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DIVISION OF HOLOMORPHIC FUNCTIONS AND
GROWTH CONDITIONS

WILLIAM ALEXANDRE AND EMMANUEL MAZZILLI

ABSTRACT. Let D be a strictly convex domain of C", fi and fa
be two holomorphic functions defined on a neighbourhood of D
and set X; ={z, fi(z) =0}, L =1,2. Suppose that X; NbD is
transverse for [ =1 and [ =2, and that X; N X2 is a complete
intersection. We give necessary conditions when n > 2 and suf-
ficient conditions when n = 2 under which a function g can be
written as g = g1 f1 + g2 f2 with g1 and g2 in LY(D), q € [1,400),
or g1 and g2 in BMO(D). In order to prove the sufficient con-
dition, we explicitly write down the functions g and g using
integral representation formulae and new residue currents.

1. Introduction

In this article, we are interested in ideals of holomorphic functions and
corona type problems. More precisely, being given a domain D of C" and
k functions fi,..., fi holomorphic in a neighbourhood of D, we are looking
for condition(s), as close as possible to being necessary and sufficient, under
which a function g, holomorphic on D, can be written as

(1) g=fig1 +--+ frx,

with g¢1,...,9x holomorphic on D and satisfying growth conditions at the
boundary of D. We restrict ourselves to a strictly convex domain D of C"
and we consider the case of two generators fi; and f5, holomorphic in a neigh-
bourhood of D. We write D as D = {z € C", p(z) < 0} where p is a smooth
strictly convex function defined on C™ such that the gradient of p does not
vanish in a neighbourhood U of the boundary of D. We denote by D,., r € R,
the set D, ={z € C", p(z) <r}, by bD, its boundary, by 7. the outer unit
normal to bD,¢) at a point ¢ €Y and by v; a smooth unitary complex vector
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field tangent at ¢ to bD ). We denote by X; the set X; = {z, fi(2) =0}, and
by X5 the set Xo ={z, f2(2) =0}. We assume that the intersections X; NbD
and X5 NbD are transverse in the sense of tangent cones and that X; N X,
is a complete intersection. Let us recall that an analytic subset A of pure
co-dimension m in C™ is said to be a complete intersection if there are m
holomorphic functions A, ..., ., such that A=~ ,{z, hi(z) =0}; and that
the intersection X; N D, [ =1 or [ =2, is said to be transverse if for every
p € X;NbD, the complex tangent space to bD at p and the tangent cone to
X; at p span T,C".

Our goal here is to find assumptions on g, holomorphic in D, as close as
possible to being necessary and sufficient, under which we can write g as
g=g1f1+ gaf2 with g1 and g2 in D holomorphic and belonging to BMO(D)
or L1(D), g€ [1,+00).

In order to formulate our first result, we will need to compute the values
of solutions of (1) and we will need to understand their interplay between
different leafs of X; and X5. This will be achieved using divided differences
of % on X5\ X; and % on X; \ X2, which we now define. For z a point in
D and v a unit vector of C", we set

(1) L ={XeC, |\ <7(2,v,3|p(2)]) and z + Av € X5\ X1},

where 7(z,v,e) is the maximal positive r such that the disc A,,(r) =
{z + Av,[A] < r} is included in D,.y;.. In particular, when v is the nor-
mal direction to bD,(.y at the point z, 7(z,v,€) =¢, and when v is tangent
to bD o(z) ab 2z, T(z,v,6) = £2. We notice that the points z 4+ Av, A € AZ v, are
the points of X5\ X; which belong to the disc A, ,(7(z,v 3I€|p( )1)), so they
all belong to D N (X2 \ X1) provided that « < §.

For z€ DN (X, \ X1), let us set ¢M(z) = )ﬁ’l((’zz)) and for z € C", v a unit
vector of C™ and A € C such that z + Av belongs to Xa \ Xi, let us put
9N = gD (2 + M).

Assuming ggg[,ul,...,uk] to be well defined, we set for Ai,...,Agr1 € C

pairwise distinct in AQ%

5 D URUD YA ROl VSRURND VIRY
Al — Akg1 '

g, - k] =
Lastly we define the following quantity:

(9) = sup([g) v, Al (220, o))",

where the supremum is taken over all z € D, all v € C* with |v| =1, all
ke N* and Ap,..., A, € Azl,)v pairwise distinct. We also define Ag},, g,
g?,l [A1,..., k] and & )( ) analogously.
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Our first main result gives necessary conditions in C", n > 2, for the exis-
tence of g1 and go holomorphic and bounded such that g = g1 f1 + g2f2 (see
Theorem 6.4 for conditions with g; and g2 in LI(D)).

THEOREM 1.1. Let D be a strictly convex domain of C*, n> 2, let f1 and
fa be two holomorphic functions defined on a neighbourhood of D and set
X ={z fi(z) =0}, 1 =1,2. Suppose that X;NbD is transverse for =1 and
=2, and that X1 N X5 is a complete intersection. Let g1,g2 be two bounded
holomorphic functions on D and set g = g1 f1 + g2 fo. Then

lg(=)]

(1) C(g) = supzeD m 18 ﬁnite,
(ii) cg)( ) and S )( ) are finite.

The first necessary condition of Theorem 1.1 is obvious, because we trivially
have that c(g) < Cmax(||g1||r~(p), |92/ L=(p)) for some universal positive
constant C, and g; and go are bounded.

The second condition may appear strange at first sight. Intuitively, it
comes from the following fact. Assume that we can write g as g = g1 f1 + g2 fo
with g; and go holomorphic and take z and z 4+ Av on two distinct leaves of
X5\ X1. Now suppose that z gets close to a singularity of X5 and to bD. Then,
91(Z+/\7;\)791(Z)

by transversality, A will also get close to 0; the quantity will

thus be close to the derivative %%( ), which by Cauchy inequalities cannot

SuPD lga

grow faster than oD if g1 is bounded. It follows that the quantity
(£(z+ M) — £(= ))/A 7(z,v,|p(2)|) is bounded when g¢; is bounded. This
can be generahsed to higher orders of divided differences and this becomes
the condition (ii) of Theorem 1.1.

With the additional hypothesis that |fi|> + |f2|? > €% > 0, Condition (i)
of Theorem 1.1 is shown to be sufficient or nearly sufficient in many of the
known results like these of Carleson [10], Andersson and Carlsson [5], [6], [7],
and Varopoulos [19]. In [10], working in C and assuming that g is bounded
and that f; and fy are defined, bounded and holomorphic (only) on D and
satisfy |f1|? + |f2|?> > 2 > 0, Carleson proved that one can solve (1) with
g1 and g2 bounded on D. In [5], [6], [7], [19], working in C", n > 2, still
assuming that ¢ is bounded and that f; and fs are defined, bounded and
holomorphic on D and satisfy |f1|? + |f2|?> > €2 > 0, the authors proved that
there exist g1 and g2 in the BMO space of bD which solve (1). However,
when we do not make the assumption |f1|? + |f2|> > &? > 0, this cannot be
achieved if we only assume ¢ to be bounded. For example, let us consider the
ball B of radius 1 and centred at (1,0) in C2, p(z) = |21]? + |22]?> — 2Re 21,

f1(z) =22, falz ) =22 — 2] and g(z) = 21%2’2 where ¢ > 3 is an odd integer.
Then g(z) = 222, fl( ) — 2221 2 f2(2), so g belongs to the ideal generated by

f1 and fs, and is bounded on D by %, so ¢(g) is finite. However, for

__lal
[F1l+ 7]
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small € > 0, setting z = (£,0), v =(0,1), \; =¢? and \y = —£7, we have that
L(z+ M) — L (24 M) 1 _
g A = L . [p(2)]* =& ="
AL — Ao

which is unbounded when e goes to zero. So & )( ) is not bounded and
according to Theorem 1.1 we cannot write g as g = g1 f1 + g2.f2 with ¢; and
g2 bounded.

In our search for sufficient conditions on g to solve (1) with g; and go
holomorphic and belonging to the BMO space of D, one may consider the
case of more regular holomorphic functions. For example, in [9], Bonneau,
Cumenge and Zériahi consider the case of Lipschitz spaces. For f; and fs
holomorphic in D, smooth in a neighbourhood of D, maybe with common
zeroes, and such that df; A dfz A Op does not vanish on bD N Xy N X5, they
solve (1) with 9 and g2 in the BMO space of bD when g belongs to the
Lipschitz space C3 2(D ) and vanishes on DN XN X5. This result can be seen as
a loss of regularity of 1 5, Which is optimal in their case. We could try to consider
a more regular g and, perhaps at the cost of a huge loss of regularity, we could
hope to get a BMO division. However, improving the regularity of ¢ will not
help in our case, as shown by the following example. We consider the functions
fi(2) = 28 — 2, fo(2) = 22 and g() = % on B = {z € C2, p(z) = |21 + |2[* -
2Rez; < 0}. The function g belongs to the ideal of holomorphic functions on

B generated by f; and fo because g(z) = %fl(z) + % f2(2). However % is

trivially unbounded on X NB, so e )( ) is not bounded and Theorem 1.1
implies that (1) cannot be solved with ¢; and g2 bounded on B, although
g is extremely regular. Moreover, since g belongs to any reasonable space,
this example also shows that, without special assumptions on fi; and fo, it is
hopeless to consider other spaces of functions like HP or LP or Besov spaces
in order to get direct and nice generalisations of the theorems of Amar [2],
Amar and Bruna [3], Amar and Menini [4], Andersson and Carlsson [5], [6],
[7], Fabrega and Ortega [11], Krantz and Li [12] or Skoda in [18].

Mixed conditions like % and % bounded on DN X5 and D N X, respec-
tively and g regular enough are not sufficient either. For example, the function
g(2) = 2329(2221 — 1) is as regular as we may wish and g belongs to the ideal of

holomorphic functions on B generated by fi(z) =27 — 22 and fo(z) = 235 — 2}
2

because g(z) = (2§ — 23) 3% + (25 — 21)2 22. Moreover % and E are bounded
1

on Xs and X; respectively. However, for z=1(g,0), v=1(0,1), \; = —e3 and

Ao = ,537 we have

%(z + A\v) — f—q2(z + Aov)
A1 — Ao

ng)}[)\l,&]z |P(Z)|%=5_%V2— .

So & )( ) is not bounded and again, Theorem 1.1 implies that (1) cannot be
solved with ¢g; and g bounded.
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According to these examples, it seems that divided differences are the key
notion to obtain reasonable sufficient conditions for (1) to be solvable with ¢y
and go holomorphic and bounded. We will prove that they are indeed nearly
sufficient in C2:

THEOREM 1.2. Let D be a strictly convex domain of C2, let fi and fo
be two holomorphic functions defined on a neighbourhood of D and set X; =
{z, fi(z) =0}, 1 =1,2. Suppose that X;NbD is transverse for l=1 and | =2,
and that X1 N X5 is a complete intersection. Let g be a holomorphic function
on D which belongs to the ideal of O(D) generated by f1 and fo and such
that
() €(9) =5uPcp s tot mran  finite,

(ii) o (g9) and cg)(g) are finite.

Then there exist two holomorphic functions g1 and go which belong to the
BMO space of D and are such that g1 f1 + g2f2 = g.

We also have a similar result for LP(D)-spaces, see Theorem 6.5.

In the previous papers dealing with corona type questions, there are two
kinds of approaches. The first one is to find two smooth functions on D, g;
and go, such that

(2) Grf1+g2f2=g;
and to solve the equation

|12+ [ fl
Then setting g1 = g1 + ¢ f2 and go = g2 — @ f1, g1 and g are holomorphic,
we have g = g1 f1 + g2f2 and, provided ¢ belongs to the appropriate space,
g1 and go will belong to BMO(D), HP(D),... So the problem is reduced to
solving the Bezout equation (2) and then to solving the d-equation (3) with an
appropriate regularity. Let us mention that the usual choice for g; is simply
Gi—— 9
AR
We point out that, even if it is not trivial a priori to check that Y (g9) and
cg) (g9) are finite with the only assumption that g is bounded on D, this
classical choice of functions in Theorem 3.1 in Section 3, with the additional
hypothesis that f; and fo are holomorphic in a neighbourhood of D, allows us
to retrieve a result of BMO type like those of Varopoulos in [19] and Andersson
and Carlsson in [5], [6], [7].
In [6] and [9], the authors used an alternative technique. They constructed
a division formula g = f1T1(g9) + - -+ + [Tk (g) where for all i, T; was a well
chosen Berndtsson—Andersson integral operator, and under their respective
assumptions, they proved that T;(g) belongs to the appropriate space.
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In our case, Theorem 1.1 will be a corollary of the key result Theorem 3.1.
In order to prove this theorem, we will first construct two currents 7T and
Ty such that fiT1 + fo7> =1 on D and which have good properties (see
Section 3). In Section 4, using these currents, we will construct two integral
operators S; and S such that if g; and g are smooth functions with good
growth conditions near bD which satisfy g1 f1 + g2fo = g, then S1(g1,g2) and
S2(g1, g2) are holomorphic in D and satisfy g = f1.51(g1,92) + f252(d1,G2). It
should be noticed that in our case, the integral operators depend on both g;
and go while in [6] and [9], the operators only depend on g. Moreover, contrary
to what is done in [5], [7], [2], [4], [18], we do not solve a d-equation in order to
turn the smooth functions into holomorphic functions. In Section 5, we will
finish the proof of Theorem 3.1 and prove that S; (g1, g2) belongs to BMO(D)

or L4(D). Since in our case the usual choice g; = MIJW may not be a
bounded function, we will have to construct new functions g; and go. This
will be achieved thanks to the divided differences by a kind of interpolation
method.

The paper is organised as follows. In Section 2, we recall some tools needed
for the construction and the estimation of the division formula. Section 3 is
devoted to the construction of the currents while Section 4 is devoted to the
division formula itself. In Section 5, we prove that the currents lead to a
division formula in BMO(D) or L%(D) spaces and finally in Section 6 we
construct the smooth division formula using divided differences.

2. Notations and tools

2.1. Koranyi balls. The Koranyi balls centred at a point z in D have
properties linked with distance from z to the boundary of D in a direction v.
They were generalised in the case of convex domains of finite type by McNeal
in [15] and [16]. A strictly convex domain being in particular a convex domain
of type 2, we will adopt the formalism of convex domain of finite type.

The Koranyi balls in C? are defined as follows. We call the coordinates
system centred at ¢ of basis 7¢,v¢ the Koranyi coordinates at (. We denote
by (27, 23) the coordinates of a point z in the Koranyi coordinates at (. The
Koranyi ball centred in ¢ of radius r is the set P,(¢) := {{ + An¢ + pve, [A| <
ol <re}.

Before we recall the properties of the Koranyi balls we will need, we adopt
the following notation. We write A < B if there exists some constant ¢ > 0
such that A < c¢B. Each time we will mention on which parameters ¢ de-
pends. We will write A= B if A< B and B < A both holds. The following
propositions are part of well-known properties of Koranyi balls and McNeal
polydiscs. The interested reader can find a proof of each statements in [15]
in the case of convex domains of finite type, keeping in mind that a strictly
convex domain is a convex domain of type 2.
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PROPOSITION 2.1. There exists a neighbourhood U of bD and positive real
numbers k and ¢, such that
(i) for all C€UN D, Puy)pcy(€) is included in D,
(ii) for alle >0, all ¢,z €U, P-(¢) NP:(2) # 0 implies P-(z) C Pe,(C),
(iii) for all € >0 sufficiently small, all z €U, all { € P.(z) we have |p(z) —
p(Q) < cre,
(iv) for all € >0, all unit vectors v € C", all z €U and all ¢ € P(z),
T(z,v,6) = 7(¢,v,€) uniformly with respect to €, z and C.
For U given by Proposition 2.1 and z and ¢ belonging to U, we set 6(z,() =
inf{e >0, € P.(2)}. Proposition 2.1 implies that ¢ is a pseudo-distance in
the following sense.

PROPOSITION 2.2. For U and ¢y given by Proposition 2.1 and for all z,(
and & belonging to U we have

S8(¢,2) 3(2.0) < 13(C. )

and
8(2,¢) < e1(3(2,€) + (¢, 0))-

2.2. Berndtsson—Andersson reproducing kernel in C2. Berndtsson—
Andersson’s kernel will be one of our most important ingredients in the con-
struction of the functions g; and go of Theorems 1.2 and 6.5. We now re-
call its definition for D a strictly convex domain of C? of defining function
p- We set h1(<72) = 7%3075(<)5 hg(C,Z) = 7%%(4.)7 h - ZiZl,Q h7 dC7 and
hi="1h. For a (1,0)-form B(C.2) =,y , Bi(C,2) dG; we set (5((,2),¢ — 2) =
> i=1,28i(¢,2)(G — z;). Then we define the Berndtsson-Andersson reproduc-

ing kernel by setting for an arbitrary positive integer N, n = 1,2 and all
¢,zeD:

1 N+n B
PG = Covn (1 ) o
1+ (h(¢,2),¢ — 2)
where Cy ,, € C is a suitable constant. We also set PV"((,2) =0 for all z € D
and all ¢ ¢ D. Then the following theorem holds true (see [8]).

THEOREM 2.3. For all g € O(D)NC>(D) we have

o(z) = /D g(OOPY2(C, 2).

In order to find an upper bound for this kernel, we will need lower bound for
1+ (h({,2),{ — z). This classical bound in the field is given by the following
proposition. We include its proof for the reader convenience.

PROPOSITION 2.4. The following inequality holds uniformly for all ¢ and
z i D:

(Q) + (P(C,2), ¢ = 2)| 2 8(¢, 2) + [p(O)] + [p(2)]-
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Proof. We write z as z = ( 4 Anj¢ + pve where 7¢ is the unit outer normal
and where v¢ belongs to Técpr(C). With this notation, §(¢,2) = || + |u|?,
ReA=Re(h((,2),( — z) and Im A = Im(h((, 2),¢ — 2).

Since p is convex, there exists ¢ positive and small such that for all z and
(in D
(4) p(2) = p(¢) 2 2Re(9p(¢) - (2 = () +l¢ — 2

=4Re(h((,2),( — 2) +c|¢ — 2.
If ReA <0, we get from (4)

|p(C) + (h((,2), ¢ — 2)| > —p(¢) — Re(h((, 2), ¢ — 2) + [Im(h((, 2), ¢ — 2) |
Z —p(z) = p(¢ )+c|C—ZI2+\A|
2 6(¢,2) + [p(Q)] +|p(2)].
If ReA >0, (4) now yields

(¢) + ((¢,2),¢ — 2)]
Z —p(¢) —2Re(h(¢,2), ¢ — ) + Re(h(¢, 2),¢ — 2) + [Im(h((, 2), ¢ — )|
2 =p(z) = p(C) +el¢ = 2 + A
> 6(¢,2) 4+ |p(Q)] + |p(2)]- O
We will also need an upper bound for A and thus for h. In order to get

this bound, for a fixed z € D, we write h in the Koranyi coordinates at z. We

denote by ((f,¢3) the Koranyi coordinates of ¢ at z. We set hj = —3 52‘1* 0)

and hl = —%%(Q so that h(C,2) =2, » i (¢, 2) d(;. The following propo-
sition is then a direct consequence of the smoothness of p.

PROPOSITION 2.5. For all ¢ € P.(z) we have uniformly with respect to z,
¢ and €

(i) 1h7(C2) S, [h3(¢2) Se,

(i) [525(C2)l, 15EE (G2 S L for k€ {1,2).

3. A key result

In this section, we want to state the key result from which will follow the
division theorems in the BMO and L? spaces. Provided we have a “good”
smooth division, this theorem will give the corresponding “good” holomorphic
division.

THEOREM 3.1. Let D be a strictly convex domain of C2, let fi and fo
be two holomorphic functions defined on a neighbourhood of D and set X; =
{z, fi(z) =0}, I =1,2. Suppose that X;NbD is transverse for =1 and | =2,
and that X1 N Xo is a complete intersection.
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Then there exist two integers ki,ka > 1 depending only on f1 and fo such
that if g is any holomorphic function on D which belongs to the ideal generated
by f1 and fo and for which there exist two C*° smooth functions g1 and go
such that

(i) g=g1fi +gaf2 on D,
(ii) there exists N € N such that |p|™¥ g1 and |p|N go vanish to order ko on bD,
a+8 ~
(iii) there exists q € [1,400] such that for 1 =1,2, |%Hp|a+% belongs
to L1(D) for all nonnegative integers o and 8 with o+ 8 <k,

then there exist two holomorphic functions g1,ga on D which belong to Li(D)
if ¢ <400 and to BMO(D) if ¢ =400, such that g1 f1 + gafo =g on D.

The number %k and ko are almost equal to the maximum of the multiplici-
ties of the singularity of X; and X5. The functions g; and g will be obtained
via integral operators acting on g; and gs. These operators are a combination
of a Berndtsson—Andersson kernel and of two (2,2)-currents 77 and T» such
that f117 4+ foT5 =1. As we will see in Section 4, a division formula can be
constructed starting from any currents T 1 and Tg such that f1T T+ ngg =1.
However, not all such currents will give operators such that g; and gs belongs
to LY(D) or BMO(D); as we will see in this section, they have to be con-
structed taking into account the interplay between X; and X,. We will also
see that, if g; and g, are already holomorphic and satisfy the assumptions
(i)—(iii) of Theorem 3.1, then g; = g1 and g3 = go.

Observe that in Theorem 3.1, we do not make any assumption on f; or
f2 except that the intersection X; NbD and X, NbD are transverse in the
sense of tangent cones, and that X; N Xy is a complete intersection. This
later assumption can be removed provided we add a fourth assumption on g;
and §o. If we moreover assume that

. aa+5§1 o aa+5§2 _ .
(1V) e duch 0on XoND and e v 0 on X1 N D for all nonnegative

integers o and 8 with 0 < a + 8 < kq,
then Theorem 3.1 also holds whenever X; N X5 is not complete. However,
it then becomes very difficult to find §; and g, which satisfy this fourth
assumption, except if X7 N X5 is actually complete. In Section 6, thanks to
the assumptions on divided differences, we will construct the function g; and
go which satisfy the hypothesis of Theorem 3.1, but first, we construct the
two currents 717 and T5.

If f1 and fo are two holomorphic functions near the origin in C™, Mazzilli
constructed in [14] two currents 7" and S such that f17 =1, fo8 = 9T and
f15 =0 on a sufficiently small neighbourhood U of 0. He also proved that if
T and S are any currents satisfying these three hypothesis, then any function
g holomorphic on U can be written as g = f1g1 + fog2 on U if and only if
g08S =0. Moreover, g; and g, can be explicitly written down using 7' and S.
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Here, when f; and f; are holomorphic on a domain D, we first want to
obtain a decomposition g = g1 f1 + g2f2 on the whole domain D and then
secondly we want to obtain growth estimates on g; and go. As a first approach,
we could try to globalise the currents T and S of [14] in order to have a global
decomposition. However, such an approach would fail to give the growth
estimates we want.

In [14], f1 plays a leading role and T is constructed independently of fo,
using only fi. Then S is constructed using fi; and fo. If we assume for
example that f; vanishes at a point (y near bD, because T is constructed
independently of f5, it seems difficult to prove that g; obtained using T is
bounded except if we require that g vanishes at (y too; but considering g = f»,
we easily see that, in general, this condition is not necessary when one wants
to write g as g = g1 f1 + g2 fo with g; and go bounded for example. So the
currents in [14] probably do not give a good decomposition.

Actually, it appears that the role of fo must be emphasised in the con-
struction of the currents near a boundary point (p such that f1(¢p) =0 and
f2(Co) #0, or more generally when f5 is in some sense greater than f; and
conversely. Following this idea, we construct two currents 77 and 75 such that
fiTi + foT5 =1 on D. These currents are defined locally and using a suitable
partition of unity we glue together the local currents and get a global current.
We now define these local currents.

Let €9 be a small positive real number to be chosen later and let {y be a
point in D. We distinguish three cases.

First case: If (o belongs to D_.,, that is, if {y is far from the bound-
ary, we do not need to be careful. Using Weierstrass’ preparation theorem
when (p belongs to X, we write fi = ug,1F,1 where ug; is a nonvanishing
holomorphic function in a neighbourhood Uy C D_ = of (o and Py1(¢) =

2 C;O’lfla(()}i(g}) +- 4+ a((ﬁ’l)((jl), agfl) holomorphic on Uy for all k. If ¢y
does not belong to X, we set Py =1, 49,1 =0, up,1 = f1 and we still have
f1 =w0,1P,1 with up; which does not vanish on some neighbourhood Uy of
Co-

For a smooth (2,2)-form ¢ compactly supported in Uy we set

_ 1 [ Ra(Q) oy
<T0,1a§0>_00 Yo fl(C) az;r),l

<T0,27 §0> = Oa

where ¢y is a suitable constant. Integrating by parts, we get fi17p 1+ foTp2 =1
on Uy (see [14]).

Second case: If ¢y belongs to bD\ (X1 N X3), that is, if (o is “far” from X7 N
Xo, without restriction we assume that f;((p) # 0. Let Uy be a neighbourhood
of (o such that f; does not vanish in Uy. As in the first case when f1(¢p) #0,
we set Po1 =1, 40,1 =0, up,1 = f1 and for any smooth (2,2)-form ¢ compactly
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supported in D NUy we put

1 Py1(C) 0™
<T0,1a<p>_00 Yo fl(C) az;(),l

<T0,27 90> = 07

where as previously cg is a suitable constant. Again, we have fi1To 1+ foTp 2 =
1lonUyND.

Third case: If (o belongs to X1 N X, NbD, the situation is more intricate.
As in [1], for a small neighbourhood Uy of ¢y, we cover Uy N D by a family of
polydiscs Pyjp(z, ) (2,k), €N and k€ {1,...,n;} such that:

(i) for all j €N, and all k€ {1,...,n;}, z;x belongs to bD_(1_.)is, where
c is small positive real constant,

(i) for all j €N, all k,l € {1,...,n;}, k#1, we have 0(2;,2;1) > cr(l —
ck)ieg,

(iii) for all j €N, all 2 € bD_(1_cy)ic,, there exists k € {1,...,n;} such that
8(z, zjk) < ck(l — cr)Ieq,

(iv) DN is included in ;%5 UrZy Prjo(z,.0l (i),

(v) there exists M € N such that for z € D\ D_, Puy|p()(2) intersect at
most M Koranyi balls Pyg|p(z; ) (25.k)-

Such a family of polydiscs will be called a k-covering.

We define on each polydisc Py (2, ,)|(2j,x) two currents To(,jl’k) and Téfé’k)

such that flTé’jl’k) + ngéfgk) =1 as follows.

We denote by A¢(e) the disc of radius e centred at £ and by (7 1,(g ) the
coordinates of {y in the Koranyi basis at z; 5. In [1] were proved the next two
propositions.

PROPOSITION 3.2. If k > 0 is small enough and if Pyy|p(=, ) (2.6) N X1 # 0,
then G5 1] > 4k|p(2;,1)]-

We assume x so small that Proposition 3.2 holds for both X; and X, with
the same k. For [ =1 or [ =2, we denote by p; the multiplicity of (y as a
singularity of X;. When [(7 | > 4x[p(z;)| then X; can be parametrised as
follows (see [1]).

PROPOSITION 3.3. If [(5 1| > 4k|p(2jx), for I =1 and | =2, there exists p;
functions al(jl’k), . .,al(if) holomorphic on Ao(4k|p(z;jk)|), there exists r >0,
depending neither on j nor on k, and there exists ul(j’k) holomorphic on the
ball of centre (o and radius r, bounded and bounded away from 0, such that:

aaﬁ;’“)

(i) ac— is bounded on Ao (4k|p(zjk)|) uniformly with respect to j and k,
. i,k * k) (%
(i) for all ¢ € Py (i) (€)= (OTITL (G — a7 ().
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Now we define T(j ) and T, j ") with the following settings.
If 16511 < 4/@\p(z]7 )| by Propom‘mon 3.2, for I =1 or 1 =2, Pyup(z; .| (2i.k) N
= (), which means that z;; is “far” from X; and X,. In this case, we set
forl:I and [ = 2:

I(J k) @
(J k) =0
1.

)

)

}3[(] k)(()

If |C§’1| > 4k|p(2; )|, then we may have ’P4,{|p(zjﬁk‘(zj,k) NX;#0 fori=1 or
{ =2. In that case we set for { =1 and [ = 2:

IZ(J k) = {Z =7 €C, |z1| < 2I€|p Zjk | and

< (g“|f9(zj,k)|> : },

il(j’k) = #Il(j’k), the cardinal of Il(j’k),
PN = T (G —alM(@)).

In both cases, we set

o)
fo(Qlp(zje) "7

28
Zik)| 2 1
u(]k {Cepn|p - k)l( ik ) 1(C)‘p( ],k)| ‘ >

—

PO () 31 PV
Gk 2k
G 2| £2(O)p(z) = | | A(Olp(za) =
u] {CEPF&'P Z] k)l( J7 ) 3 Péj’k)(g) ’ > Pf]vk)(c) ’}7

so that ’P,ﬂp (25.%) |(Zj7k) :ul(j’k) UUQ(j’k).

These open sets are designed in order to quantify where f; is “bigger” than
f2 and conversely. The idea is the following.

If ¢ belongs to I(j’k) then |¢5 — aljlk)(C1)| < p(z, K|z for all ¢ e
Prlp(z;.0) (2,k)- Thus each zero of fi in Py, k)|(z]7 ) brings, in some sense,

a factor |p(z;, )2 in f1(¢). In the definition of U, Uk) e take into account

the zeros of f; and fo which are in the polydisc P,ﬂ p(z;.)| (i) With the term
JeR) Gk

lp(25.%)] 7~ and lo(25.1)] 7. This means in particular that all the zeros

in the polydisc are treated in the same way, we don’t care if they are close

from each others, from the boundary of the polydisc or not. The zeros which

are outside the polydisc are taken into account by P{;{fgi(), which will also
l

measure how far they are from the polydisc.
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Therefore, Z/{l(j ) is the open set where f7 is bigger than f5 for an order such

that the zeros which are outside of the polydisc are taken into account with
k)

and the zeros which are inside with the term |p(z; )| 2,

and conversely for L{Q(j k),

For [ =1,2 and for a smooth (2,2)-form ¢ compactly supported in L{l(j’k)
we set
ik FeRD
cun oy [ BOPQ 0T
< 0,1 ’(P> - c2 fl(C) _igj,k,) (C)
¢
:(4,k) (4:k)

Integrating 4,”"’-times by parts, we get flTO(’jl’k) = cl(j’k) on Z/Il(j’k) where ¢;
is an integer bounded by il(j’k)! (see [14]).
Now we glue together the currents To(fl’k) in order to define the current
T()’l7 =1, 2, such that flTO,l + fQT()’Q =1on DNUy. Let (Xj,k) jEN be
ke{l,...n;}
a partition of unity subordinated to the covering (Py|p(z, )(2.6))  jen

ke{l,...,n;}
potBrathg

Nk ()] <
St s (01 2

ﬁ. Let also x be a smooth function on C?\ {0} such that
lp(z,6)| "7 2

x(21,22) = 1if [21] > 2|22] and x(21,22) =0 if |21| < |22 and let us define

of Uy N D. Without restriction, we assume that |

|

(3, k) ; (G k)

Gk AQIp0 T R(Olpz0)] T
X (C)—Xj,k(C)'X< 1 Pl(j,k])](cc) = Péj,kj)}(cc) >,

k) Gk
G o AT R(Olp(z)] "7
xX5(¢) =%k (0) - <1—X< : Pl(j,kj)](}) = Péj,lj)lgc) ))

For [ =1 and | = 2, the support of Xl(j’k) is included in L{l(j’k) So we can put

L Gk (i)
TO,l: Z (j,k)le TO,jl
jEN G

ke{l,...,n;}

and we have 17101 + foTp2=1onUyND.

Now for all (o € bD U D_,, we have constructed a neighbourhood Uy of
Co and two currents Ty ;1 and Tpo such that f17p1 + folo2 =1 on Uy N D.
If ¢9 > 0 is sufficiently small, we can cover D by finitely many open sets
Uy,...,Uy,. Let x1,...,Xxn be a partition of unity subordinated to this family
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of open sets and 17 1,...,7y,1 and 11 2, ...,T; 2 be the corresponding currents
defined on Uy, ..., U,. We glue together this current and we set

n n
T :ZXjTj,l and T :ZXjTj,Qv
=1 =1

S0 that 117 + fo15 =1 on D. Moreover T} and 15 are currents supported in
D, thus they are of finite order k; and we can apply 71 and 75 to functions
of class C*2 with support in D. This gives ky of the Theorem 3.1.

4. The division formula

In this part, given any two currents 77 and T3 of order ko such that f17T7 +
fods =1, assuming that ¢ is a holomorphic function on D which belongs to
the ideal generated by f; and fo, and which can be written as g = g1 f1 + g2 f2,
where §; and g, are two C*°-smooth functions on D such that |p|Vg; and
|p|N¥ g2 vanish to order ky on bD for some N € N sufficiently big, we write g
as g = g1f1 + g2f2 with g1 and go holomorphic on D. We point out that the
formula we get is valid for any T} and 75 of order k5 such that f1T7 + foTb = 1.

Under our assumptions, for k=1 and k = 2 and all fixed z € D, §; PVF(-, 2)
and §o PVk (-, 2) can be extended by zero outside D and are of class C*2 on C2.
So we can apply T and Ty to §i PVF(-,2) and §o PVF (-, 2).

For 1 =1,2, we denote by b, =b;1d¢1 + by 2d¢e a (1,0)-form such that
fi(z) = filQ) = 2221 2b1i(¢2)(2i — G). For the estimates, we will take

bii(C,2) fl 6f’ (¢ +t(z — ¢)) dt, but this is not necessary to get a division
formula.

In order to construct the formula, we will need the following lemma which
was proved in [13], Lemma 3.1.

LEMMA 4.1. Let Q =37, Q;d(; be a (1,0) form of C*, let Hy,..., H, be
p (1,0)-forms in C™ and let Wq,...,W,_1 be p—1 (0,1)-forms in C™. Then
the following equality holds

p—1
9((Q,2 = 0)(9Q)" ™ NH, A /\ Wi, A Hy,
k=1
1 _ p—1
= T He 2 = O@Q" A\ Wi A Hy

k=1
—1 p—1

1 _
o1 2 H e Kany:} Hy.
+n_p+1;< 12 = 0(0Q) pAmAk/:\lWM .

k#l
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We now establish the division formula. From Theorem 2.3, we have for all
z€D:

o) = /D 9(Q)PY2(C, %)

and since g = g1 f1 + g2 fo:

6 9= A6 [ BOPYCATAE) [ BOPC)
+ /D 31O (F1(0) = A(2)PV2(C.2)
+ /D 3200 (£200) — fo(2)) PN2(¢. 2).

Now from Lemma 4.1, there exists ¢y, such that

(f1(Q) = f1(2)) PY2(C,2) = En2bi (¢, 2) AOPN((, 2)

and since by assumption §; P! vanishes on bD, Stokes’ theorem yields

(6) /D 3OO — A=) PV2(C.2)
=5N,2/D§§1(C)Abl(Cvz)/\PN’l(C’Z)-

We now use the fact that fi717 + fo75 =1 in order to rewrite this former
integral:

(7) /D B3.1(C) Aba(Go2) A PN, 2)

={( Ty + foT2,051 ANbi(-,2) A PN’l('aZ)>
= (fiT1,051 Ab1(-2) A PN, 2))
+ f2(2)<T2,5§1 Abi(+,2) A PN’l(-,z)>
+ <T2, (fg — fg(z)) 031 Abi(2) A PN’1(~,Z)>.
Again from Lemma 4.1, there exists ¢y such that
(f2(Q) = f2(2))b1(¢. 2) ADG1 A PNA(C 2) — (f1(C) = f1(2))b2(C, 2)
ANOG1 A PNY(¢ 2) = Enabi(C,2) Aba(C,2) A DG ADPNY(C, 2).
So
(8) (Ta, (fo = f2(2)) 0g1 N b1 (-, 2) APNVI(: 2))
= —fl(z)<Tg,5§1 Aba(+,2) A PN’l(-,z)>
+(Ta, f1 O Nba(-,2) ANPNV(,2))
+ 6N_’1<T2,5§1 Aby(,2) Nba(, 2) /\EPN’O(~,Z)>.
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We plug together (6), (7) and (8) and their analogue for [, (f2(¢) — f2(2))
g2(Q)PN2(¢, 2) in (5) and we get

g(z) = fl(Z)/Dgl(C)PN’Q(CZ) —enaf1(2){T2,051 Aba(-,2) /\PN’l('aZ)>
+ én2f2(2)(T2, 091 Abi(-,2) A PN(- 2))
+f2(2)/ 32(QPN2(C,2) — enafol2)(T1,0G2 Abr (-, 2) A PN 2))

+én2f1(2)(T1,02 Aba (-, z) A PN’I(' z))
(9) —|—cN2<T1,( 1091 + f2032) Abi(-, 2 PN1 (2 >
(10) +cN2<T2,(f1 091 + f2032) Nba(-, 2 /\PN1 (2 >
+En,26Nn,1(091 N T2 — 8ga AT, b1 (-, 2) Aba(-,2) A

PN, 2)).

Now since 0g = f1 91 + f2 9g> = 0, the line (9) and (10) vanish. Therefore in
order to get our division formula, it suffices to prove that 9(0g; A Ty — 0g2 A
7)) =0.

When X; N Xz is not a complete intersection and when assumption (iv)
in Section 3 is satisfied by §; and o, one can prove that 0g; A 9T, = 0 and
0o N OT, = 0.

When X; N X5 is a complete intersection, we prove that for any {, € D
there exists a neighbourhood Uy of (o such that for all (2,1)-form ¢, smooth
and supported in Uy, we have (9g1 ATy — 02 ATy, 0¢) = 0.

Let (y be a point in D. By assumption on g, there exists a neighbourhood
Uy of (y and two holomorphic functions v; and -5 such that g =y f1 + 2 f2
on Uy. We now use the following lemma whose proof is postponed to the end
of this section.

LEMMA 4.2. Let fi and fo be two holomorphic functions defined in a neigh-
bourhood of 0 in C2, X1 ={z, fi(2) =0} and X2 = {2, f2(2) =0}. We assume
that X1 N X5 is a complete intersection and that 0 belongs to X1 N Xo. Let
w1 and pg be two C'°°-smooth functions such that fip1 = fapa.

Then, % and % are C*-smooth in a neighbourhood of 0.

Lemma 4.2 implies that the function ¢ = &1 = 22 fléz is smooth on a
perhaps smaller neighbourhood of {; still denoted by Uy. Thus,
(091 NTo — 8g2 ANT1,00) = (9(G1 — 1) ATz + 9(v2 — G2) AT, 0p)
= <5(f2’¢) ATy + g(flil)) A T175<,0>
= (foTo + f1T1,00 A Dp)

O A Dy
Uo
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and since ¢ is supported in Uy we have fl/{o O N Dp = — fuo d(pd) =0 and
S0

(051 ATy — 0ga A T1,00) =0

Now we set
(11) n(z) = /D PPV, 2)

+en2((T1,02 Nba(-,2) APV 2))
- <T275§1 A bQ('vz) A PN’I('7Z)>)7

(12) ga(z) = /D (O PN2(C, 2)

+EN72(<T2,5§1 /\b1(',Z> /\PN’1(~,Z)>
— <T1,5§2 A bl(',Z) A\ PN’1(~,Z)>)
and we have

g=g1f1+92f2

with g; and go holomorphic on D. We notice that if §g; and g, are already
holomorphic functions then g; = g; and g2 = go.

Proof of Lemma 4.2. Maybe after a unitary change of coordinates if
needed, using Weierstrass’ preparation theorem, we can assume that for
1 =1,2, the function f; is given by fi(z,w) = z* + agl)( yeki=t 4. +a(l)( )
where a(l) ](€1) are holomorphic near 0 and vanish at 0. Moreover, since
the 1ntersect10n X1 N X, is transverse, fi; and fo are relatively prime poly-
nomials. Thus there exists two polynomials a; and as with holomorphic

coefficients in w and a function 8 of w not identically zero such that
a1 (z,w) f1(z,w) + a2z, w) fa (2, w) = B(w).
Multiplying this equality by ¢1 we get
fa(a1pz +azpr) = Bepr.

We now prove that 8 divides the function v := a2 + asp;.

If 5(0) # 0, there is nothing to do. Otherwise, since 8 is not identically
zero, there exists k € N such that 3(w) = w*v(w) where v(0) # 0.

For all j € N, we have

o7 0
(13) ol ) S (2,) = Bl) S22, )
and for w =0 and all 2z we thus get g_lf (2,0)=0.
By induction, we then deduce from (13) that 31;7’% (2,0)=0 for all i €

{0,...,k—1} and all j € N. For any integer n > k, we therefore can write for
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all z and all w

w(zaw) — Z wi—kwj aH_j'(/) (270)

k ATy
w k<iti<n owt ow
i>k
1 1
, ) ont
+ Z wz_kﬁj ﬁai(z,tw) dt
iti=nt1 0 Jwrow
Now, it is easy to check by induction that the function w — E;tj is of class

C7~1 for all positive integer j and all nonnegative integer i. This implies
that % is of class C™ for all positive integer n and therefore % = % is of

class C*°. O

5. End of the proof of the key result

In this section, we will prove that the current 77 and 75 yield a good
holomorphic division provided we have a good smooth division formula. Ac-
cording to the Definitions (11) and (12) of ¢g; and gs, in order to prove The-
orem 3.1, for any k and [ in {1,2} and any ¢ € [1,+00], we have to prove
that if h is a smooth function such that, for all nonnegative integers o and £,
\%ﬁv}%ﬂ\p\a*g belongs to L4(D), then the function

2 (T3, 90 A b (-, 2) A PN (-, 2))

belongs to LY(D) if ¢ < oo and to BMO(D) if ¢ = +o0.

As usually, since the modulus of the denominator in P! is greater than
lp(2)] + |p(C)] + 4(2,¢), the difficulties occurs when we integrate for ¢ near
z and when z is near bD. Moreover, by construction of 7} and T3, the
main difficulty is when, in addition, z is near a point {3 which belongs to
bD N X; N X5 and we only consider that case.

So we assume that z belongs to the neighbourhood Uy of a point (; € bD N
X7 N X5 and we use the same notations as in Section 3 for the construction of
the currents. Moreover, without any restriction, we assume that the Koranyi
basis at (p is the canonical basis of C? and that ¢ is the origin of C2.

Wi 1 d b dof Pl(jvk) 8a+[3fl . d . Pl(jvk) b
e will need an upper ‘oun of =7 W 1 order to estimate 7 Om
and the derivatives of Xl(] ) We set Ql(J’k) = % and we begin with the
l

following lemma.

LEMMA 5.1. For all j €N, all k€ {1,...,n;}, all @ and § in N, [ =1,2,
and all ¢ in ’Pgﬁ‘p(zj‘k”(zj,k), we have uniformly with respect to j,k,l, and

1 aoz-‘r/i‘
QM (¢) a¢~ a¢s”

( l(j’k)(o) §’P(Zj,k)|_a_g-
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Proof. We denote by (¢ 1,(g2) the coordinates of (o in the Koranyi coor-
dinates at z; ;. The definition of P(j ) forces us to distinguish three cases:

First case: If (51| > 4k|p(z;x)], let a(j k), i=1,...,p;, be the family of
parametrisation given by Proposition 3.3. In this case, we actually seek an
upper bound for

[eY C*— j C )
Mg (G = o () 61" 0G5 gkf 2 (&)

and it suffices to prove for all i ¢ IZ(J *) and all  and B that
1 ootB8

G — (e 06 0G”

By definition of I(J’k), we have |04(J’k)( ¢ > Grlp(zjx)))? for all ¢f €

Bo(26lp(z3)]) 50 165 — alZP(¢)] 2 1p(z54)]F and (14) holds true for a =0
and f=1.
E]lk)

According to Proposition 3.3, 864* is uniformly bounded on Ag(4k X

8

(14) (G — aff® (g))\ <Ip(om)| 8

|p(zj,)]). Cauchy’s inequalities then yields | C*“ (Cl)\ < |p(zx) 7. Since

I¢s — ol k)(C1)| 2 |p(z;, %)|2, (14) holds true for o >0 and 8 =0. Since the
other cases are trivial, we are done in this case.

When [(5,| < 4,%|p(zj7k)|7 we do not have the parametrisation of X; given
by Proposition 3.3 but according to Proposition 3.2, Py (2, . (25.k) N X is
empty, which means that any ¢ € Poxjp(z, ,)(25k) is far from X;. We then
have to distinguish two cases, depending on what “far” means. Before, we
notice that, since Puy|p(z; 1) (25,6) N X1 = 0, IZ(J’k) is also empty and PI(J’k) =1.

Second case: If |(5 1| < 4r|p(z;r)| and [(f ] < (4|p(z; 1)) 2, then we have
6(25,%,C0) S 1p(2j,)| and thus for all ¢ € Pax|p(z; ) (25,6)s (¢ C0) S [p(2)k)]-
In particular, any ¢ belonging to P2H|p(zjyk)‘(zj’k) is almost at the same
(pseudo-)distance from z;  as from Xj.

For all € > 0 and all ¢ € P.({p), using Weierstrass Preparation theorem and
a parametrisation of X, it is then easy to see that |f;({)| < e7. Therefore,
Cauchy’s inequalities give

anrﬁfl Py g

SO letese
1 2

for all ¢ € Pogjp(z,,)(2,6). Moreover, since |(5q| < 4r[p(z;x)|, on the
one hand f; = @, (%) On the other hand it follows from Proposition 3.2

Py

that Pusip(z; 0 (25,6) N Xp = 0. This yields [£i(¢)| 2 |p(zjx)|= for all ¢ €
ats ) T8
Parip(z;.)1 (2jk), thus |Q<] R agf?a 5GP QPO S 1oz 72
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Third case: If [(5 4| < 4k|p(2;x)| and |5 o] > (4H|p(2j7k)|)%, then all ¢ €
Parlo(z;)|(25.k) is far from (5 and Ql(j’k) = fi. We will see that |f;({)] is
comparable to |5 o[P for all ¢ € Psxjp(z, ) (25k)-

We set a(z; k) = g—g(zj,k), b(zjk) = 8%%(@;0 and

L 1 a(zjk)  b(zjk)
Pleas) = V0a(zi )2+ [b(z.1) 2 (‘b(zavk) “(Zj7k)> '

Then we have (* = P(z;%)(¢ — #;%) and moreover |a(z;x)| ~1 and b(z;x)
tends to 0 when z; ; goes to (o, hence, b(z; ) is arbitrary small provided Uy
is sufficiently small.

Therefore, if U is sufficiently small, for all ¢ € Psy|y(z, (258,

|a(25,6) 165,21 — 16C25,8)1165,1| = [6(250) 167 — a(z;,6) (165
Vi0a(ze)l? + [b(z.)2

|Ca] >

2

Co2

We also trivially have (2] S (5| and so [Ca] = |(5 o|- On the other hand

1
<
. V0a(z6) P +16(zj,k)
< 6r[p(zj)| +[0(20) [ (|G 2| + (26]p(256)]) )
< C|C572|,

where ¢ depends neither on z;; nor on ¢ and is arbitrarily small provided U
is small enough.

Now let o € C be such that f;(¢1,«) =0. Since the intersection X; NbD is
transverse, there exists a positive constant C' depending neither on ¢, nor on
a, nor on j and nor on k such that |a| < C|¢|.

Therefore if Uy is small enough, |a| < £[C2]. For all ¢ € Paujp(z, ) (25,k)5
this yields

(1

5 (|l (1G] + 16D + a6 ]+ [61)

1O = H G2 — af

a/fi(C1,0)=0
=~ |Ca‘,2|pl.
Cauchy’s inequalities then give for all ¢ € 732,{|p(z_7.1k)‘(zj,k)

‘ anrBfl

x |Pl 7(172
oo (€] 5 1Gal" otes0] ™ 7F,
1 2

and since Ql(] - fi, we are done in this case and the lemma is shown. O
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Lemma 5.1 yields an upper bound for the derivatives of X(J )

COROLLARY 5.2. ForalljeN, allke{l,...,n;}, allaw and B inN, [ =1,2
and all ¢ € Py|p(z; )| (25.k), we have uniformly with respect to j, k,l and ¢

8
a3

gots 4,k B
o
a¢;" G,

463
Proof. Since by construction |Fa7gg,j;( )< |p(zj7k)\*0‘*§’ we only have

a+B (7, k) (7, k)
to consider e x (G (2l S ()2 ).

The derivative %(7;1,22) is bounded up to a uniform multiplicative
1 2

constant by m when $|2] <|21| < 3|22| and is zero otherwise.

9oty (3,k) aw+5Q(J 2k)
So we can estimate |TB\ by a sum of products of |~ y = |
¢t acs Q; ¢y ¢,
where the sum of the 5’s equals & and the sum of the §’s equals 8. Lemma 5.1
then gives the wanted estimates. O

COROLLARY 5.3. For any smooth function h, we can write

(4,k)

o pD (P () BR(C) A PYY(C,2)) =P (¢2) det + 0PV (¢, 2) des
0"

with 1/J(J m - and dJU B o (0,2)-forms supported in L{l(j’k) satisfying uni-
formly with respect to j,k,z and ¢ € L{I(J’k):

A0 ) 5 ol T ol ) i
' I I p(zj,6) + p(2)] + (2., 2) ’
R0 S o) ( o) >Nh<o

yZ2)| S |P\RGLE )
? ! lp(zj,6)] + 1p(2)| + 6(25,k, 2)
and, for V. a differential operators of order 1 acting on z,
V0D (¢, )] < o) i )5( p(zj.0)l >N;L(<)
z SRS Zj.k )

! g lp(zj,6)] + [p(2)| + 0(25,k, 2)

(k1) —ﬂ—3 lp(z).5)| N
V(G2 S [tz < : ) h(0),
027G S o) o0+ o] + 0 "

where
ngil | 9" h

Qo)

)

B o tip
h(¢) = E{Oma?gj,k)}q —71(Q]pQ)]

oC3 ot oG
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Proof. Propositions 2.4 and 2.5 imply that

O PNl = S GM(C,2)des A dT,

n
963 P,q=1,2

where

PO N,
95" (6 2 ’N( <<>|+|p<z>|+5<<,z>) ()l '

From Proposition 2.1, if x is small enough, we have for all ¢ € Py y(2, ) (2).k)
21p(zj1)| < |p(¢)| and thus, provided £ is small enough:

p(0)] +3(¢2) > 3o <zj,k>|+g5<z,zj,k>fa<zj,k7<>

and so [ (C,2)| S (‘p(zj,k)liﬁgigmzj,k,z)>N|p<zj,k>|*r"* This inequal-

ity and Corollary 5.2 now yield the two first estimates. The two others can
be shown in the same way. O

(€A
In order to estimate PlTbm, we need the following lemma.

LEMMA 5.4. For all jeN, all ke {1,...,n;}, all @ and 8 in N, [ =1,2
and all ¢ € Poyp(z, )| (2.k) we have uniformly with respect to j, k,l and ¢

JERD)

s (I @ (@))| < btean ™

’8({‘“8(2 ie[l(jv’“)

Proof. For every i € I(J’ ) there exists a complex number z7 € Ag(2k %

|p(zj,%)|) such that |a(]k (27)] < §/i|p(zj,k)\l. Since \ BC* | is uniformly
bounded on Ag(4k[p(z;x)]), for all ¢ € Pysjp(z, ) (24.k), we have HZEIZ(],k) I¢5 —

JeRD)

aljlk)(cl ) S1p(2)k)| = . Cauchy’s inequalities then give the results. O

As a direct corollary of Lemmas 5.1 and 5.4 we get the following corollary.

COROLLARY 5.5. ForalljeN, allke{l,...,n;}, alla and f inN, 1 =1,2
and all ¢ € Poyp(z, )| (24,k) we have uniformly with respect to j, k,l and ¢

PIM Q) 97t L
fi(©) ac*aag*ﬁ(o S [Pz .
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k)
P
L—bum,
fi

which do not depend on m thanks to the covering Z/ll(j ’k), L{Q(j ) of the polydisc
Prlo(zs )1 (Z5.k)-

In the following corollary, we give estimates for I,m € {1,2} of

gk

(3.k) ,
COROLLARY 5.6. Forl,m € {1,2}, we can write P’fl by, = ng’k’l’m) a¢i +
goéj’k’l’m) d¢s with cpgj’k’l’m) and @éj’k’l’m) satisfying for all ¢ EL[Z(J’k)

. (G k) a+§

o5 (¢ 2)] S > p(z58)] K 55412)) N
0<a+pB<max(p1,p2) P\Zjk

(G k) atB

(7k.Lm) < . bo——3 5((7 Z) 2

|3 (€)= > |p(z.5)] plzik) |

0<a+B<max(p1,p2)

and for all differential operators V. of order 1 acting on z,

(§,k) att

. m K _ 5 , 2

’Vzng’k’l’ )(C’Z)| < Z ’p(zjk)‘ L2 Egz)) 7
0<a+f<max(p1 p2) P\Zjk

HEND) a+d

V.U () < [ -20(6,2) 7
V205 ¢.2)| < > p(2.0)] o)

0<a+pB<max(p1,p2)

uniformly with respect to (,z,7 and k.

Proof. Without restriction, we assume [ =1 and for m = 1,2, we write

bin(C.2) = b1 (C.2) dGF + b 5(C,2) G where b, , = [ 982 (C + (= — ©)) dr.
So

b7nn (€ 2)

Z 1 3a+6+1fm
- * *Q *3
0<a+pB<max(p1,p2) o+ ’8 +1 aCn 8C1 8(2

+ 0(|z _ <|maX(mm2))

Q- (5 -¢)

and Corollary 5.5 yields for all ¢ € Py (2, ) (2).k):

PP
Q)

Y

0<a+B<max(p1,p2)

b1,1(<7 Z)

uniformly with respect to z,(,j and k. The proof of the inequality for

(7, k) @4,k
|P1;1(<§<) b1,2(C,2)| is exactly the same. The one for |PIJ (©) b2,1(¢, 2)| uses

S
i f1(6)
the definition of Z/ll(j’k).
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(j,k) P {90 (R
On Uy”", we have \—| < | |p(2),%)] 2 and again Corol-
lary 5.5 yields uniformly Wlth respect to z,(,j and k
PR Q) PPYQ) S
o 021(02) | S | b2.1(C 2 ;. 2
i@ eCA| 3 T e (Gl

;(3:k)

< 3 lo(zi0)|F

0<a+pB<max(p1,p2)

Again, the inequality for \ b2 2(C, z)| can be obtained in the same way.

O

Corollaries 5.3 and 5.6 imply for some N’ arbitrarily large, provided N is
large enough, and for all ¢ € Py, | (z5,k) that
PP () o Gk
o o o APYIC)|

ENE lp(2jk)| v
<|p(zjk)]| <|P(Zj7k>| + |p(2)] + 6(21;1@,2)) "o

and for V, a differential of order 1

M ﬂ G:k) -\ 5 N1
‘vz( GRRCE— = PP AP (Qz)))’

G Ip(z3) i
<ot b (s ) MO

~ . » oty 'n+1 antlp oy
where R(¢) = max, (o oy (Z2m (Qlp(O1 |, |2k (Q)lo(€) 1)),
which gives k7 of Theorem 3.1. Now we conclude as in the proof of The-
orem 1.1 of [1] that Theorem 3.1 holds true.

6. Local division

6.1. Local holomorphic division. In this subsection, we will prove two
theorems which enables us to go from local smooth division to global smooth
division.

THEOREM 6.1. When n =2, let g be a holomorphic function defined on D.

Assume that X1 N X5 is a complete intersection and that there exist k >0, a
real number ¢ > 1 and a locally finite covering (Puipc)1(Ci))jer of D such that

forall j € I, there exist two functwng and g( 9 0> _smooth on Prlpc;)1(G)s
which satisfy

@) 9=V f1 + 65 f> on Pripe;)(G);
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0 Yooy ) 2228 (A p(¢)|* |7V (2) < oo for I=1 and | =2
J€L P 1) Vagmagg? V1P
and all integers a and (;
(c) forl=1 and =2, for all nonnegatives integers a,@, 3 and B3, there erist

ata+p+8 ;(7)
N €N and ¢> 0 such that |p(¢;)| supp 0n T g

N\P(CJ)I(CJ') |aqa e 3@5353| =¢
for all 7.

Then there exist two smooth functions g1 and go which satisfy (1)—(iil) of

Theorem 3.1 with q.

Proof. Tt suffices to glue together all the g?) and ggj) using a suit-
able partition of unity. Let (x;);en be a partition of unity subordinated
to (Prip(c;)|(C))jen such that for all j and all ¢ € Pyjyc,)(¢j), we have
\ LAY QIS L uniformly with respect to ¢; and ¢
02120237 057 025" 0 gy it TP Y P 7 '
We set g1 =3, nggj) and go =), ngéj) and thus we get the two functions
defined on D which satisfy (i), (ii) and (iii) by construction. O

We have for ¢ = +o0 the following result.

THEOREM 6.2. Let D be a strictly convexr domain of C?, fi and fy be
two holomorphic functions defined on a neighbourhood of D and set X; =
{z, fi(z) =0}, I =1,2. Suppose that X1 NbD and XoNbD are transverse, and
that X1 N Xs is a complete intersection.

Let g be a function holomorphic on D and assume that there exists k > 0
such that for all z € D, there exist two functions g1 and g, depending on z,
C°-smooth on Py, (2), such that

(@) g=g1f1+ 32f2 on Pyjpz)(2);

(b) for all nonnegative integers o, 3, @ and 3, there exist ¢ > 0, not depending
aa+a+ﬁ+3gl < _a_B I=1
| < elple)| " for

on z, such that supp, . )|

and | = 2.

Then there exist two smooth functions g1 and go which satisfy the assumptions
(i)-(iii) of Theorem 3.1 for q=+o0.

The proof of Theorem 6.2 is exactly the same than the proof of Theorem 6.1
so we omit it.

6.2. Divided differences and division. We first prove a lemma we will
need in this section.

LEMMA 6.3. Let a and B be two functions defined on a subset U of C.
Then, for all z1,...,z, pairwise distinct points of U we have

(a-B)z1y--y2n] =) «alz1,..s2k] - Blzky ooy 20l
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Proof. We prove the lemma by induction on n, the case n =1 being trivial.
We assume the lemma proved for n points, n > 1. Let z1,...,2,41 be n+1
points of U. Then

(- B)[z1s-- -y 2nt1)
_ (04 'ﬁ)[zl,237'~~7zn+1] - (0[‘5)[22,...,,2”+1]
Z1 — %9
1 n+1
= (Z a[zl,Zg,,...,zk]ﬂ[zk,...,an]+a[zl]ﬁ[23,...,zn+1]>
Z1 — 22 ;
k=3
1 n+1
R Za[zz,...,zk]ﬁ[zk,...,zn+1]
k=2
ol alz1,23, .., 28] — @f22, .., 28]
= — B[ka-'vszrl]
k=3 71T 22
alz1] — alz
+M5[z%...,zn+1]
zZ1 — 22
+a[zl}/6[zl7z3v""zn+1]_B[ZQV"VZTHJ]. O
21 — %2

6.2.1. The L**-BMO-case. In this subsection, we prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1. The first point is trivial and we only prove the sec-
ond one for [ =1. Let Ay,...,\; be k pairwise distinct elements of Aiﬂl For
all ¢ we have 9213 [Ai] = g1(2 + A\v) because fa(z + A\jv) = 0. Therefore,
gL M = (91). s k] By [17]

L z+ v
g,(z,ll)i[Aha)\k:]:Q—/ MdA’
TSN =r (20 4nlp()]) [T (A = Ai)

it follows that

oM S ) T s gl
bA, (T(2,v,4K[p(2)]))

Therefore i) (g) < SUPpA ., (r(2.0,4x]0(2)))) 91, and since gy is bounded, D(g)

is finite. O

Now we prove Theorem 1.2, that is that these conditions are sufficient in
C? in order to get a BMO division.

Proof of Theorem 1.2. Tt suffices to construct, for all z near bD, two
smooth functions g1 and g2 on P, ,(.y(2) which satisfy (a) and (b) of Theo-
rem 6.2 and then to apply Theorem 3.1 with the function §; and g, given by
Theorem 6.2.
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Let (o be a point in bD. If f1({o) #0, then f; does not vanish on a neigh-
bourhood Uy of (y. Then we can define §; = %, g2 = 0 which obviously satisfy
(a) and (b) for all z € D close to (5. We proceed analogously if f2((p) # 0.

If {y belongs to X7 N X3 NbD, since the intersection X; N X5 is complete,
without restriction we can choose a neighbourhood Uy of (y such that X; N
XoNUy ={¢}. Then we fix some point z in Uy and we construct §; and
G2 on Py,(z)|(2) which satisfy (a) and (b) of Theorem 6.2. We denote by p;
and py the multiplicity of (o as singularity of f; and fy respectively. We also
denote by ({g 1,(5 o) the coordinates of (y in the Koranyi coordinates at z.

If |5 1] < 4k|p(2)], then for =1 and [ =2 we set [; =0, i, =0, P({) =1
and Qu(¢) = fi(¢).

Otherwise, we use the parametrisation oy ;, i € {1,...,p1}, of X7 and aq,
i€{l,...,p2}, of X5 given by Proposition 3.3. We denote by I; the set

I = {i,az; € Ao (2k|p(2)|) such that |ay;(z])] < (gfs!p(Z)I) 2 }

i=#1;, PUC) = [ier, (G — ca(¢h)) and Qu(¢) = £

Our first goal is to find hy and hy in C™ (Pr|p(z)|(2)) such that g = hyP; +
hoPs on Py|p(2)|(2) and which moreover satisfy good estimates. The function g
belong to the ideal of O(Py, (2| (2)) generated by fi and f; and so there exist
hy and hy holomorphic in Py,.y(2) such that g = Pyhy + Pyhy. Moreover,

we observe that necessarily ha(¢) = ha(C) = 132(8) for all ¢ such that P;(¢) =0

and P5(¢) # 0, but we also notice that he may not satisfy good estimates
like uniform boundedness for example. Thus, we already know hs (¢) for all ¢
such that P;(¢) =0 and P»({) # 0 and by interpolation, we will reconstruct
a “good” hy in the whole polydisc Prip(2)|(2). We point out that we do not
directly divide by f; and f> because if we do so, we are not able to handle
the error term we get during the interpolation procedure.

If 41 =0, we set hsy = 0. Otherwise, without restriction we assume that
I ={1,...,i1} and for k <i; and ¢ such that Pa(z + (n, + aq,:(¢F)vs) #0,
we introduce

15 = (F) (@)@
2/ 2+(in= vz
and
R i2 k-1
ha(Q) = 3 () TT(G = e (D))
k=1 i=1

We define h; analogously. Since X1 N XoNUy = {0}, hy and hs are defined on
Pir|p(z)|(2). Moreover, ha((7,-) is the polynomial which interpolates ha(C7, )
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at the points oy 1(¢7), ..., @14, (¢f). Therefore, we get from [17]

(16) h2(¢) = ha(¢) + Pr(¢)er(€)
with
a7 e1(¢) = —— iICTIN—

2T Jig|=(anlp(z) 3 Pr(¢THE) - (€= ¢3)

We have an analogous expression for h; and we point out that (16), (17) and
theirs analogue for g; also holds if i1 =0 or i =0.
This yields

(18) 9(0) = PLO () + P2(Oha(C) + Pi(Q)Pa(Q)e(€),

where

e(¢) = e1(¢) +e2(¢)

_ 1 9(¢t6) de
27 Jie)=(anipx)n® Pr(GHE) - Pa((L€) - (6 —¢5)
If we were trying to divide by f; and fo directly instead of dividing by P;
and Ps, in the error term above, we wouldn’t get g but hy P, + ho P> that we
cannot handle.
Of course, hy will be a part of the function hs we are looking for and so
we first look for an upper bound for ho using our assumption on the divided
differences of ¢(® = £

Fact 1: hs satisfies for all ¢ € Pas|p(z) (2), uniformly with respect to z and ¢

(19) [h2(Q) £e@(9)  sup Qo=+ (ns +€v) |-
[€1=(4xlp(2)]) 2
Indeed: We have by Lemma 6.3

@) = () (@) ons(@)]
2/ z4Cinzvs
= (9(2)Q2)Z+C*nz . [a1,1(¢)), ok (CF)]

- Zg,(jgcl N2,z 041,1 (Cik) yee s g (Cf)]

X (Q2)z4¢ime. [01,5 (615 0k (6)]-
From Montel’s theorem [17] on divided differences in C and from Cauchy’s
inequalities, since 7(z,v.,4x|p(2)|) = (4k|p(2)])2, it follows that

[(Q2)ztcime . [15 ()5 s ank (¢)]|

o
Se(z)] 2 sup Qa2+ (s +€v2)|
€l =(arlp(=)) ¥
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With the assumption c'2) (g) < oo, this gives for all (7 € Ag(2x|p(2)]):

(200 [h2 (67)] S e

—k
g)\,O(Z)|T sup Qa2+ (ime + Eu2)|
€l =(arlp(=)]) %
and so (19) holds true.

Of course we have the analogous estimate for hi. Now we have to handle
the error term in (18). Since there is a factor Py P, in front of e in (18), w
can put Pse either with h1 in h1 or we can put Pie with hg in hg But in
order to have a good upper bound for hy and hg, we have to cut it in two
pieces in a suitable way. This will be done analogously to the construction of
the currents. Let

|

U = {CEPH|,)<Z>|(Z), L] f2(Olp(2)[*

AQlp()|?

PO 31 P
3 Al | | AQlp)]?
Uy = {C € Pulp()| (2 ) 3| P(0) ” Pi(¢) ’}

Let also x be a smooth function on C? \ {0} such that x(z1,22) =1 if |21] >
2|22| and x(z1,22) =0 if 2| < 1|22l

iz
We set x1(¢) = x(LUPRALE O E ) 1) = 1 - xa(¢) and lastly we
define

h1(¢) = h1(¢) + x1(¢) P2(Q)e(C),
ha(€) = ha(C) + x2(Q) P (¢)e(().

And now we look for an upper bound for P;({)e(¢) on U;.
Fact 2: For all ¢ belonging to Pyy|,(2)(2), we have uniformly with respect
to ( and z

) PO Selo) (Jo)] T s @i+ s Q).
Paslp=)) () Parip()1(2)

Proof: For [ =1 and [ =2, for all i € I; and for all (; € Ag(4x|p(2)]) we
have, from Proposition 3.3, [a;(¢7)| < (3k|p(2)])2 provided & is small enough.

Hence |P(¢)] < |p(z)| % for all ¢ € Pinip(z)(2), and with assumption (i), we
get for all { € 'P4H‘p(z)‘(2)

9@ <o) (RO + |20
(9)(Jo(=)] ? |QuO)] + [p(2)] * [@2(O)])-
This yields for all ¢ € 'P,ﬂp 21(2)

Ol 2e@)(JoE@ % s j@il o s Q)

4rlp(2)] (2) Par|p(=)|(2)

from which (21) follows.
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Therefore we have the identity g = P; hy + ngzg and upper bounds for ho
using (19) and (21), the corresponding one for h; being also true of course.

But our final goal is to write g as g = g1 f1 + g2f2. So we put g1 = h—ll and

Ggo = —22 so that g = g1 f1 + g2 f2. Moreover, from (19) and (21), and since x»
has support in Us, it follows for ¢ € Py(2y(2)
1

(22)

32(0)] < (B (g) +c(9))

1
sup Q1]
Ql(C) 774N‘p(z)|(z)

sup  |Q2]
a( )7’4~|p(z)|(z)

+c(g)

Therefore, in order to prove that g» is bounded, we will have to prove that
8;—% is bounded for ¢ € Py|(2)|(2) and & € Py p(2y(2). This is the aim of the
following Fact 3.

Fact 3: For I =1 and [ =2, ¢ € Py jp(2)|(2) and & € Pyyp(y(2), we have

uniformly with respect to z, ¢ and &:

Qz(ﬁ)’<1
QO |~

The proof of Fact 3 is analogous to the proof of Lemma 5.1. Without any
restriction, we assume [ = 2.
First case: 1f |5 1| > 4r[p(2)], then we have the parametrisation of X, and

2 a2 1(51) <1.

as

(23)

it suffices to prove for i ¢ I

Oag i

If |agi(€7)] > |p(2)|2, since from Proposition 3.3 & is bounded,

* 1 §—a3,(&1)
o1 (CHI = 3p(2)[2 and Jani(C1)] > 3la2i(§1)], so [g=areh
isfied.

If Jag,i(€5)] < p(2)1%, then |65 — a,,(6)] S p(2)]F and since by definition
of I, a2, (CF)| = §rlp(2)|= for all ¢ € Ag(2r[p(2)]), we have |¢5 —a2,:(CF)| 2
m\ <1 holds

| <1 is sat-

k|p(z)|z for all ¢ € Pakip(z)|(2) and so the inequality

true. ¢

Second case: If |(5 1| < 4k|p(2)] and [(5 4| < (4k|p(2)])2, then §(£,¢0) <
0(&,2)+6(2,¢0) <|p(2)] and as in the proof of Lemma 5.1, |Q2(&)| = | f2(&)| S
1p(2)|%. From Proposition 3.2, Pirp()(2) N X2 =0 s0 [ fo(¢)] 2 [p(¢)] 2 % and

again we are done in this case.

Third case: If |5 1| < 4k|p(2)| and [(g 5| > (4k|p(2)|)2, then as in the third
case of the proof of Lemma 5.1, f2(§) and f2(() are comparable to [(go[P2.
Again we are done in this case and Fact 3 is proved.

From (22) and (23), we get that g is uniformly bounded. However, assump-
tion (b) of Theorem 6.2 is a little stronger and we need that the derivatives
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aa+ﬁ+a+ﬁg2
acreacsP oG~ oG
all o, B, @ and .

Actually, inequality (19) and Cauchy’s inequalities imply that, for all ¢ €
a+B —a—B8
Pato(e) (): |5eaees (O S 5@ g w1 1Qa(+Cins +
a+p —_a—B8 (2
€v,)|. With Lemma 5.1 and (23), we get |ac87( IS 1e(2)] 2@y ).

of g2 do not explode faster than |p(z) |O‘+/_§ is Pjp(2)|(2) for

* Qv BC*E
Applying the same process with (21) to eP;, we get
‘ 8°‘+56P1 ‘
—a—§ e
= \p<z>! e(9)(|e(2)] sup Qi+ sup |Qa).
Panlo=)] (%) Paslo)] ()

Again Lemma 5.1 and (23) yield

yotB+atp eP —a—C—B4E
| ——0(ug,)|<he o)
At 0637 c" ¢ 2
Therefore, §o satisfies (b) of Theorem 6.2 and of course, g; also does. (|

6.3. The L?-case. The assumption, under which a function g holomorphic
on D can be written as g = g1 f1 + g2 f2 with ¢g; and go being holomorphic on
D and belonging to L?(D), uses a r-covering (Py|p(z,)|(2;))jen in addition to
the divided differences.

By transversality of X; and bD, and of X5 and bD, for all j there ex-
ists w; in the complex tangent plane to bD,(.;) such that m;, the orthog-
onal projection on the hyperplane orthogonal to w; passing through z;,

is a covering of X; and X,. We denote by wj,...,w) an orthonormal
basis of C™ such that w} =1,, and w;, = w; and we set P.(z;) = {2 =
Zj 4 Ziwi 4+ 25wy, |z <eand |2f| <ez,k=2,...,n—1}. We put

0}
Cq#iv(zj )jGN (g)

0 k—1
_ Niaraas:
>/ S ot

7=0" 2" €Pos o)1 1) Ay, AkEAL

Ai#kl for l;ﬁl

x| e A M| AV (1),

zw*

where dV,,_; is the Lebesgue measure in C*~! and ¢V = %, l=1orl=2.
Now we prove the following necessary conditions:

THEOREM 6.4. Let g1 and g2 belonging to LY(D), q € [1,+0o0], be two holo-
morphic functions on D and set g = g1f1 + g2 fo. Then
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(i) m belongs to LY(D) and
g

HmaX(lfl, | f2])

(ii) Forl=1 orl=2 and any k-covering (Px p(z,)|(2;));, we have

©)
Camn(z3); (9) < Hgl”%q(py

Smax(||g1llLa(py, 192l La(p))-
Le(D)

Proof. The point (i) is trivial and we only prove (ii). As in the proof of The-
orem 1.1, forall j €N, all 2/ € P} . ) (z;) and all r € [%Ii|p(2j)|%,4ﬁ|p(2j)|%],

we have \
1
Wl M= g [ HELTL
o 27 Jinj=r TTi (A = Ai)

After integration for r € [(7/2/@|p(zj)|)2,(4/@|p(zj)|)%], Jensen’s inequality
yields

1—k,_
199 1 Dt Ml S o) 7 / o (2 + )| avi ()
M <(4xlp(z;)]) 2

Now we integrate the former inequality for 2’ € Pﬂ‘ (2 )|( zj) and get

/ 195 A1 ez T T Ve (2)
2'€PL (a1 (%0

</ ()| aVa(2)
2€Panp(z;)1(25)

Since (Px|p(z;)((2j))jen is a k-covering, we deduce from this inequality that
ooy S 191 - x
THEOREM 6.5. Let g be a holomorphic function on D belonging to the
ideal genemted by f1 and fo, such that c(l) Ry (g9) is finite and such that
m belongs to L1(D).
Then there exist two holomorphic functions g1 and go which belong to
Li(D) and such that g = g1 f1 + g2 fa.

Proof. We aim to apply Theorem 6.1. For all j in N, in order to construct
on Pyy(z;)|(2j) two functions g(J ) and g(] ) which satisfy the assumption of
Theorem 6.1, we proceed as in the proof of Theorem 1.2. The main difficulty
occurs, as in the proof of Theorem 1.2, when we are near a point (; which
belongs to X; N Xp NbD. We denote by (¢5,(52) the coordinates of (o
in the Koranyi coordinates at z;. If |5 1| < 4k|p(z;,)|, we set iy ; =iz ; =0,
L,;j=5L;=0,P ;=P ;=1 Q1,=f1 and Q2 ; = fo. Otherwise, we use the
parametrisation a§j27 i€ {L...,pgj)} of X7 and aéjz, ie {L...,péj)} of Xo
given by Propositioh 2.2 and for =1 and [ =2, we still denote by I; ; the set
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I = {i, 32 € Do(2klp(2;)|) such that |of) (25)] < (3klp(z)I) 2}, iy = #1j,
Pii(¢) =ILier,, (G — o (¢1)) and Qi = A= We define A and hY as hy

and hy in the proof of Theorem 1.2. Instead of defining egj ) and egj ) by
integrals over the set {|¢| = (4n|p(zj)|)l} as we defined e; and ey in the proof

of Theorem 1.2, here we integrate over {(% klp(z)])2 < €] < (4|p(2j)])7 } and
set
1

27(2— D/l ()]
9(21,¢)

/{<;n|p<zn>%<|s|<<4n|p<2j>>%} P1j(21,8) P, (27,6) (25 — )
We therefore have for all j and all 2z € Py, (25):

9(2) = b (2) Py j(2) + b (2) Paj (2) + Py j(2) Poj(2)eW) ().

We split Pyp(2,)(25) in two parts as in Theorem 1.2 and set

e(j)(z> -

v (§).

u(]) {C e ,Pn\p(z]ﬂ(zj) ( ])Dlpjfégl 2 3 f2(<)1|:)p2(('?))| 2 ’}7
1 2 2 Zj 127’] 1 Zj HTYJ
u’ = {C € Punei(a) 5| (%;J(-(Cy |7 (%'fg(-(c))' }

We still denote by x a smooth function on C?\ {0} such that y(z1,22) =
Lif [z] > ;2),|Z2\ and X(thz) =0 if |z1] < ]22); and we set W) =

AQEIE BQIEIE ) 06 Z 1~ () and

Xm0 mg e
Dy L G i i
3" (z) = o) (R (2) + X1 (2) P23 (2)eD) (2)),
e = oo (80 W R (0).
2 z

Therefore g = gﬁj)fl + §§j)f2 on Py, (25) and in order to apply Theo-
rem 6.1, the assumptions (b) and (c¢) are left to be shown.
As in the proof of Fact 1, it follows from Lemma 6.3 and (23) that

2,5

QQJ ) SZ"O ’_‘gzr‘:—zlnz],uz [ole(Zf),...,al)k(zik)H
’ k=1

uniformly with respect to 2 € Pay(2,)(25) and j € N and therefore

L o6
(24) 3 / ()
; Panip(z;)1 (25)

= Q2,i(2)

(J)

q
l
AV (2) S e o) (9)-
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0]
In particular 2222] is an holomorphic function with L%-norm on Py p(zj)‘(zj)

((12,1 (Z'_)(g))%. Thus Cauchy’s inequalities imply, for all o, 8 € N

and all z € 'Pﬁ|p(zj)|(zj), that

lower than (c

oo+8 1 ~/s ! 1 _3_q-8
@ | (@'0) |5 @b
Since m belongs to L1(D), g itself belongs to L4(D) and so

. N N
/ D@V £ otz T [ l9(2)]" av (2).
Parlo(z;)1(25) Parlpz;)1(25)

In particular, for all o and 8 and all z € ’P,.C‘p(z_].”(zj)7 we have
9otBeld) _a_fugtizg g
26 — (< 2 q 2 2
(20 s )| S ot
The inequalities (25) and (26) imply that the hypothesis (c) of Theorem 6.1
is satisfied by ggj ) for some large N, the same is also true for g? ),
Now, for z belonging to L{Q(J), we get from (23):

‘Pf”<z>e<ﬂ‘><z>
QY (2)
1 19(¢3,6)]
< av
~ Ip(z5)] /(gmp(zj))1/2§|g|g(4ﬁp(zj)|)% max(| f1(¢5, 6|, [f2(¢F56)1) ©
and so
P (2)eW(z) |

V(z)

/U'zm’w(z,-)(%‘) éj)(z)
l9(¢T, 8l

<
~ /7)4fep(z]-)(zj) (max(|f1(q,§)|, ‘f2(<fa§

>|>>qdv(§)'

Since (Py|p(z,)(25))jen is a k-covering, this yields:

pWY ) q q
(27) Z/ M dv(z) < H# .
jen Pl Qs (2) max(|f1; [f2]) | La(p)
atp ()
Moreover, for all o, 3 € N, |2 g () < |p(zj)|_a_§, (24) and (27) imply

that (gé”) jen satisfy the assumption (b) of Theorem 6.1 that we can therefore
apply. O



[19]
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