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MAPPINGS WITH SUBEXPONENTIALLY INTEGRABLE
DISTORTION: MODULUS OF CONTINUITY, AND
DISTORTION OF HAUSDORFF MEASURE AND
MINKOWSKI CONTENT

ALBERT CLOP AND DAVID A. HERRON

ABSTRACT. We study mappings of finite distortion whose dis-
tortion functions are locally subexponentially integrable. We es-
tablish a local modulus of continuity estimate for the inverse of
such a map. As applications, we describe the possible expansion
and compression of certain Hausdorff measures and Minkowski
contents under such mappings. We also exhibit examples that
describe the extent to which our results are sharp.

1. Introduction

We call R* D Q EN mapping of finite distortion provided
e f belongs to the Sobolev space Wl’l(Q; R™),

loc

e J(-, f) belongs to the Lebesgue space L{ (Q;R),
e there exists a measurable function K = Ky :  — [1,00] that is finite almost

everywhere and is such that for almost every z € €,
(L1) Df(@)|" < K (@)J (@, f)-

Here Q is a domain (open and connected) in Euclidean space R™ with n > 2,
|D f(x)| denotes the operator norm of the differential matrix of f at the point
z, and Jy = J(-, f) is the Jacobian determinant of f. Any (measurable) func-
tion K, with the distortion inequality (1.1) valid, is called a distortion function
for f. When K € L* we recover the well known class of mappings of bounded
distortion, also known as quasiregular mappings; see for instance [Res89).
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966 A. CLOP AND D. A. HERRON

More generally, nonconstant mappings of finite distortion are continuous, dis-
crete, and open, provided their distortion function satisfies certain conditions;
see [IKOO1], [KKM™03] and also the monograph [IM01]. For example, the fi-
nite distortion mappings of exponentially integrable distortion, that is, those
for which ePX € L{  for some p > 0, have been extensively studied. See [IM01]
and the references therein.

In this work, we study finite distortion homeomorphisms whose distor-
tion functions K are locally subexponentially integrable, which means that
exp A(pK) € L], for some p >0 and a given sublinear control function .A;
see Section 2.2 for the precise hypotheses on A. In this setting, we establish
a sharp local modulus of continuity inequality for the inverse map. Then,
using this inequality, we prove an estimate for the possible compression of
certain Hausdorff measures induced by such maps, and similarly an estimate
for the possible expansion of certain Minkowski contents. Finally, we exhibit
examples that illustrate the sharpness of our results.

We start with our modulus of continuity result. It concerns homeomor-
phisms of finite distortion K with exp A(pK) € L{, . and is a direct generaliza-

tion of [HK03, Theorem B]. See Section 2.2 for the precise assumptions on .A.
For brevity, we set

w(s) :=sA7(s)V/ (P71,

THEOREM A. Letn>2 and p > 0. Assume A has the properties described
in Section 2.2.1. There is a constant C(A,n), that depends only on the data
associated with A and the dimension n, such that the following holds. Sup-
pose Q,Q CR™ are domains and [ : Q— Q' is a finite distortion homeomor-
phism with exp A(pKy) € Li,.(Q). Then for each ball B(z,R) C Q and all
x € B(z,R/6),

12 @) - 1) 2 Dewp( =i e os 2 ).

|z — 2|

where
D:= %dist(f(z),af(B(z;R/@))

and

1 1/n
A= 7/ exp A(pK ) )
<B(Z,R)| B(z,R) ( f)

Example 4.7 reveals the optimality of the above inequality. For future
reference, we note that (1.2) is equivalent to the local modulus of continuity
inequality

(1.3) |9(y) — g(a)] < ARexp <_“1 (pclz:;; g, - a| ) ) ’

where g:= f~!, y:= f(x), and a:= f(2).




MODULUS OF CONTINUITY AND COMPRESSION 967

Our first application of Theorem A describes the possible compression of
Hausdorff measure under finite distortion homeomorphisms with subexponen-
tially integrable distortion. An analogous result, for finite distortion homeo-
morphisms with exponentially integrable distortion, was established in [Zap11,
Theorem 1.1]. She also constructed examples to illustrate the sharpness of
her theorem; see [Zapll, Example 1.3] as well as our discussion in Section 4.2.

We assume the same conditions on A as above.

THEOREM B. Let n>2, s € (0,n], and p>0. Let C(A,n) be the constant
from Theorem A and define the dimension gauge function

1/(n—1) 1
_ — 1P z
h(t) = hspan(t) = exp( sw (C(-A, ) log t))

Suppose €, C R™ are domains and §) i) Q' is a finite distortion homeo-
morphism with exp A(pKy) € L .(Q). Then for each E C Q with H*(E) > 0,
H'(f(E)) > 0.

Examples 4.2, 4.3, 4.5, 4.6 illustrate the sharpness of the above compression
result.

Our second application of Theorem A, Theorem C given below, describes
the possible expansion of (upper) Minkowski content under a finite distortion
homeomorphism with subexponentially integrable distortion. This is a direct
generalization of [HK03, Theorem A]. Its proof utilizes certain volume growth
estimates, and so now we consider control functions of the form A(t) =t/L(t)
for certain functions £. Here our assumptions on A (see Section 2.2.2) are
such that the self-improving integrability conditions (2.11) and (2.13) are in
force.

We note that in this setting, with A(t) = t/L(t), we have w™1(t) ~
At~/ for all sufficiently large ¢ (see (2.14c)), and then

1/(n—-1) 1 1 1/n 1/n 1 1/n
—1 p p n—1 p n—1
P o= ~Al £ - ~ 1 e
“ ( c Ogt) A(C 8 t) CA(Og t) ’

where now the constant C'= C(£,n) depends only on the function £ and
dimension n. It follows that the modulus of continuity inequality (1.3) can
be replaced with

1/n
‘g(y) - g(a)‘ < ARexp (—Cpl/".A (log”1 ﬁ) )

and the dimension gauge function in Theorem B can be replaced with

1/n
(1.4) h(t) =hspan(t) :=exp (—Cspl/".A <1og”1 %) ) .
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THEOREM C. Let n>2, k€N, and p > 0. Assume A(t) =t/L(t) where
L =Ly is as described in (2.5). There exists a constant ¢ = c(k,n) with the
following property. Define the dimension gauge functions

hg(t) :==t"Li11(1/t)".

Suppose ) i> Q' is a finite distortion homeomorphism between domains
Q. C R" with exp A(pKy) € LL,.(Q). Then for every B < cp and each

compact set E C Q with upper Minkowski dimension dimpy(E) < n,
M"s (f(E)) =0.

Results related to Theorem C can be found in the works [KZZ10], [KZZ09],
[Rajl1], [RZZ11a] and [RZZ11b]. The first three of these articles deal with
planar Sobolev maps and provide sufficient conditions such that the images of
certain sets have zero generalized Hausdorff measure when certain dimension
gauges are used; the last has similar results for R™ with n > 2; the fourth
paper deals with finite distortion homeomorphisms of spatial domains with
subexponentially integrable distortion controlled by A(t) = ¢/log(1 +t).

We also mention the foundational work [AIKMOO] that includes many mod-
ulus of continuity results. In addition, the idea behind our Cantor dust con-
struction in Section 4.1 is based on the proof of [AIKMO00, Theorem 7.2].

We prove Theorems A, B, C in Sections 3.1, 3.2, 3.3, respectively. Exam-
ple 4.5 illustrates that, in a certain sense, as s — 0, the gauge function in (1.4)
gives an optimal result in Theorem B. In addition, it indicates that perhaps
the factor s should be replaced by s/(n —s). We first discuss the related Ex-
amples 4.2 and 4.3 for finite distortion homeomorphisms with exp(pK) € L] _;
these slightly improve upon [Zapll, Example 1.3]. We end with Example 4.7
that is related to the modulus of continuity inequality (1.2).

2. Preliminaries

Our notation is relatively standard. We write C = C(a,...) to indicate a
constant C' that depends only on the parameters a,...; the notation A < B
means there exists a finite constant ¢ with A < c¢B, and A ~ B means that
both A < B and B < A hold. Typically a,b,c,C,K,... are constants that
depend on various parameters, and we try to make this as clear as possible
often giving explicit values, however, at times C will denote a generic constant
whose value depends only on the data present but may differ even on the same
line of inequalities.

We write |z — y| for the Euclidean distance between points z,y in Eu-
clidean space R™; B(x;r):={y: |z —y| <r} and S(z;r) :={y: |z —y| =7}
are the open ball and the sphere of radius r centered at the point z. We let
B" :=B(0;1) and S"~! = 9B™ denote the open unit ball and unit sphere, re-
spectively; their natural measures are €2, and w,_;. Given a ball B and
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o >0, we let 0B denote the dilated ball with the same center; that is,
oB(z,r) :=B(x,or).

It is convenient to introduce the following convention. We say that a prop-
erty holds “as t — 00” provided there is some ty such that the property holds
for all ¢ > tg. For example, we write ¢(t) <1)(t) as t — oo to mean that there
are to (usually large) and C' > 1 such that for all ¢ > ¢,

p(t) < Cip(t).
Of course, ¢(t) ~(t) as t — oo provided both ¢(t) S¢(t) and ¥(t) < p(t) as
t — o0.
For example, for any a > 0,3 > 0,¢ > 0, log(at® +c) ~logt as t — oo where

to and C depend only on a,f,c.
We require the following information; see [CK09, Proposition 5.1].

Fact 2.1. Let (0,00) L, (0,00) be an increasing C! function. Suppose that
L satisfies

(2.1) flggo L(t) =00

and there are constants C, > 0 and ¢;, > 1 such that
L'(t) Cy,

2.2 YVt >t t < .
(22) = VL) T log(1+ 1)
Then

log L
(2.3) im 2820 _,
t—oo logt
and for any a >0,8>0,c>0,
(2.4) L(atﬁ +¢)~ L(t) ast— oo,

where tg and C depend only on a,3,¢,tr,CL.

Condition (2.3) says that L grows to infinity more slowly than any power
and (2.4) says that L does not see exponents.
Examples of such functions include both Ly and Ly for any k € N. Here

(2.5) Ly (t) := L1 (t)La(t) - - Lie(t)
and Ly is a k-times iterated logarithm defined by
Li(t) :==log®* (e, +1) with e, := exp°*(0),
where F°F denotes I composed with itself k times, which is defined by
Fl:=F and fork>2, F°F:=Fop°k-1,
The constant ey, is defined so that Ly (0) = 0. Notice that L;l(l) =ekt1 — Ck-
For example,
Ls(t) =logloglog(e® +t) and L3'(1)=exp(e®) —e.

We require the following technical facts. For example, we make use of item

(¢) below in our proof of Theorem C.
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LEMMA 2.2. Let [1,00) ER [1,00) be a C' homeomorphism that satisfies
(2.1) and (2.2).
L(t)

(a) We always have lim;_, m =1.

(b) Let [1,00) &Y, [1,00) be functions with lim; o p(t) = 0o = lims—_, o0 ().

e (1) L{g(t)
.ot . p(t
lim —5 =1 = lim =
=% h(?) =0 L(0(1))
(c) Given B >0, define Q(s) = Qp(s) :=sL™'(s¥/7P). Then Q~(t) ~ L(t)" as
t — 0o. More precisely, for all sufficiently large t,

(1+8)7PCL(t)? <Q*(t) < L(t)",

where C = C,.

Proof. (a) Since L is increasing, L(t) < L(tL(t)) for all t > 1. Let € >0 be
given. Using (2.3), we produce a 7 = 7(g) > 1 with the property that for all
t>7, L(t) <t°. Thus L(tL(t)) < L(t'*¢). Then from (2.2) we obtain

L) U T _du
og 70 /t () du<C | ulogu Clog(1l +¢)
and therefore for all ¢ > 7,
L(tL(t)) _ L(t'**) c
1< < < (1
SIS 1w =S4+

)

_ log o(t)
B ‘1 % logv(2)

]

where C' = Cf,.
(b) Assume that lim; . (p(t)/¥(t)) = 1. Then limy_, o, (log p(t)/
log(t)) =1. Thus,
L w(t) 17 @(t)
o LEO_| L0 1 f [0
L(y()) v L(u) W) uwlogu
where again C = Cp.
(¢) The change of variables t = Q(L(u)?) = L(u)? L= (L(u)) = uL(u)® gives
Q') _ ([ Lw
L(t)P L(uL(u)f))
Since L is increasing with L > 1, we have
L(u) < L(uL(w)”) < L(u"*"?) < (14 8)“L(u)
with the latter two inequalities holding for all sufficiently large u.
The first inequality implies that Q' (¢) < L(t)? and the latter two inequal-
ities provide the lower estimate for Q~1(¢). O

As a simple example, (b) above gives us that for any a,b > 0, lim;_,~, L(at)/
L(at + b) = 1. More importantly, from the proof of (b) we have that
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lim;—, oo (log (t)/log1)(t)) = 1 and thus
L(L(logp(t)))

L(logp(t)) . . _
Jim m =1, and similarly tlgglo m =1,

and so forth. Using similar ideas, it is straightforward to verify the following.
LEMMA 2.3. Let k€ N, C' >0, and define the k-times iterated logarithm
L(t) :=1og®* (C +1).
Then for all a >0,b>0,a >0,

L(at) 1/ when k=1,
im =
t—oo L(bt®) 1 when k> 2.

In particular, the above is valid for the functions Ly defined just after (2.5).

2.1. Orlicz spaces. For our purposes, any homeomorphism [0, c0) Ei [0, 00)
is an Orlicz function and the associated Orlicz space LY (2, R™) consists of all
Lebesgue measurable functions f:  — R™ with the property that for some
positive finite A, [, P(A|f|) < oc. Then the non-linear Luzemburg functional
is defined, for f € L¥(Q,R"), by

IF1le = Ul =i { x> 0| [ PO < P .

For example, if A is a measurable subset of R™ with positive measure |A|,
then

[P0 = [ PO =PRI

and therefore

-1
(2.6) Ialle =P-1(P (1)) .

147

A standard reference for Orlicz spaces and Orlicz functions is the text [RR91].
A pair of Orlicz functions P and @ satisfy Young’s inequality provided for

all z,y >0,

(2.7) zy < P(z) + Qy).
When this holds, we have the Orlicz—Hélder inequality
(2.8) lghllu < Cllgliee [|Rllie,

where C'= P(1) + Q(1); see [RR91, Proposition 1, p. 58].

There is a useful way to produce such a pair of Orlicz functions. Let
[0, 00) LN [0,00) be a homeomorphism and put G := F~1. Given any 3 > 0,
define

P(z) = Py(z) :=aF(x)’ and Q(y)=Qs(y) :=yG(y"").
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If 2y > P(x), then y'/# > F(z), so G(y'/#) > x and hence Q(y) > zy. Thus
we see that P and @, as defined above, satisfy Young’s inequality (2.7), so
the Orlicz-Holder inequality (2.8) holds with C' = F(1)% + G(1).

We will apply the above construction to maps [0, c0) L, [0,00) that satisfy
the hypotheses in Fact 2.1; see also Lemma 2.2(c).

2.2. Subexponential integrability. In this paper, we study homeomor-
phisms f of finite distortion Ky that are subexponentially integrable, meaning
that there is a sublinear control function A such that for some p > 0,

Everywhere here and below [0,00) A [0,00) is a homeomorphism with the

property that
< At
/ A(2 ) dt = o0.
;. t

This assumption is critical in order for the mapping f to be discrete, open,
and to satisfy Lusin’s N-condition; see [KKM™103].

2.2.1. Hypotheses for A in Theorems A and B. For both Theorem A and
Theorem B we also assume that A is a C! diffeomorphism on (0,00) with
t— tA'(t) an increasing function,

(2.9) lim ¢

and with both A and A~! doubling.

The doubling condition for A asserts that .4(2t) ~ A(t). The assumption
that ¢ — tA'(t) is increasing is a minor requirement that allows us to avoid
many technicalities. The condition (2.9) implies that

1 t
(2.10) lim log A(t) =1, and hence that lim tA'(t) = oco.
t—o00 logt t—o0
2.2.2. Hypotheses for A in Theorem C. Our proof of Theorem C utilizes
a volume growth estimate established in [CK09]. Given a sublinear control
function A, we define

FA)
€2

Et) =1+ d¢

and then for each 8 > 0 we set
Ps(t) :=tE(t)P.
In [CKO09] it was shown that, with certain additional hypotheses on A, there

exists a constant ¢(A,n), that depends only on the data associated with A4
and the dimension n, such that

(2.11) expA(pKp)ell, = VB<c(An)p, Jrell®

loc*
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In [CKO09] the authors work with a control function of the form A(t) =t/L(t)
where £ satisfies (2.1) and (2.2) (and some other conditions too).

For Theorem C, we further assume that A(t) =t/Ly(t) for some k € N,
where Ly is defined in (2.5). We note that L satisfies the hypotheses in
Fact 2.1 and that such an A satisfies all the assumptions listed above in
Section 2.2.1 including those necessary for the work in [CK09]. In particular,
it is straightforward to check that for such an A we have

Alt) _ (logt)Ly(logt)

(2.12) E(t)~ ; A (logt) ~ £n(0) ~ Lpt1(t) ast— oo.
Thus, in this setting, (2.11) reads as
(2.13) exp A(pKy) €L, = VB<cp, Jrelll,

where ¢ = c(k,n) and Ps(t) :=tLix.1(t)?. Gill [Gill0] established a more
precise result in the plane setting.

It is worth mentioning that any requirements on A need only hold as ¢t — co:
Any A with the needed properties valid for all ¢ > ¢y can be modified for
0 <t <tg so that the desired conditions hold for all ¢ > 0.

2.2.3. Technical A facts. In both parts of our proof of Theorem A, we would
like to estimate certain integrals by using Jensen’s Inequality with the aux-
iliary function ¢(t) := exp A(pt*) for some a > 0. However, such a function
© may not be convex. To circumvent this problem, we employ a “Jensen’s
Inequality Replacement Trick” that makes use of the fact that ¢+ t=1p(t) is
increasing on the interval [7,,00). To determine 7,, we note that

Thus,

Tp = (ta/p)/*,  where t, :=inf{t >0[tA'(t) >a '}
That such a t, (which depends on both « and the data associated with A)
exists (i.e., that ¢, < 00) follows from (2.10).

In both parts of our proof of Theorem A, the “Jensen’s Inequality Re-
placement Trick” works provided a certain quantity exceeds 7,,. As we cannot
guarantee that this requirement is met, we need the following result. (We use
this in two cases: first with & =1/n and M = 6" and then with « =n —1 and
M =4m™)

LEMMA 2.4. Let p >0 and o > 0. Assume that A satisfies the condi-
tions described in Section 2.2.1. Define ¢,to, 7, as in the above paragraph.
Suppose that M > 1 is such that alogM > 1. Then there is a constant
C=C(M,a,A) >1 (that does not depend on p) such that 1, < Cp~(M).

Proof. Since ¢~ (s) = (p~" A~ (log s))"/*, we see that
Tp < Co Y (M) — A(Cfo‘ta) <log M.
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It is now easy to check that we can take C' =1 if either ¢, < A7!(log M) or
to > 19, where 9 = 9¥(M,a, A) >0 is such that

A'(t) ot

A(t) — alogM’

That such a 9 exists follows from (2.9), since alog M > 1. Notice that when
to > U we have

V>0, t

L. Ata)  1/a
alogM = % A(ta) Alta)’

For the case when A~'(log M) < t, <9, we put C:= (9/ A (log M))/.
Then

so A(ty) <log M.

t t

C_O;zﬁAfl(logM)SAfl(logM), so 7, < CpH(M). O
We also require the following technical information, especially in our later

examples.

LEMMA 2.5. Let [1,00) =N [1,00) be a C* homeomorphism that satisfies
(2.1) and (2.2). Define

A(t) == o and  w(s):=sA"1(s)V/ ("D,

t
t
Then

(2.14a) VC >0, A(Ct)<CrCA(t) for all sufficiently large t > 1,

where C is a constant that depends only on L. In addition:

A
(2.14b) - lim ==

(2.14c) As s— 00, w(s) :A_l(s")l/(n_l).
AN (C(s+1)

2.14d vC >0 lim ———~ =1.
(2.144) -0 BT A(Cs)
-1 1/(n—1) -1
(2.14e) im A () =
5—00 w'(s) n
al 1n—1
2.14f Ya>0, li ak)/ "D = =
( ) @=>5 Ngnoow(aN);A (ak) a n
. L(u™)
2.14 vC >0 lim —————=1.
(2.14g) >0, lim @)
Proof. Here we refer to the above assertions as (a), ... ,(g), respectively. To

check (a), we note that when C'>1 we can take Cr =1. Assume 0 < C < 1.
An appeal to Fact 2.1 reveals that for all sufficiently large t > 1: Ct > v/,
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so L(Ct) > L(\/t) > CL(t) and therefore A(Ct) = Ct/L(Ct) < CcCt/L(t) =
C[;C.A(t).

The limit in (b) is just [CK09, Lemma 2.2] from which it is easy to see that
(c) and (d) hold (remembering Fact 2.1 for (c)). To establish (e), we compute

W'(s) = A7 (s)/ (1 4 %A*l(s)n—il—ld%[frl(sﬂ
411/ (1 (A1) (s)
= A1 (s)M/( >< n_l g )

Thus (e) will follow once we verify that

A (s)
A ey b
Writing ¢ := A~1(s), and remembering that A(t) =t/L(t), we find that
—1y/ l !
AT )(s) _ AW and then LAY 1 —t£ ®) — 1.

A 1(s) A1) Al L)

Now we turn our attention to (f). Since A~! is increasing, we can use
Riemann sums to obtain the estimates

N N+1
/ A—l( 1/(n—1) de < ZA ak 1/(n—1) </ A—l(g)l/(n—l) d¢.
0 1

Since each of the mtegrals above tends to infinity with N, we can use
I’Hopital’s Rule to determine the limit of their quotients when we divide by
w(aN). Using (e) for the left-hand quotient, and (d) and (e) for the right-hand
one, we see that both have the same limit thereby establishing (f).

To validate (g) we start with the Change of variable t = u™, so

w(u)n 1_ (U.A ( )1/ n— 1)) t(nfl)/nAfl (tl/n)

and the claim is that

L(t)

lim — — =1

t=oo L(Ct n A~L(tw))
We write

L(t) B . ‘
Sy, ~ PO 601,
where
L) _ L) o L(CtL(tr))
)= L(Ct)’ (t):= L(CtL(tw)) H{): L(Ct T A-1(tw))

We demonstrate that
lim F(t) = lim G(t)= lim H(t) =

t—o00 t—o00 t—o0
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If C>1, then £(Ct) > L(t) and so for all sufficiently large ¢ (so that
L(t) > C) we have
OR-0
L(Ct) = L(LL(L))
thanks to Lemma 2.2(a). Assume that 0 < C' < 1. The change of variable
7:= Ct gives us
L) LC'r) L(T)
ccty L) \LCir
thanks to the first case.
Next, we claim that for all sufficiently large ¢ > 1 (e.g., so that £(t*/") > 1),

1> G(t) > L(Ct) _ L(Ct) ' L‘(C’tﬁ(C’t))'
L(CtL(t)) L(CtL(Ct)) L(CtL(Y))
For the first fraction, we again use Lemma 2.2(a) to see that
Loty  L(7)
L(CtL(Ct))  L(TL(T))

—1 ast— o

1> F(t) =

-1
)> —1 ast— o

—1 ast=C7— oo.

Similarly,
CtL(Ct) L(Ct)
= 1 t
CIL®) 0] —1 ast— o0
and thus according to Lemma 2.2(b)
L(CLL(Ct

)
m—)]. as t — oo.

Finally, by (2.14b)
CtL(tw)  CtL(tw)  twL(tw)  twL(tw)
Ot A-l(tn)  Ct"tel(tn) A-\(tw) A-1(t%)
and thus another appeal to Lemma 2.2(b) tells us that H(t) - 1ast —oco. O

2.3. Hausdorff and Minkowski dimensions. A non-decreasing function
(0,00) UN (0,00) is called a dimension gauge provided lim; ,o+ h(t) =0. We
use a dimension gauge h to define the (generalized) Hausdorff measure H"
via
H"(E) = lim |inf{ ) h(diamA;): EC| J4;,diam(A;) <
(E) lim {m {; (diam A;) LZJ iam( )7‘}:|
for any set £ C R™.

Typically we are only interested in knowing whether this quantity is zero,
or positive and finite, or infinite. For this we can assume that the covering
sets A; are balls B(a;,r;) with r; <r, and then h(diam A;) is replaced with
h(2r;); doing this does not change the positivity or the finiteness of H"(E).
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When we consider covering sets that are balls all having the same ra-
dius, we are lead to the notion of Minkowski content; the (generalized) upper
Minkowski content M" is defined by

MM E) :=limsup|E,|h(r)r ",

r—0t

where EC R™ is any set and |E,| denotes the Lebesgue n-measure of the set

E,:={zeR"|dist(z,E) <r} = U B(x,r).
z€EE
When h(t) =t* for some s > 0, we use the standard notations H* and M
instead of H" and M", and then H*(E) is called the s-dimensional Hausdorff

measure of a set E and M?*(E) is the s-dimensional outer Minkowski content
of E. The Hausdorff dimension of E is determined by

dimy (E) :=inf{s > 0| H*(E) =0}
and the upper Minkowski dimension of E is
dimp(E) :=inf{s>0| M*(E) =0}.

However, in this paper we require a finer notion of “size”; for example, we
will need to distinguish the “sizes” of certain zero-dimensional sets.
It is easy to check that for any two dimension gauge functions g and h,
h(t _ h(t) -
H"(E) < limsup QHQ(E) and  M"(F) <limsup QMg(E).
t—o+ 9(t) t—ot 9g(t)
With this in mind, we impose an ordering on dimension gauges as follows:
given two such functions g and h we write
h(t h(t
g=h <+ 1imsupﬁ<oo and g<h <= lim Q:O.
=0+ 9(t) =0+ g(t)
Here are some simple examples.

(1) When r >0 and s >0: r<s < t" <t°.

(2) When p> 0 and g > 0: t*[log(1/¢)]? < t? < t?/[log(1/t)]9.

(3) For any o, BER: a< 8 <= [log(1/t)]~* < [log(1/t)]~".

(4) When p>0: a < < exp(—allog(1/t)]P) < exp(—p[log(1/t)]?).

Notice that when g < h, H" < H9. Also, if g < h, then HI(E) < co =

H"(E) = 0; that is, sets that are “small” with respect to H9 are H"-null sets.
We can use this order to see what are the “best” gauges. For example, in

Theorem B, we verify that a certain set has positive measure. In this setting,

the “best” gauge is the biggest: if g < h, then h is a better gauge in the sense

that #"(E) > 0 is a stronger statement than H9(E) > 0. On the other hand,

in many of our examples we construct a certain set with zero measure, and in

this setting the “best” gauge is the smallest: if g < h, then g is a better gauge

in the sense that H9(E) =0 is a stronger statement than H"(E) = 0.
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We remark that for any o € R and any p < 1, both of the gauges [log(1/t)]
and exp(—alflog(1/t)]P) are zero-dimensional. That is, if the measure of a set
E (with respect to either of these gauges) is finite, then dimy (E) =0.

2.4. Capacity estimates. Our proof of Theorem A depends on a capacity
estimate that we provide here. The (variational) p-capacity of a compact set
E C Q, relative to €, is

cap, (E; Q) = Jélyfv/ﬂ [Vul?,

where W :=C(Q) "W, *(€2) is the family of all functions u that are continuous
in €, possess weak derivatives whose pth-powers are integrable, have zero
‘boundary values’, and satisfy v >1 on E. Standard arguments permit us
to assume that u € C§°(2) with 0 <wu <1, and we call these latter functions
admissible for cap,(E;Q); see [HKM93, pp. 27-28].

We write cap = cap,, for the conformal n-capacity in R™.

The following is [HK03, Corollary 2.5].

FACT 2.6. Let E be a continuum joining some point a to the sphere S(a;r).
Suppose that v € WHP(B(a;7),R) is continuous, satisfies v > 1 on E, and has
integral average vg(q;r) < 1/2. Then for each n —1<p <mn,

][ [VolP > C(p,n)r—P>.
B(a;r)

2.5. Quasiconformal compression. We recall that for A > 1, the map
x> |z|* "1z defines a K-quasiconformal self-homeomorphism of R”, with K =
A"~ Given A >1 and o € (0,1), we define

x for z € R™\ B",
U(z):=< |z|* 1z for z€B™\oB",
o* 1tz for x € oB™.

We note that
U(x)=xz onl|z|=1 and ¥(z)=c¢*"'z on|z|=0.

In particular, ¥ is a A" !-quasiconformal self-homeomorphism of R™ that is
the identity in R™\ B™, conformal in ¢B™, and with

¥(B")=B" and W¥(oB")=0"B", so ¥(B"\oB")=B"\o"B"

Moreover, the distortion of ¥ “lives” in B™ \ oB™; that is, ¥ is conformal in
oB™U(R™\ B").



MODULUS OF CONTINUITY AND COMPRESSION 979

FIGURE 1. The radial squeeze-stretch map \Ilgf)

By employing auxiliary similarity maps, we can transport the action of ¥
to any ball B :=B(a,r); see Figure 1. We define W7} via

a,r

z for x € R™\ B,
VIN2) = a+ =21z —a) forzeB\ 0B,
a+a* Yz —a) for z € 0B.

Then W7 is a A"~ !-quasiconformal self-homeomorphism of R that is the
identity in R™\ B, conformal in ¢B, and with

UIA(B)=B and UM (oB)=0"B, so UJ}(B\oB)=B\o"B,

2.15
(2.15) and also for all points z € R", |\I/g? (x) — x| <r.

We call \Ilg;ﬁ a radial squeeze-stretch mapping: it “squeezes” the ball oB to
o*B via scaling by ¢*~! and “stretches” the spherical ring B\ ¢B to the ring
B\ ¢*B via the radial map z +~ [z|*~'z. In addition, the distortion of W}
“lives” in the ring B\ ¢B; that is, U2} is conformal in ¢BU (R™\ B). Finally,

a,r
(229N
a,r

we note that the radial squeeze-stretch map U7 is uniquely determined by

the concentric ball triple

(B, oB, J)‘B) = (B(a, r),B(a,or), B(a, cr)‘r)).

3. Proofs of theorems

Here—in Sections 3.1, 3.2 and 3.3—we corroborate Theorems A, B and C.

3.1. Proof of Theorem A. We assume that (2 L0 is a finite dis-
tortion homeomorphism (between domains in R™) with K = K satistying
exp A(pK) € L{ (Q) for some p > 0; see Section 2.2.1 for the precise hypothe-

loc

ses on A. We establish inequality (1.2).
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An affine change of variables permits us to assume that z =0, f(0) =0,
and R =3/2, in which case the asserted inequality (1.2) reduces to

V|x|<i, |f($)’>Dexp<_sf?l)w(l 23|A>>

here D = (1/2) dist(0,0B") and A" = fy 5 5 exp A(pK), where B =B(0,1/2)
and B’ = f(B).

Fix a point a € B(0,1/4) and let @’ = f(a). We can assume |a'| < D (for
otherwise we are done) and then dist(a’,0B’) > D, so the line segment E' =
[0,a’] lies inside of B’. We then have the standard capacity estimate [V&i71,
7.5, p. 22

n—1
Cap(ElvB/) Swn—l/(log | /|) )

where w,,_1 denotes the measure of the unit sphere S?~!.

Having established this upper bound, we now seek a lower bound for this
capacity. Let u be an admissible test function for cap(E’, B’) and put v = wuo f.
The chain rule in conjunction with the distortion inequality (1.1) yield

v n
[ vz [ vwo sz [ 2
B’ B’ B K

Thus we search for lower bounds for the integral on the right-hand side. In
fact, we show that

|Vl 3A\"7!
(3.1) /B e >CAnp/w log2| |

and this will finish the proof. Indeed, combining (3.1) with the above capacity
estimate, and taking the infimum over all testing functions u, we obtain

Wn—1 > (./4 n)
]og”fl(D/|a’|) (10g 2la |) -1

and therefore, as asserted,

C(A,n) n) 3A
|a/’>Dexp( 1/(n Hw logm .

To establish (3.1), we examine two cases, depending on whether or not the
average value v4 of v over the ball A:=B(0,|a|) C B exceeds 1/2.

The case va < 1/2. Here we appeal to Fact 2.6, taking p:=n?/(n+1), and
use Holder’s inequality to see that

o f o< (£ (f0)
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LR ()
/BW;(’W zAIJ{lW;(’lnzC(n) <][AK”>W.

Our next goal is to obtain an upper bound for f 4 K™. Consider the auxil-
iary function

S0,

and hence

o(t) == exp A(pt*/™).
We would like to make use of Jensen’s Inequality; see the discussion at the
beginning of Section 2.2.3. If we knew that ¢ were convex, then we would
obtain

(3.2) (p(iK”) S][A (K") < |j1| 8(03/2)epr(PK):(g%|)n

so that

(3.3) ]{lKS@(@%)):(%A (”IOg(;|A|>>)n

and thus

V" S oy (£ ) s Cl C(A n)p
(3.4)/B I7a >C( )<]{1K > ZA (nlog(2| |)) 2»/4 (IOg(z\a\))’

where the doubling property of A~! was used to obtain the very last inequality.
The above estimate is, in fact, stronger than inequality (3.1).

The problem with this approach is that we do not know that ¢ is convex. To
deal with this issue, we use the facts that ¢ is increasing and that ¢ +— o(t)/t
is increasing on [7,,00), where

Tp = (ti/n/p)" and ty/,:= 1nf{t >0|tA'(t) > n}

Thus for any 7 > 7, we have

/K”é/ K"+T|A|SL/ p(K™) + 7|4
A AN{Kn>7} o(7) AN{Kn>7}

< ewApK) A
o(7) B(0;3/2)

<T'A'(”w<1><2|2|> )

the last inequality just above is, again, a consequence of the fact

1 1B(0,3/2)| (3 A )”
— exp A(pK) = —— = A" - .
AT oy P APE) = ] 27d]
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J[K”<T<”so<l><;2|>n>

If 7, < 1(6"), then, as Q‘A‘ > 6, we can apply the above with 7 :
o (341 to get

]ﬂK”SQTQ(%A ("1°g(Z|A|>)>n

Except for the extra factor of 2, this is just inequality (3.3), and again we get
(3.4).

For the general case, we appeal to Lemma 2.4 (with o =1/n and M =6")
to get a constant C' = C(A,n) > 1 such that 7, < Cyp~1(6"). Then we apply
the above with 7:= Cyp~1((3A/2|al)™) to get

] < U/r?)%:“(%““ (’“"g@@)))n

Except for the extra factor of 2C, this is just inequality (3.3), and once again
we get (3.4).

The case v4 > 1/2. Here we utilize a chaining argument together with a
Poincaré inequality. In order to facilitate a technical calculation below, we
first rescale via the change of variable g(z) := f(x/0). Then K4(x) = K(z/0)
is a finite distortion function for g with

L, ::/ exp A(pKy)=0"Ly, where Ly ::/ exp A(pKy);
B(0;30/2) (053/2)

So, for each 7> 7,

so taking o = (Q,/Lf)Y/™ we obtain L, = Q,. Next, let w(z) :=v(z/0)
and note that w,4 =wva and also [ . |Vw|"/K, = [, |Vo|["/K. Thus, we
are still in the case w,4 > 1/2 searching for a lower bound for the integral
L, IVl /K.

Let v > 2 be the integer with 1/2%! < o|a| < 1/2%; so v ~log(1/(clal).
Put b:=(1,0,...,0) and consider the balls

A;=B(a;;ri/2) and B; =B(bs;r;),
where
1= 1/2v 7L b; :=2r;b, a;:=b; + (r;/2)b, and i>1.

Also, put By :=B(0;1/2") and Ag := B(ag;r1/4) where ag := (5/4)r1b. Then
for each ¢ > 1: A;_1,A; C B; with each of 0A;_1, 0A; being tangent to 0B;
and 2diam A;_; = diam 4; = (1/2) diam B;; also, 0 A, Ay C By.

Let ¢ be the smallest integer with 1/2”4 >0/2;801</{<v—-laso<]l.
Then A, lies in the complement of 0B = B(0;0/2), so wa, =0 because the
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support of w lies in 0 B. Thus we can write
1/2 S won = (woa —way) + (wa, —wa,) + -+ (wa,_, —wa,).

Next, employing a Poincaré inequality, we can estimate the absolute value of
each of these terms thereby obtaining

¢
C(n) < ;dlam(Bi)]ii [Vwl.

Now we use Holder’s inequality twice, first on each of the integrals, and
then on the sum itself, to get

V4 n 1/n ¢ (n—1)/n
C(n)<<Z(diam(Bi))n][ W%) (Z K;/<n—1>> |

i=0 Bi g i=0” Bi
The first factor on the right-hand side above can be estimated from above
by (a constant times) ([ ,|Vw|"/K,)'/"; this is because B; Nsupp(w) C 0B

and the balls B; have bounded overlap. Thus, raising to the power n provides
us with

> cm= </UB %) (i 5. Kgl/<n—1)>n_1

i=0
It therefore remains to exhibit an upper bound for (Zf:OfB_ Kgl/(n_l))"_l.
In fact we verify that

¢ n—1 n—1
_ C(A,n) 3A

3.6 § KY/(-1) < ’ (10 —) .
0 (Ji d =T (%2

It is easy to see that (3.1) is an immediate consequence of (3.6) in conjunction
with (3.5), once we recall that [ . |Vw|"/K,= [, |Vv|"/K.

Our next goal is to obtain an upper bound for each integral average
‘JCB'i Kgl/("_l). Notice that for each 0 <i </, B; C (30/2)B™ =0 B. Consider
the auxiliary function

o(t) :==exp A(pt" ™).

We would like to use Jensen’s Inequality; see the discussion at the beginning
of Section 2.2.3. If we knew that ¢ were convex, then (recall the rescaling
done above to ensure that L, =(,,) we would obtain

(3.7) QD(]{B,- K;/("_1)> S][B, exp A(pK,)

< €Xp A(ng) =

‘BZ| 30B
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SO

1/(n—1
3.8 Kl/(n—l) <o Y pmm) = 1./4_1 1 l / )
( : ) B g = SD (ri ) - p n Og - .

The problem with this approach is that we do not know that ¢ is convex.
To deal with this issue (see the discussion at the beginning of Section 2.2.3),
we use the facts that ¢ is increasing and that ¢ — ¢(t)/t is also increasing on
[Tp,00), where

Tp = (tp_1/p)Y ™Y and  t,_qi=inf{t>0[tA'(t) >1/(n—1)}.

Thus for any 7 > 7, we have

/ K;/(n—l)é/ KV 4 7|B,)
B, Bin{K,>mn—1}
T

<— o(KY™=Y) 4 7|B|
o(1) /Bm{Kg>rn—1} ( g )

)
< — exp A(pK,) + 7|B;
= ewawk) +o1,

1
STlBi<1+ —n);
o(1)r]

the last inequality just above is, again, a consequence of the fact that Ly = ,,.
So, for each 7> 7,

1
KV < T(l + )
]{;i g - o(r)ry

If 7, =~ 1(r;™) > 1,, then we can apply the above to get

1/(n—1) L 1)\
K, <21, =2 -A"" | nlog — .
B; p T

Except for the extra factor of 2, this is just inequality (3.8).

For the general case, we note that for each 0 <7 </¢, r; " > 4". We appeal
to Lemma 2.4 (with « =n—1 and M =4™) to get a constant C = C(A,n) >1
such that 7, < Cep~1(4"). Then we apply the above with 7, := Co~1(r;™) >
Tp to get

1/(n—1)
(3.9) ][ Kgl/(”*l) <21, =2Cp ' (r;") =2C (;Al (n log 1)) .
B; i

T

Except for the extra factor of 2C, (3.9) is once again inequality (3.8).
Finally, we demonstrate that inequality (3.9) implies (3.6). We have

7,_;1 _ 21/724’*1 _ 2]’

where 2<j:=v—/(+1<v+1.
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Using the facts that A~! is both increasing and doubling we obtain

¢ L\ V(D)
Z At (n log —)
i=0 T

v+1

Z A" (jnlog2)Y/ ("=
j=r—L+1
v+1
<Z.A (jnlog2)V/("=1 <y A~ ((1/+1)nlog2)1/(n_1)

3A )1/(%-1)

3A
< 1NV (=) < Cog —— A~ 1og ——
<CvA= (v) <Clog 2|a|A og oal

3A
=Cw (log )
2|al
here the last two inequalities hold because
~log 3A
| | 2|al’
Evidently, the above in conjunction with (3.9) gives (3.6).

v~log —

3.2. Proof of Theorem B. We assume 2 I, @ is a finite distortion home-
omorphism with exp A(pKy) € L () for some p > 0. Also, we have the
Hausdorff gauge function

V-1
h(t) = hspan(t) :=exp (—sw_1 (p e log Z))

Here s € (0,n] and C' = C(A,n) is the constant from Theorem A. We demon-
strate that for each E C Q, H"(f(E)) =0 implies that H*(E) = 0.
Set g:= f~!. According to (1.3), for each point a € ', there are constants
L=L(a) and D = D(a) € (0,dist(a, Q")) such that for each y € B(a, D),
l9(y) — g(a)| < Lexp !

3 (pl/(nl)1 D >>
—w og .
¢ |y —al
Thus for all r € (0, D]

1/(n—1)
diam(g[B(a, r)]) < 2Lexp<—w‘1 <p c log ?))

For integers j, k with j > 2, k£ > 1 we define
Fjr={a€Q | D(a) >1/j,2L(a) < k}.
Then Q' =, , Fji. Also, for each a € Fjj, and all r € (0,1/7),

diam(g[B(a,r)]) < kexp <w1 <pl/(cnl) log 1) > )
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Suppose E C Q with H"(f(E)) = 0. Fix integers j, k with j >2, k> 1.
We show that H*(E N g(Fj)) =0. Let € >0 be given. Select p € (0,2/5%).
Note that

2 1 1 q 1 1 1 1
0<7°<j—2 == §<W and so 0g5<20gj—T.

Since H"(f(E) N Fjx) =0, there are balls B; := B(a;,r;) with a; € f(E) N
ij, r; € (O,p), f(E) ijk C Uz B; and such that Zl h(2rl) <e. Asa; e ij,
ri <p<2/§%<1/j < D(a;) and thus

1/(n—1) 1
diam(g(Bi)) < kexp (—w_l (p c log —))

JTi

1/(n—1) 1
_1( P
<k —w™t log— | .
< exp( w ( c og2m>>
Therefore

> (diam(g(By)))" < k* ) exp <5w1 <Y# o %»

) g

Since E N g(Fji) C U, 9(Bi), by letting € \, 0 in the above we conclude that

H*(ENg(Fjx)) =0. O
3.3. Proof of Theorem C. Here we assume that
A(t)=t/L(t), where L(t) =L (t)=L1(t) - Li(t)
for some k € N. See (2.5). We work with the gauge functions
hp(t) :=t"Ly1(1/t)°.

Suppose 2 i> ' is a finite distortion homeomorphism between domains
Q,Q C R" with exp A(pKy) € L, .(Q) for some p > 0. In this setting, (2.13)
tells us that

VB <cp, Jrelli(9),
where ¢ = c¢(k,n) and Pg(t) := tLy+1(t)®. With this in mind, we define
Qs(t) == tL,:il(tl/ﬂ). Then Pg and Qg satisfy Young’s inequality (2.7), so
the Orlicz—Hélder inequality (2.8) is in force. Also, thanks to Lemma 2.2(c)
we know that
le(t) ~Lp1(t)? ast— oo.

Now fix 8 € (0,¢p). Suppose a compact set E C 2 has upper Minkowski di-
mension dim(E) < n. Let F := f(E) and pick € > 0 with n — & > dimp(E);
s0, M"~¢(E) =0. Noting that

a>f and MM (F)<oo =— M"(F)=0,
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we deduce that it suffices to show that M" (F) < co. To do this, we
demonstrate that |F,.|hg(r)r~™ has a finite upper bound that is indepen-
dent of r and valid for all sufficiently small » > 0. Of course, |F,|hg(r)r—" =
|F|Ly41(1/7)?, and | F,.| denotes the Lebesgue n-measure of the set F. := {y |

diSt(ya F) S ’/‘} = UyeF B(y,’l“)
To start, we choose R > 0 so that

Eg:={z|dist(z, E) <R} = | | B(z,R) CQ
zel

and—Dby taking R sufficiently small—so that
VPG(O,RL |Ep‘§p87

where |E,| denotes the n-measure of E, :=J,.pB(z,p). Next, since f(Eg)
is compact (so f~! is uniformly continuous on f(ER)), there exists an ro > 0
such that for all points a,y € f(ERr) (say, a= f(z),y = f(z)) we have

ly—al<ro = |v—zl=|f"() - S ()] <R/6.

Suppose 1 € (0,79) and y = f(x) € F.. Then there is a point a = f(z) €
F with y € B(a,r). Now z€ F, so B(z,R) C Er C Q, and x € B(z, R/6).
According to Theorem A, we thus have

P2l =l =|10) 1) = Dy (- e (ee T ) ).

|z — 2]

Here C' = C(k,n) and D(z) := (1/2)dist(f(2),0f[B(z,R/3)]). As f is a home-
omorphism and E is compact, there is a 6 >0 with D(¢) >4 for all ( € E.
Also, for all ( € E,

= ram0) () (] o) "

where the constant M depends only on the data. Therefore,

o MR
> dexp <—mw <log m»

and so appealing to (2.14c) we obtain

5 MR MR\
pt/ "V log . <Cw (log ) <CA! (1og" >

|z — z| |z — 2|

or equivalently,

A(p log" ™! 5) <log" ME
c r

|z — 2|
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Summarizing, for each r € (0,79) and all points y = f(z) € F,, there exists
a z € F with

1/n
|z —z| < p=p(r):= MRexp(—.A(%log”1 g) )

In particular, we see that « € E, and thus F,. C f(E,). By adjusting our choice
of rg, if necessary, we may ensure that for r € (0,79] we also have p € (0, R];
for example, it suffices to pick ro with log™ M < A((p/C)log" (8 /70)).

It now follows that for all r € (0,r9),

F < |1(E,)| < /E J5 <Ol e lxs, low;

P

here (2.8) provides the right-most inequality above. A glance back at (2.6)
reveals that

L (Qs(M\ ! _
Ixe,llqs = Q51< g( |) , where Qg(1) = L,ﬁll(l) =epyo — epr1 =: Cp.
p

According to Lemma 2.2(c) and Fact 2.1,
Q5 (t) ~ Lip1(t)? and Ly (at®) ~ Ly ().

We claim that Lyy1(p~t) =~ Liy1(r~1) as r — 0%, and therefore as r — 0"

O\’ o\’ —1\—B —1\-8
||XEP||Q/5 2Lk+1 <|E—> <Lk+1<F ":LkJrl(p 1) :Lk+1(7" 1) .
P

The middle inequality above holds because p € (0, R] ensures that |[E,| < p°.
Finally, by making use of the first and last estimates in the above para-
graph, we see that for all r € (0,7¢) (again, adjusting ¢ as necessary),

|Fr L (r D) < €)1 T, < 005

this demonstrates that M"s (F) < co as asserted.
It remains to check the claim that Ly 1(p™!) ~ Lpy1(r—1) as 7 — 0F. This
follows from the fact that for any positive constants B,C, D,

L1 (Bexp[A(C log" ™! Dt)l/n]) ~ Lpy1(t) ast— oo.

To see this, we use the properties of L explained in Fact 2.1 in conjunction
with the two estimates that

ast—o00, Ly(A(t)) ~Li(t) and Ly(logt)~ Liy1(t).
Thus for all sufficiently large ¢, we have
Ly41(Bexp [A(Clog"71 Dt)l/n]) ~ Ly (log B+ .A(Clog”f1 Dt) 1/n)
~ Ly (A(Clog" 1))
~ Ly, (A(Clog"~'t))
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~ Lj,(Clog" ' t) ~ Ly (log" ' t)
~ Li(logt) ~ Li11(t). O

4. Compression examples

Here we present examples that illustrate to what extent Theorem A and
Theorem B are optimal. See Example 4.7 for the former.

Our examples for Theorem B center on the gauge functions hg p 4,, and are
based on Cantor sets. A generalized Cantor dust is a compact set E = (" En
where F1 D Fy D --- D En D -+ is a decreasing sequence of compact sets and
each Fy is a finite union of disjoint closed balls. In our examples, Ey will
be a union of certain closed subballs that are chosen from each of the balls
that comprise Exy_1. We first give an overview, then describe our general
construction, and then give specific examples.

4.1. General construction. We start with the closed unit ball Ey:= B:=
B™ C R". We pick m; disjoint closed balls E} C Ey (1 <i<m;) and put
Ey =" E}. Next, for each 1 <i<my, we pick my disjoint closed balls
EZ C Ef (1<j<mg) and put Ey:= ;" U2 E}. (In fact, we do this so
that the sets E} \U;”j1 E7; are “isomorphic”.) Continuing in this manner we
get

Ex:=|JEY, where J=(j1,....5n) € {1,...,ma} x -+ x {1,...,mn}.
J

Thus En is a union of my ---my disjoint closed balls Ef,v By appropriately
specifying the radii of these balls, we obtain a finite upper bound for the
Hausdorff measure of £ =[] Ex, and by choosing the balls “fairly uniformly
distributed” we also get a positive lower bound for this measure; see [Mat95,
pp. 63-64].

We follow this method for our general construction. We require the fact
that for each positive integer m € N, there are m disjoint closed balls in B™
each with the same radius r and such that mr™ = k™ where kK = k(n) is a
dimensional constant. By working with dyadic cubes, it is straightforward to
confirm this with x(n) := 1/v/8n. We start with a given s € (0,n) (and later
a given p >0, A, and a given Hausdorff gauge h). We construct generalized
Cantor dusts F, F C B® and a self-homeomorphism f of R such that

f(E)y=F,  H(E)~1, either H"(F)=0 or H"(F)<oo,
and so that f has finite distortion Ky with exp A(pKy) € L{,.. The precise

loc*
details for these latter conditions will be provided in each example.
In each specific example, we will select integers my > 2 and distortion
constants Ay > 1. At each step 1,2,...,N,... we choose my disjoint closed

balls B(aiV,RN) C B™ (so here 1 <i<my) each of radius Ry where Ry
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is chosen so that my Ry, = k};; we choose these balls “fairly uniformly dis-
tributed” in B". Here 0 < rx < s(n) = 1/v/8n. We also select o € (0,1) so
that my(onRn)® =1. (Such a on exists provided myR%, > 1, so provided
we take mpy > (1/kn)"/("=9) )

Thus, starting with 0 < kx < k(n) and my > (1/kx)"/ (=% we take

1/n (1/n)— (l/s) (s—n)/ns
N my :

Ry :=rknmy and oy =Ky m

Let ¢ and 9 be the similarities of R" given by
oN(z):=aY +onRyz and 9 (z):=a) + o3 Ry,
so that
N (B") =B(al,onRy) and 9V (B")=B(al, 0N Ry);

here Ay > 1 are auxiliary parameters that will be chosen later to determine
the distortion of f. Notice that al¥ = ¢N(0). Next—see Figure 2 and recall
that B := B"—we define

El1 = @%(B) for 1 <i<mgq,
E} :=¢jop3(B) for 1<i<my and 1<j<my,
and, in general, for J = (ji1,...,in) €{1,...,m1} x--- x {1,...,mpn},
EY := oY (B), where &} := @}1 mp?z 0--~04p§-\]fv.
Similarly, define
=0%Y(B), where 6F ::19;1 079?2 O--~019§-\17v.

FIGURE 2. The 2nd generation set Fo with mq =mo =4.
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We obtain generalized Cantor dusts
E:=()Ey and F:=()Fy,
1 1

where

Ey:=|JEY and Fy:=|]E}.
all J all J

It is straightforward to calculate the centers and radii of the balls EY, F.

For example, the latter ball has center
0% (0) = a}l + oM Ry (a?2

+ o Baloe o Ry s

Nl o Ryv-1al)]).

Also, the balls Eﬁv each have radius o1 Ry ---onyRpy. Since these balls form a
cover of F with

S (01R1--onRy) =my-my(o1Ry - oxRy)' = 1,
all J

it is clear that H*(F) < 1. In fact, since these balls are chosen “fairly uniformly
distributed” in their parent, it follows that H®(E) ~ 1; see [Mat95, pp. 63-64].
In the examples that follow, we also determine the size of F'. For this it is
useful to know that each F}V has radius ty := cri\lRl e aj},” Ry.

Finally, we construct a homeomorphism R”™ Ly R with the property that
f(E) =F and such that f has a given distortion; in fact, f(EyN) = Fx for all
N, and f will have distortion Ky := /\;i,_1 in the union of certain spherical
rings and will be conformal elsewhere. This map f is given as the limit of a
sequence (fn)%_; of quasiconformal self-homeomorphisms of R™; the maps
fn are defined via a recursive relation. In order to accomplish this task, we
introduce triples (By,Cy, D ) of concentric balls defined by

BJ = B(CJ,TN),
CJ Z:O'NBJZ B(CJ,O’N’I“N),
DJ = O'?\VNBJ = B(CJ,O';{/NTN),
where ry 1= ai,”_’ler_lRN (with rg =09 = Xg:=1)

and it remains to specify the centers c;. In fact, c; :=©%(0), but this is
more easily understood by starting at the beginning. Write fy to denote the
identity map: fo(z)==.
Step 1. For 1 <i<mq, put
B; = foopi(or'B),
Ci = 01B; = foo p; (B),
Di = O'i\lBi.
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One can readily check that
Bi = B(Ci7’l“1) and C’l = fo (Ezl),
where ¢; :=9}(0) = a} and 71 := R;. For each triple (B;,C;, D;), we have a
radial squeeze-stretch map ¥} := \Ifgil’fil (see Section 2.5) and we define
Ul(z) forzeB;, 1<i<my,
g1 (:C) = n mi
x for x € R™\ U, B;.
Thus R" 2L R is K;-quasiconformal, K := AN~ and conformal in R™ \
91(B;)=B; and ¢1(C;)=D; via a scaling by 0')\1 L and
g1(B; \ C;) = B;\ D; via the radial stretch x + |z|*1~1z.
We set f1:= g1 0 fo. Note that B;\ C; = ¢} (07 !B\ B), so the distortion of
f1 is given via
K = Kl IHUl 1901(0-118\8)
T i RUM @07 'B\B).
Also, by comparing centers and radii, we see that
fi(BY)=fiopi(B)=q1(C;)=D; =F' andso fi(E)=F.
Step 2. For 1 <i<mj and 1 <j <my, put

BZ] - fl Oq)z] (02 1B)

Cij = UQBij = fl o CP”(B),

Dyj = 03*B},.
One can readily check that

Bij = fl e} (pzl [B(a?,Rg)] = B(Cij,Tg) and Cij = f1 (E7,2])7
where ¢;; := @?j(()) and 7o := Ji\ r1Ry. For each triple (B;;,C;j, D;;) we have
radial a squeeze-stretch map \Ilf = \112’27)7‘@ (see Section 2.5) and we define
(2) \I/ZZJ(I') for x € Byj, 1 <i<my, 1 <5 <ma,
T) =
92 x for € R™\ U2, UjZ, Bij-

Thus R" 22, Rn is Ks-quasiconformal, Ky = )\;71, and conformal in R™\
U ;(Bij \ Cij) with

92(Bi;) = B;; and g2(Ci;) =D;; via a scaling by U’\2 !

and
92(Bi; \ Cij) = Bi; \ D;; via the radial squeeze-stretch x — |z[*?~1z.
We set fo:= gy 0 f1. Then, since

fr(Biy) = ®3(03 'B),
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we see that
fa(z) = W30 fi(x) fOrxe.Q)ZZj(Oé—lB)’
fi(@) otherwise.

Note that ®?; (02_18) = ¢i[B(aj, Ry)] C p;(B) =Ci. In Cy, f1 =g is con-
)\1 1)

formal (being a hnear scaling/squeeze by o7 Therefore, the distortion of
fo in ®%(0;'B) comes only from 0% (Wthh has distortion Ky in B\ Ci;
and is conformal elsewhere). In particular, we deduce that the distortion of
fo is given via
Ky inlJ;; ®% (0, 'B\B),
Kf2: K; in U?:l (pzl(al_lB\B)a
1 everywhere else.
Also, by comparing centers and radii, we confirm that
f2(E; ) = 92(Cyj) = Dy *Fz and so  fo(Ep) = Ih.
Step N. For each J =1 x{j}=(j1,...,Jn) €{l,...,m1} x--- x{1,...,
mp}, put
By = fn_10®Y (0y'B),
Cy:= UNBy = fn_10®Y(B),
DJ = JN B]
One can check that
By=fn_10®Y ! [B(a),Rn)] =B(cs,rn) and Cj=fn_1(EY),

where cj := @N( ) and ry —JJ’t,N’ler 1Rn. For each triple (B;,Cy,Djy)

we have radial a squeeze-stretch map W% := =N N (see Section 2.5) and we
define

Ui (z) for x € By,
gn(z) = 7 (%) ’
x for z e R*\ U, B;.

Thus R* 2% R™ is K n-quasiconformal, Ky := Ay ! and conformal in R™\

U, (Bs\ CJ) with

gn(By)=BY and gn(Cy)=D; via a scaling by o3

and
gn(By\Cy)=B;\ Dy via the radial squeeze-stretch z + |z|*V 1z,
We set fn :=gn o fy—1. Then, since
i (By) =@ (0y'B),
we see that

fr() = \I/yofN_l(a:) for J;EII)]}/(JR,IB),
N = fn—1(x) otherwise.
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Note that for J =1 x {5}, @) (ocy'B) = <I>]IV_1[B(a§V,RN)] c oV 1(B).

In ®Y1(B), fy_2 is conformal (in fact, a linear scaling/squeeze) with
fN_g[Cbﬁv_l(B)] =Cr. In Cy, gn—1 is conformal (being a dilation by af{,N_‘ll_l).
Therefore, in each ball <I>§V71(B), fN—1=9gn_10 fn_2 is conformal.

It now follows that the distortion of fy in ®)(0y'B) comes only from
U (which has distortion Ky in BY \ C; and is conformal elsewhere). In
particular, we deduce that the distortion of fy is given via

Ky inU,@Y(o5'B\B),

Kiv =\ Ky inlJ;;9%(0;'B\B),
K1 in U ol (o7 'B\B),
1 everywhere else.

Also, by comparing centers and radii, we corroborate that

In(EY)=gn(Cy)=D;=FY andso fy(Ey)="Fu.

Final step. We thus have a sequence (fn)$° of quasiconformal self-

homeomorphisms of R™. In fact, using (2.16) we see that this sequence is
uniformly Cauchy, so there is a limit map f:=limy_, fn that is evidently
a homeomorphism. Since fy(En)= Fy for each N, f(E)=F. Also, since

IN=fn-1 inR"\ U Y (oy'B),

all J
and, for J =1 x {j},

¢} (oy'B) =7 ' [B(a), Rn)] C BY T,
we deduce that

{IN#fn-1} C U Y (oy'B) C Ex_1.
all J
Recalling that E =) Ey is a Lebesgue null set, we see that for almost every
x in R™, the tail of the sequence (fn(x))$° is constant.

Now, for each fixed x ¢ FE, there is an open ball B := B(z;e) and
an N € N such that f|p = fn|p; here ¢ and N both depend on z (or
rather on dist(z, E)). In particular, since each fy is a quasiconformal self-
homeomorphism of R", we see that f is absolutely continuous on lines and
differentiable almost everywhere. Below we address the question of whether
or not f is a Sobolev homeomorphism.

We see that f has the distortion function

o [Kx o mU e (y'BB),
71 everywhere else.
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We note that Ky = Kx occurs in the union of My :=mims---my spher-
ical rings each with outer radius o1R;---on_1Ry_1RNx and inner radius
01R1---onRy; here we set 09 = Ry := 1.

To determine the local integrability properties of the function x +—
P(K¢(z))—here P(t) can be t? or eP' or exp A(pt)—it suffices to examine
the convergence of the series

> My[(o1Ry - on-1Ry-1RN)" = (01R1 - oy Ry)"| P(Ky).
N=1
Recalling that oy RY =my"* and oy = ky'mb ™/ we find that the

above series equals

(4.1) i My (oy™ = 1)(01Ry -+~ oy Ry)" P(K )
N=

—

(08" = 1) My " P(Ky)

M2 114

(kRm{ ™ — )My P(K ).

2
ﬂ‘

In certain of our specific examples we consider reqular Cantor dusts by
which we mean that xy = s and my = m are some fixed constants. In this
setting, the above convergence question simplifies to looking at convergence
of the series

(4.2) > mNOTIP(K ).
N=1

We also need to estimate H"(F), at least to show that this is zero or finite.
For this it suffices to examine the behavior of Myh(diam(Fy)) as N — oo.
Recall that F'= () Fy where Fy is the union of My disjoint closed balls each
of radius ty := Ui\lRl . -~U]){,NRN; this simplifies to ty = oM T+t RN when
F' is a regular Cantor dust.

Finally, we discuss the question of whether or not f is a mapping of finite
distortion. We know that f is absolutely continuous on lines and differentiable
almost everywhere with a Jacobian that is positive almost everywhere. Once
we know that the differential D f of f is locally integrable, then the absolute
continuity on lines permits us to assert that f belongs to Wllo’i(R”, R™), and
then being a Sobolev homeomorphism, we also know that the Jacobian of f
belongs to L{ .(R™); see for example [IMO1, p. 106 and Corollary 6.3.1, p. 108].

Thus we must determine whether or not D f is locally integrable; in fact, we
need only consider the integral over the doubled unit ball A := 2B™. From our

construction, we can calculate D f, but its integral depends on the parameters



996 A. CLOP AND D. A. HERRON

in our construction in a non-trivial manner. One way to circumvent these
difficulties is to employ a weak compactness argument using uniform L
estimates for D fy; here 1 < p <n. To this end, we apply Young’s inequality
to
p/n

Dfl? = (D" = K7 T

to obtain
n—p ), P

|Dfn|P < TK%(n ) + ﬁJfN

This yields
/|DfN\P<—/Kp/” P21

Thus uniform L  bounds for D fy exist provided

p/(n—p)
[ KEOP <oo
Such a condition will hold, for some 1 < p < n, if we know that for some ¢ > 1,
the series in (4.1) converges with P(t) =t; we then get p:=qn/(1+ q).

Assuming this latter condition, the above discussion reveals that (fn|a)$°
is a bounded sequence in W1P(A, R"). Therefore, there is a subsequence (far)
of (fn]a) that converges weakly to some g in WP(A4,R™). In particular, this
means that for all test functions ¢ (i.e., ¢ € C°(A,R™)),

(4.3a) /AfM~<p—>/Ag-g0 as M — oo
and

t t
(4.3b) /A(DfM) ap—>/A(Dg) @ as M — oco.

We know that (fx)$° converges to f uniformly on all of R, so it follows from
(4.3a) that f|4 and g are equal as L] _(A) functions.

Now
Ofm
Dfy=[Difm -+ Dnfum], where Djfa = B
j
50
ag . an (9(,0
o= 1 o i

ot
N Ag 8.%'j A 6.’133

here the two left-most equalities follow from (4.3b) and (4.3a), respectively,
and the last equality holds because f =g. The equality of the first and last
integrals above implies that Dg is the distributional derivative of f.
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Since g € WLP(A,R™), we conclude that f belongs to the Sobolev space
WL (R R™).

In summary, the above construction produces a homeomorphism R™ EN
and Cantor dusts E,F C B" with f(F)=F and H*(F)~1. The map f is
differentiable almost everywhere, and the integrability of the distortion of f
can be determined by checking the convergence of the appropriate series in
(4.1) or (4.2); when this series converges, f is a mapping of finite distortion.
Finally, we can provide upper estimates for the Hausdorff measure H"(F) by
controlling the radii ¢y of the balls used to construct F.

Here is a precise statement.

THEOREM 4.1. Let n>2,s € (0,n),p >0 be given. Let (mn)¥_,; and
(KN)R—1, (AN)F_, be sequences of integers and real numbers, respectively,
that satisfy my > (1/kx)" (=% 0 < ky < k(n) :=1/v/8n, and Ay > 1 for
all N. Then there are generalized Cantor dusts E,F C B™ and a homeomor-
phism f: R™ — R™ with the properties that

H(E)~1 and f(E)=F and VYzxeR"\B", f(z)=u.

The map [ is absolutely continuous on lines, differentiable almost everywhere,
and if the series (4.1) converges with P(t) =9 for some q¢ > 1, then f is
a mapping of finite distortion. Moreover, for P(t) equal to tP or exp(pt)
or exp A(pt), we have P(Ky) € Li,.(R™) if and only if the series in (4.1)
converges (or in (4.2) for the special case where my =m and Ky = k(n) for

all N). Here Ky ::)\X,_l and My :=mq---my.

4.2. Compression examples with exp(pK) € L. .. Here we examine The-

orem B in the special case where A(t) =t. In part, we do this as it provides a
simpler version of what we present below in Section 4.3, but our results here
are also relevant for the case of exponentially integrable distortion.

In this setting, we have w'(t) = t(»~1/" and so the gauge function h =
hsp.An (that appears in the statement of Theorem B) is of the form h = h,

where
1 (n—=1)/n
ha(t) :=exp (—a <log E) >

The analog of Theorem B in this special case was established by Zapadinskaya
(see [Zapll, Theorem 1.1]) and she proved that we can use the gauge function

hey, Where g := C(n)sp/™;

here C(n) is, essentially, the constant from [HKO03, Theorem BJ. She also
constructed an example to illustrate the sharpness of her theorem; see [Zap11,
Example 1.3]. Briefly, given s € (0,n), and p > 0, she constructs a finite
distortion homeomorphism f: R® — R", with exp(¢K ;) € LL .(R") for all g €

loc
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(0,p), and a set E C R™ with H*(E) >0 but H"(f(E)) =0 for all a > (o :=
Zsp'/™, where Z = Z(s,n) is given by

—1

(nnl)%é(s’:))%’

—1 when 0 <s< 1,

o (1—s) " n
s,n) = )
C( ) log o m(s)
log 2

Z(s,n):

when 1 < s <n,

and m(s) = (f2ﬁnﬁ1)”
In our example, exp(pKy) € LL.(R"), and our range of allowable gauge
functions is slightly better (because A(s,n) < Z(s,n)).

EXAMPLE 4.2. Let n>2, s € (0,n), and p >0 be given. Fix a > ag :=
Asp'/™ where

TL2 (n—=1)/n 1
n—1

A=A = .

(s o= .
There exists a finite distortion homeomorphism R™ L R and a regular Cantor
dust F in B™ such that f has p-exponentially integrable distortion, that is,
exp(pKy) € LL.(R"), and H*(E) ~ 1 but H"(f(E)) =0. Moreover, for all

loc

xeR™\B", f(z)==.
Proof. For each integer m > (1/k)"%/("=%) (recall that x = x(n) = 1/v/8n),

set
A n (nfl)/npl/n s 1/n/ n—s - IOg(]./Ii) (n—=1)/n
" \n—-1 n—s ns logm '

Then as m — 00, ., \(ag. Thus we may select m sufficiently large so that
a > ap, > aq, and these inequalities will also hold if we take a larger m.
For this m, we pick R and ¢ so that mR™ = k™ and m(cR)® =1. Thus,

Ri=rm " and o:=r" 'm/m=0/s) = g=Lpls=n)/ns,

Using these values of m, R,c—and taking Ay := (aN)"/ (=1 so that Ky =
aN—we “do” the Cantor dust construction to obtain a finite distortion home-
omorphism f: R®™ — R™ and regular Cantor dusts E, F C B® with F = f(F)
and H*(E) ~ 1. We claim that the constant a can be chosen so that both
exp(pKy) € LL (R™) and H"= (F)=0.

Recalling—see (4.2)——that the integrability condition eP®s € L] (R™) is
equivalent to convergence of the series

oo oo
§ m(l—n/s)NepKN _ § Tn(l—n/s)NepaN7
N=1 N=1
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and writing

m(l—n/s)NepaN — exp(ﬂ]\]logm —|—paN>
S

:exp(N<S_nlogm+pa)>,
s

n—s

we see that

1
exp(pKy) €L (R") <= a< ’ logm.

Below we demonstrate that by choosing

n—1 n—1
- log(1
a>a" 2 logm/ n—s_ log(l/n)
n—1 ns logm
we obtain H"e(F)=0. Thus we must check that we can pick a constant a
that satisfies

n—1 n—1
— log(1 1n—
a"( n > logm/(n 5 o8 /H)> <a<-Z2 Slogm.
p s

n—1 ns logm

This is equivalent to requiring that

o () () /()

and this holds because o > ay,.

It remains to confirm that the above lower bound on a forces H"= (F) =0.
This holds provided m~ hy(ty) — 0 as N — oo, where
SN RN

tN=0
is the radius of the balls used to construct Fy = f(Ey) and
N
SN=M~+ -+ Ay :Ki/(”*l) +_.__~_K]1V/(n71) — g/ (n=1) Zkl/(n_l)'

k=1
Notice that

, o1
mN ho(ty) = exp <N10gm — alog(”_l)/” t) —0
N
if and only if
1
alog™ V" — _ Nlogm — cc.
tn
We have

1 1
log— = Sylog— — NlogR
tN g

— 1 1 1
= SN<<H) logm — 1og> +N<logm+log)
ns K n K

= NTylogm,
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= S(5) ) 1 ),

Thus we must check that

where

a(NTx logm)"= D/ _ Nlogm —s 00 as N — oc.

To establish this limit, we first rewrite the above left-hand side as

(n-1)/ Ty ™0 1/

Using the fact that

N 1/(n—1
N SR
Nn/(n—1) =\ N N

1
- al/(nﬂ)/ LH/(n=1) gy _ g/ -1
0 n

we see that

Tn 1 Sy ((n—s log(1/k) 1 log(1/k)
— = — —_— —_ + — + _ L 7
NV/(=1)  NU/(-1)| N ns logm n logm

Sn n—s log(l/k)
> J—
Nn/(n=1) \ ns logm
al/(nil)n—l n—s _ log(l//ﬁ?)
n ns logm

and therefore

(n—1)/n
a<TN) — (logm)*/™

Nl/(n—l)
e —1(n—s log(l/k) (n=1)/n n
> [al/( b - < ns " logm — (logm)*/
n—1 n—171/n
n—1 n—s log(1/k) n
:a[a( n ) ( ns  logm ~ (logm)*/".

Finally, the right-hand side immediately above, which contains no N terms,
is strictly positive if and only if

(n—1) n—1
_nf n n—s log(l/k)
a>a <n—1> logm/< logm > ,

and when this holds, the displayed quantity at the beginning of this paragraph
does indeed tend to co as N — oo. ]
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It is not difficult to use the above to construct an example where the map
does not depend on either of the parameters «,s. Let (s;)7° and (a;)$° be
monotone sequences in (0,n) and (o, 00), respectively with s; “n and a;
ag as j — 0o. Let f; and E; be the maps and sets constructed in Example 4.2
using the parameters s;,«; (with some fixed p > 0). By translating the set
E;, we may assume that E; C B; := B(2je, 1) where e:=(1,0,...,0) €R". In
particular, for all x € R™\ B;, f;(z) = 2. Thus we may define f: R® — R" by
letting f(x) := f;(z) for x € B; and f(x) :=x for x € R"\ A where A:=JB;.
We summarize this as follows.

EXAMPLE 4.3. Let n > 2 and p > 0 be given. There exists a finite distortion
homeomorphism f: R™ — R" with exp(pKy) € L}, (R") and a set A C R"
(a union of open balls each of radius one) with the following property. For
each s € (0,n) and each «a > ay, there is a regular Cantor dust £ C A such

that H*(E) >0 but H"= (f(E)) =0.

We point out that the above provides a set A with dimy(A) =n and
dimy(f(A)) 0.

To verify the above conclusion, let s € (0,n) and « > g be given. Pick j
so that s <s; and a > «;, and let E=E;. Then H% (E) ~ 1 implies that
H*(E) >0 (quite likely, H*(E) = 0o). Similarly, since a; < a, ho, =< hqa, and
therefore H/e < Hs

The above example reveals several things regarding Theorem B (for the
special case where A(t) =t). A natural question is whether or not there is
an improved version of this result that holds with a gauge that is better than
the gauge function h.,. Assume h is a gauge function with the conclusion of
Theorem B (with A(t) =) holding. Then it cannot be that h, < h for any
a > ag. This means that

1
VYo > ag, limsup [h(t) exp (ozlog("_l)/" —)} = o0.
t—0+ 13
In particular, for gauges of the form h = hg, this implies that 8 < ayp.
The above discussion leads to the following questions. Here we take

At) =t.

QUESTIONS 4.4. (a) What is the largest constant C(n) such that Theo-
rem B holds for the gauge function h. with v = C(n)sp*/"?

) Does Theorem B hold for some gauge function h with h,, < h?
c¢) Does Theorem B hold for some gauge function hg with 5> ~o?
d) Does Theorem B hold for the gauge function h,,?

) Does Theorem B hold for any gauge function h, with v = C(n)(s/
(n—s))p*/"?
(f) Is there an example like Example 4.2 but with a = ap?

) Is there an example like Example 4.2 but for some gauge function h with
h=hga,?
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We note that the gauge functions in item (e) are better than those in
item (a), at least for s >n — 1, and so would give a stronger result. Also,
Example 4.2 provides the following information about the constant C'(n) in
item (a): any such constant must satisfy

n

(n=1)/n
C(n) < n_l/”< > so, for example, C'(2) < 1.

n—1
We mention that this also provides information regarding [HK03, Problem B].
4.3. Compression examples with exp A(pK) € Llloc. We continue our
discussion of the optimality of the gauge function h = h, p 4., that appears in
Theorem B. We assume that the control function has the form A(t) =t/L(t)

as in Lemma 2.5. As noted in (1.4), here the gauge h is of the form h = g3
where 8= Csp'/™ (with C = C(L,n)) and

1/n
gp(t) :=exp (ﬂA <log”_1 %) > .

In addition, we further assume that £ = L for some k € N; see (2.5). This
assumption is only used once, when we appeal to Lemma 2.3.

EXAMPLE 4.5. Let n > 2, s € (0,n), and p > 0 be given. Fix 8> 5y :=

Bsp'/™ where
(n-1)/n
n n
B=B(s,n):= (n—l) —

There exists a finite distortion homeomorphism R™ S R" and a regular Cantor
dust E in B™ such that f has p-subexponentially integrable distortion, that
is, exp A(pKy) € L, (R™), and H*(E) ~ 1 but H9% (f(E)) =0. Moreover, for

all z € R"\ B", f(z)=u=.

Proof. We proceed as in Example 4.2, but here there are more technical
details. For each integer m > (1/k)™*/("=%) (recall that k= r(n) = 1/v/8n),
set

8, = n (nfl)/npl/n ns 1/n/ n—s log(l/k) (n=1)/n
" \n—1 n—s ns logm '

Then as m — 00, B \(Bo. Thus we may select m sufficiently large so that
B> Bm > Bo, and these inequalities will also hold if we take a larger m.
For this m we pick R and o so that mR"™ = k™ and m(ocR)® = 1. Thus

1/n

R:=rm™ and o := /ﬁ:ilm(l/n)i(l/s) — K*lm(sfn)/ns.
Now we select Ay so that with Ky := A% ! we have

A(pKn)=aN, where a> 0 is a constant described below.
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We use these values of m, R,o, Ay in the Cantor dust construction to obtain
a finite distortion homeomorphism f: R® — R™ and regular Cantor dusts
E,F CB" with F'= f(E) and H*(F) ~ 1. We claim that the constant a can
be chosen so that both exp A(pKy) € LL (R™) and H"#(F) =0.

Recalling—see (4.2)—that the integrability condition eA®Xs) ¢ L} (R™) is
equivalent to convergence of the series

oo )
Z m(l—n/s)Ne.A(pKN) — m(l—n/s)NeaN,
N=1 N=1

and writing

m—n/s$)N gaN :exp<ﬂNlogm+aN> = exp(N(s —n 10gm+a)),
S S

we see that

n—s

exp(pKy) €L (R") <= a< logm.

Below we demonstrate that by choosing
n—1 n—1
— log(1
(4.4) a>p™" o nplogm/ nTs og(1/k)
n—1 ns logm

we obtain H9(F) =0. Thus we must check that we can pick a constant a
that satisfies

n \"! n—s log(1/k)\" " n—s
ﬁ"(—) nplogm/( — ) <a< . logm.

n—1 ns logm

This is equivalent to requiring that

n—1 n—1
n ns n—s log(l/k
n—1 n—s ns logm
and this holds because 8 > [,,.

It remains to confirm that the above lower bound on a, in (4.4), forces
HI95(F) =0. This holds provided m”~ gs(tn) — 0 as N — oo, where

SNRN

tN=o0
is the radius of the balls used to construct Fiy = f(En) and
SN:=A 4+ AN :Kll/(”_l) 4. _|_K]1V/("—1).
Notice that

1
m™ gs(tn) = exp (Nlogm —BA <log("_1)/" t_>) —0
N

if and only if

(4.5) BA <10g("_1)/” tl> — Nlogm — co.
N
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We have

1 1
log— = Sylog— — NlogR
tN g

— 1 1 1
= SN<(u) logm — log —) +N<—logm+log—>
ns n K
:logm Sy n-s_. logl/k LN 1+n10g1/li
n S logm logm
:logmsN n—s logl/n +£ l+n logl/k
n S logm SN logm

longN —s N N n ﬂ—l log1/k
n s SN SN logm

1
= OngNTNa

where

Iy t8 N (N ol
S SN logm

Recalling that A(t) =t/L(t) we obtain

n—1 1 L/m (1Ogm/n)SNTN)(”—1)/" (QNSN>(”_1)/”
Al log ~ = i _

(logm/n)SnTn)"=1)1/m — LI(QnSp) 1)/
where Qn := (logm/n)Ty, and so

1 1/n 5 (QNSN)(nfl)/n

log"'—] —Nlogm=N1 ~-1).

(o= 51 ) - wiowm = Vo (0 )
We (eventually) show that

n—1)/n
(4.6) lim 0 _(@nSn)T
N—oo Nlogm L((QnSy)"1)1/m
that is, the above limit exists and is strictly larger than one if and only if (4.4)
holds. Thus by choosing the constant a so that (4.4) holds, the limit inequality
in (4.6) will hold, so (4.5) will be true, which in turn gives m~¥gg(ty) — 0 as
N — oo and therefore 798 (F') = 0. Thus it remains to establish (4.6).
To this end, we recall that w(aN)=aNA"(aN)"/ =1 and write

1 (QnSy)—1/m
Nlogm L((QNSy)"— 1)t/
_ (@IS T w@n) D QY /logm
w(aN) a(n=1)/npl/n N ﬁ((QNSn)" 1)1/n
(

(ap Vg \ @D Qb iy U
o w(aN) pt/7logm \ NL({(QnSn)" 1) '

>1 <= (4.4) holds;
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Next, we claim that as N — oo,

apl/(”_l)SN n—1

4. 1. =
(4.72) N w(aN) n '
(4.7D) lim Q= logm(n—s nlogl/n>,
N—00 n S logm
~(aN
(4.7¢) lim Al (a ) _

Armed with this information, we see that the limit on the left-hand side of
(4.6) exists and is equal to 3/p'/™logm times the appropriate “product-power
combination” of the above limits; that is,

p B (QuSy)o
N—oo Nlogm L((QnSy)»—1)1/n

B 8 n—1llogm(n—s logl/n 712 1/n
pl/7logm n n s logm n

_3 n—1)\"b/m a L/ n—s logl/k (n=1)/n
N n pnlogm ns logm '

Evidently, the limit above is strictly larger than one if and only if (4.4) holds,
and this establishes (4.6) (under the assumption that (4.7a), (4.7b), (4.7c) all
hold).

Finally, it remains to establish the limits expressed in (4.7a), (4.7b), and
(4.7¢). The first of these, (4.7a), follows immediately from (2.14f) once we
remember that

Sy = En:)\j _ En:K;/(n—l) —1/(n 1) ZA 1/ n—1)
J=1 j=1

Next, since Qn = (logm/n)Ty, we see that (4.7b) is equivalent to

— log 1
lim TN<n anOg /K>
N—oo S logm

The above limit follows easily from the definition of T and the fact that
limpy 00 (N/Sn) = 0; this latter limit is found by writing

N _w@N) N _ w(aN) 1

SN SN (aN) - SN A_l(aN)l/("—l)’

using (4.7a), and remembering that A~1(s) — 0o as s — oo.
To verify (4.7c), we first use (2.14b) to see that

-1
lim A~ (aN) ~ lim aNL(aN) _ lim al(alN)

NS NE(@QuSn)™ 1)~ N5 NL((@QnSn)™) oo L((QnSw)™ )’




1006 A. CLOP AND D. A. HERRON

We let u:=alN and write
L(aN) L(u) L(u™) L(Aw(u)"1)

LIQNSN)™Y) Lur) LAw(u)"™h) LU(@nSN)™ )
where A is a constant that is described below. The three fractions on the
above right-hand side have limits 1/n, 1,1, respectively, as N — oo, and thus
(4.7¢) holds. The first of these limits is an easy consequence of Lemma 2.3.
The second is just (2.14g). For the third, we note that—by employing both
(4.7a) and (4.7b)—we have

n—1 n—1
A— lim (QNSN) :< 1 n—llogm(n—s _nlogl/n)> ;

N—oo\ w(u) apt/(n=1 nn s logm

that is, the above limit exists and equals the right-hand quantity. Therefore
-1
i A"
N—oo (QnSn)™ 1
so by Lemma 2.2(b),
n—1
o Ll .
N—voo L((QNSN)™ )

It is not difficult to use the above to construct an example where the map
does not depend on either of the parameters «,s. Let (s;)7° and (a;)$° be
monotone sequences in (0,7) and (ag,00) respectively with s; /' n and a; \
op as j — 00. Let f; and E; be the maps and sets constructed in Example 4.5
using the parameters s;,a; (and some given control function A and fixed
p > 0). By translating the set E;, we may assume that E; C B; := B(2je, 1),
where e := (1,0,...,0) € R*. In particular, for all z € R"\B;, f;(z) = z. Thus,
we may define f: R” — R™ by letting f(x) := f;(z) for x € B; and f(z):==z
for x € R™\ A where A:={JB,. We summarize this as follows.

EXAMPLE 4.6. Let n>2, p>0, and A be given. There exists a finite
distortion homeomorphism f: R" — R" with exp A(pK;) € LL (R") and a

set A C R™ with the following property. For each s € (0,n) and each > 5y,
there is a regular Cantor dust E C A such that H*(E) > 0 but H9(f(E)) =0.

4.4. Modulus of continuity example. We conclude with an example that
illustrates to what extent Theorem A is best possible. We assume L : [0,00) —
[0,00) is a C! homeomorphism that satisfies (2.1) and (2.2) and define

and  w(s) :=sA" (s)Y/ ("D,

EXAMPLE 4.7. Define R" 5 R7 by f(z):= p(|z])7% where

||

p(t) :==exp (—pi\{l w (log %) ) ;
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here p > 0 is given and M > 0 will be chosen appropriately. Then f is a finite
distortion homeomorphism. When M is sufficiently small (i.e., M < C(L,n)),
exp A(pKy) is locally integrable in a neighborhood of the origin.

Proof. Since f is a radial map, it is not difficult to check that, with r := |z|,

Ds) =max{ ), 22} and ) :p’<r>(M)n_l.

r

A calculation reveals that for r sufficiently small, |Df(x)| = p'(r) and so
Ki(z)=p 'M" 1/ (log(l/r))nfl.

Thanks to (2.14e), w'(s) <2471 (s)/=1 for all sufficiently large s > 0, so
for all sufficiently small r = |z|,

1
pK () < (@2M)"tA™! <log>.
r
Appealing to (2.14a) we now deduce that for all sufficiently small r = |z|,
1
eXpA(pKf(x)) <exp (C’(Z]W)”_1 log ;) =5

where C'= C(L) depends on £ and f=2""tCM" 1.
Thus by choosing M > 0 so that 8 <n, that is, with M"~! <n/(2"71C),
we obtain exp A(pK ) locally integrable in a neighborhood of the origin. O
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