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MARKOVIAN LOOP CLUSTERS ON GRAPHS

YVES LE JAN AND SOPHIE LEMAIRE

ABSTRACT. We study the loop clusters induced by Poissonian en-
sembles of Markov loops on a finite or countable graph (Markov
loops can be viewed as excursions of Markov chains with a ran-
dom starting point, up to re-rooting). Poissonian ensembles are
seen as a Poisson point process of loops indexed by ‘time’. The
evolution in time of the loop clusters defines a coalescent process
on the vertices of the graph. After a description of some general
properties of the coalescent process, we address several aspects
of the loop clusters defined by a simple random walk killed at
a constant rate on three different graphs: the integer number
line Z, the integer lattice Z¢ with d > 2 and the complete graph.
These examples show the relations between Poissonian ensembles
of Markov loops and other models: renewal process, percolation
and random graphs.

Introduction

The notion of Poissonian ensembles of Markov loops (loop soups) was intro-
duced by Lawler and Werner in [8] in the context of two dimensional Brownian
motion (it already appeared informally in [13]): the loops of a Brownian loop
soup on a domain D C C are the points of a Poisson point process with in-
tensity ap where « is a positive real and p is the Brownian loop measure
on D. Loop clusters induced by a Brownian loop soup were used to give a
construction of the conformal loop ensembles (CLE) in [14] and [12]. They
are defined as follows: two loops ¢ and {' are said to be in the same cluster
if one can find a finite chain of loops Ly, ..., L, such that £y =1, £, =" and
forallie{1,...,n}, ;1 N¥; #0. Poissonian ensembles of Markov loops can
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also be defined on graphs. They were studied in details in [9] and [6]. In par-
ticular Poissonian ensembles of loops on the integer lattice Z2 induced by
simple (nearest neighbor) random walks give a discrete version of Brownian
loop soup (see [7]).

The aim of this paper is to study loop clusters induced by Markov loop
ensembles on graphs. The facts presented here, which are built on the re-
sults presented in [9], are more elementary than in the Brownian loop soup
theory, but they point out that Poissonian ensembles of Markov loops and re-
lated partitions are of more general interest. The examples we develop show
relations with several theories: coalescence, percolation and random graphs.

In Section 1, we recall the different objects needed to define the Markovian
loop clusters on a graph and the coalescent process induced by the partition
of vertices they define. In Section 2 we state general properties of the clusters
and establish some formulae useful to study the semigroup of the coalescent
process. In the last three sections, we address several aspects of the loop
clusters induced by a simple random walk killed at a constant rate s on
different graphs:

e On Z, the loop cluster model reduces to a renewal process. We establish
a convergence result by rescaling space by +/¢, killing rate by ¢ and let €
converge to 0.

e The loop cluster model can be seen as a percolation model with two pa-
rameters « and . Bernoulli percolation appears as a limit if @ and  tend
to +oo so that -5 converges to a positive real. We show that a non-trivial
percolation threshold occurs for the loop cluster model on the lattice Z?
with d > 2.

e As a last example, we consider the complete graph. We give a simple
construction of the coalescent process on the complete graph and we deduce
a construction of a coalescent process on the interval [0,1]. Letting the size
of the graph increase to +00, we determine the asymptotic distribution of
the coalescence time: it appears to be essentially the same as in the Erdos—
Rényi random graph model (see [4]) though the lack of independence makes
the proof significantly more difficult.

1. Setting

We consider a finite or countable simple graph G = (X,€) endowed with
positive conductances C,, e € € and a positive measure k = {k,,x € X} (called
the killing measure). We denote by C, , the conductance of the edge between
vertices x and y and set A\, = ZyEX,{w,y}EE Cyy + kg for every x € X. The
conductances and the killing measure s induce a sub-stochastic matrix P:
P, = C)\Lfﬂ_{{%y}eg} Vz,y € X. We assume that P is irreducible.

1.1. Loop measure. A discrete based loop £ of length n € N* on G is defined
as an element of X™; it can be extended to an infinite periodic sequence. Two
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FIGURE 1. Representation of a loop ¢ of length 4 on the
complete graph K, corresponding to the equivalence class
of the based loop ¢ = (4,1,2,1); the measure of this loop is
u(é) = P4,1P1,2P2,1P1,4~

based loops of length n are said equivalent if they only differ by a shift of
their coefficients (i.e., the based loops of length n, (z1,...,2,) is equivalent to
the based loop of length n (z;,...,zpn,21,...,2;_1) for every i € {2,...,n}).
A discrete loop is an equivalent class of based loops for this equivalent relation
(an example is drawn in Figure 1). Let DL(X) (resp. DL(X)) denote the
set of discrete loops (resp. discrete based loops) of length at least 2 on X.
We associate to each based loop £ = (x1,...,2,) of length n > 2 the weight
() = %le,m P, ws - Py, - This defines a measure i on Dﬁ(X) which is
invariant by the shift and therefore induces a measure p on DL(X).

REMARK 1.1 (Doob’s h-transform). If h is a positive function on X such
that (P —I)h <0, a new set of conductances C1"} and a new killing measure
1P} can be defined as follows: Cﬁ;’,} = h(z)h(y)Cs,y for every {z,y} € £ and
kM = h(x)[(I — P)h](x)A; for every x € X. This modification corresponds
to the Doob’s h-transform: the associated transition matrix P{"} verifies
PQ;{Z} = ZE;’; P., Vaz,y € X. Tt is a self-adjoint operator on L?(h%)) since
Pty =771 PT), with

L2(h?)\) — L?(\)
Th :
f=hf
The loop measure p is invariant under Doob’s h-transform.

The loop measure can be defined without assuming that P is a substochas-
tic matrix. A weaker condition would be to assume that P is a positive and
contractive matrix. Taking such matrices does not extend the set of loop
measures. Indeed, Perron—Frobenius theorem states that if @ is a positive
and irreducible matrix and if its spectral radius p(Q) is smaller or equal to 1,
then there exists a positive function h on X such that Ph = p(Q)h. The
h-transform of () is then a substochastic matrix.

1.2. Poisson loop sets. Let DP be a Poisson point process with intensity
Leb®u defined on Ry @ DL(X). For o > 0, let DL,, denote the projection of
the set DP N ([0,a] x DL(X)) on DL(X); (DL4)a>0 is an increasing family of
loop sets which has stationary independent increments. It coincides with the
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C, is a partition with 4
blocks:

Ta 8
= {1,2,5,6},{3,4,7},
{8,10,11, 12}, {9}.
3 4

FiGURrE 2. Example of a loop set DL, at time « on a finite
graph G, the subgraph G, defined by the open edges and the
partition C, induced by its loop clusters (the dotted-lines on
the left figure represent the edges of G; DL, consists of three
loops of length 2, two loops of length 3 and two loops of
length 4).

6
2
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family of non-trivial discrete loop sets induced by the Poisson Point process
of continuous-time loops defined in [9)].

1.3. Coalescent process. An edge ¢ € £ is said to be open at time « if
e is traversed by at least one loop of DL,. The set of open edges defines
a subgraph G, with vertices X. The connected components of G, define a
partition of X denoted by C,. The elements of the partition C, are the loop
clusters defined by DL, (an example is drawn in Figure 2). This paper is
devoted to the study of C,,.

REMARK 1.2. If A is a subset of X, let us define the DL,-neighborhood
of A:
Ta(A)=AU{x € X,30 € DL, visiting A and z}.
Given any (z,y) € X2, set x ~y if and only if 3k € N* such that y € 7% ({z})
o

(in the example drawn in Figure 2, 7,({10}) = {10,11} and for every k > 2,
78({10}) = 7,({10,11}) = {8,10,11,12} for instance). This defines an equiv-
alence relation and the associated partition is C,.

2. General properties of discrete loop clusters

2.1. The distribution of the set of primitive discrete loops. Posi-
tive integer powers of a based discrete loops is defined by concatenation: if
{=(xy,...,2,) is a based discrete loop of length n then [(]' = ¢, [¢]? is the
discrete based loop (x1,...,Zn,21,...,2,) and so on. As the mth power of
equivalent based loops are also equivalent, powers of discrete loops are well-
defined. A discrete loop £ is said to be primitive if there is no integer m > 2
and no discrete based loop ¢ such that ¢ is the equivalent class of [¢]™; any
discrete loop £ € DL(X) can be represented as a power of a unique primitive
discrete loop denoted by €. Let PL(X) denote the set of primitive discrete
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loops X of length at least 2 and let PL, denote the set of primitive discrete
loops defined by DL,,. Clearly C, depends only on PL,,.

PROPOSITION 2.1. The probability distribution of PL,, is a product measure
v on {0,1}PEX) defined by

viwwy,=1)=1-(1- u(n))a.
Proof. If mq,...,n, are distinct primitive discrete loops, the sets
Li={{eDL(X),nl=mn}, i=1,....r
are disjoint, hence the r events E; = {3¢ € DL, such that 7¢ = n;} for

i€{l,...,r} areindependent. Therefore, the law of PL,, is a product measure
on {0,1}74(X) and for every n € PL(X),

m=1

+oo
P(n€PLy)=P(IH € DL, =17)=1—exp (—a > ulte= [U]m)> :

As p([n]™) = Lpu(n)™ for every m € N*, we deduce that

P(nePLy)=1—exp(alog(l—pu(n)). O

It follows from Proposition 2.1 that the Harris inequality (and also the B-K
inequality) holds on increasing events (see, e.g., [15]). In particular, let us say
that a subset A of X is connected at time « if it is contained in a cluster
of C,. Then by the Harris inequality,

P(A and B are both connected at time «)
> P(A is connected at time a)P(B is connected at time «).
In a similar way, we say that a subgraph is open at time « if all its edges are
traversed by jumps of loops in DL,. Then the same inequality holds.

These inequalities can be extended to any number of increasing events. In
particular,

e for every partition m = (B;);es of X into non-empty blocks, the probability
that C, is a coarser! partition than 7 satisfies:
P(Co =) > HIP’(BZ- is connected at time «);
icl

e if 7 C &, then P(F is open at time a) > [[.. »P(e is open at time ).

2.2. The transition rate of the coalescent process. The evolution in
a of C, defines a partition-valued Markov chain. Let 7 be a partition of X

L Given two partitions o and 7 of X, o is said to be coarser than (denoted by o > )
or 7 is said to be finer than o (denoted by 7 < o) if every block of 7 is a subset of a block
of o.
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into non-empty blocks {B;,i € I'}. From state , the only possible transitions
are to a partition 7%/ obtained by merging blocks indexed by some subset J
of I to form one block By =J; ;e Bj and leaving all other blocks unchanged.

The transition rate from 7 to 797 is
(2.1) Tp nos = u(¢,Vj € J,£ intersects B; and
Yu ¢ J, ¢ does not intersect By,)

:Z% Z le,zz"'Pﬂﬂk,IL’N

k>2  (x1,...,xk)EWR(B;,5€J)

where Wy, (B,,j € J) is the set of k-tuples of elements of B; having at least
one element that belongs to each block Bj,j € J:

k
Wi(Bj,jed)= {($1,-~-7$k) € (U Bj> ,Vj € J,x, € B; for some u}.

jeJ
If the graph G is finite, these transition rates can be expressed with deter-
minants of Green’s functions of subgraphs. In order to describe the formula,
let us introduce some notations; Let G denote the Green’s function of G:
G = (M —C)~! where A = (\;)zex, I is the identity matrix and C is the
conductance matrix. For every subset F' of vertices, set F'° =X \ F' and let
G denote the Green’s function of the subgraph (F, Erxr) of G: G s
the inverse of the matrix (A — C)|pyxp-

PROPOSITION 2.2. Let us assume that G = (X, ) is a finite graph.
For every partition m = {B;,i € I} of X and every subset J of I with at
least two elements:

(2.2) T n®] = Z 1)l log( det(G(UuEJ\I Bu )))
1SJ

Proof. By the inclusion—exclusion principle,

T @) = u(f,é does not intersect U Bj>

i¢J
- ,u(ﬁ, Ju € J, £ does not intersect U Bj>
jeJeu{u}
= Z K,u(( £ does not intersect U Bu>.
KGJ ueJeUK

To conclude, we use that:
e For a subset F' of vertices,

(¢, ¢ does not intersect F') = M(DE(FC)) =log (det(G(Fc)) H )\I>.
reFe¢



MARKOVIAN LOOP CLUSTERS 531

e For every family of reals (a,)yecs indexed by a finite subset J with at least
two elements,

(2.3) SN ay=0.

1SJ u€J\I O

EXAMPLE 2.3. Let us consider the complete graph K,, with unit conduc-
tances and a uniform killing measure with intensity «. The transition matrix
P verifies: P, = m]l{m#y} for every vertices z and y. Thus for every
subset F of vertices, det(G)) = ((n+r)F1=(n+x —|F|))~" (the compu-
tation of this determinant is detailed in Lemma A.3). Using (2.2) and (2.3),
we obtain:

(2.4) s = Z(1)|f|+11og<1 - %M 3 |Bu>.

1SJ ueJ\I

2.3. The semigroup of the coalescent process on a finite graph. In
this section, we assume that the graph G is finite. For a partition 7 of X,
let P (-) denote the conditional probability P(:|Co = 7). The probability that
C, is finer than a given partition of X has a simple expression in terms of
determinants of Green’s functions:

LEMMA 2.4. Let us assume that the graph G = (X,E) is finite. Let w be a
partition of X into non-empty blocks {B;,i € I}. For every partition my of X,
[Tic; det(GBD) O‘]l
det(G) {mo=m}-
Proof. Let us assume that 7 is coarser than 7g. The event ‘C,, is finer than
7’ means that every loop of DL,, is included in a block of w. Therefore,

Pry(Co <) = exp (a <M(DE(X)) - ZM(DE(Bi))>>

i€l

25) Pr(Ca <) =

since the set of loops in each block B; of 7w at time « defines independent
Poisson point processes. To conclude, we use that

1(DL(X)) =log <det(G) 11 Ax>
reX
and
DL(B;)) =1lo <det G(B) /\x>.
u(DL(B;)) =log| det( )Il;[9 -
An explicit formula for P, (C, =7) can be derived from Lemma 2.4. Let
us first introduce some notations. For a partition 7, let || denote the number
of non-empty blocks of . For a subset A, let 74 denote the restriction of =
to A: m 4 is a partition of A, the blocks of which are the intersection of the
blocks of m with A.
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LEMMA 2.5. Let us consider a finite graph G = (X,€). Let mg and 7 be two
partitions of X. If m has k non-empty blocks denoted by By,..., By then

k

(26)  Pr(Ca=m) =) (DT (175, = 1)!Pr (Ca 2 7).

7= i=1
Proof. Let us first assume that m = {X}. To obtain equation (2.6), it is
sufficient to prove the following identity:
| X|
(2.7) Lic.—(xp =2 (D=1 > Lie,zny

(=1 WEEmZ(X)

where P,(X) denotes the set of partitions of X with ¢ non-empty blocks. Let
us assume that C, is a partition with j non-empty blocks. For ¢ < j, we can
construct a partition coarser than C, with ¢ non-empty blocks by choosing
how to merge some blocks of C,, that is by choosing a partition of {1,...,5}
with ¢ blocks. Therefore,

S Lieasnn = Be({Loee 5 | Liessy
TP (X)

and the right-hand side of (2.7) is equal to

Z(fl)Z71(€ - 1)'|§B€({1v cee a]}) }

{=1

By an identity on the Stirling numbers of the second kind (see, for example,
[11], equation (1.30), p. 22), this sum is equal to 1 if j =1 and 0 if j > 2.

To prove (2.6) for a partition 7 with k non-empty blocks (B, ..., By),
we consider C, as a sequence of partitions on Bj,..., By respectively, and

apply (2.7):

|B1| |Bi| k

k
jl{czx:(Blwak)} = Hﬂ'{ca\Bi:Bi} = Z H‘/i,fiv
1=1

H=1 fy=1i=1
where V; ;= (—1)"1(¢ - 1)! D FePu(BY) 1ic, s, <7}~ Therefore,

L{ca=(B1,....Br)}

|B1| | B | k
=) (R (G - 1) > Lic. <7}
=1 £,=1 i=1 TEPe, (Bl)x---X‘sz (Bk)

k
=Y (O] (7 8, = 1) en<ay-

7= i=1 U
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EXAMPLE 2.6. Let us consider the complete graph K, endowed with unit
conductances and a uniform killing measure of intensity . If 7 is a partition
of the set of vertices X with k blocks By, ..., By, then

Pﬂo(ca j’/T) = (Ii—f—n) H(l o m> ]l{ﬂ'ojﬂ}

el

and P, (C, =) is equal to

(0% k ~ .
: - i€ J,B |Bj|
() ¥ covTIGuersem-n Il (i-12)
7=(Bj)jes =1 jeJ
s.t. mo3T=w

Let us note that (1 — ﬁ)*o‘ is the jth moment m; of the random variable
Y= exp(n—iﬁ) where Z denotes a Gamma(a, 1)-distributed random variable.
Thus P, (Co X 7) = H"'miwium]l {ro=<n}- Let ¢, denote the nth cumulant of Y.
i=1 i -

Formula (2.6) and the expression of cumulants in terms of moments (see for-
mula (1.30) in [11] for example) yield Pr,(Co = {X}) = ;.

2.4. Loop clusters included in a subset of X. For a subset D of X, let
D[,&D ) denote the loops of DL, contained in D and C&D) the partition of D
induced by ’DE&D ). In general, CéD) is finer than the restriction of C, to D
but coincides with it if D is a union of elements of C,.

For every partition m of X with k& non-empty blocks Bi,..., B, the loop
sets DLEY ... DLEY DL\ (Ui;l DLP)) are independent. This yields
the following equality:

k
P(Co=m) =P(Ca <m) [[P(CP) ={Bi}).
i=1
Let us note also that if U C D C X then
P(Co = {U,U}) =P(CP) < {U,D\U})P(}¢ € DL, visiting U and D°)

(see [5], p. 2, for a related result in Schramm-Loewner Evolution (SLE) con-
text). The second term on the right-hand side equals

e~ (W(DL(X))=p(DLU®))=p(DL(D))+1(DL(D\V)))

det(GU)) det(GP))
det(G) det(G(P\D))

If X is finite, it can be written as (

det(Gluxv) det(Gpex pe) )—a
det(G(vupe)x (UuD*©)) :

)¢ or, with Jacobi’s

identity, as (

2.5. Computation of the semigroup using exit distributions. The
probability that C, is finer than a partition 7 can also be expressed using exit
distributions. The formula obtained is easier to use than (2.5) for graphs such
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as tori, trees ... Let us first introduce some notations. For a subset D of X,
let 0D denote the inner boundary of D:

oD = {:c € D,Cyy >0 for some y € DC}

and let HP) denote the exit distribution (or Poisson kernel) from D: for

reXandye D¢ H éz) is the probability that a Markov chain with transition
matrix P starting from z exits from D at y.

LEMMA 2.7. Let m = (B;)i=1,..x be a partition of X. Let B= U?Zl 0B;
denote the union of the boundary points of the blocks of m. Let H'™ denote
the matriz indexed by B defined by:

H(ﬂ") _ ]]-{m:y} Zf T,y € 8Bi7
Y —H;gi) if £ € 0B;,y € 0B; and i # j.

If B is finite, then the probability for C, to be finer than w is
P(Co < m) = det(H(™).

Proof. e First, let us assume that X is finite. Let K denote the prod-
uct of the block diagonal matrix diag(G(P?) i € {1,...,k}) by the matrix
G~1. We can rewrite the expression of P(C, < 7) given by Lemma 2.4 as
P(Cy <) = det(K)“. The restriction of K to B; x B; is the identity. The
exit distribution from a subset D verifies: H, g(gﬁ),) =3 .eD G;’f’z) C,y for every
x € D and y € D¢. Therefore,

(2.8) P(C, 2 ) = det(K)*
with
Kﬂc,y: {]]-{x=(%}) lf Y € Bi . .
—H;,’ ifxeB;,yeB;andi#j.
Let (§n)n denote a Markov chain with transition matrix P. The trace of
(&n)n on B defines a Markov chain denoted by (£,,) on B and thus a Poisson

point process DP on R, x DL(B) (see [9], Chapter 7): the discrete loops
set at time o is

DLo = {lp,L€DL,\DLE)}.

Let C, be the partition of B induced by DL,. The non-empty subsets 0B;,
i€{l,...,k} define a partition of B denoted by dr. As {C, 3 7} is the
event ‘Vi,j € {1,...,k} such that i # j, Vx € 0B;, y € 0B;, {x,y} is not
crossed by a loop of DL, at time ', it only depends on the restriction of
the loops on B, hence P(C, <) =P(C, < 7).

For a subset F' of B, let H) denote the exit distribution from F for
(€n). Tt follows from formula (2.8) applied to C, that

P(Cq =< m) = det(K)“,
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where

T,y —

= _ Jlpa—yy ifz,y€0B;,
—HEP) it 2 € OB,y € OB; and i # j.

To conclude, it remains to note that flg(c'?f D= Hg(cfj) for every x € 0B, and

e Let us now assume that X is a countable set. Let (Xj); be an increasing
sequence of finite subsets of X such that X = U‘,::; Xi. As B is assumed
to be finite, there exists an integer k¢ such that B is included in Xj,.
For k > ko, a loop in DEng) that passes through two different blocks of
7, passes through two different blocks of 7|x, the restriction of 7 to Xj.
Therefore, the probability that C, is finer than 7 is:

1— sup IP(HE € DE&Xk) passing through two different blocks of 7r)
k>ko

. X
= klglgo]P’(Cé ®) < ka).

By the first part of the proof, IP’(C((,,X'“) = Mx,) = det(H™x))2 Tt remains

to note that the matrix H(™Xx) coincides with H(™) for every k > kg to
deduce that P(C, < 7) = det(H (™), 0

2.6. Closed edges in a finite graph. An edge is said to be closed at time
« if it is not crossed by a loop of DL,. More generally, a family of edges E is
said to be closed at time « if every edge of F is closed at time a.

Let us assume that G is a finite graph. To compute the probability for a
family of edges E to be closed, we modify the conductances and the killing
measure so that the conductance of every edge in E' is 0 and the measure A is
unchanged: C, = Cy 1z 1¢r) V{7, ¥} €€ and Ry = Ky + Zy){I’y}eE Cey
Vr € X. Let Gg denote the Green’s function associated with {C’e,e eé,
Ryyx € X}

LEMMA 2.8. Let us assume that G = (X, E) is a finite graph. The probability
det(GE) \a
det(Cf) )

for a family of edges E to be closed at time « is (

Proof. For a loop ¢ and an edge e, let N.(¢) denote the number of jumps
of £ across e. Set Ng(€) =) 5 Ne(£).

P(E is closed at time a) = exp(—au(DL(X)) 4+ au(l, Ng() =0)).

Recall that u(DL(X)) = —log(det(I — P)). For s € [0,1], let Pg(s) denote a
perturbation of P defined by

[PE(S)]Iy _ {SPx,y if {z,y} € E,
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Similarly, u(sV&) = —log(det(I — Pg(s))). In particular,
(€, Ng(f) =0) = —log(det(I — Pg(0))).

Lemma 2.8 follows since Pg(0) is the transition matrix associated with the
{Ce,e €& Ry,x € X} O

We can deduce from Lemmas 2.8 and 2.4 that if E is a set of edges of a
finite graph with extremities in different blocks of a partition 7 = {B;,i € I'}

then
[Lics det(G(Bi))>a

P(Co <X |E is closed at time o) = ( Aot (Gp)
et(Gp

3. Renewal processes

On the graph Z, the clusters C,, are intervals between closed edges at time
« (namely edges which are not crossed by any loop of DL,). The Poisson
loop sets induced by a simple random walk killed at constant rate x have the
following properties:

PROPOSITION 3.1. Let us consider the graph Z endowed with unit conduc-
tances and a uniform killing measure with intensity k. Set

2
®) — o145 A
p og(+2+ /<a+4

(i) The midpoints of the closed edges at time o form a renewal process. More-
over,
— the probability that {n,n + 1} is closed at time « is equal to
(1- e’ZP(N))"‘ for every n € Z;
— given that {0,1} is closed at time «, the probability that {n,n + 1} is

_29('{)

also closed is equal to (1 e )* for every n € N.

—e—20(") (n+1)

(ii) Assume that o €]0,1[. Let v(*) denote the law of this renewal process
that is, the law of the distance between two consecutive closed edges at
time . For e >0 let (Yz;)ien+ denote a sequence of independent random
variables with distribution v(%°).

—((1—a)/2)4 )
For every t > 0, as € converges to 0, \/Ezgil ) Y. i converges in

law to the value at t of a subordinator with potential density (1_37%)“

REMARK 3.2. This subordinator is associated with the Poisson covering
(cf. [1], Chapter 7) defined by the infinite measure on R* with density
d? ouE dkae 2uVE

These covering intervals can be viewed as images of the “loop soup” of inten-
sity « associated with the Brownian motion killed at constant rate k.
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Proof of Proposition 3.1. (i) An edge {x — 1,2} is closed at time « if and

(i)

only if DL, is equal to DC((erN) U DEffﬁl*N). The next closed edge is
the first edge which is not crossed by any loop of DESHN), and previous
closed edges are defined by DL~ which is independent of Dﬁgx+N).
Stationarity is obvious as DLEY — 2 is distributed like DLM. For
neN, let 7" denote the probability that {n,n+ 1} is closed at time «.
By Lemma 2.7, r{") = (1 — HfﬂTJN)Hff;ﬂ))a where H{) denote the
probability that a simple random walk killed at constant rate x and start-
ing at x exits D at point y. The functions z — Héf}
from the solutions of equation

24 k)u(x) —u(z+1) —ulz—1)=0,

can be computed

which are linear combinations of exp(p®)z) and exp(—p*)zx).

We obtain HflT,;)l:N) = Hii_ﬁ)k)n_ﬂ = exp(—p"k) for every k € N.

For n € N*, let ¢(*)(n) denote the probability that {n,n + 1} is closed
at time a given that {0,1} is closed at time a. To compute ¢(*)(n),
we consider a simple random walk on N killed at rate x and at point
0; we denote it (Ci)p. As (DLIY), is the Poisson loop sets associated
with (Cx)r, by Lemma 2.7 we obtain: ¢(*)(n) = (1 — h%{o"”’"})hgleN))a
where h(P) is the exit distribution from a subset D of N for ({x)s:

j{0m}) sinh(p(*) k)
g sinh(p( (n + 1))

and h,(anJrN) —e?" (=) for > n. Therefore
3 K o —9,(r) «a
= (1 ST o) (e e
sinh(p() (n + 1)) 1 — e—20((n+1)

2VE_ \a.
W) :

for1<k<n+1

Let I,; denote the Laplace transform of the function w s (

Li(s):/0 (%) e *"du for s> 0.

—

Let v(®) denote the Laplace transform of v(*). We shall prove that for
every § >0, —£“7 log(v(#€)(sy/2)) converges towards 1/, (s) as ¢ tends
to 0 which yields (ii).

As ¢ (n) =332, (")) (n) for every n € N*, we have the Laplace
)
1+g(™
e(1=2)/24(re) (51/€) converges to I,.(s) as e tends to 0. Let x; and s
be two positive reals such that 0 < k1 < kK < k2. For & small enough,

Verr < p(’“) < /erg and 2,/er; <1 — e=20" <2,/eks. For a>0let f,

transforms identity: v(#) = Therefore, it is sufficient to show that
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be the function defined by f,(z) = (1 — e~2%®)= for z > 0. Therefore,
for £ small enough,

(2V/ERD)" fra (VE( +1)) < ¢ (n) < (2/ER)" f, (VE(n + 1))

for every n € N. By Lebesgue’s dominated convergence theorem applied
to the function g4 s . defined by

ga7s,5(m):fa (\ﬁ’r%—‘>6_s\/§|.fgj VLU>O,
we obtain:
—+00

Ve Z Ja(VE(n+1))eVe" falw)e™ " du

e—0
n=0 0

(for e < i, Ja,s,e is dominated by
—S8T

2\ L
v oz ) o @+ g et el (@) )

This implies that for every s >0
— oo 2,/K ¢
ime(1—0) /2 (ke) > _oaevihi —su
lime q(5e) (sy/€) > A (1 — v ) © du
and
— too 2 o
Time(1=2)/2g(x 2 ~
s [ (2

These inequalities hold for every 0 < k1 < k < ko. Therefore for every s >
e(1=2)/24(xe) (5,/€) converges to I, (s) which ends the proof of (ii). [

REMARK 3.3. In the case of the simple random walk on N killed at 0, a
similar argument (detailed in [10]) shows that:

e For 0 < a < 1, the midpoints of the closed edges at time « form a renewal

process with holding times (Y,Ea))nzl; The generating function of Yn(a) is
1—- ﬁ(g) where Li denotes the polylogarithm: V|s| < 1, Li,(s) = Z:’l z—z

Set S,(La) = Z?zl Yi(a) forn>1. Asetendsto0, (e ngg 1) t > 0) converges

in law towards a stable subordinator (Séa), t >0) with index 1 — «. In the
case of a finite interval [0, L], we obtain a renewal process conditioned to
jump at point L.

e For o > 1, there are only a finite number of clusters. In particular,

P(S%a) =00) = ﬁ
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4. Bernoulli percolation and loop percolation

4.1. Bernoulli percolation. Let s = {s.,e € £} be a family of coefficients
in [0,1]. In the Bernoulli percolation model of parameter s on the graph
G =(X,E), every edge e is, independently of each other, called ‘open’ with
probability s, and ‘closed’ with probability 1 —s.. Vertices connected by open
paths define a partition of X denoted by P(s). We can compare P(s) to the
partition induced by the set of primitive discrete loops of length 2 for a finite
graph (X, €).

LEMMA 4.1. Let us consider a finite graph (X,E). For a>0 and {z,y} € £,
set Sq foyy =1 — (1= PpyPy2)®.

The partition induced by the set of primitive discrete loops of length 2 at
time a has the same law as P({Sq,e.€ €EY}).

Proof. Let PA, denote the set of primitive discrete loops of length 2 at
time a. The law PA, for every a is a product measure v on {0,1}¢: for
every edge {z,y} € &, let n,, denote the class of the based loop (z,y). The
probability that a loop in DL, has {z,y} as support is

Y wayy =1) =1 = exp(—ap(l, 7l =1s.,))

and
00 1
k
Pl ml=1nyy) = kz_l E(Pm,yPy,z) =—log(1 = Py yPy). 0
Bernoulli percolation clusters on a graph appear to be a limiting case of
partitions defined by loop clusters in which only two points loops contribute

asymptotically.

PROPOSITION 4.2 ([10]). Let us consider a finite graph G = (X, &) endowed
with unit conductances and a uniform killing measure with intensity k > 0.
Let Cén) be the partition induced by the Poisson loop set on G at time . Fiz
u>0.

If k and o tend to +oo such that % converges to u, then C&K) converges in
law towards the Bernoulli percolation of parameter 1 —e™".

Proof. For a partition m = {B;,i € I} of X, let L(m) denote the set of
edges of £ linking different blocks of w. The law of the Bernoulli percolation
of parameter 1 — e~ denoted by P(1—e~*) is characterized by the identities:

P(P(l — e*“) = 7r) = ¢ M for every partition 7 of X.
To prove the convergence of IP’(C((f) < 7), we apply Lemma 2.7: ]P’(C((f) <)

is equal to det(#(™)* where H(™ is defined as in Lemma 2.7. We note

then that 7—[;72 is equivalent to x~1 if {z,y} belongs to L(m) and of order
less or equal to x~2 otherwise. Indeed, if z € B; and y € OB, for i # j,

HE =3 g P HS 4P,y and Py < L for all (i,5) € X x X.
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A second-order Taylor expansion shows that log(det(#(™))) = Tr(log(H(™))
is equivalent to —% Tr(Q?), with Qu.y = k™ (s yrern(n)}- O

4.2. Loop percolation on Z¢ with d > 2. Let us consider the Poisson loop
process induced by the simple random walk on Z?,d > 2, killed at a constant
rate K > 0: Py iy, = ﬁ for every z € Z% and u € {+1}%. Let §(a, k) denote
the probability of percolation at time « that is, the probability of any fixed
point to be connected to infinity by an open path at time «. The following

proposition presents some properties of the function («, k) — 6(«, K).

PROPOSITION 4.3. Let p. denote the critical probability for bond percolation
on Z4 (d>2).
(i) O(a, k) is an increasing function of o and a decreasing function of k.
(ii) O(a, k) >0 for every a>0 and k>0 such that (1 — m)a <1-—p..
(iii) For any a >0, 8(a, k) vanishes for k large enough.

Proof. (i) 0(a, k) is an increasing function of « since a — DL is in-
creasing.
To show that 6(a, k) is a decreasing function of k, we use an indepen-
dent thinning procedure. Let k1 > k3 > 0. The corresponding measures
on based loops satisfy:

k
. 1 1
H( 2 (f = (Ih . ,fk)) = % (m) ﬂ{mﬁlfzie{:tl}dVie{l,..‘,k}}
for j €{1,2}, k>2 and x1,...,2 € Z* with the convention Tkl =T1-
By erasing independently each based loop ¢ € D[ﬁ((f"’) of length k > 2 with

probability 1 — (%li—zf)k, we obtain a discrete loop set having the same

distribution as DL™).

(ii) By Lemma 4.1, the partition induced by the set of primitive discrete
loops of length 2 at time « has the same law as the Bernoulli percolation
with parameter 1 — (1 — m)a. It follows from Bernoulli percolation
on Z% that if 1 — (1 — m)o‘ > pe then 6(a, k) > 0.

(iii) To prove that 6O(a,k) vanishes for k large enough, we show that
there exists a finite real C, > 0 such that any self-avoiding path x =
(z1,x2,...,21) of length L € 2N* is open at time « with probability less
than (%)L . We can then conclude with the usual path-counting ar-
gument: for every L € 2N*, §(«, x) is bounded above by the probability
that there exists an open self-avoiding path of length L at time « starting
from the origin, hence

L
0(a, k) < limsup(2d)* <%> =0 for k>2dC,.
L—4o00 K

Let us first introduce some notations.
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FIGURE 3. Example of an open path = =(1,2,3,4,5,6,7,8)
with five loops covering its edges. Three of them (drawn
in solid lines) cover the set of edges &,; we associate to
these three loops, the partition = € (2, {1,...,8}) with three
blocks m ={1,2}, mo ={3,4,7,8} and w3 = {5,6}.

— Let PB(2,{1,...,L}) consist of partitions of {1,...,L} in which all
blocks have at least two elements (the number of blocks of such a
partition 7 is denoted by |7| and blocks are denoted by 71,3, .. .).

— For a vertex v and a loop £ € DL(Z?), let N,(¢) denote the number
of times ¢ passes through v: N, (¢) = Zle Tfu,—v} if £ is the class of
the based loop (uq,...,ug).

Let us consider a self-avoiding path of length L € 2N* denoted by

x=(x1,%2,...,2) and let &, denote the set of edges {zoi_1,%2},

1<i<L/2.

To be open, the edges of x have to be covered by the edges of N < L
loops of DL,. Among these loops, those that cover at least one edge
e € &, can be used to define a partition m € B(2,{1,...,L}) as follows:
let ¢; be a loop in DL, covering edge {z1,z2}. The first block m of
7 consists of the indices of the endpoints of e € £, covered by ¢;. If
m #{1,...,L}, let j be the smallest integer ¢ such that x; is not in m
and let ¢ be a loop covering {z;,xz;41}. The second block my of 7 is
defined as the set of indices of endpoints of e € £, covered by ¢, that are
not in 71, and so on until all elements of {1,...,L} belong to a block
written down (an example is presented in Figure 3). Therefore,

7|
]l{z open at time a} < Z ( Z H H ]1{sz (ej)>0}>
TeP(2,{1,..., L}) 51,...,€|W‘E'D[,a j=liem;
pairwise distinct

||
S VRN U S 1 01 X))
TePB(2,{1,...,.L}) L1,....81 x| EDL, j=li€m;
pairwise distinct
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By Campbell’s formula (equation (4.2), p. 36 in [9]), for every k € N*

and for every positive functions Fi,..., F}
k k
(X Taw)-TI(f o)
l1,y..., l€DL, i=1 =1

pairwise distinct
Therefore,

I~

P(x is open at time a) < Z H/

TeP(2,{1,....,L}) j=1

(Hmm)wﬂ)

1ET;

For a finite set A, let &4 denote the set of permutations of elements
of A. By Proposition 5, p. 20 in [9], for every k > 2 and for every vertices

yl?"'?yk?

k
STV duto
=1
1 k
- % (H )‘yi,) Z Gy0(1)1y0(2) Gy0(2)7y0(3) e Gya(k)vya(l)'
=1

0'66{1 _____ k}
Therefore, P(x is open at time a) < (HiL:1 Az; )Sa () where

(4.1) S, (z)= > ol

meP(2,{1,....L})

7] 1
X H< Z G%u) fzr(z)G%(z) To(3) " Gra(\w )Iau))

Jj=1 | ]‘ oE€G;

The blocks of a partition 7 € B(2,{1,...,L}) in (4.1) can be seen as the
orbits of a permutation without fixed point. Since a circular order on k
integers corresponds to k different permutations of these integers, S, (z)
can be rewritten as follows:

(4'2) Sa ((E) = Z am(g)Gwl,xau) T GGL’L,IU(L)’

where

— m(o) denotes the number of cycles in a permutation o,

- 6?17”')” denotes the set of permutations of {1,...,L} without fixed
point (such a permutation corresponds to a configuration without iso-
lated points).
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(See Lemma A.1 in the Appendix for details.) The right-hand side of
equality (4.2) is nothing but Per (G, »,,1 < i,j < L) defined in [9], p. 41.
To conclude, we use that

L L
Per‘f(Gm,mj,lgz‘,jSL)SH( > Gmi,z,)g( > Go,y>

1=1 M <G<L,j#i y€Z\{0}
since the vertices x; are pairwise distinct. As (P1l), = % for every
ueZ4,
+oo
2d
A =) (P*1),==.
S AGa, = Y(P), -
yezZ\{0} k=1

2d

Thus P(x is open at time «) < (2¢ max(a,1))* which ends the proof. 0

REMARK 4.4. (i) It follows from Proposition 4.3 that for every a > 0,
there is a finite value of k, which we denote by x¢(«), above which 6(«, k)
vanishes; Moreover, k¢ is an increasing function that converges to +oc as
o — 00.

(ii) As the simple random walk on Z? is recurrent, for d =2 the probability
that a fixed edge is open at time a > 0 converges to 1 as k tends to 0.

Indeed, let us first note that IE”(NQEC‘) =0) = (Arér —) for every x € z?

(this equality has been proven for a finite graph,? so we apply it to the
restriction of the random walk to Z? N [—M, M]? and let M tend to +0o0).
Therefore, ]P’(N;f;a) > 0) converges to 1 as x tends to 0.

Fix z € Z? and u € {+1}?. By symmetry,

P(N >0) = Z ]P(NJE,O;)JM} >0) = 4P(N£?2+u >0).
ve{£1}2

Since a+— DL, has independent stationary increments,

]P’(N(a) =0) :}P’(N(a/”) = O)n for every n > 0.

T, r+u z,r+u

Therefore,

z,z+u T, r+u

n
(43) P(N{), ,>0)=1-P(N/) =0)">1- (1 - %IP(NQEO‘/") > 0)) :

For a fixed € >0, let us choose n such that (1 — 1)" <e. There exists
ke such that for k < k., ]P’(N;,Ea/") =0)<i. It follows from (4.3) that
PN, >0)>1—¢.

2 For a finite graph G = (X, &), P(N;Ea) =0) is equal to

det(g(x\{zD)

exp(—a(u(DL(X)) — p(DL(X \ {z})))) = < det(G)Ax

) =G
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5. Complete graph

This section is devoted to the study of Poisson loop sets on the complete
graph K, endowed with unit conductances and a uniform killing measure.
The set of vertices is identified with {1,...,n} and the set of partitions of
{1,...,n} is denoted by P({1,...,n}). The intensity of the killing measure
is denoted by Kk, = nen with €, > 0, hence the coefficients of the transition
matrix P are: P, , = (;f;’} with A (n) — =n—1+ne, forevery z,y € {1,...,n}.
As n will vary, the loop set and the partition defined by the loop clusters at

time a will be denoted by DE((I") and Cén), respectively. In the first part, n

is fixed; We present another construction of the coalescent process (Cén))azo
and use this construction to define a similar coalescent process on the interval
[0,1]. In the second part, we let n tend to +oo and describe the distribution

of the first time when CS™ has no block of size one (cover time) and the first

time when (C( )) has only one block (coalescent time).

5.1. Another construction of the coalescent process.

PROPOSITION 5.1. From state m = {By,i € I} € B({1,...,n}), the only pos-
sible transitions of (C&n))azo are to partitions T/ where J = {j1,...,jL} is
a subset of I with L >2 elements. Its transition rate from 7 to 77 is equal
to:

k
(5.1) Tﬂ W@, = Z Tk (e T 1)F Z H | B, |

(11,01 ) EWg (J) u=1

k L
(52) B Z k:nk En ) Z (kla---;kL) H |Bju ’

k>L (k1,....kr)€(N*)L u=1
ki+-+kr=Fk

)

where Wi, (J) is the set of k-tuples of J in which each element of J appears.

(n)

Proof. Let us recall the expression of 7, obtained in Example 2.3:

n 1
S SR (W S}
];J ueJ\I
By expanding the logarithm, we obtain:
k
n 1
e =2 o oV 2 1Bl
' E(AM™ +1)
k>1 1$J ueJ\I
To establish

(5-3) > (—1)"'( > IBuI)k = > ﬁ |Bi.|

(i15eeyik) EWE(JT) u=1
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which ends the proof of (5.1), we make use of the exclusion-inclusion princi-
ple. Let us consider the following random experiment: ‘we choose uniformly
at random k points in the set B := UJEJ B;’ and for j € J, let E; denote the
event ‘at least one of the k points falls into B;’. By the inclusion—exclusion
principle, the coefficient ZI;J(*I)”l(ZueJ\I |B,|)¥ divided by |B|* is equal

P((;cs Ej). The probability P((;.; E;) can also be decomposed by in-
troducing the events A; ; ‘the i-th point falls into B;’ for every i € {1,...,k}
and j € J: P(N;ec; E5) =20, inyewn () ]P’(ﬂu 1 Au,i,, ). This corresponds to
the right-hand side of (5.3) divided by |B|*. Equation (5.2) is obtained by
rearranging the terms of the product HZ:I |B;., |- O

Formula (5.1) of the transition rate has a simple interpretation: if we
choose R points uniformly at random in {1 .,n} where R has the loga-
rithmic series distribution® with parameter — +1’ the probability that at least
one point falls into each block {B;,i € J} and none outside of Ujes By s

equal to (—log(1 — #))’17'75"72@ ;- From this remark, we derive a simpler

construction of (C&"))QZO.
PROPOSITION 5.2. Let us define a B({1,...,n})-valued sequence (Yy)y it-
eratively as follows:
e Yy is a random variable with values in PB({1,...,n}).
o Let ke N. Given Yy,

— we choose an integer R > 2 independent of Yy, ..., Y,, following the prob-
ability distribution

1 1 1 1
=— — h =—log|1- — :
v B. k(en + 1)F K where Be, 0g< sn—|—1> SR
" k>2
— we choose R points Uy,...,Ur uniformly at random on {1,...,n} and

independently of Yy,..., Yy, R;
— Yit1 is obtained from Yy by merging blocks of Y that contain at least
one of the R points Uy,...,Ug.
Let (Zy)i>0 be a Poisson process with intensity Be, and independent of (Y)x.
The process (HE"))tZO defined by H,E”) =Yy, for everyt >0 is a continuous
Markov chain:
e The only possible transitions from state m = (B;)icr are to partitions w7
where J is a subset of I with at least two elements and its transition rate

®J (

from m to w® us 7“5, defined in Proposition 5.1.

3 The logarithmic series distribution with parameter 0 < a < 1 is defined as the measure
+ oo a
log(l a) Ek 5k
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o If w is a partition of {1,...,n} with k non-empty blocks (B1,...,By), then
t k —t
P (I <7) = [ —2— j— R B
0( ‘ _71') <5n+1> 11:[1( n(1+5n)) {rozm}
5.2. A similar coalescent process on the interval [0,1]. The algorithm
described in Proposition 5.2 can be adapted to define a coalescent process
(IL;);>0 on the interval [0,1] such that for every partition m of [0,1] and every
t >0, P(II; " % 7(") converges to P(II; < 7) if &,, converges to £ >0 and the
partition 7(") of {1,...,n} converges to 7 as n tends to +oo.

PROPOSITION 5.3. For k € N*| let P (|0,1]) denote the set of partitions of
[0,1] with k blocks having a positive Lebesgue measure and let B([0,1]) denote
Uren+ Br([0,1]). For a partition m = (b;)ier € B([0,1]) and a subset J of I, let
7%/ denote the partition obtained from m by merging blocks b; for i € J. Let
e be a positive real. Let us define a B([0,1])-valued sequence (Yy,), iteratively
as follows:

o Yy is a random variable with values in P([0,1]).
e LetneN. Given Y,,

— we choose an integer R > 2 independent of Yy, ..., Y, following the prob-

ability distribution

1 1 1 1
= — —9 h =—logll——— ) — —;
v 3 He 1) r where B, = 0g< +1> e
E>2
— we choose R points Uy, ...,Ur uniformly at random in the interval [0, 1]

and independently of Yy, ..., Y, R;
— Y41 s obtained from Y, by merging blocks of Y, that contain at least
one of the R points Uy, ..., Ug.

Let (Z;)1>0 be a Poisson process with intensity 8. and independent of (Y, )n.
The process (II,)¢>0 defined by II, =Yy, for every t >0 is a continuous

Markov chain:

e [ts positive transition rates are from a partition ™ = (b;);cr to a partition
7 with J C I having at least two elements; the value of such a transition
rate is

[7]
71'7r€BJ5 Z ]i?E-l—]. Z (/{,‘1, k|J|> HLeb
k=|J| (K1, kg ) €(Nx) 1]
ki+4-+k 5=k

e If 7 is a partition of [0,1] with k non-empty blocks (by,...,by) then

t k —t
5 Leb(b;)
PWO(Ht—<W):<E+1> H(l_ 1—|—6 ) :ﬂ‘{ﬂoﬁﬂ'}'

=1




MARKOVIAN LOOP CLUSTERS 547

Proof. By construction (Y;,), is a ([0, 1])-valued Markov chain such that
for every n € N, Y,,11 =Y, or Y41 is a coarser partition of [0,1] than Y,
obtained by merging several blocks of Y,, in one block.

Let m = (b;)ier be a partition of [0,1] and let J be a subset of I with at
least two elements. Set by =:J;c;b;. Given the event {Y,, =}, Y, is
equal to 7%/ if among the R points Uy, ...,Ug uniformly distributed in the
interval [0,1] at least one point falls in every block b; for ¢ € J and none falls
in [0,1] \ by. Therefore, P(Y, 411 =7®’|Y, =) is equal to

+oo k
SRy 3 TLebs)
k>|J| (i1 5eeeyin ) EWE(J) u=1
Z Z HLeb
Bs k>\J|k €+ ) (ks ) €N 1] (kh k|J|>l€J
S, ki=k

Given the event {Y,, =7}, Y, 41 is equal to 7 if Uy,...,Ug fall in one block
of the partition . Therefore,

+oo
PV = 1Y, =) = 3 () (S Lebs)
k=2

iel

(e (YY)

The generator of (II;);>¢ is then A = 3.(Q — I) where @ is the transition
matrix of (Yy,)n.

Let us now compute P, (II; < 7) where 7 is a partition of [0, 1] with k£ non-
empty blocks (by,...,bx) coarser than or equal to mg. {II; < 7} means that all
points that are chosen simultaneously in the interval [0, 1] before time ¢ belong
to the same block of 7. Therefore, by decomposing {II; < 7} according to the
value of Z; and the number of points falling at the same time, we obtain that
P, (II; < 7) is equal to

—Bet = (ﬁEt)n T4 Ti
e 1+) - > H ({r:}) (Leb(b1)"™ + - -+ Leb(by)™)) p.

r1>2,...,rp>21=1

We expand the product

n

[T (Teb(®1)e + -+ Leb(bg)") = > Leb(by, )™ ---Leb(by, )™
i=1 (W1 yeeytin ) E{1,.0 k}7

and use that

Loty = g (w1 -5 -5

r>2
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to obtain that P, (II; < 7) is equal to

Bat{l . zg > ﬁ(_log (1 _ Lesbib;i)) B Legbib?)> }

(u1,eyun)€{1,....k} =1

The second sum is also equal to:

T (I ) 2y

(nl,...,nk)eNk i=1
ni+-F+ng=n

Therefore, P, (II; < ) is equal to

et {1+Z > H g ( ( Leb(bi)) - Leb(bi)>"’}
L ek i i ! e+1 e+1
ni+---+ng=n

The expression inside the braces is equal to

k
Leb(b;) Leb(b;)
exp(t%(log(l 1 ) 1 .
This yields

k
1 Leb(b;)
PﬂO(Htjw):exp<tlog<1—€+—1)—tl_éllog(l—ﬁ)> 0

5.3. Asymptotics for cover time. A vertex x is said to be isolated at time
« if no loop £ € Dﬁg") passes through x. We call ‘cover time’ the smallest «
such that K, has no isolated vertex at time o and we denote it T,.

Let us assume that the intensity of the killing measure is proportional to
the size of the graph: x, =ne with € > 0. If we use the algorithm described
in Proposition 5.2 to define Cén), then we need to choose uniformly at ran-
dom an average of af.E(R) = ﬁ points in {1,...,n}. If the points are
drawn one by one and not by packs of random sizes, then the solution of the
classical coupon collector’s problem provides that the values of T, is around
e(1+¢)nlog(n) for large n. This analogy holds:

PROPOSITION 5.4. Let us assume that the intensity of the killing measure
on K, is k, =ne with € > 0. For every a € R, the number of isolated vertices
at time a, = e(1 + e)n(log(n) + a + o(1)) converges in law to the Poisson
distribution with parameter e~®. In particular, % —log(n) converges in
law to the Gumbel distribution.*

4 The cumulative distribution function of the Gumbel distribution is =+ e=¢ "
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Proof. For each vertex z, let I, , denote the indicator of the event ‘x
is isolated at time «,’. The number of isolated vertices at time «,, is
Sp=3"_ I, Forevery k € N* let E(S,,)x :=E(S, (S, — 1)+ (Sn—k+1))

r=1
denote its kth factorial moment; E(S,)r is the sum of P(I,,, = - =
I, 2, =1) over all (ordered) k-tuples of distinct vertices (x1,...,z).
AsP(I, ;, =--- =1, 4, = 1) is the probability that no loop in DL, inter-
sects the subset F'={z1,...,x1},

Pl g = =Ihg =1)= exp(—anu(&f intersects F))
and
(¢, ¢ intersects F) = n(DL(X)) — u(DL(F°))
= log <det(G) 1T Aﬁ) —log (det(G<F“>) 11 Ax>.
ze{l,...,n} xeFc
Therefore,
det(GFY) | o
E(Sn)e =k > <—> :
FePr({1,...,n}) det(G)erF)‘r

In our setting, for every = € {1,...,n}, A\, = A =n(e +1) — 1 and for
every D C {1,...,n}, det(GP?))~1 = (AW 4 )IPI=1(A(™) 4 1 — |D|). Thus

]E(Sn)kn(n1)...(nk+1)<1n(11—i_€))kan<1+:€)an

(-2 enlo o )

anp, 1 k 1
"on2 <7(1 TS ;) ”"O(—n%s))'

As ap, =ne(l + ¢)(log(n) + a+ o(1)), we deduce that E(S,); converges to
exp(—ka) for every k € N*. The convergence to the Poisson distribution with
parameter e~ ® follows from the theory of moments. O

REMARK 5.5. (i) The distribution of the number of isolated vertices at
a time « can also be obtained by the inclusion—exclusion principle; the
probability that there exists r isolated vertices at time « is

Sy i ﬁ!r i (1 - n(11+ g)> o (1 + Tntj) -

Jj=0

(ii) In the statement of Proposition 5.4, we assume that the intensity of the
killing measure &, is proportional to the number of vertices n: x, = ne.
In fact the same proof shows that Proposition 5.4 also holds if we only

assume that loan) converges to +oo and replace ¢ with &, = “» in the
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statement. Let us note that if logﬁ converges to a constant ¢ > 0 then
E(Sy )k converges to my = exp(—ka+ %) for every k € N* and tk,:;”“‘ tends

to +oo for any ¢ > 0.

5.4. Asymptotics for coalescence time. Let 7, denote the coalescence
time, that is, the first time at which C&") has only one block. The following
theorem shows that the cover time and the coalescent time have the same
asymptotic distribution.

THEOREM 5.6. Let us assume that Kk, = ne for every n € N* with € > 0.

Set a, = (1 + e)n(log(n) + a+ o(1)) where a is a fized real.
For every k € N, the probability that Dﬁfﬂ) consists only of a component of
—ak

size greater or equal to 2 and k isolated points converges to exp(—e™)%p

as n tends to +00.

In particular, m —log(n) converges in distribution to the Gumbel dis-

tribution.

REMARK 5.7. (i) Theorem 5.6 shows that e(e¢ + 1)nlog(n) is a sharp
threshold function for the connectedness of the random graph process
(g&”))azo defined by the loop sets (DL),.

(ii) Such properties have been proven for the first time by Erdos and Rényi
in [4] for the random graph model they have introduced. To facilitate
comparison, the following theorem states some of their results in a slightly
different way from that used in [4].

THEOREM (Erdds and Rényi, [4]). Let G(n, N) denote a random graph
obtained by forming N links between n labelled vertices, each of the ((J;Y))
graphs being equally likely.

For every c € R and every k € N, the probability that the random graph
G(n, | 5(log(n) +¢c)]) contains a connected component of size n —k and

k isolated points converges to exp(—e’c)e;{;k as n tends to +o0.

. £,¢ passes through exactly two vertices)
iii) Let us note that the ratio converges
(iif) W (DL ({L})) 8

to —3(e+1+(e+1)?log(l— H%))_l as n tends to +o0o0. The limit is an
increasing function of € that converges to 1 as € tends to +00. Therefore,
it is not surprising to obtain properties similar to the Erdos—Rényi model
for large €.

In fact, we can show using the same proof that Theorem 5.6
holds if we replace ¢ with a positive sequence (g,), such that
liminf,,_, 1 log(n)e, > 0.

By contrast, if we let £ converge to 0 as n tends to +oo, the loop
sets can have very large loops: a result of Y. Chang in [3] implies that if
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e ~ n~%with d>1, then

n—-4oo

P(3te D£17)103(n) covering {1,...,n}) — 1-— e~ (d=1),

n—-4o0o

The rest of the section is devoted to the proof of Theorem 5.6.

Let A, denote the event ‘DK(") consists only of a component of size
greater or equal to 2 and k isolated pomts let V,, be the number of isolated
vertices in chjfj and let B,, be the event ‘D[,g; has at least two components
of size greater or equal to 2°. For n >k + 2,

P(An ) =P(V, = k) —P({V,, =k} Bn).

By Proposition 5.4, P(V,, = k) converges to e~¢ " &~ S We shall prove that
P(B,,) converges to 0. For a subset F, let ¢, denote the probability that F
is a block at time o,

Ln/2]

< Z Z qFn-

r=2 FeP.({1,..,n})
As ’DEEZL’F ) is independent of DLV \’DE&’:F ), we have
qrn = IP’(DE&’:F) is connected)P(no loop in Dﬁg? intersects F' and F°).
For a sufficiently large set F', we shall simply bound ¢, from above by
P(no loop in Dﬁ(a’? intersects F and F°).

For small F, the probability ]P’(DE((;:F ) is connected) is small. Instead of
computing it, we shall consider its upper bound by the probability that the
total length of non-trivial loops on DE&’:F ) is greater or equal to |F|, that
is P>, cp N ) > |F'|) where N{*F) denotes the number of crossings of a
vertex x by the set of non-trivial loops included in F' at time «. Therefore
for a small set F', we shall use that

qFn < IP(Z N F) > F>P(no loop in DL, intersects F and F*).
el
We start by stating two lemmas: Lemma 5.8 provides an upper bound for the
probability that no loop in DL&"’ intersects F' and F°. Lemma 5.9 gives an
exponential inequality for P(} . Nz (anF) > |F'|) based on Markov’s inequal-
ity. To shorten the notations, let P(n) denote the power set of {1,...,n} and
let P.(n) consist of subsets of {1,...,n} of cardinality r.

LEMMA 5.8. For every non-empty proper subset F' of {1,...,n}, let A, r
denote the event ‘no loop in ’Dﬁgl) passes through both F and F°¢’ where
an, =¢(e+ 1)n(log(n) + a+o(1)).
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For every § €]0,1] there exists ns >0 such that for every n >ngs and for
every nl=d<r< %7

Z P(A, F) < % exp (—?nl_‘slog(n))

FeP,(n)

Proof. Let r € {1,...,n/2} and let F be a subset of {1,...,n} with r ele-
ments.

P(An r) = exp(—anu(l, € intersects F and F€))
- <det(G(F))det(G(FC)))a"

det(G)
In our setting, det(GP)) = (n(1+¢))~ 1P+ (n(14¢) — |D|)~! for every sub-
set D. Therefore, P(4,, r)=(1+ s(a{u) Il;:| (1— ‘%'))*an. Using that

() (-0

(see, for example, [2], Formula 1.5, p. 4), we obtain:

= s ool 04()

FeP,(n)

where f, is the function on ]0,1/2] defined by:

ﬂxx»—xbgu0+(1—wﬂoﬂ1—x>+“nd1**?bg<“+§%i;%>

for x €10,1/2], with u,, =log(n) + a + o(1).
The function f,, is of class C? in the interval ]0,1/2] and the first two
derivatives of f,, are:
o fn(z)=log(z) —log(l —z) + Unm7
o fI(x)= x(l—x)(1?—7;((?(—1;)?)(23(5-1—1)))2’ where @,, is the polynomial function of
second order defined, for every y, by:

, 1 1
+y e(l+e) <€(1+5) +2un>.

Thus f, has the following properties:
(1) 1i1’nnc—>0Jr fn(‘r) =0, fn(1/2) > 0,

(i) Timg o+ f4(2) <0, f1(1/2) =
(iii) f// =0 has at most two solutlons in 0,1/2].




MARKOVIAN LOOP CLUSTERS 553

A C? function in the interval ]0,1/2] that verifies conditions (i), (ii), (iii)
has the following property: for every ¢ €]0,1/2] such that f,(c) is positive,
1

the minimum of f,, on the interval [c,1/2] lies on ¢ or 35 (see Lemma A.2 in

the Appendix). In fact, (f,(1/2)),, converges to +oo, whence for sufficiently

large n, infme[c 1/2] fn( )_ fn( )
To conclude, let us consider f, at point - for some 6 €]0,1[.

f”(%) - _51(:55( ) + (1 - %) log(l — %)

n=0(1 —n-?
+ une(l+¢)log <1 + %) :

Therefore, f,(-5) is equivalent to 159 =9 Jog(n). We deduce that for sufficiently
large values of n and for every x € [n5 /2], fa(@) > fu() > 5= 9 1log(n) which

= 2ns

ends the proof. O

LEMMA 5.9. Let § and 6 be two positive reals such that 0 < § < § < 1.
Assume that k, =mne with € >0 and set o, = (1 + €)n(log(n) + a + o(1))
with a € R for every n € N.

There exists ng5 >0 such that for every n>nss, and F € P(n) with 2 <

[F| <n'?,
PN 2 1) <t
zEF
Proof. To prove Lemma 5.9, we shall apply Markov’s inequality to the

random variable exp(60>_ _. N, (a"’F)) for a well-chosen positive real 6.

el
The generating function of the vector (Ngga’F),x € F) has been computed
for any finite graph G = (V,€) in [9],° p. 37: ¥(s4).ev €]0,1]V,

E(H N ”) — (det([subay + A1 = 5)GE] )7

zEF

N(Oé F)

In our setting, the generating function of > satisfies:

xeF
E(SZIEFN;O“F)) = (det(sl|p| + /\(")(1 — S)G(F)))_a V0 < s <1,

n F
where A( ) = TL(E + 1) — 1 and G:(l;’y) = M”;H»l(]l{w:y} + m) for
x,y € F. The computation of that determinant is detailed in the Appendix
(Lemma A.3). We obtain:

(5.4) det (sIjp| + 2™ (1 - 5)G)

|F|—1
1—s IF| -1

=(1— ——— 1+(1—-85)—F—=|.

( WH) (H S)A<”>+1—|F|>

5 Formula (4.3), p. 37 in [9] contains a misprint: the exponent 1 in the left-hand side term
of the equation has to be replaced by a.



554 Y. LE JAN AND S. LEMAIRE

Equality (5.4) can be extended to s € R and the determinant is positive for

every 0 < s < I F‘ . By Markov’s inequality, for every 6 > 0,

(5.5) P(Z N E) > |F|) < exp(—vra(0)),

rEF

where g, (0) = —log(E(exp(—0|F| + 0 .p N. N F)))). The expression of

the generating function of ) _p N ) shows that the value of VEn(0)
depends on F' only via |F|; we denote it ¥p| ,,(¢). The value of ;. ,,(0) is

o1 0 r—1
wr7n(0) :9T+an <( )10g(1+)\(n) >+10g(1—(6 —1)m>>

for every 6 > 0 such that e’ < %

Set By = \/% and 6, ,, =1log(f8,,,) for every integer 2 <r <n. We

shall use inequality (5.5) for 6 =6, ,,. Before, let us note that

e min(B,,,r €{2,...,n'7%}) converges to +oo;
. max(%,r €{2,...,n'7%}) converges to 0.
Therefore, for sufficiently large values of n and r € {2,...,n'7%}, the two

conditions 0, ,, > 0 and exp(f;.,,) < % are satisfied.

It remains to bound from below 1 ,,(0;.1,)-
1 1
Urn(Orn) =7 <1Og(k(”) +1) — 5 log(an) — 5 log(r - 1)>
n—1
+Oén((T—1)log<1+ﬂT,L >

A 41

67“771_1
+log<1—(r—1)7)\(n)+1_r .

Using the classical lower bounds

2
log(1—t)>—t—t> for 0<t<1/2 and log(1+t)>t75 for ¢ >0

along with max((r — 1) )ﬁ[’;il,r €{2,...,n'7%) i O 0, we obtain

r
1pr,n(ar,n) Z 5 (IOg(n) - IOg(T - 1) - In,l) - In,2 - In,?n
where, for sufficiently large values of n

o [,,1 =log(l+ =) +log(log(n) +a+o(1))

2log(log(n));
o Lo =an(r = Vr s io <2r\/ (log(n) +a +o(1));

o I,3= an(r - 1)(ﬁ7,n - ]‘)2(2()\(n)+1)2 + (A(,L)T_Hl r)z) S 5+ 2(7" - 1)
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Therefore there exists a constant M such that for sufficiently large values of
n and for every 2<r < 2

Yrn (0rn) > g(log(n) —log(r) — 210g(log(n)) — M)

In particular for 2 <r < n'=% ¢, ,(0,,) > 65log(n) — 2log(log(n)) — M.
This shows that for every 0 < § < § and sufficiently large values of n,
min,c (o n1-s3 Yr.n(Orn) > 27’log( n) which ends the proof.

Let us note that a study of v, shows that for every r € {2,...,n'7%},
and sufficiently large values of n, 9, , has a maximum at a point which is
equivalent to 6., as n tends to +oo. O

We can now complete the proof of Theorem 5.6. Set S, , = ZFGP ) 4P
We shall prove that the upper bound of P(B,,), ZLZ;J Sy.n converges to 0 as
n tends to +00. By Lemma 5.8,

n/2

Z Srn<nexp< 125 1=%0g(n ))

r=nl-9

Let us consider the case of subsets F with 7 < n!'~% elements. Using the
notations introduced in Lemmas 5.8 and 5.9, we have

S’r,n S % exp (_nfn <%> - wr,n (gr,n)> .

By Lemma 5.9, for every 6 €]0, [, sufficiently large n and r € {2,...,n' =%},

s (o1 (2) )

Let us study the function f,(z) = f,.(z) + gxlog(n). By computations, we
obtain that f,(2/n) is equivalent to % log(n) as n tends to +0o0. The study
of f,, made in the proof of Lemma 5.8 shows that, for sufficiently large values of
n, f, is greater than f,(2/n) in [2/n,1/2]. Let us introduce a real & such that
0<6<3. We have shown that for n large enough and every r € {2,...,n'7%},

Srn < %n’% and thus

[SIE]

Sy <10
r=2

1
_§n

By taking 6 = 3/4 and 5= 2/3 for instance, we obtain that for sufficiently
large values of n, P(B,) < Y"1og(n) 4 p=12. This ends the proof of

Theorem 5.6.
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Appendix

LEMMA A.1. For a finite set E, let S denote the set of permutations of E
and let &Y consist of permutations of E without fized point. For two integers
r>2and 1 <k<r/2 let Pi(2,r) denote the partitions of {1,...,r} with k
blocks, each of them having at least two elements.

For a r x r matriz A and a real a, set

Per?y (A) = Z am(U)Al,a(l) o A'r‘,a’(7')7

where m(c) denotes the number of cycles in a permutation o (Per®(A) in-
troduced in [9], p. 41, can also be defined as the a-permanent of A with the
diagonal elements of the matriz set to zero).

Another expression of Per®(A) is

r/2

eS|
> o > H(m > Ao<1>,o<2>Aa<2>,a<3>"'Aaum>,a<1>>-
k=1

(7150003mE) EPB R (2,r) =1 0€6y;

Proof. For a finite set B, let &% be the subset of &g which consists of
cycles of length |B|. The decomposition of permutations into disjoint cycles
entails that

r/2

ZIUE SICRD SR | (D Ol | F)

=(m1,...,7x)EPL(2,7) J=1 ojEGfrj UET;

Therefore, it remains to prove that for every k > 2

k
1
A D [Aww=7 X Aowobewe  Aweo:
u=1

066?1’

Starting from a permutation v € &y, .z}, we define a cycle of length &k, F'(v)

such that
k

[T4ireo =4 me@A@we - Ao
i=1
by setting
v(1) if v=1(u) =k,
F()(u) = . o
viv ™ (u)+1) ifvt(u)<k-1
Conversely, starting from a cycle o of length k, we can construct exactly k
different permutations v1,. .., v, such that F(v1) =--- = F(v;) = o by setting

=l if =1,

v; = .

D=0 16) itjef2,.. . k)

This shows equality (A.1), completing the proof. O
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LEMMA A.2. Let a < b be two reals. Let f be a real function of class C? in
the interval ]a,b]. Assume that:
o lim, ,,+ f(LL‘) =0, f(b) >0,
o lim, ,,+ f/((ﬁ) <0, f/(b) <0,
e f"=0 has at most two solutions in |a,b].
Then for every c €la,b] such that f(c) >0, the minimum of f on the interval
[c,b] lies on ¢ or b.

Proof. The assumptions on f ensure that the only possible configurations
are:
(i) there exists p €]a,b[ such that f is a decreasing function on ]a, p[ and an
increasing function on [p,b];
(ii) there exists two reals p_ < py in ]a, b such that f is a decreasing function
on Ja,p_[, an increasing function on [p_, p4] and a decreasing function
on [,0+7 b]
Since lim,_,,+ f(z) =0, for every x € |a, b[ such that f(x) > 0, we have in both
cases inf [, 4 f(u) = min(f(x), f(b)). O

LEMMA A.3. Leta and b be two reals and let n be a positive integer. Let I,
denote the identity matriz of size n and let J,, denote the n X n matriz with
all entries equal to one. The determinant of the matriz M, =bJ, + (a — b)I,
is (a —b)""Y(a+ (n—1)b).

Proof. First, det(M7) =a. Let n>2. If we subtract the column n — 1 to
the column n and expand the determinant along the column n, we obtain:

det(M,,) = (a —b)det(My,—1) + (a — b) det(Rp—1),
where R,, denotes the matrix defined by

n {b ifn=1,
bJ, + diag(a —b,...,a—b,0) if n>2.
By applying the same transformations to R,,, we obtain
det(R,) = (a —b)det(R,_1) = (a — b)"'b.
The expression of det(M,,) follows by induction on n. O
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