let
=9+ Up+ A\, where p(z) = ZJ L a;z? is an analytic function on D. By the
previous arguments, we only need to show the theorem in the following case:
u=h+k+X and v="h+k+ A, where h(2) =372, ¢;27, k(2) =372, d;?
and either A\y = Xy or h = k*.

Acting C on K3, we get
(25)  [p+e(2) + A K: = P[(k*k+ (h+ A1) (Uh + X2)) K]

+k*(2)P[(h+X)K.] + (h+ )P (K*K.)

— k" (2)(h+ Ay).
Put z =0 in the above, and note k(0) = ¢(0) =0, then we have

P(k*k+hUh) = o+ A — (h+ A)k* — Azh — A1 o
Since P[K, (I — P)(k*k 4+ hUh)] =0, then
P[(k*k+hUh)K.| = P[K.P(k*k+ hUh)]
= P[(p+NE.] = P[(h+M)K*K.] — AP(WK) — M Ao
Insert the above into (25), we thus get
(26) hP(k*K.) + k*(2)P(hK.) — P(hk*K.) — k*(2)h
= [+ ¢(2) + A\|K: — P[(p + NK.].

Note that the left-hand side of the above is similar to each one side of (15),
S0 it gives a similar formula as (20), that is, for each ¢ > 1,

[e%e] t .
-1 js(s+1)
- PP Ak L et
;t—i—s—i—l ;CJ s+ 11—
t+s—1 .
tE+D({t+s—7)| 4
+ E det+3 7 _j—l—l z.
Jj=t+1

Note Kz(w) = Z] o(j +1)z7w’, then using (18) and straight computations,
the right-hand side of the equality (26) gives that for each t > 0,
¢

> (1) (s+1
Z(s + Dag—s2° + Z (t+1as—t2° — Z Maﬁszs,
s=0

s=0 s=t+1 ¢ +s+ 1

where ag = A\. Comparing the coefficient of z° in the above two formulas which
are equal from (26), we then get for 1 <s<t,

. t+s—1 .
tt+1)(t+s—j)
27 Cidiis_ —+ Cidpys_ -
( ) ]zzljﬂr ]t+s+1_ Jzt;rljﬂr J (S+1)(j+1)
t+1 t+s+1

= Asit — at—s-
S S
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Claim: a,, =0 for all nonnegative integer n.
In fact, let t = s+ n in the above equality, where n > 0, then the equal-
ity (27) becomes

s+n

— J
28 idostn—j—————
(28) ;Cﬂ BT s v+l
N (s+n)(s+n+1) QSi_l . d725+n—j
025 4n—j
s(s+1) j=stntl J+l
s+n+1 2s+n+1
= Q254n — ———Qp
s
for all s >1. Note
s+n ] s4n
ey way DDLU
j=1 J=1
and
2s+n—1 25—|—n _j 2s+n—1 s—1
> de2s+n—jT < Y eidasin—sl =Y ldjcacin—jl;
j=s+n+1 J j=s+n+1 j=1

then it is easy to see that, for each fixed nonnegative integer n, by (28), the
claim will follow if we show

s+n s—1
(29) ES :Z|de25+n,j‘ *)0, Fs :Z|dj025+n,j| 4)0,
j=1 j=1

as s — 0o. Indeed, note u=h+ k+ \; is bounded on D, so h and k are both
in the Hardy space H?, which means > |cj|? < oo and > |d;|> < oo. Thus
for any € > 0, there exists an integer N > 0 such that Z;’;NH l¢j|? < 5 and
Z;’;NH |d;|? < 5. It is easy to see that there exists M > N such that when
s>M, |ds| <e/2(|er] + -+ + |en]). Notice that 2s +n — j > s when positive
integer j < s+ n. Thus, using the Holder’s inequality we have

N s+n
Es:Z|de2s+nfj‘+ Z lcjdosn—j]

j=1 j=N+1

N s+n % s+n %
<z|cj||dzs+w+( 3 ) (z |d2mj2)
j=1 j=N+1 j=N+1

N 1 1

€ e\2/e\?

< Cj + 1|z = =¢

I o Ess) (5) ()

as s > M, which means F; — 0 as s — oo. Same argument shows Fy — 0 as
s — 00, thus (29) holds and the claim is true.
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The claim means that ¢ = 0. Hence, (26) becomes
hP(k*K.) + k*(2)P(hK.) — P(hk*K.) — k*(2)h = 0.
Just as the arguments in the proof of Proposition 14, the above will give
cpd; =0, jk>1,

which implies either A =0 or k = 0. B

Case 1: ¢ = h=0. Put this condition into D, we get Tiryx, xotrik* 4tk =
O, which means k*]z: + )\1)\2 + )\1](3* + )\2]2' = 0, or k*E = 7)\1)\2 — )\1]6* — )\QEI
So k*k is harmonic on D, which easily gives k = 0 since k(0) =0 and also
M A2 = 0. Therefore, we get either u=h+k+X\ =0if \y=0orv=h+k+
Ao =0 if Ay =0, as desired. B

Case 2: ¢ =k =0. Put this condition into A, we get T(a4x,)(h+2r2) =0, SO
(Uh + A1) (h+ A2) =0 which gives hUh = —A1 Ay — Ayh — A2Uh, so similarly
h=0 and A1 A3 =0. Arguments as the Case 1 give the desired conclusion.

The proof is complete. O

Now we have a solution to the zero product problem of two small Hankel
operators as well as two Toeplitz operator with harmonic symbols on the
harmonic Bergman space, just as in Corollary 21.

COROLLARY 23. Let u,v € L*Nb%. Then H,H, =0 if and only if u=0
orv=0; T, T, =0 if and only if u=0 or v=0.

The next rephrasing of Corollary 23 is a cancellation law for small Hankel
operators or Toeplitz operators.

COROLLARY 24. Let u,v1,v2 € L™ Nb% and u is not identically 0. Then
H,H,, = H,H,, implies v1 =vy and T, T, =T, T,, implies vi = va.

The next corollary says there are no nonzero idempotent small Hankel
operators with bounded harmonic symbols.

COROLLARY 25. If u is bounded and harmonic and H2 = H,,, then u = 0.

For semi-commutativity of small Hankel operators, we have the following
consequence.

COROLLARY 26. Let u,v € L™ Nb* and one of them is analytic or co-
analytic. Then the following statements are equivalent:

(a) Hqu = Huv;

(b) H,H, = H’u.'u;

(¢) u=0 orv=0.

Proof. Suppose u is analytic on D. By Proposition 18 and Theorem 2, we
have one of the following cases to discuss.
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Case 1: au+ fv =0 for some |a|+|8] # 0. In this case, if & = 0, then v = 0;
if =0, then u =0; if a8 # 0, note u is analytic, then v is also analytic, so
uwv is analytic, hence by Theorem 4 we obtain uw =0 or v=0.

Case 2: u=a(p+Uyp)+ M\ and v = B(¢ + Up) + A2 for some analytic
function ¢ with ¢(0) = 0. In this case, since u is analytic, so ¢ =0 or a8 =0,
both cases will deduce u or v is a constant. Therefore, by (2) and Lemma 19,
we get u=0 or v=0.

For the remaining cases the argument is similar. We finish the proof. [
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