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INTERTWINING RELATIONS FOR VOLTERRA OPERATORS
ON THE BERGMAN SPACE

CE-ZHONG TONG AND ZE-HUA ZHOU

ABSTRACT. On the Bergman space in the unit disk, we study the
intertwining relation for Volterra type operators, whose inter-
twining operator is a composition operator. We also investigate
the “compact” intertwining relations for Volterra type operators.
As obvious consequences, the essential commutativity of Volterra
type and composition operators are characterized. At the end of
the paper, we find a new connection between the Bergman space
and little Bloch space through this essential commutativity.

1. Introduction

If X and Y are two Banach spaces, the symbol #(X,Y") denotes the col-
lection of all bounded linear operators from X to Y. Let K(X,Y) be the
collection of all compact elements of Z(X,Y), and 2(X,Y) be the quotient
set B(X,Y)/K(X,Y).

For linear operators A € #(X,X), Be B(Y,Y) and T € #A(X,Y), the
phrase “T intertwines A and B in #(X,Y)” means that

(1.1) TA=BT and T 0.

Notation A < B (T) represents the relation in above equation. In 2008, Bour-
don and Shapiro [4] showed that the relation o is neither symmetric nor
transitive. When the Banach space X becomes a Hilbert space and AA < A
for some A\ € C, we call A an extended eigenvalue and the intertwining operator
an extended eigenoperator of A (see more specific details in [4]).
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Another phrase “T intertwines A and B in 2(X,Y)” means that
(1.2) TA=BT mod K(X,Y) with T #0.

Notation A xx B (T') represents the relation in equation (1.2). In fact, if T
(either in equations (1.1) or (1.2)) is an invertible operator on X, then the
relation o< is symmetric, respectively.

Let D be the unit disk in the complex plane. Denote by H (D) the class of all
holomorphic functions on D, and S(D) the collection of all the holomorphic
self-maps of D. For ¢ € S(D), we define the composition operator C, by
Co(f) = fop, where f € H(D). If dA(z) represents normalized Lebesgue area
measure, it is well known that every composition operator acts boundedly on
weighted Bergman spaces

azi={ren@) 1l = [P aan) <o) (>,

where dA,(z) = (1 + a)(1 — |2]?)*dA(z). For the non-weighted Bergman
space, we simplify the notation Af as AP.
A function f € H(D) is called a Bloch function if
Ifllz:= sup(l — |z|2) ‘f’(z)’ < 00.
z€D

The Bloch functions equipped with the norm | f|| = |f(0)| + ||f||z form a
Banach space, which is called the Bloch space and denoted by B. Let B, be
the subspace of B consisting of those f € B for which

|ii|gll(1 — 2]?)| £/ (2)| =0.

And we denote by H the bounded analytic functions space on D.
If g € H(D), the Volterra operator Jy is defined by

Jyf(2) = / T FO9(©)dc;

another integral operator, named co-Volterra operator, I, is defined by

If(z) = /0 T FO9(0)dC,

where z € D and f € H(D). The operator J, is actually a generalization of
the integral operator (when g(z) = z). The operators J,; and I, are close
companions as a consequence of their relations to the multiplication operator
Myf(z) =g(2)f(z). To see this, note that integration by parts gives

M,f= f(0)g(0) + Jof +14f.

The discussion of J, first arose in connection with semigroups of composi-
tion operators, and readers may refer to [14] for background. Recently, char-
acterizing the boundedness and compactness of J, and I, on certain spaces of



INTERTWINING RELATIONS FOR VOLTERRA OPERATORS 197

analytic functions becomes the most active work. For example, the bounded-
ness of J, on Hardy spaces, Bergman spaces, BMOA space, Bloch space and
Q, space are characterized in [1], [2], [14], [15], [17], [18], respectively. In this
paper, we use the symbol Vj to represent both J; and I,.

As a result of Victor Lomonosov’s invariant subspace (cf. [10]), the concepts
of extended eigenvalue and eigenoperator were introduced by Biswas et al. [3]
in 2002. The notion of extended eigenvalue has recently been studied exten-
sively on the space L2[0,1] (see [3], [9], [12], [13]). Most of them have found
some important connections between composition operators (on L?[0,1]) and
eigenoperator for Volterra type operators.

Based on those foundations, we investigate the intertwining relation in
B(AP) = B(AP, AP) for Volterra type operators by intertwining some com-
position operator, and we give some applications to extended eigenvalues of
Volterra type operators. We also find the spectrum of some composition
operators. Second, the intertwining relations for Volterra type operators in
Q(AP) = 2(AP, AP) are studied in Section 4. As consequences, we give neces-
sary and sufficient conditions on the essential commutativity of Volterra type
and composition operators. At the end of this paper, we study a new collec-
tion of the symbols of Volterra type operators, and the idea together with its
concept arise from the essential commutativity of V; and C,.

Throughout this paper, C' is abused to denote any arbitrary positive con-
stant.

2. Preliminaries

We consider the weighted Bergman spaces AP, for p > 1 and a > —1 with
their norms as defined in the introduction. In the study of the bounded-
ness (and compactness) of integral type operators J, and I,, we use another
equivalent formula of the Bergman norm.

LEMMA 2.1 (Theorem 2.17 in [19]). Let > —1 and n,p be two nonnegative
integers. Suppose that f is analytic in D, then f € AL if and only if

(1—12*)" f"M(2) € LP(D,dA,).
Moreover, the norm of f in AP is equivalent to the following formula:
FO 4 [FO] -+ [0 DO+ (L~ =) £ g

The notation A < B indicates A < C - B for positive quantities A, B. And
if A< B and B < A, we write A~ B.

Recall that if Q is a topological space, a covering space of € is a pair
(G;7) where G is also a connected topological space and 7: G — 2 is a sur-
jective continuous function with the property that for every ¢ in 2 there is
a neighborhood A of ¢ such that each component of 771(A) is mapped by
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7 homeomorphically on to A. Such a neighborhood A of ( is called a fun-
damental neighborhood of ¢. If (G;7) is the covering space for a region  in
C and if G is itself contained in C and 7 is analytic, we will call (G;7) an
analytic covering space.

LEMMA 2.2 (Theorem 1.3, p. 110 in [6]). Suppose (G;T) is an analytic
covering space of Q, X is a region in the plane, and f : X — Q is an analytic
function with f(xg) = oo =7(ag). If X is simply connected, then there is a
unique analytic function T : X — G such that f =7 0T and T(xo) = ao.

Boundedness and compactness of V,; on Bergman spaces are characterized
in [2], [16] and [11], and we summarize them as below lemma.
LEMMA 2.3. Let a,f € (—1,00), 0<p<g<oo and g€ H(D). Then
(i) Jg: Ab — A} is bounded if and only if

1—lfta 146

(2.1) suplg'(2)[(1—[2°) » T 7 <oo;
z€D

Jg: AL — A‘é is compact if and only if

148 1+«
)T —o,

2.2 lim |¢/(2)[(1 — |22
(2:2) Jim |¢(2)] (1~
(ii) I, : A% — A% is bounded if and only if

148 14a

(2.3) sup|g(z)‘ (1—1]2*) 7 7 <oc;
z€D

Iy 2 AL — A} is compact if and only if

148 1+a

1 — 2 a [ —
(2.4) lggll|g(z)|(1 |2]?) =0.

We write V{gp;g,h| for the operator C,Vy; — V;,Cy,, which acts on the
Bergman space AE. In the following contents, we denote by K the collection
of all compact linear operators on AP. The following lemma is the crucial
criterion for compactness. The standard version and its proof can be seen in
[7], Proposition 3.11.

LEMMA 2.4. Suppose that ¢ € S(D) and g,h € H(D). Then V]p;g,h] is a
compact operator on AL if and only if for any bounded sequence {fi}, k=
1,2,... in AP which converges to zero uniformly on compact subsets of D,
Vip; g, fr converges to zero in the AL norm topology as k tends to infinity.

Next we will state the generalized Carleson measure theorem for AP. It
has been obtained by several authors in different forms. We choose to use the
version in [20]. We simplify those results in the one dimensional case as follows.
For ¢ > 0, let i1 be a positive Borel measure on D, and X be a Banach space
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of analytic functions on ID. We say that u is an (X, g, k)-Carleson measure if
there is a constant C' > 0 such that, for any f € X,

/D 1709 (2)] " du2) S |1 F11%-

It becomes standard Carleson measure if k=0.
For any ¢ € 0D and r >0 let

QT(C)Z{ZE]D: \C—z|<7‘}.

These are Carleson squares in the unit disk. For any R >0 and a € D, we
write

D(a,R) = {ZG]D): R <R}.
1—-az
When « > —1, the condition
1(Qr(Q)) <Cr**e, r>0,( €D,
is equivalent to the condition
1(D(a,R)) < Cr(1— |a|2)2+a, a€D.
See Lemma 5.23 and Corollary 5.24 of [19].

THEOREM 2.5 (Theorem 50 in [20]). Suppose 0 < p < g < oo, « is real, and
W is a positive Borel measure on D. Then for any nonnegative integer k with
a+ kp > —1 the following conditions are equivalent.

(a) p is an (AL, q,k)-Carleson measure, that is

J1 ) antw) £ 171

for all f € AP.
(b) For each (or some) s >0 there is a constant C >0 such that

(1—|z[*)®
/D |1 — wz|stCratkp)a/p dp(w) <€

for all z € D.
(¢) w(Q,(¢)) Srtetkr)alr for all v >0 and ¢ € OD.
(d) For each (or some) R >0, u(D(a, R)) < (1—|al?)@tetkp)a/p for alla € D.

Then its little oh version can be formulated as below.

THEOREM 2.6 (pp. 55-56 in [20]). Let p,q,a,pu and k be defined as in
Theorem 2.5. Then the following four conditions are equivalent.
(a) If {f;} is a bounded sequence in A?, and f;(z) — 0 for every z € D, then
lim / £ (2)|* du(z) = 0.
D

Jj—o0
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(b) For every (or some) s> 0, we have

: (1= |z dp(w)
\Z\IEI} |17wz|5+ (2+a+kp)a/p =0.
(¢) The limits
1(Qr(4))

lim ———————— =
r30% pEFaTkp)alp

holds uniformly for ¢ € OD.
(d) For every (or some) R >0, we have

L uDeR)
la|]>1- (1 — |a|?)@tatkp)a/p

3. Intertwining relations for integral-type operators in %(A?)

PROPOSITION 3.1. Let ¢ and v be analytic self maps of D, and g, h € H(D).
As four operators C.,,Cy, Jg, J, acting on AP, we have C,Jy = J,Cy if and
only if
(a) either g is a constant, or ©(0) =0; and
(b) ¢=1; and
(¢) h=gop+C, where C is an arbitrary constant.

Proof. C,J, = JnCy if and only if |C,Jy — JpCy|| =0, that is

1(Cpdg = InCy) Sl
sup =0.

f 1f 1l

By Lemma 2.1, we have

||(Cng - Jwa)ng

p

~
~

»(0)
/O J(OFQ)dC
+ / 17(0(2) 9 (0(2)9'(2) — @)W ()P (1 = |212) dA(2).

Hence, for each f € AP,
(1) i 9'(0)f(¢) d¢=0; and
(2) 1£(e(2)g'(0(2))¢' (2) = f(¥(2))W (2)|(1 = |2*) = 0 a.e. on D.

Item (1) holds trivially when ¢(0) =0. Assuming that ¢(0) #0 and ¢'(z) =
>0 a;jz?, we put f(z) =27 (j=0,1,2,...) in item (1), then the following




INTERTWINING RELATIONS FOR VOLTERRA OPERATORS 201

equations can be obtained:

1 1
ap + 5a19(0) + 7 asp(0)% +--- = 0;

2 3
1 1 1
300+ 501%0(0) + 10290(0)2 +--=0;
11 1 ,
390 + Zalap(O) + —a2p(0)* +---=0;

5

We write those equations in matrix form:

112 1/3 - a
A(ao,a1<ﬂ(0),a2<p(0)2,...)T: 12 1/3 1/4 - a1¢(0) 0.

1/3 1/4 1/5 - | | aap(0)?

According to discussion from p. 306 to p. 307 in [5], matrix A is formally
one-to-one. Hence, a; =0 for all j=0,1,2,..., that is g=C.
By item (2),
[F(0(2)9' (#(2))#'(2) = f((2))1'(2)| =0 a.e. on 6D

for some 0 <0 <1 and each f in AP. That implies

Fo(2))d' (0(2)) @' (2) = f(1(2)) W' (2)
for each f € AP from Uniqueness theorem. By choosing f(z) =z and f(z) =
22, we obtain (c) and (b).

Conversely, if (a), (b) and (c) hold, the equality C,J, = J,Cy, follows by a
direct computation. O

Similarly, we have the following proposition.

PROPOSITION 3.2. Let ¢ and ¢ be analytic self maps of D, and g,h € H(D).
As four operators Cy,,Cy, 14,1 acting on AP, we have Cy,ly = I;,Cy if and
only if
(a) either g=0 or ¢(0) =0; and
(b) ¢=1; and
(¢) h=goop.

Having Propositions 3.1 and 3.2, we obtain next theorem in summary.

THEOREM 3.3. Let ¢ be an analytic self map of D, and g,h € H(D).
(a) When g,h € B, then J, o< Jo(Cy,) if and only if

either g is a constant, or ¢(0) =0, and h=go v+ C,
(b) when g,h € H*(D), I, o< I,(Cy,) if and only if
either g=0 or ¢(0)=0, and h=go .
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Let f,g be two holomorphic functions on ). If there is an analytic self
map of I, namely ¢, such that f = go ¢, then it is clear that f(D) C g(D).
Conversely, we can get a simple conclusion from Lemma 2.2 for a covering
map g as follows.

PROPOSITION 3.4. Let nonconstant g,h € H(D). Suppose g is a covering
map.

(a) For some constant C, if (h+ C)(D) C g(D) and h(0) + C = g(0), then
there exists a p € S(D) such that Jg o< Jp (Cy);

(b) if h(D) C g(D) and h(0) = g(0), then there exists a ¢ € S(D) such that
LIy, (C,).

Proof. For (a), g is a covering map, and the pair (D;g) is an analytic
covering space of g(D). Since

h+C:D— (h+C)(D) C g(D)

is a surjective map with (h 4+ C)(0) = ¢g(0), Lemma 2.2 shows that there is
a ¢ € S(D) such that h+ C =go e and ¢(0) =0. Then item (a) follows
immediately from Theorem 3.3.

The proof of (b) is similar. O

Next, we look into some simple applications of intertwining relations for two
Volterra operators with a composition operator as their intertwining operator.

When p = 2, the classic Bergman space .42 is a Hilbert space. Its evaluation
function at w is denoted by

_
(1 —wz)2’

and (f, K,,) = f(w) for every f € A? where (-,-) stands for the inner product
of A2. The evaluation of the derivative of functions in A% at w is denoted by
KW, and (f, KS)> = f'(w). (Interested reader can see more details on those
kernel functions of A? from p. 16 to p. 20 in [7].)

First, we use intertwining relations to observe some simple properties of
extended eigenvalues and extended eigenoperators of Vy:

Let A€ C and g € B.

(1) 1is always an extended eigenvalues of V;

(2) If |A] <1, then A cannot be an extended eigenvalue of J;, with some
composition operator as its extended eigenoperator;

(3) If g€ H*® and |\ <1, then X\ can not be an extended eigenvalue of I,
with some composition operator as its extended eigenoperator;

(4) If g € H* with non symmetric image then A # 1 cannot be an extended
eigenvalue of I, with some composition operator as its extended eigenop-
erator.

K,(z)=
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Another application of the intertwining relation for Volterra operators oc-
curs in the study of the eigenvalues of some composition operators on a sub-
space of the Bergman space A%. In Proposition 3.1, the constant term in the
equivalent norm leads to ¢(0) =0, which seems too strict. And if we con-
sider a subspace of A? denoted by A%/C (whose elements are in A% without
distinguishing a constant), the item [|(1 — |2|?)" f(")(2)|r2(a4) for f € A?/C
becomes a norm for that subspace. On this subspace, the characterizations
in Proposition 3.1 should be reduced to item (b) and (c). Also according to
Littlewood subordination principle, every composition operator is bounded
on A?/C. To study the eigenvalues for some of those composition operators,
we may look into the adjoint of Volterra operator V, first.

PropoSITION 3.5. Let K, and KQ(UI) be defined as above, V* be the adjoint
of V.
(1) If g € B, then J} is bounded on A?, and

JIK,, 7/ Kc(z)d¢ (VzeD).

(2) If g€ H*, then I is bounded on A2, and

K, = / 2)d¢ (VzeD).
In particular, V1=V Ko =

Proof. The boundedness of J; and I can be obtained by Lemma 2.3. For
each f € A% and z €D,

(f(2), Ty Ku(2))

—~

ny w)

UG Ka(2))

Il
@\c\c\c\/\
Q

(2))g'(¢)d¢
"© / () Re(2) dA(2)dc
£(2) / * (ORI dCdA()

= (). [ soREIAC).

where Fubini’s theorem is applied in the next-to-last equation.
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Similarly, we can compute /7 K,, as the following:
(f(2), I; Ku(2)) = (Iyf(2), Ku(2)) = I, f (w)
- [ s O @)

- <f<z>, | at0rDe) d<>.

Since f € A? is arbitrary, we have obtained the desired conclusions. O

THEOREM 3.6. Assume that ¢ € S(D) has an nonzero fized point w € D. If
there exist a non constant g € B and a nonzero complexr number X such that
at least one of the following two holds:

(a) Ky ¢ker(Jy) and
(3.1) Ag+(1=Ng(w) =gop;

(b) KW ¢ ker(I;) and equation (3.1) with g(0) = 0.

Then 1/X is an eigenvalue of C7, which acts as the adjoint operator of C,, on

A2/C.

From the theorem above, we firstly note that |A\| <1 since the range of
Ag + ¢ should be in the range of g. Second, the term “(1 — \)g(w)” in (3.1)
is just for the purpose of making A independent with respect to the value
of g(w). For example, A dose not need to be 1 when g(w) =0, and we note
that, in that case, all the extended eigenvalues of C, with some J;’s as their
extended eigenoperators are the eigenvalues of C,,.

Proof of Theorem 3.6. If condition (a) holds, we have J, oc Jyg (Cy) from
equation (3.1). Hence

(Cpdg)™ = (IrgCy)"
= JICL=CLT5,
= JICIK(2) = ChT3 Ku(2)

o K (2)=C /0 2 (OFL(2) d¢

= AC /O 7R (2)d¢ = JTK, = /O 7 (OF(2)dcC.

Since K., ¢ ran(Jy)" =ker(J;), we have J7K,, # 0, and subsequently /) is
an eigenvalue of C7 with J; K, as its eigenvector.
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Similarly, if condition (b) holds, we obtain I, o< I (C,) this time. Then
the same computations give

ACs / QRO () dc = / CgORD () de.

By applying K" ¢ ran(I,)* then, the proof is complete. O

REMARK 3.7. On the Bergman space A2, the former theorem dose not
work, since each analytic self map of the unit disk shall have only one inner
fixed point (Schwarz-Pick theorem, see Theorem 2.39 in [7]), and VKo =0
by Proposition 3.5.

4. Intertwining relations for integral-type operators in 2(A?)

In this section, we apply the equivalent norm (in Lemma 2.1) without con-
cerning the constant item, since the constant has no effect on the boundedness
and compactness of Volterra operators. Our results of “compact” intertwining
relations for J,; can be seen as simple corollaries of the main theorem in [8].
We modify the notation in [8] slightly, and define a integral operator

b B 1—|al? (24+a)a/p .
Iap,a,ﬁ(u)(a’) —/D<71 Fw(w)2> ‘u(w)| dAg(w).

THEOREM 4.1 (Theorem 1 in [8]). Let 1 <p<g¢g< oo, o, > —1, uc H(D)
and ¢ € S(D). Then the weighted composition operator uCy, is bounded from
AL into A% if and only if

(4.1) Slelg 129, 5(u)(a) < oo.

THEOREM 4.2 (Theorem 2 in [8]). Let 1 <p<q< oo, o, > —1, u € H(D)
and ¢ € S(D). Assume that uCl, is bounded from A}, into Af. Then

[uCyl|d ~ liﬁs%plil‘;ﬁ(u)(a).
a|—

Now we are ready to discuss the “compact” intertwining relations for
Volterra type operators.

COROLLARY 4.3. Let 0 <p<g< oo, and o, > —1. Assume that ¢ €
S(D), both g and h are in H(D). Then:

(i) Jlp;g,h] is a bounded operator from AL into A% if and only if
ilelgIg’z’quB((g o —h)")(a) < oco.

(ii) J[p;g,h] is a compact operator on AL into A% if and only if J[p;g,h] is
bounded and
Jim 12 s ((g0 0 = 1)) (@) =0.
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Proof. We note that

(Cpdy — JnC,) (/ flw >_Jh(f090)(2)

@(z) z
- / f(w)g' (w) dw — / £ (p(w)) b (w) duw,

thus
1713 9,1 £ [
~ [0 (o)) () = £l ()" (1= 1) a5 (2
~ [lgow=m @I ()] ddgin(2)
=lgoe—hCoDs |
Hence, by Theorems 4.1 and 4.2, we have (i) and (ii). O

THEOREM 4.4. Let ¢ € S(D), and g,h € B. Assume that both Volterra
operator Jg, J, and composition operator Cy, are bounded linear operators on
the Bergman space AP. Then J, xi Jp, (Cy) if and only if

Jim, 1256, ((gow—h))(a)=0.

Proof. See the definition of “intertwining relation” and Corollary 4.3. O
Next, we are going to discuss the intertwining relations for I, and I; with

some composition operator C, intertwining. For ¢ € S(D) and v € H(D), a
weighted differential composition operator is defined by

uCLf =u-(foyp),

where f is in H(D). We first give a lemma on the boundedness and compact-
ness of this operator from AP to Aqﬁ. We define another integral operator

by
_lal? (2+a+p)q/p
w2, = [ (i) [u(2)e' ()] 5 (2).

LEMMA 4.5. Let u be in H(D) and ¢ in S(D). For 0 <p<q<oo and
a, 8 > —1, the weighted differential operators uCZD is defined as above from
AP to Aqﬁ. Then:

(i) uCy, is bounded if and only if

sggﬂi’qa 5(u)(a) < oo;
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(ii) uC;, is compact if and only if uCy, is bounded and
: Pyq _
|¢Hgll 177, s(uw)(a) =0.

Proof. For (i): by definition, uC{, is bounded from A%, into A% if and only
if for any f € Ab,

(4.2) 1CE) oy S 11
Letting w = ¢(z), we get
1 ) £ 171

where fiy,, = vy, 0 ¢~ and dyy, ,(2) = [u(2)¢’(2)]9dAg(z). And equation
(4.2) implies that dj, ., is a (AE,q,1)-Carleson measure. By Theorem 2.5,
this is equivalent to

(1—la?)®
ilelg/m)(H — aw|s+@+atkp)a/p s (w) < 00,

for every s > 0. Putting s = (2 + a+ kp)g/p and changing the variable back

to z we get (i).
For (ii) similarly as the proof of (i), the equivalence of (a) and (b) in
Theorem 2.6 is suitable to obtain the compactness of uC/, from A% into A%.
O

By direct calculation and Lemma 4.5, the following corollary can be ob-
tained similarly as Corollary 4.3, thus we omit the proof.

COROLLARY 4.6. Let 1 <p<gqg<oo, o, >—1. Assume that p € S(D),
both g and h are in H(D). Then:

(i) Ilp;g,h] is a bounded operator from AL, into A% if and only if
igg 2% 1p(g09—h)(a) <oo.
(ii) I[p;g,h] is a compact operator from AP, into A} if and only if I[p; g, h]
is bounded and

Im 12 (900~ h)(@)=0.

Let g=p >0 and a= =0, we obtain the following theorem.

THEOREM 4.7. Let ¢ € S(D) and g,h € H>®. Assume that I;,I, and C,
are bounded linear operators on the Bergman space AP. Then I, xgi I, (Cy)
if and only if

©,0,p

lim 11”0 (9o —h)(a)=0.
|a]|—1
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5. Essential commutativity for Volterra and composition
operators

If Vo xx Vg (Cy), we say V, and C, are essential commutative. In this
section we will discuss the essential commutativity for V; and Cy,. In fact it
is an obvious consequence of Theorem 4.4 and 4.7. That is,

(A) If ge B, J, and C, are essential commutative if and only if

Jim, 6, ((gop—9))(a)=0;

(B) If ge H*, I, and C, are essential commutative if and only if

S, 175 (g0 — g)(a) =0.

Since every analytic self map of unit disk induces a composition opera-
tor on AP, it is natural to ask whether there is a non-constant holomorphic
function g on D such that Vj is bounded and essentially commutes with ev-
ery C,. Furthermore, can we characterize the set of all such g7 By the
way, we call this collection of g the universal set of Vy, and we denote it by
Qo (Vy) where “co” stands for the intertwining operator— “composition op-
erator.” The existence is quite simple, just note that each compact V; on
AP can be made to commute essentially with every composition operator C,
on AP.

According to item (A) in this section, we can draw the following conclu-
sion.

THEOREM 5.1. Let Qco(Jy) be the universal set of Jy, then
Qeo(Jy) = Bo.
To prove this, we need the following approximation. See Theorem 1 and 10
in [8].

LEMMA 5.2. Let u e HD), 1 <p<g<oo, and o, > —1. Let the multi-
plication operator M,, be bounded from AP into A%. Then
[ My le = limsup Liq,q,p(u)(a)
la]—1
~ limsup|u(a)| (1 — |a|2)(B+2)/q_(a+2)/p.
la]—1

Consequently, M,, is compact from AP, into .Aq if and only if

. (B+2)/q—(a+2)/p
1 =0.
T [u(@] (1~ af?)
Proof of Theorem 5.1. First, we prove B, C Qco(Jy). If g € By, then J; is
an compact linear operator on AP from Lemma 2.3. Since every composition

operator C,, is bounded on AP, the operator J[y; g, g] is certainly compact on
AP. Hence, g € Qeo(Jy).
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To prove Qco(Jy) C Bo, suppose g € Qeo(Jy), then g € B (by Lemma 2.3)
and J[p;g,9] is compact for each ¢ € S(D). Putting ¢(2) = €2 where V0 €
[0, 27], by Corollary 4.3 we have

(5.1) lim <1__i> g (e2) — ¢'(2)[" dAp(2)

la]=1 Jp \ |1 — @eifz|?

|i}§14<ﬁ_;i> |9/ (¢72) = ()] A4, (2)

~ Liq,0,p ((9 op— 9)')
~ lim (1—a?)]e¥g' (e¥a) — ¢'(a)| = 2,

| |—1

where the last line follows from the approximation in Lemma 5.2.
It is necessary to estimate the upper bound of last formula in (5.1).
T (1= 2)] ¥ (2) - ' (2)
< |ITm (1—12%) ’e‘e "(e92)| + |5§1(1 —21*)]4'(2)]
= lim (1- ‘e‘ez| )|g (%) + é}l_r}ll(l —121*)|g'(2)

|eifz|—1

< 2|lglls < oo

Thus the formula in (5.1) is bounded independent of 6.
We write g(z) =Y ," yanz", and integrate the left-hand side of (5.1) with
respect to 6 from 0 to 2w

= 2Trim z1?)]et ¢’ (' 2 2z
0= [ tim (1= 2R e () — o (2)] a0

z|—1
2m
:|Bgl1 ; (1—1z? )|e‘9 "(€2) — g'(2)| 40
2
= lim (1-121?) L —1)|do
|Z|—>1 0

> lim (1—|2]%)
|z |—>1

:27r|5211(1 — 2] )‘g (2)

2m
n— 1/ (eina _ 1) de

where Dominant Convergent theorem is applied in second line. Thus g €
B,. O

THEOREM 5.3. Let Qco(I,) be the universal set of I,, then
Qeo(l,) = C.
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Proof. Tt is obvious that C C Q¢ (1), and we just prove the contra-contain-

ment. If g € Qeo(I,), we consider the compactness of each I[e!?2;g,g] on AP
where V6 € [0, 2n]. Following item (B), we have

0= lim I = (go¢—g)(a)

lal e z0.p

. 1—|af? o i0 P
:\(11\211 D(m) |9(e2) = g(2)|" dA,(2)

: 1 —|af? “r i0 P
_ilgll/n(Il—aZP) |9("2) = g(2)]" dAy(2)
~ lim (1 jal?)’|g(ea) - g(a),

where the last approximation follows from the method of Theorem 10 in [8].
Uniqueness theorem and 0 ~ lim|,|_,1 [g(e'?a) — g(a)| give that g = constant.
This completes the proof. O
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