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ON ABEL SUMMABILITY OF JACOBI POLYNOMIALS
SERIES, THE WATSON KERNEL AND APPLICATIONS

CALIXTO P. CALDERON AND WILFREDO O. URBINA

ABSTRACT. In this paper, we return to the study of the Wat-
son kernel for the Abel summability of Jacobi polynomial se-
ries. These estimates have been studied for over more than 40
years. The main innovations are in the techniques used to get

the estimates that allow us to handle the cases 0 < « as well as
—1 < a < 0, with essentially the same methods. To that effect, we

use an integral superposition of Natanson kernels, and the A. P.
Calderén-Kurtz, B. Muckenhoupt A,-weight theory. We consider
also a generalization of a theorem due to Zygmund in the context
of Borel measures. The proofs are different from the ones given
in (Sobre la conjugacién y sumabilidad de series de Jacobi (1971)
Universidad de Buenos Aires, Studia Math. 49 (1974) 217-224,
Colloq. Math. 30 (1974) 277-288 and Illinois J. Math. 41 (1997)
237-265). We will discuss in detail the Calderén—Zygmund de-
composition for nonatomic Borel measures in R. We prove that
the Jacobi measure is doubling and following (Studia Math. 57
(1976) 297-306), we study the A, weight theory in the context
of Abel summability of Jacobi expansions. We consider power
weights of the form (1 — )%, (14 )%, —-1<a<0,—-1<B<0.
Finally, as an application of the weight theory we obtain LP es-
timates for the maximal operator of Abel summability of Jacobi
function expansions for suitable values of p.

1. Introduction
Given a, 3 > —1, consider the Jacobi measure J*” on [—1,1], defined as
(1.1) TP (dx) = wa p(x)de = (1 — 2)* (1 + )" da.
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The Jacobi polynomials of parameters «, 3, {P%# }n>0 are orthogonal poly-
nomials with respect to the measure J7,

1
(1.2) / P,‘L’"ﬁ(x)P,‘fL’ﬂ(x)Ja”B(dx):0, if n#m,

-1
with

1 a+B+1
0B 12 o _ 2 'n+a+1I'(n+5+1)
(13) /,1[13" @] T ) = 5 T(n+ 1D(n+af+1)
= h{>h),

The normalization is given by

(1.4) Pos(1) = (”*O‘).

n

The main reference for Jacobi polynomials is [19], see also [1], [2], [13] and
[14].
The Jacobi functions are defined, for each n, as

(1.5) FB) (2) = PP (2) (1 — 2)*/2 (1 + 2)P/2.

Therefore, from (1.2) one gets that the Jacobi functions {F,(La’ﬁ )} are orthog-
onal on [—1, 1] with respect to the Lebesgue measure,

1
/ E&P(2)F&P (x)dx =0, if n#m.

-1

For any f € L?([~1,1],J%?®), we consider its Fourier-Jacobi polynomial ex-
pansion

oo

(1.6) Y F P ()PP (),

n=0

where .
N 1
Fem = —5 [ P )7 ),

is the nth Fourier-Jacobi polynomial coefficient.! Then its partial sum of f,
5B (f,x), can be written as

1
(L.7) s8(f,2) = / 5 ) )T )
where

o o~ PP (@) Pl (y
’Crriﬁ(xay) = Z ;/(173) ( )

n=0

L' In [8], the expansions are considered with respect to the orthonormal family.
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The kernel £ is called the Dirichlet-Jacobi kernel. Moreover, by orthog-
onality, we get

1
/ K2 (2, ) 75 (dy) = 1.
1

Given the Jacobi polynomial series expansion of f, (1.6), let us consider its
Abel summability

(1.8) feB(rz) = Zr"fo‘ﬁ) )PP (z), 0<r<l1.

Using a classical argument and the estimate (see [19], (7.32.1))
(1.9) | PP (z)| < Cnat1/2,

where ¢ = max(«, 8) > —1/2, it is easy to see that the series (1.8) converges
uniformly and absolutely on [~1,1]. Therefore f®#(r,z) has the integral
representation,

1
(1.10) Fe ) = K ) F) T ),
for f e L*([-1,1],J, ). Here
=, PoB(x)Pes
(1.11) K0 (r,a,y) = gor"—" ZL; ),

K is called the Watson kernel. Observe that the kernel is symmetric in «
and y, i.e. K@) (r z,9) = K@) (r,y,z). The positivity of this kernel was
initially proved by G. Gasper, see [11], [12]. The case of Abel summability
for Gegenbauer expansions was considered by B. Muckenhoupt and E. Stein
in their landmark paper in 1965 [16].

Analogously, for any f € L?([—1,1]) we consider its Fourier—Jacobi function
expansion

o0

(1.12) Y F P ()FrP (),

n=0

where

o 1 ! a,
FoP ) = | twF ),

is the nth Fourier—Jacobi function coefficient. Then its partial sum 5%°(f,z),
can be written as

(1.13) 58 (f,2) = / K5 ) () do
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where
Ko? (:c y)

P @) P (y)
- Z h(a’B

PP (z)PYP (y)
- Z h(aﬁ

n=0

X (1= )21 = )/ (14+2) "2 (14 )2,

Now, given the Jacobi function series expansion of f (1.12), consider its Abel
summability

(1.14) foP(rz) = Zr”f(a”g) VESP (), 0<r<l1.

Therefore, we also get the integral representation,

~ 1 ~
(1.15) Fesira = [ R r.9)(0) d
for f € L'([-1,1]), here
f(o"ﬁ(r x,y)
= ReA () FA(y)
- Z h(T
= i Paﬁma];a’ﬁ( 9 (1= 2)/2(1 = )21+ )21 4 )2

= K“’B(nfc,y)(l — )P (1= y) P (L4 2) P (14 y)"

KF is called the modified Watson kernel for Jacobi functions.
From the previous representation and (1.15) we get,

(1.16)  foP(rz) = (1—a)*/2(1 +2)°/?
8 / K (r,,y)(1— y)*/2(1+ )2 f(y) dy

In 1936 Watson obtained the following representation for K8 (r,z,y), see
[10], page 272, and also [21],

(1.17)  K*B(r,z,y) = r1=a=h)/2

7\'/2 24«
X i <k1+a+ﬁ / sec N +B CUCOS(O[ - ﬁ)w d(JJ) ,
dr 0 zo7Z5y
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where k = %(r1/2 +r~12) s =ksecw,

() e )

1
lesz—§(m+y)—|—Y, and

1
22282+§(x+y)+Y.

The integral in (1.17) can be proved that is convergent only if a+ 3 > —1; since
§>2,Y?%~s* 7y ~ 5% Zy ~ 52, then taking the change of variable s = ksecw,

/”/2 sec?ToHB y cos(a — B)w do < f—(2+a+B) /°° sl kds
w <
0 k

7070y 7075V sV/s? — k2
Assuming that 1/2 <r <1, and then 1 <k <3/2<2, for 2 < s < 00,
o gatB+l ks oo gatB+l ds
/z Z070Y sV — k2 N VsZ — k2

k

& 1
=C A st=0(a,ﬁ)<oo,
therefore

/2 24-a+8 _ 2 ca+p+1
/ sec wcgs(a Bw o < Ck7(1+a+'3)/ 52 - ds
0 212, Y g 82052052 \/s2 — k2

=C(a, B).
The Watson kernel is good for localization. The deficits of this representation
are:

e First, the integral is only convergent for o + 5> —1,
e It is not clear from the representation that the kernel is positive.

There is another representation of the Watson kernel obtained by W. N.
Bailey in 1939 ([4], page 102, see also [3], page 11),
MNa+B8+2)(1—r)
20082 (o + 1)I(B 4 1)(1 + 7)o tP+2

(a+ﬂ+2))m+n((a+g+3))m+n a2 m b2 "
XZZ minl(a+ Dm(B+ D <kz) (k)
D(a+B+2)(1—7r)

T 20HF R (a+ DI(B + 1)(1 + 7)ot hi2

(a+f+2) (a+F+3) a® b?
><F4< 5 , 5 ot 1B+ 5,05

K(o"ﬁ)(r z,y) =
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with a = ¥ (1_2)(1_y),b: Y (1+12)(1+y), and as before k= 1(r=1/2 4 71/2). Fy

is the Appell hypergeometric function in two variables,

Fi(e, ;7,75 2,9) sz,:ﬁ" m;"w’"y"-
n

n m

Let us observe that the condition for absolute convergence of the Fy func-
tion is |x|'/2 + |y|'/? < 1, see [20], and therefore the expression above for
K(@B)(r z,9) converges absolutely if z+ % < 1 and that there is not restric-
tion on a, 3, i.e., it is valid for any o > —1,5 > —1.
Observe that by direct inspection of Bailey’s representation it is clear that
K@) (1 2,9) > 0.

From the uniform convergence of the Jacobi polynomials series and the fact
that the system is complete, it can be proved, using the orthogonality, that

1
/ K(O"ﬁ)(r,x,y)J‘””B(dy) =1.
-1
On the other hand, by Holder’s inequality, it is easy to see that for 1 < p < o0,
(1.18) 1£22 o < s

where
1 1/p
s = ([ 1@ 75an)

is the LP norm with respect to the Jacobi measure J%#(dy).

Moreover, we have the strong LP-convergence of the Abel sum. We will
present an elementary and direct proof of this result, without further restric-
tion that a > —1,5 > —1.

LEmMMmA 1.1. For a> —1, ,B>—1
(1.19) Hfo‘ﬁ fH 0, asr—1,
for 1 <p<oo.

Proof. The proof will be done in cases, for different values of p.

(i) For the case p =2, using Parserval’s identity, the positivity of the kernel
K(h) (r,z,y) and the completeness of {Pﬁ"ﬁ}, we have immediately that
for f € Lz(J‘Lﬂ),

= P 2
1722 ) = Fllg a5 = 2 (02" = DIf P )] 0,
n=0
asr— 1.

(ii) For p#2, fix A >0, and let f € LP(J*?). Without any loss of generality
we may assume f > 0. Write f as f = f1 + fo with |f1| <\, f1 € L*(T*F)
and let us take A big enough that || f2||, <e.
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e Now if 2 < p < oo, then | £ <1 implies |£1[? < |L1]2,

1 B 1 P
0= il =22 3(5) 0-5(3)]
b,

LA\ 1/ 0|
=N §(X> (T")_§<7> 2,0,8

—o\p— 2
= 222N 0 () = [ 05— 0
as r — 1, from the previous case. Now from (1.18)

1150 () = fally os <2252 D o g+ 2l )

P, — P,
< 2p+1||f2||z ad < optlop,

e Finally, for 1 <p <2, since |f1| < A, using Holder’s inequality, we have
2
52 = g SO0~ 5l

p,a,f —
The inequality for fo is obtained similarly as in the previous case. [

The maximal function f; ; for the Abel summability of the Jacobi polyno-
mial expansions is defined as

1
[1 KB (r,z,y) f(y) T (dy)|.

We will give an alternative proof, as a consequence of the main result of this
paper, that, for a4+ 8 > —1, f;,ﬁ is weak-(1,1) continuous with respect to
J*P that is,

(1.20) ;5(1) = sup |fa”8(r,w)| = sup
o<r<1 o<r<1

Ca
0| ¢

On the other hand, using Bailey’s representation it is almost trivial to get,
fora>-1,6> -1

(1.21) T fap > A} <

La,B-

(1.22) 1742, oo < CI S lloo-
It follows then
(1.23) 152 5]l < Cllf lloo-

Therefore, by interpolation we get, for 1 < p < o,
(1.24) 1 fallas < Clfllpas-

For more details on the Jacobi maximal function can be found in [5], [6]
and [8].

After this paper was completed, we learned that there is some overlapping
with results obtained by A. Nowak, P. Sjogren and collaborators, see [17].
It is important to note that th Calderén—Zygmund decomposition for Jacobi
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measures was introduced in 1971 by Luis Cafarelli, as an auxiliary result, in
his doctoral dissertation, see [5].

2. Estimates of the Watson kernel
By the product rule in the Watson representation (1.17),
/2 (%
Ko8(r,3,y) = r0—o-p/2 L <k1+a+ﬂ / /2 sec?t 7w cos(a — B)w dw)
dr 0 7079y
we get four kernels A, B,C, D defined in the following way,

/2 qoe2+a+p _
A:T(ka—ﬁ)mi(klﬂwﬁ)/ sec wcos(a — Bw dw,
dr 0 z0 75y

/2 a
B — p(1—a—B)/2}1+a+8 / i(y*l sec2tet8 y cos(a — B)w .
o dr VAN
/2 2+a+
C:r(l—a—ﬁ)/2k1+a+ﬁ/ d sec BWﬂCOS(a—ﬁ)W dw,
0 art? zyy
/2 2+a+p _
—a— d g\ sec weos(a — Bw
D =ri-e 5>/2k1+a+ﬂ/ —(z,° dw.
' 0 ar (%2 727 “

Then we have, see [6], pages 282-283 or [8], Lemma 4.1, pages 245-249,
LEMMA 2.1. We have the following estimate for the Watson kernel,
(21) Ka’ﬁ(T,I,y)SO(Q,B)(1+L(T7.’E7:U)))

where C(a, B) is a positive constant, depending on o, 3 only, L(r,x,y) is the
integral

—(1—r 2 (s —min(z,y))—® ds
L(r,z,y)=(1 )/k (x—y)2+(s— 1)(s—min(gc,y)))3/2 (s—k:)l/Q’

where k= 3(r'/2 +r=1/2),0<2 < 1.

For the proof of this lemma, the following estimates will be needed, for

detail see Appendix in [8]. Let 1 <s<2,0<x<1,|y| <1. Then:

(i) s? —min(z,y) <4(s — min(x,y));

(ii) s —min(z,y) <2(s —zy) <4(s — min(z,y));
(iii) C1((z —y)?+ (s —1)(s —min(z,y))) < Y2 and Y2 < Co((z — y)? + (s —

1)(8 — min(z,y)));

(iv) s2 — mln(x y) < Z; < C(s? —min(z,y));

(v) 1<s? +max(z,y) < Z, < C;
(vi) If p(2,7) = (k — 1)/2(k — 2)Y/2, then k — 1 < ¢(z,r) <k —a, for k> 1;
(vii) C1(1—=7)2<k—1<Cy(1—72),if 0<ro<r<l1.
Here C, C1,C5 denote positive constants. From these estimates, observe that:
e By (iii), Y2 ~ ((z — y)* + (s — 1)(s — min(z,y))).
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e By (iv), Z1 ~ (s> — min(z,y)).
e By (v), Z5 is essentially a constant.

Observe that if —1 < x < 0 similar estimates hold, just changing the role
of o and . For details of the proof of Lemma 1 see [8], Lemma 4.1.

Finally in [6], pages 284-286 and [8], Lemma 4.1, page 254, the following
estimate for L was obtained.

LEMMA 2.2.

1 1
(22) L(T’,(ZZ,:L/) < Ca,ﬁ Z on/2 javB(I (.Z’ T))XIn(x,r)v
n=0 n )

where I(z,t) = [z — 2"¢(x,7), 2 + 2" @(2,7)] N [=1,1], X1, (2, 5 its charac-
teristic function and p(z,r) = (k — 1)Y/2(k — x)'/2.
Our aim in this paper to get another estimate for L(r,z,y) using super-

position of Natanson’s kernels. The following technical result, see (5.1) and
(5.2) of [8], is needed, for completeness the proof will be given.

LEMMA 2.3. For k chosen as above, there exist constants Cy and Co inde-
pendent of r such that,

2
(2.3) (177')/1C mds<01
and
2 1
(2.4) (1—7")/}6 (s—k)1/2(s—1)1/2(s—x)1/2ds<c2'

Proof. Let us prove first (2.3). Observe that, by the estimate (vii) we have
(k—1)~(1—=7)%1ie. (k—1)/2~ (1 —r). Then, integrating by parts,

2 1
(’“*1’1/2/,@ Goms-n®

= (k—1)Y/2 [2(2 — kY24 /: %ds}

2 (5 — k)1/2 2
-1 1/2/ (87 <( 1/2/
(k—1) o1 ds ey 3/2

1/2/ ds
A s—k+k—1)3/2

and

S/k (k1) (%] +1)3/2 ds

1 [? s—k
= — k d
)\/k 1( \ > 5<C,
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where A = (k—1) and the Poisson type kernel k1 (z) = W Observe that
The second estimate (2.4) follows immediately from (2.3). O

The following technical result is also needed for the proof of the coming
Theorem 2.6.

LEMMA 2.4. For any n>1
1 < C
sup < )
o<laj<1 [(z+a)2+1]7 7 [22 417

Proof. Let us consider two cases:

o If |z| > 3 that is, %>1, then for 0 < |a| <1

I B N B
|z +a| > |z| —|a] > + 1) > , SO

3 3 3
4fz[?
2
> .
|z +al* = =5
Thus
1 < 1
[(z+a)? +1]7 = [22E 4 1
@G __c
SRR L T [P [P
o If |z| < 3, then
1 <1 d 1 < 1 <1
. d Lo
GraZ+in = ™ 1 =2 ="
thus
1 SO (R ¢
[(z+a)?+1]n =7 7 [2+1]7  [2+ 11 0

DEFINITION 2.5. Given —oo < a < b < 0o, a Borel measure p with support
in (a,b), a nonnegative kernel K(r,z,y) depending on a parameter r, that
satisfies

(i) K it is monotone increasing in y, for a < y < x, monotone decreasing in
y, forb>y >z
(ii)

b
/ K (r,z,y)u(dy) < M,

where M is independent of x and r,

is called a Natanson’s kernel with respect to pu.
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THEOREM 2.6. For a > —1, the expression
2 s -« d
(2.5) L::(l—r)/ (s — min(z,y)) >
k(@ =y)?+ (s = 1)(s — min(z,y)))3/2 (s — k)!/?
18 bounded by a superposition of a family of Natanson’s kernels integrated
with respect to the parameter s.2 Calling K*(z,y,r,a) that bounding kernel,

we have that fol K*(z,y,r,a)(1 —y)*dy is bounded from above independent
from xz,r.

Proof. We will consider two cases,

(i) Case a>0.

(i-1) If x <y < 1: Calling (L,I) the corresponding part of L in this range
we have

(s —x)t— ds

2
(L 1) =(1- ’">/k (=92 + (s —1)(s — 2))3/2 (s — k)1/2

2 1 (s —x)~@
<a-n [ GBI (- 1)

1 1
X ds.

(O V) PN (e—— 7E

Considering the Poisson type kernel

kg(l‘) =

1
(22 +1)3/2

we get, for A\ =[(s — 1)(s — x)]'/?,
2 (s—x)* 1, [z—y
(L’I)S(l_r)/,c (sk)l/Z(sl)Xk2< B )ds

2 (s—x)™@
(1 fr)/’C m[ﬁ(x —y)ds

IN

with
1 1
Kyx(x—y)= [(s— 1)(s — 2)]1/2 ((%)24_1)3/2

[((s—1)(s—)]
1 T —y
=—k .
()

For fixed x, K)(x —y) is a Natanson’s kernel and moreover,

1
(s —x)™

Ky(z—y)

2 We are following similar notation as in [8].
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is a Natanson’s kernel (since 4 does not depend on y). Hence, this

s— 1:)“
integral with respect to s is also a Natanson kernel.

Now if we integrate (L, I) with respect to the measure p (dy) = (1—y)* dy,
noticing that on this range, (s —x)~* < (1 —y)~ %,

oo oo 1

using also Lemma 2.3, we get

1
/ (L. 1)1 — )™ dy

! 2 (s—x)7@ o
S/o (1—7")/k m[ﬁ(x—y)ds(l—y) dy

1 2 1

(i-2) If 0 <y < z: Calling (L, IT) the corresponding part of L in this range,
using the same notation as in (i-1), we have

)lfa

2 _
(L,I1) < (1—7) /k = k)(f’/z(j_ G @ vds

Now, writing

11—« —a

=(s—y)(s—y)
=[s—2)+(@—y]s—y)™"

(s—vy)

we get two terms,

(L, IT) < (1—r)/k E (k)l/z)(;a_l)K,\(w—y)ds

2 y)-e
l_r/ 1/25*1)(5f:c)(x_y)K*($—y)ds
= (L, I11) + (L 112)

The first term is analogous to case (i-1). But in this range

(s—y) *<(1-y)
and
(z —y)Kx(z —y)

< |z —y| 1
T s =D (s =)V (e )2 + 12
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1§ T M
(mnGoayr)? + D>

1/2 1 1
_ )2 (=Y )2
(s =1)(s — )] (([(571)(571)]1/2) +1)

<C

=Cl(s—1)(s— )]

Hence, by considering the Poisson type kernel k3(x) = ﬁ, we get, for
A=[(s = 1)(s —2)]"/?,

(z—y)Kx(z—y) <C[(s — 1)(s—x)}1/2%k3<x;y>

=C[(s — (s —2)] K@ ).
Finally, for fixed z, (1 —y)~*K)(x — y) is increasing for y < z, so is the

case for (1 —y) K5 (z —y). Thus, they are (one-sided) Natanson’s kernels.
Therefore, (L, IT) is then dominated by the sum of the kernels, for y <z

2 1
- | B2 D1 _g)"

KA(Z‘ - y) d57

and

2 [(sm (s — )2 *
00 [ e e e v

Then, integrating (L, IT) respect to the measure uq(dy) = (1 —y)*dy, on
this range, using (2.3), we get the uniform boundedness,

/0 (LI - y)* dy

! 2 (1_y)—a o
S/O (1—7")/16 m[ﬁ(m—y)ds(l—y) dy

' =D —a)"?0 -y . a

1 2 1
S/O (1*7’)/k mfﬁ(fﬂ*y)dﬂly

PN (PR O
[ 00| G i e s
<C.

(ii) Case -1 <a<0.
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(ii-1) If # <y < 1: Let (L,III), be the corresponding part of L in this
range, as

(L, 1) < (1— T)/k (5 k)(ls/z_(sx)_ 1)(5 )
1 1

X (s —1)(s—x)]/? (<W)2 +1)3/2
. o)
_(1—7“)/16 m[(}(ﬂj—y)ds.

This kernel is decreasing for y > xz. We need a bound for the integral with
respect to the measure p,(dy) = (1 — y)* dy. Now, let us write

r—y=[e+(1—s)—y]+(s—-1),

ds

and obtain
T—y o+ (l-s)—y s—1
[(s—=D(s—2)V/2  [(s—1)(s—2)]V/2 " [(s —1)(s —a)]V/?
If a = ——=L——, then we dominate K by

[(s=1)(s—a)]/2>

Ky(x—y) < sup L — 1 .
ol TG = s = D72 [ B e 1o
Using Lemma 2.4, with n=3/2, we get
C
ol [+ @ + 1P = 4 P72

Since a < 0, ¢¥(y) = (1 —y)* is an A;-Muckenhoupt weight with respect to
the Lebesgue measure, see [9], and therefore,

1

(1-y)° dy

— <OMip(z+ (1—5)),
/x (s —1)(s —x)]/2 [(%)2 +1]3/2

where M1 is the Hardy—Littlewood maximal function of v is a A;-weight, we

get

M(z+(1-5)) SCo(z+(1—9) =C[1— (z+(1-s))]"
=C(s—x)*.
Thus, by estimate (2.3)
/(L,HI)(l—y)“dySC(l—r)/k %
/ Kz —y)(1 — y)* dyds
<cC.
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(ii-2) Finally, if 0 <y < z: Let (L,IV) be the corresponding part of L in
this range,
2 1
L, IV)<(1-
BN 0-0) [ e
(s—y'™

X — ds
[(s = 1)(s = )" (e )* + D2

2 1
~a-n [ G R2(s—1)(s—a)

Now, since a < 0

Ky (z —y)ds.

(s=y)' < Cal(s—2)' ™+ (z—y)' 7],
we split the integral into two terms. The first term

(L,IV,1) = Co(1 — r)/k %m(m —y)ds.

The first term can be handled in a similar way as in the case (ii-1), taking
r—y=[(+1-s)—y]+(s—1),
and using again Lemma 2.4, with n=3/2. We get as before,
1 2 _
(s—x)"
LIV, D)1 —y)*dy <C(1— —_—
[ @vau-yrazca-n [ Lt
1
x / Kx(z—y)(1 —y)* dyds
<C.

For the second term,

-«

2
(z—y)
LIV,2)=C,(1— Ky(z —y)ds,
(L, 1V,2) = Ca( T)/k G2 - )5 —a) @ my)ds
the numerator can be rewritten as

(z—y)
(s 1)(s )] A)/2 r—y -
6000 (i )

<[(s—1)(s — )] """ K . 1;(;5, - > . 1} a-)/2

l—o

Then
(x —y) “Kx(z—y)
[(s = 1)(s — )]~/ (e )2 + U772
ST 0G- I () + P2
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=D (s — )]t 1
[(s—1)(s—x)]1/2 [(W)z T 1]3/2-(1-a)/2

= [(s =1 = )] TP @ ),

where

x 1 1
K" (z—y)=

(s —1)(s—a)]*/? (i)’ + 1)3/2-(1-a)/2

s—1)(s—x)]1/2
1 r—y
— <k
(5

with A= [(s — 1)(s — 2)]/?, and

1
(22 4+ 1)3/2-(1=a)/2"

k‘4(1‘) =

Since 3 — 152 =1+ a/2>1/2 ky is a Poisson type kernel.

Finally, as
(s —1)V2(s —2)Y2(s = 1) /% (s — )~ /2
<(s—DY3s—2)2(s—2)7

then (L,IV,2) is dominated by,
(1—7‘)/2 (s =)
k(s = k)2 (s = 1)1/2(s —2)1/?

Then, this is analogous to the case (ii-1), but with the kernel k4 and
therefore, using estimate (2.3), and weight theory we get that (L,1V,2) is
bounded. g

K" (x —y)ds.

3. Applications

We are going to obtain several consequences from Theorem 2.6.
First, we consider a result due to A. Zygmund (see [22], Vol. I, Lemma 7.1,
pages 154-155).

THEOREM 3.1 (Zygmund). Given —oo < a < b < oo, a Borel measure
with support in (a,b) and a kernel K(r,x,-) depending on a parameter r,
satisfying the following conditions

b
(3.1) [ 1ty <o

and

b x
(3.2) / (e, y)Va (K (1, dy)) < Mo, / (. 2)Va (K (r, 2, dy)) < Mo,
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Here, My, My are constants independent of x and r, u(x,y) = ff/\v;‘/u(du)
and Vo (K (r,x,-)) is the (first) variation of the kernel K (r,x,y) in the variable

Yy, namely,
‘/Q(K(T,Jf, )) = SUPZ|K(T7$7%) - K(rvxvyi—l)’7
i
where the supremum is taken over all partitions of [a,b] and the integrals are
considered in the Lebesgue—Stieltjes sense.

Then, for f € L*(u), we have

(3.3)

DIt < M),
where M depends only on My, Ms and

T = J 0

is the noncentered Hardy—Littlewood maximal function for f with respect to
the measure .

A kernel K (r,z,y) satisfying properties (3.1) and (3.2) will be called Zyg-
mund’s kernels.

Proof of Theorem 3.1. Using the integration by parts formula for Stieltjes
integrals, we have

/: K(r,z,y)u(dy) = (/b ) ) r) /: (. w0

b
— (b (r,,b) — / (e, y) K (rz, dy).

Therefore, by hypothesis

b b
!u(%b)K(m,bHS/ \K(m,y)\u(dy)Jr/ p(@,y) K (r,z,dy)

b b
< / | K (r,2,y) | u(dy) +/ p(z,y)Va (K (r,z,dy))
< M + M.
Now, for f € L'(11) and using again the integration by parts formula,

b
/ FW)K(r,z,y)p(dy)

(/:f(y)u(dy) (r,2,b) — / 'L
</:f(y)u(dy) (r,,b) - /b(/ dy>)K<r,x,dy>
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1

_ (m / bf<y>u<dy>)u<x,b>mm,b>

- / b(ﬁ / bf(y)u(dm)u(x,y>K<mdy>~
Thus,

/:f(y)K(T’,I,y)u(dy)‘

b
< £3(@) |l K (ry2,0)| + () / () Va (K (r, 7, dy))
< (M + M) f3(x) + Maf () = (M +20M3) £ (2). 0

In particular, Zygmund’s result implies Natanson’s lemma (see [15], Theo-
rem 1),

COROLLARY 3.2 (Natanson). Given —oco < a < b < 0o, a Borel measure
w with support in (a,b) and K(r,x,y) be a Natanson kernel. Then, for f €
LY (i), we have

(3.4) / K(r,2,9) f (0)u(dy)| < MF3 ().

Proof. We need to check that K satisfies the conditions of Zygmund’s re-
sult. Condition (3.1) is trivially satisfied and (3.2) are easily obtained from
the monotonicity conditions. (]

In particular, Poisson type kernels are Natanson’s kernels and therefore
they satisfy the conditions of Zygmund’s lemma.

Now, as a consequence of Theorem 2.6 and using Zygmund’s lemma we
have the following theorem.

THEOREM 3.3. Let a+ 3> —1 and f € L'(J*"?), define the operator

o ) 2 (s — min(z,y))
(3.5) Jaf(:r)—/o (1 )/k ((z — )2+ (s — 1)(s — min(z,y)))3/2
ds

X m(l —y)*f(y)dy.

l—o

Then,
(3.6) Jof(2) Cf7as(2),

where [7. 5 is the (noncentered) Hardy—Littlewood mazimal function with re-
spect to the Jacobi measure JB.
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Proof. The idea of the proof is as follows. By using Theorem 2.6 (for both
cases —1 < a <0 and 0 < «) and applying Zygmund’s result to the bound-
ing kernel (which is a combination of Natanson’s kernels) for the measure
Lo (dy) = (1 —y)*, we get the desire estimate for J, f.

We need to analyze two cases:

(i) Case a> 0. In this case we have, from the estimates in (i-1) and (i-2)
in the proof of Theorem 2.6, with the same notation used there,

Jaf(x)é(l—r)/k (S_S_l/z :_1 / Kx(z —y)f(y)(1 —y)“dyds
““”A m/ K@ —9)f(5) (1 — y)° dyds
[ (s—y)
200 [ e e
></ (x —y)Kx(z —y)f(y)(1 —y)*dyds
0
2 (s—x)™@
<t-n [ s [ - i - dds
+<1—r>/k m/ (@ —9)f(5) (1 — y)° dyds
ol (1—y)
wa-n [ (s BV2(s — 1)(s —2)
< [ K- i@y dyds
0

Since Ky(x —-) and K3 (z — -) are Natanson’s kernels, applying Zygmund’s
result with respect to the measure u(dy) = (1 —y)* dy and Lemma 2.3, we get

Jaf(2) <Cf7as(x).

(ii) Case —1 < a < 0. In this case we have, from the estimates in (ii-1) and
(ii-2) in the proof of Theorem 2.6

2 _ )«
Jof(z) SC(l—T)/k (5_(2)1%

X / Kx(z—y)f(y)(1 —y)*dyds

(s—xz)™ @

“C1=0 [ e
« [ Kale = 9)f )1 - )" dyds
0



362 C. P. CALDERON AND W. O. URBINA

2 (s—x)~@
00 [ G
< [ K- f) - e dyds
0

Since K (z —-) and K{*(xz —-) are Natanson’s kernels, applying Zygmund’s
result with respect to the measure p(dy) = (1 —y)® dy and Lemma 2.3, we get

Jof () SCf Fas (). U

OBSERVATION. Notice that there is another operator

0
(37) Jupf(z) = /

l-«a

_, 2 (s — min(z,y))
71(1 )/k ((z —y)?+ (s = 1)(s — min(x,y)))3/?
(0 ) d

With analogous arguments as in the previous result, for a + 5 > —1, we
have immediately

(3.8) Japf (@) < Cflas(@).

Therefore, by the continuity properties of f7. ,, we have the following
corollary.

X

COROLLARY 3.4. For a, 3> —1, the operators J, and Jo g are weak-(1,1)
continuous with respect to the Jacobi measure J*P.

Then, using the inequality (2.1) and the two previous results, we get that
Jacobi maximal function f; 5 (see (3.13)) is weak (1,1) with respect to the
Jacobi measure.

Now, let us consider a Calderén—Zygmund’s decomposition for a nonatomic
Borel measure 4 on R, implicit in Cafarelli’s doctoral dissertation [5] (compare
with the classical case, see [18]).

THEOREM 3.5 (Calderén—Zygmund). Given —oo < a < b < 00, a nonatomic
Borel measure p with support on (a,b), A\>0 and f € L*(u), f >0, then there
exists a family of nonoverlapping intervals {I} }

(i) )\<H(lk flk Yp(dy) <2,
(i) [f(@)] <A, ae. u,forwéékak-
P'roof

u(a ) f f(y)pu(dy) > X then

/ F)ntdy) = 51,

and then there is nothing to prove.
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° If @ b f f(y)u(dy) < A, then consider two intervals, Iy 1, Ip 2 with disjoint

interlors such that (a,b) = Ip1 U oo and p(loq) = p(lo2) = 2pu(a,b). Let
us observe that we can not have that the inequality

1
1To) Jr,., Fy)u(dy) > X,

hold for both ¢ =1 and 7 = 2 since otherwise,

1
m ) f(y)u(dy)

2 2
W0 o f(y)u(dy)Jru(IO’Q) .

which is a contradiction, then we have that at least one of then (or even
both) satisfy

Fy)u(dy) > 4A,

1
(o) o, fy)uldy) <A
In that case consider again two intervals, I; 1, I; » with disjoint interiors such
that Ip; =I;1 UL o and p(l; 1) = u(l;2) = %M(Io,z‘) = %u(a, b) and iterate
the previous argument. If we have
1

i /I  Snta) >

then
! 1
“(Io’i)/lo,i fmldy) < 77 (mb)f(y)u( )
2
= ul(a,b) /(a’b)f(y)u(dy) <2

Set Iy ; aside, it will be one of our chosen interval Ij.

This infinite recursion will give us a family {I} such that,
1
A< —— f(y)u(dy) <2
p(le) Ji

Set Gy =Ujpey Ix, then

W(G) Zufk AZ/f pan <5 [ s

/ F@nldy) = 517

Let us observe that if ¢ |, I then there is an infinite family of intervals
I containing x such that

1
—I)/If(y)u(dy) <A
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then by Lebesgue differentiation theorem, see Lemma 7 of [7], we get

e <Aae o ¢t
Now, set pu = M(Ik) flk Yu(dy) we can write f =g+ b where,

9(x) = fFxr—cy (@) + Y prxr, ()
k

and
b(z) = f(x) = g(x) = > (f(z) — ) x1, ().
k
g,b are called that good and bad part of f, respectively Obberve that
g <2\ in Gy, the bad part is only nonzero in G and fI Yu(dy) =0.

If Gx = Uk=1 I} where I} = 31 meaning that I} is the union of Ij with
two other intervals (one to the right and one to the left of it) with the same
p measure, that is, I} = I; U I, UI}, with p(I}) = p(I) = p(I})), then

0 > 3
G)\):ZM(I,:):3ZM(II€)§XHJCHLM' O
k=1 k=1

We can use Calderén—Zygmund decomposition for a kernel K(r,z,y) that
satisfies the conditions of Zygmund’s theorem.

PROPOSITION 3.6. Given a monatomic Borel measure p, with support in

(a,b), and K (r,z,y) be a Zygmund’s kernel. Then for f € L*(n) and x ¢ G%,
b

(39 sup) [ Kz flohulan) < O

Proof. We know by Zygmund’s lemma that

/ K(r,z,y)f(y)u(dy)

Now, using Calderén—Zygmund decomposition for f =g+ b, we get

b
/K(r,x,y w(dy) /ery w(dy) /Krscy Yu(dy)

and as |g| < 2), a.e. p, by (3.1),

/Kmy (v)u(dy)

If = ¢ G, using integration by parts, where Ij, = (a, bx,)

/Kmy ala)|

<2MiA.

K(r,z,y)u(dy) ’

I,
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by
S [0 - m) Kt
k a

by Yy
S ([ 00 = myutan) ) &)
K ag ag
as f;:(f(u) — pi)pp(du) =0, using that ¢ G, and (3.2)

b
[ K] <X [ wt Vi)
a k k
< C/\zk:/lk p(@,y)Va (K (r,z,dy))
gCA/G w(z,y) Vo (K (r,z,dy))

b
< C’)\/ u(x,y)Vg(K(r,x,dy)) < CA\Ms,.
Thus, for = ¢ G5
b
| KCan st < cr 0

This result could be extended to the case of measures that do have atoms.
The following result was proved implicitly by L. Cafarelli in [5],

sup
T

THEOREM 3.7. For o, 3> —1, the Jacobi measure J*P is a doubling mea-
sure.

Proof. Let us consider first the measure u(dy) =y*, in [0,1],a > —1. Then
we will see that p is a doubling measure on [0, 1].
Let k>2 and I, ; = [k277,(k 4+ 1)277] a dyadic interval. Observe that

(k+1)277 2—ia+l) +1 +1
L) = Cdy = ——|[(k+ 1) — kot
wh)= [ty = T )

Now let us consider 31 ; the interval with the same center (k +1/2)277 and
3 times the length of I ; that is, 31} ; = [(k — 1)277, (k + 2)277], then

(k+2)277 9—ila+1)
p(3Iy;) = /(kl)ZJ' yrdy = ——7-[(k+ 2" = (k= 1),
Thus,
p3Ly) _ (k+2)" — (k- 1)
1(Ir.;) (k4 1)at+l — gatl
B (1_|_ %)aJrl _ (1 _ %)aJrl
1+ Lyatl 1
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(3Tk,5)

It can be proved that the quotient o) is increasing in k for a € (0,1) and
<]

decreasing for a € (—1,0) U (1,00). By L’Hopital rule,
31, 21+ 2)"+(1—4)°
(31 5) — lim ( k) 1( k) —3
k—s 00 ,U(Ik,j) k— o0 (1 + E)a

Therefore if a € (0,1),

_ 3a+1 < N(SIk,j) <3
2a+1 _ 1 — N(Ik,j) -

Ca

and elsewhere
WGl 3
,U(Ik,j) = 9a+l _1
Similarly, using the same arguments, we can prove that p is also a doubling
measure on [—1,0].
Now observe that, by a change of variable, on [0,1] the measure y*dy is
equivalent to (1 —y)®dy, in the following sense

/Olf@)(l—y)ady:/olfa—u)uadu=/olmuadu,

and clearly there is a one-to-one correspondence between f and f. Similarly,
on [—1,0] the measure y®dy is equivalent to (1+ y)* dy.

Finally, as a consequence of the previous results we have that the Jacobi
measure J*?(dy) = (1 —y)*(1 +y)? dy in (0,1) is equivalent to y* dy and is
equivalent to y? dy in (—1,0). Therefore, J%# is then a doubling measure on
[-1,1]. d

3< Cy.

Now that we know that the Jacobi measure J*# is a doubling measure we
can use the result of A. P. Calderdn [7], in order to get the A, weight theory
for J*#. Remember a function w > 0, is an A, weight with respect to AL
we Ay, if

310 |garg [T an]

p—1
x [%/Bw(y)_l/(rl)J“’ﬂ(d?})] < Cp,
for 1 <p < oo and

(3.11) M sapsw(z) < Crw(z),

for p=1. For a complete exposition of the A, weight theory see, for instance,

the book of J. Duoandikoetxea [9].
In what follows, we will use the following notation for a measure u(dz) =

g(z)dx,
b b
/u(dy)=/ 9(y)dy = G(b) — G(a).
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We want to consider some interesting A; weights for the Jacobi measure.
Observe that by the factorization result (see Duoandikoetxea [9], Proposi-
tion 7.2, page 136) they are like building blocks for A, weights for p > 1.
First of all, we need the following technical result.

LEMMA 3.8. Let i be a nonnegative Borel measure on [0,1) and absolutely
continuous that is, u(dx) = g(x)dx where g is nonnegative and continuous.
Then if f is a nonincreasing nonnegative function, then

1 a
m/x fW)ay) dy

is also nonincreasing function. The same result is true for a nonnegative Borel
measure j on (—1,0].

Proof. Since

i (Garzaw [ oswa)

as ¢ >0and f(z) [ g(y)dy > [ f(y)g(y) dy. Therefore, the quotient is non-
increasing as claimed. O

We will use the previous result to consider lateral maximal functions. If
we consider the left lateral maximal function of nonincreasing nonnegative
function f,

fi(a)= Oigga / fW)g(y)dy,

we have, by Lemma 3.8,

0= g—em / =g [ Fwat)dy

as G(0) =0.
By analogous argument, we have that for a nonincreasing nonnegative func-
tion f, its the right lateral maximal function equals,

fr@=sw gt [t =),
O§a<z
The case of a general nonnegative Borel measure p can be obtained using
Helly’s selection principle.
Now, let us consider the A; weights for the Jacobi measure.
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LEMMA 3.9. (i) For 1 < a < oo, let us consider the power measure pio(dx) =
x*dzx on [0,1), then the function wg(z) =2% —1<a<0,a+a>—1is a A;
weight with respect to fiq,.

(ii) Similarly, considering the power measure pg(dz) =z dx on [—1,0),
then the function wE(at) =27 —1<B<0,8+5>—1is an A, weight with
respect to ig.

Proof. By previous considerations, the left maximal function with respect

to g is equal to,
a—H/ 1Y dt = —— / £ dt
T 0 z 0

C _ _
_ xa+a+1 — C.’I}a,

ZL’O‘+1

and the right maximal functions simply z%, thus the function wg(x) =

% —1<a<0,a+a>—11is an A; weight with respect to the measure p,.
Similarly, on [~1,0) wg(z) = 2P, —1<B<0,8+B>—1is an A; weight

with respect to the measure pg(dz) =2 dr,1 < < 0. O

Now we have the following result for the Jacobi measure. This result ex-
tends the set of weights that were considered in [8], where only positive power
were considered.

THEOREM 3.10. Given the Jacobi measure J%B (de)=(1-2x)*(1 +:c)5 dx
on [—1,1], the functions

(3.12) W p(@) = (1= 2)7(1+ )7,
are Ay weights with respect to J*P for a+a>—1,8+ > —1.

Proof. By Lemma 3.9 and similar arguments as above, the function
wg(z) =1 -2)%,-1l<a<0,a+a@>-11is an A; weight with respect
to the measure v, (dr) = (1 — x)%dz and similarly, the function wz(dz) =
(1+2)Pde,~1<B<0,8+F>—1>—11isan A; weight with respect to the
measure vg(dr) = (1 + z)?dr on [~1,0) and from there we get our result
immediately. (]

Finally, as a consequence of Theorem 3.10, we have the following result for
Abel summability of Jacobi function expansions. The maximal function f; 4
for Jacobi function expansions is defined as

(3.13)  frs(x)= sup |[f*P(r,z)|= sup
o<r<1 o<r<1

1
[ R ) () do

Then,
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THEOREM 3.11. For a< 0,8 <0 such that o+ > —1, the Abel summa-
bility of Jacobi function expansions we have for max[272|a|,272|6|] <p<
2 2
fal Ta1)

min|
HJES’BHP < CHpr-

Proof. Let us consider only the case of the interval [0, 1] with a < 0, the case
[—1,0] is totally analogous. From (1.16) we have, by the maximal inequality
of the Hardy-Littlewood function M, with respect to the measure v, (dz) =
(1—2)*dzx,

1
/0 B (r2,) f(y) dy
1
< Oyl —2)°0? /0 K8 (2, )(1— )2 f(y) dy

1
—Col1-2) [ K[ =) E W] (1= 0)" dy
0
< CM,, (1 =) 2f) (@)1 - 2)*/%.
Since this bound is independent of r, we get

sup / K8 (r, 2, 9) f(y) dy < Co M, (1= )=/2F) () (1 — )*/2.

0<r<1

Therefore, by the L? continuity of M,, with respect to the measure v,,

el [ [, [ e emsora] o
SCB/O (M, (1= )77 )] (@) (1 = 2)" da
! 2
gc,g/o [(1—2)"2f(x)]"(1 - 2)*dx

<0 / ()] dy = C| 3.

Thus,
1722, < Cllf -
Analogously, for the L? inequality. If p > 2,
. P
||f3"’||ps/ [sup / K (r,2,y)f(y)dy| de
0<r<1

e / My (1= )72/2 )] (2)(1 - 2)P2 da
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and observe that

(1 —z)P2 = (1 —g)P¥/2moto— (1 — 0% §=pa/2—a=a(p—2)/2;
(1 —2)°* is a A, (Va)-weight if 6 +a=ap/2 > —1, i.e. p<2/|al, and there-
fore, by the L? continuity of M, with respect to the measure v,,

/01 {/olkaﬁ(r’x’y)f(y) dyrdx <Cs /01(1 — )72 f(2)]" (1 — 2)*"/* da

1
=Gy [ @) da=Col 11
If1<p<?2, (1—2)P*?=is a A,(v,)-weight if and only if
(1 — g)Pa/2=0)(=1/(p=1)) _ (1 _ z)(~pa/2(p=-1)+a/(p=1))
= (1 — x)(Tae/2Faa/p)
is a Aq(va)-weight, % + % =1, see [9]. But
—qa/2+qa/p=—qa/2+qa/p=qa(l/p—1/2) =7,
and therefore (1 — x)P®/2=0)(=1/(F=1) = (1 — 2)7 is a A,(va dy)-weight for
q > 2. Then

([ &ertmmsya] e <o [ -y pw)a - e
Al J <o |

—Cp / [£(@)]"dz = Cal£]1.

From the previous case, the condition p < 2/|a| holds if and only if ¢ > 52

2—[a]’
so the general condition for p is
— _<p< .
2—|af |
Finally, the bilateral condition in [—1,1] is then
[ 2 2 } <p<mi [ 2 2 ]
max| ———,—— | <p<min|—, —|.
2—|al" 2|5 lal” |5] -

OBSERVATION. For the case of «, 3 positive, the previous result was ob-
tained in [8].
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