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SOME PROPERTIES OF GLOBAL SEMIANALYTIC
SUBSETS OF COHERENT SURFACES

C. ANDRADAS AND A. DIAZ-CANO

ABSTRACT. Let X C R™ be a coherent analytic surface. We show that
the connected components of global analytic subsets of X are global and
we compute the stability index and Brocker’s t-invariant of X. We also
state a real Nullstellensatz for normal surfaces.

Introduction

In this paper we study some properties of non-compact singular analytic
surfaces. There are several reasons for considering such surfaces. First, proper
analytic subsets of X are 1-dimensional or discrete sets, which are known to
have good properties. Second, the Artin-Lang property holds for coherent
surfaces.

The paper is organized as follows. In the first section, we recall some defini-
tions and results which will be used later, such as the Héormander-Lojasiewicz
inequality, cf. [Ac-Br-Sh], the Artin-Lang property, cf. [An-DC-Rz], and some
properties of global analytic sets of dimension 1, cf. [An-Be] and [Ca-An].

Section 2 is devoted to the connected components of a coherent surface,
which are shown to be global semianalytic subsets, a result which was known
for analytic 2-dimensional manifolds, cf. [Ca-An].

In Section 3 we study the stability index and Brocker’s ¢t-invariant, which
are related with minimal descriptions of global semianalytic subsets. Again,
our results are valid for coherent surfaces generalizing those of [DC-An].

Finally, in Section 4 we obtain a real Nullstellensatz. We use strong proper-
ties of the multiplicities along a divisor, so the singular locus must be a discrete
set. This result can be regarded as a generalization of the real Nullstellensatz
for 2-dimensional analytic manifolds, cf. [Bo-Rs|, but we only assume the
surface to be normal.
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1. Preliminaries

Let X be a global analytic set of R™, that is, X is the zero set of a finite
number of analytic functions on R™. The ideal of analytic functions vanishing
on X is I(X):={f € O(R") | f =0 on X} and generates the coherent sheaf
of ideals Ix whose stalk at z is Ix , = I(X)O(R?). If X is coherent we have
the equality Ix , = I(X,) :={f € ORZ)| f=0o0n X,}.

The analytic functions on X are the global sections of the coherent sheaf
Ox := Ogrn /Ix and they form the ring O(X) = O(R™)/I(X). We also define
M(X) as the total ring of fractions of O(X).

The global semianalytic subsets of X are those which can be written as

P
Uz € X1 fi(a) = 0,gi1() > 0,..., gij, () > 0},
i=1
where f;, g;5 € O(X).

In general, this definition is more restrictive than the classical definition
of a semianalytic subset, which is of local nature. Nevertheless, in dimension
one they coincide. More precisely, we have the following result, cf. [Ca-An],
Lemma 3.1 and Corollary 3.3.

LEMMA 1.1. Let X C R™ be a global analytic set and let C C X be a
1-dimensional analytic subset. Then any semianalytic subset of C' is global.
In particular, C is a global analytic set.

Moreover, if S is a global semianalytic subset of dimension 1, then any
semianalytic subset of S is global.

The next lemma allows us to write a meromorphic function f as a fraction
with a denominator whose zero set coincides with the set of points at which
f is not analytic if it is a discrete set.

LEMMA 1.2. Let X C R" be a global analytic set and let f € M(X) be a
meromorphic function which is analytic up to a discrete set D. Then there is
h € O(X) such that Z(h) = D and fh € O(X).

Proof. We have that f = f1/fe for some fi, fo € O(X). The sheaf J :=
(f2 : f1) of denominators of f is a coherent sheaf whose stalk at = is J, =
{gr S OX,:E |g:vf1,z S f2,zOX,a:}~

In a neighbourhood U, of p € D this sheaf is generated by finitely many
sections g1, . .., gr, and p is an isolated zero of G := Y g2, since for any z close
enough to p, f € Ox , so that J, = (¢1,...,6-)Ox,2 = Ox 4 and g;(z) # 0
for somei=1,...,r.

Hence, f1,/f2p = 91p/91p =+ = Gr.p/Grp, for some gy ..., g, € Ox,p
and then f1,/f2p = (91 ,91p + -+ 1. p9rp)/Gp. That is, for any p € D,
fp = gp/Gp, where g,, G, € Ox , and G, is an elliptic germ (i.e., {G, > 0} =

Xp \ {p})-
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Then by [DC-An], Proposition 3.1, we can find a global analytic function
h € O(X) such that Z(h) = D and h,0x, = G,O0x,, Vp € D. Thus
fh € O(X) and we are done.

We remark that although Proposition 3.1 of [DC-An] is stated for a coherent
analytic set X C R", the same proof works for any global analytic set equipped
with the coherent sheaf Ox ; = Orn /I(X)Orn 4. O

Another lemma, which will be used later, is the following. It shows a kind
of stability of open semianalytic set germs under small perturbations of the
functions which define them.

LEMMA 1.3. Let X, C R™ be an analytic set germ, F' C X, a closed
semianalytic germ, G = J_{fin > 0,..., fis, > 0}, where fa,..., fis; €
0O(X,), and suppose that F C G U {p}.

There is some v € N such that if fi; € O(X}) and f;; = fi; mod my,
where my, stands for the mazimal ideal of O(X),), then

FcC U{lel >Oa'--7filsi >0}U{p}

i=1

Proof. We will first show the result for a principal set G = {f > 0}. In
this case, we have {f = 0} N F C {p} = {|| = — p ||*= 0}. Hence by the
Hérmander-Lojasiewicz inequality, cf. [An-Br-Rz], Proposition II1.1.16, there
is an even integer m and a > 0 such that |f| > a ||  —p ||™ holds on F'. Now,
if f' € O(X,) verifies f' — f € m;"”, then f’ and f must have the same sign
on F, since otherwise |f' — f| > a || 2 — p ||, which implies f’ — f ¢ m/"*2,
in contradiction to the assumption. Thus we can take v = m + 2.

If G is a basic set, G = {f1 > 0,...,f, > 0}, then F C {f; > 0} U {p}
and we can take v as the maximum of the v;’s obtained for each principal set
{fi >0}

In the general case G = By U---U B, where each B; = {fi1 > 0,..., fis, >
0} is basic, we can decompose F as a union F = Fy U---U F,, where each F;
is closed and F; C B; U {p}.

For instance, if F C G U {p}, where G = Bj U B, then set T7 :=
BdB; N (BQ ﬁF) C By U {p} and Ty := Bd Ba N (Bl ﬂF) Cc B U {p} Take
neighbourhoods V; and V, of T1 \ {p} and T» \ {p}, respectively, such that
V1 C ByU{p}, Vo C ByU{p} and V1 NVy = {p}. Now, it is straightforward
to check that F1 = FnN (B1 \‘/1) and Fg = FnN (BQ \ ‘/2) verify F = F1 UFQ,
Fy; C By and Fy C By. Moreover, this remains true if B; and By are just
open set germs, not necessarily basic.

In general, if F' C G U {p}, where G = By U--- U By, then defining B} :=
ByU- - -UB, we can find F; C B1U{p} and Fj C B,U{p} such that F = F;UF}
and by the induction hypothesis we can write Fj = F» U --- U Fy, such that
F,c BiU{p} foralli=2,...,q.
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By what has been seen above there are integers vy,...,v, such that if
i = fij mod m}i, then F; C Bj U {p}, where B; := {f]; >0,..., fl,, > 0}.
Now, it is enough to take v = max{v1,...,v4}. O

We recall that a basic open set (resp. basic closed set) is a global semi-
analytic subset which can be written as {f; > 0,..., f, > 0} (resp., {f1 >
0,...,fr > 0}). In the sequel closures, interiors, etc., refer always to the
topology induced by the Euclidean topology in R™. The notation Y “ denotes
the Zariski closure of Y, i.e., the minimal global analytic set containing Y.

A useful tool when dealing with global semianalytic sets is the so-called
Hormander-Lojasiewicz inequality, cf. [Ac-Br-Sh].

THEOREM 1.4 (Hormander-Lojasiewicz inequality). Let X C R™ be a
global analytic set and let T C X be a global closed semianalytic subset. Given
fyg € O(X) there exist p,q € O(X) such that

(a) p>0,¢g>0on X,
(b) sign(pf + qg) = sign f over T, and
() fg=0}y={f=0}nT".

As a consequence of the Hérmander-Lojasiewicz inequality we get the past-
ing lemmas as in [An-Br-Rz], Lemmas V.2.8 and V.2.13.

LEMMA 1.5.  Let X be a global analytic set, Y C X a global analytic subset
and B C X a closed global semianalytic set. Assume that
B\Y ={a1>0,...,a, >0}\Y and BNY ={by >0,....,, >0} NY

for suitable a;, b; € O(X). Then there exist c1,...,¢m € O(X), m < k+1,
such that B ={c1 > 0,...,¢, > 0}.

LEMMA 1.6. Let X be a global analytic set and S C X an open global
semianalytic set. If Y C X is a global analytic subset and By,...,B; are
basic open sets such that

S\Y = (BiU---UB,)\Y and SNY = (B U---UB)NY,
then S = B{ U---U B, for some basic open sets B, C X.

We also recall that two subsets S1,S2 C X are called generically equal (and
write S £ Ss), if there is a codimension 1 global analytic subset Y C X such
that S1\Y = S\ Y. A subset S C X is called generically basic if it is
generically equal to some basic open (or closed) subset of X.

As we are interested in surfaces, from now on we will suppose that
dim X = 2.

REMARK 1.7. In the case of surfaces the first pasting lemma has two
interesting consequences. First, it implies that any global closed semianalytic
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set that is generically basic is a basic closed set since in dimension 1 everything
is basic, cf. [DC-An], Theorem 4.4. In particular, the closure of any basic open
set is basic closed.

Second, as any global semianalytic subset S C X is a finite union of basic
open sets and a global semianalytic subset of dimension 1, it is immediate

that the closure, S, of such a set is also a global semianalytic subset.

Now, let Y C X be an irreducible analytic curve not contained in the
singular locus of X and let f € O(X). For any point = € Y\ Sing X the ring
of germs Ox , is a unique factorization domain and the ideal Iy, = I(Y)Ox ,
is principal, say Iy, = hzOx . Then the germ of f at x is f; = u,h]', where
Uy € Oxz \ Iy, and m is a non-negative integer. In [An-DC-Rz] it is shown
that the integer my (f) := m does not depend on the point z and my (f) is
called the multiplicity of f along Y.

We will use some results about multiplicities. Let Y C X be an analytic set
of dimension one without isolated points. Then it is a union, possibly infinite,
of irreducible curves, say, ¥ = J,c;Y:. If we fix positive integers m; > 0,
i € I, then it is possible to find a function f € O(X) with these multiplicities,
that is, my; (f) = my, Vi € I, cf. [An-DC-Rz|, Proposition 2.3. In general, we
only have Y C Z(f), but if all the m;’s are even, then we can get the equality
Y = Z(f), cf. [An-DC-Rz], Proposition 2.1.

In [An-DC-Rz] the Artin-Lang property has been proved for coherent an-
alytic surfaces with affine normalization. From this property an ultrafilter
theorem can be derived (as in [Ca-An] for the case of smooth analytic sur-
faces). The real spectrum of a commutative ring A will be denoted by Spec, A.
If A is a field, then Spec, A is a space of orderings. We refer to [An-Br-Rz],
[Be] and [Bo-Co-Ro] for generalities on the real spectrum.

THEOREM 1.8 (Ultrafilter theorem). Let X be a coherent analytic surface
with affine normalization. Then there is a one-to-one correspondence between
orderings of M(X) and the ultrafilters of the lattice S of all open global semi-
analytic subsets of X. More precisely, if 3 € Spec, M(X), its associated
ultrafilter is

Ve:={SeS|{f1>0,....f >0} C S forsome fi,...,fr € G}

Given any semianalytic subset (not necessarily global) S C X, we define
its “tilde” image in Spec, M(X) as

S = {B € Spec, M(X)|S DV forsomeV € Vz}.

This tilde map has some useful properties, cf. [Ca-An], Proposition 2.4. For
example, two global semianalytic sets that are generically equal have the same
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tilde image. Moreover, if S C is a global semianalytic subset,

S = U{f € X|fi(z) =0,9a(x) >0,...,9:5(x) > 0},

i=1

then its tilde image is given by the same formula,

P
S = [ J{B € Spec, M(X) | fi(B) = 0,94(8) > 0, ..., gi;,(8) > 0}.
i=1
Subsets of Spec, M(X) like this one are called constructible sets and are the
counterpart of the global semianalytic sets. Notice that {0 > 0} defines the
empty set in Spec, M(X).

2. Connected components of global semianalytic sets

In this section we will see that if X is a coherent surface with affine nor-
malization, then the connected components of a global semianalytic subset of
X are global. This is a generalization of an analogous result stated in [Ca-An]
for 2-dimensional analytic manifolds.

The following lemma will be used to separate a semianalytic set from its
complement.

LEMMA 2.1.  Let X be a normal analytic surface, S C X an open semian-
alytic subset whose boundary, Bd S, is global and T := X \ S. Then for any
0 € Spec, M(X) there is a global analytic function g € B such that

SN{g>0}nTn{g >0}

is a discrete set.

Proof. As Bd S is global, its Zariski closure is also a global analytic set of
dimension less than or equal to 1. Therefore BdS~ = (UY:) U D, where the
Y;’s are irreducible analytic sets of dimension 1 and D is a discrete set.

By [An-DC-Rz], Lemma 2.2, there is g € O(X) with multiplicity one along
each Y;, i.e., my,(g) = 1. We can suppose g € (3 since otherwise we can
replace g by —g. In any case, it is straightforward to check that SN {g > 0}N
T N{g > 0} is a discrete set. O

From now on we will suppose that X is an irreducible coherent ana-
lytic surface with affine normalization. In this case the normalization 7 :
XY — X is birational and X" is a normal analytic surface which can be
embedded in some RP. The normalization induces an injective homomor-
phism 7* : O(X) — O(X") which associates to any f € O(X) the function
J*i=m(f) = fome O(X),

This homomorphism can be extended to an isomorphism between the fields
of fractions of these surfaces, M(X) and M(X"), and it induces another
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isomorphism between their real spectra. Namely, if 5 € Spec, M(X"), then
7(B) is defined as follows: a meromorphic function f € M(X) is positive in
the ordering 7 () if and only if f* is positive in 3.

It is known that, since the normalization is a proper map, the image of a
semianalytic subset is again semianalytic, cf. [Ga]. Moreover, in dimension
two the map 7 sends global semianalytic sets of X" to global semianalytic
sets of X. More precisely, let S¥ C X* be a global semianalytic set

SY = U{x € XV hi(z) =0,gi1(x) >0,...,gw,(x) >0}

with hi, g € O(X) and suppose that 7*(hj/A) = hi, 7*(dy/g1) = g1 for
some hi, hi, gi;, gi; € O(X).
Defining

T=J{z € X|gi(2)gii(x) > 0,.... g, (@)glh, (&) > O},
icl

where T = {i| h; is a unit in O(X)}, it is clear that
T Cw(8”) cTUU{hhi =0}) U (U{g); =0}).

3

In other words, 7(S") is the union of a global semianalytic set, T, and a
semianalytic subset of a global analytic set of dimension 1. Therefore by
Lemma 1.1 it is global.

On the other hand, if S C X is a global semianalytic set, then 771(9) is a
global semianalytic subset of X”. In fact, if S = J{h; =0, fi1 > 0,..., fis, >
0}, where h;, fi; € O(X), then it is easy to check that 7=1(S) = J{h} =
0, f1>0,...,ff >0}

PROPOSITION 2.2. Let S C X be a semianalytic set. Then S is global if
and only if Bd S is global.

Proof. If S is global, then its boundary is a semianalytic set of dimension
1 contained in the set of zeros of the functions describing S. Then by Lemma
1.1 it is a global semianalytic set.

Suppose that Bd S is global. In this case we have that S is global if and
only if S is constructible. This result has been stated in [Ca-An], Proposition
3.5, but the proof is valid for any surface X verifying the Artin-Lang property.
Hence we have to prove that S is constructible.

If X is normal we can follow the proof of [Ca-An], Proposition 3.6, to
conclude that S is constructible and consequently that S is global. We just
remark that we must use Lemmas 1.3 and 2.1 above instead of Lemmas 4.1
and 4.2 of [Ca-An], which are stated and proved only for regular surfaces.

Now, let X be a coherent surface and consider its normalization 7 : X —
X. We define S := 7=1(S) C XV, which is a semianalytic set with global
boundary since Bd S¥ € 77 1(BdS) and 7~}(Bd S) is a global semianalytic
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set of dimension 1. As Bd S¥ is global, we can apply the result for normal
surfaces to conclude that S” is global. But then S = 7(S”) is also global. O

COROLLARY 2.3. Let S C X be a global semianalytic set. Then its con-
nected components are also global semianalytic subsets of X.

Proof. If T is a connected component of S, then BA(T) C Bd(S). But
Bd(S) is a global semianalytic subset of dimension 1, so Bd(T) is also global.
By the previous proposition T is a global semianalytic set. O

3. Stability index

Suppose X is a pure dimensional surface. Given a basic open set B, it
is clear that B C Int B and also that B’ C Int B for any basic open set B’
generically equal to B since they have the same closure.

ExAMPLE 3.1. In some cases Int B is not a basic open set. For example, let
X C R3 be the double cone, with vertex at the origin, defined by 5?22 = 22 +y*
(see Figure 1) and B C X the basic open set B = {y%22—2xyz+a?—y%2—zy >
0}. Then B contains the lower half part of X, i.e., X N {z < 0}, except the
negative z-axis.

In the upper half (z > 0) it contains two of the four sheets converging
to the positive z-axis. Hence Int B contains the negative z-axis, but not the
positive z-axis, which belongs to its Zariski boundary. Therefore Int B cannot
be a basic open set, cf. [An-Br-Rz], 1.3.3.

To see where the subset B comes from, consider the normalization of X (see
Figure 2), which is the cone X" : 2> = 2/ +y/*, wherez = 2'y/, y = ¢/, z = 2.
The preimage of the singular locus of X, which is the z-axis, is the pair of lines
{2’ +2" = 0} and {2/ — 2’ = 0}. The basic set B := {(2' —2')?— (2’ +2') > 0}
contains the lower half-line {2’ — 2’ = 0} N {7z’ < 0} (v4 in Figure 2) and the
line (except the origin) {2’ + 2z’ = 0} (71 and 7} in Figure 2).

z

X

FIGURE 1 FIGURE 2
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We have
(ZI —.%‘/)2 _ (.Z‘/—l-Z/) — 7_‘_* (

Hence w(B") and B are generically equal.

Note that the function f := %22 —2zyz +2% — 3%z — 2y changes sign on the
upper z-axis, which is not a global analytic set. We remark that in the case of
a normal surface the set of points at which an analytic function changes sign
is a global analytic set, as can be deduced from [An-DC-Rz|, Proposition 3.1.

Y222 — 2xyz + 22 —y?z —xy
y? '

We will see that by removing the Zariski boundary of Int B we get a basic
open set with some remarkable properties.

PropPOSITION 3.2. Let X C R™ be a pure dimensional analytic surface,

B={f1>0,...,fm >0} C X abasic open set and Sg := Int B\Bd(Int B) ’
(a) If B’ is a basic open set generically equal to B, then B’ C Sg.

(b) Sp is a basic open set and can be described by m inequalities, that is,

Sp={91>0,...,9m > 0} for some g1,...,9m € O(X).
(¢) If B’ is a basic open set generically equal to B, then B’ can be de-
scribed by m inequalities.

Proof. (a) Tt is clear that B’ C Int B and that B’ £ Int B. Moreover,
we have Bd B’ D Bd(Int B). Indeed, if z € Bd(Int B), then for any open
neighbourhood U of z the sets U NInt B and U N (X \ B) are non-empty open
sets. Hence x € Bd B’, since otherwise B’ and Int B would not be generically
equal.

Therefore BAB'~ 5 Bd(Int B)  and B\ BdB~ c Int B\ Bd(Int B) =
Sp. But B'\BdB’~ = B’ since B’ is basic open, cf. [An-Br-Rz], 1.3.3.

(b) We have B C Int B and Int B \ B is a global semianalytic set of di-

———Z
mension 1. Therefore A :=Int B\ B is an analytic set of dimension 1. We
decompose A into irreducible components

A= (U)o (U)o

where Y = UY; collects the 1-dimensional components of A which are not
—_———Z

components of Bd(Int B) , Y/ = UY/ is the collection of components of AN

——Z

Bd(Int B) of dimension 1 and D is some discrete set.

We can suppose that the discrete set D is empty. Indeed, if this is not
the case, then for any i = 1,...,m the germ of f; at each point p € D is
elliptic, that is, there is a neighbourhood U, of p such that f;|y, > 0 and
{fi =0} NnU, = {p}. Then we can find non-negative analytic functions h;
such that Z(h;) = D and at each p € D the germs of f; and h; are equal up
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to a unit of Ox ,, cf. [DC-An], Proposition 3.1. Finally, we can replace every
fi by fi/hi. B B

Weset V1 :=YNInt Band Y5:=Y N (X \Int B). Then Y =Y; UY; and
Sp=IntB\Y'=BU(Y;\Y').

Now, take h € O(X) separating Int B and Y3, cf. [Br-Pi], Proposition 2.7,
so that A > 0 on Int B and h < 0 on Y, \E. We note that since Y and

Bd(Int B) ” do not share any component, Y5 \ B is a discrete set.

Next, we apply the Hérmander-Lojasiewicz inequality to T := (X \ Int B)U
Y’ fi, h to find g; = p; fi + ¢;h (pi > 0, ¢; > 0) such that sign g; = sign f; on
Tand { =0 ={fi=0}NT .

We will see that Sp = {g1 > 0,...,9m > 0}. As signg; = sign f; on
T = X\ Sg, it follows that {g1 > 0,...,gm > 0}NT = BNT = (recall that
B C Sg) and therefore {¢g1 > 0,...,gm >0} C Sp.

For the other inclusion, take x € Sg. Since h > 0 on Int B and Sg C Int B
we have that h(z) > 0. If f;(x) > 0, Vi, then clearly g;(z) > 0, ¥i. On the
other hand, if f;(z) = 0 for some 4, then ¢;(z) > 0, since {f; =0} nT N
Int BC Y’ and SpNY’ =, so that g;(z) > 0. Thus, in any case, z € {g; >
0,...,9m > 0}.

(¢) We have B’ C Sp. Let r € O(X) be a non-negative function such that
{r=0} =S5\ B . Using that Sz \ B’ C BdB'~ and B NBdB~ =0,
cf. [An-Br-Rz], 1.3.3, it is easy to check that B’ = {g17 > 0,92 > 0,...,gm >
0}. O

REMARK 3.3. (a) The relation “generically equal” decomposes the family
of basic open subsets of X into equivalence classes. In each class there is a
maximal element with respect to the inclusion relation, namely Sg, where B
is any member of the class. Moreover, all the basic open sets in the same class
can be described by the same number of inequalities.

(b) If X is not of pure dimension, then we can get a similar result, but
we have to add the part of dimension 1. More precisely, if B is a basic open
subset of X, then we set By := BU (X \ X*), where X* denotes the part of

maximal dimension of X. Finally, we put Sg := Int By \ Bd(Int B;) .

The stability index (resp. the closed stability index) of X is the smallest
integer s(X) (resp. $(X)) such that every basic open (resp. closed) set can
be described by s(X) (resp. 5(X)) inequalities.

By the finiteness theorem, cf. [Ac-Br-Sh|, any open (resp. closed) global
semianalytic set can be written as a union of basic open (resp. closed) sets.
The invariant ¢(X) (resp. £(X)) is defined as the smallest integer such that
every open (resp. closed) global semianalytic subset can be written as a union
of t(X) (resp. t(X)) basic open (resp. closed) sets.
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There are similar definitions for the constructible sets of Spec, M(X), al-
though in this case there is no difference between open and closed sets. These
“generic” invariants will be denoted by s(M(X)) and ¢(M(X)).

We will follow the pattern of [DC-An], where this problem has been solved
for analytic manifolds of dimension two. Given an ordering 3 € Spec, M(X)
we define the ring Wg as the convex hull of R in M(X) with respect to g,
ie.,

Ws = {f € M(X)|f? < r?, for some r € R}.
Its maximal ideal is ng = {f € M(X)|f? <z r2,Vr € R}. We denote by Up
the set of units of Wj; I'g and wg stand, respectively, for the value group
and the associated valuation of W3. The ring of bounded analytic functions
Op(X) is contained in Wy and mg := ngNOy(X) is a maximal ideal of Op(X).
We denote by C the lattice of closed global semianalytic subsets of X. The
family
Us:={Y eClY N f_l[—l, 11 #0,Vf e mg}
is an ultrafilter of C, cf. [Ca] and [Jw].
To compute the stability index of M(X) we will use the Stability Formula,
due to L. Brocker (we refer to [An-Br-Rz] for the concept of fan)

s(M(X)) =sup{s € Z| there is a fan F' C Spec, M(X) with #F = 2°}.

A remarkable property of fans, which will be used later, is the following, cf.
[An-Br-Rz|, Proposition 111.3.8: If F is a finite fan with 2™ elements, then
#{f>0}NF)=0,2""tor 2" forany f € O(X). As {f >0} N F is also a
fan, the possibilities for the number of elements of {f > 0, g > 0} N F are 0,
9n—2 9n—1 o 9n.,

It is known that the orderings of Spec, M(X) with the same valuation ring
W form the fan

Fyw = {a € Spec, M(X)| W, =W}

Moreover, the number of elements of these fans is given by the formula #Fy =
#([T'w/2I'w) and every fan in Spec, M(X) is contained in the union of two
fans of this type, cf. [Ma]. The key result is the following proposition, which
bounds the number of elements of these fans.

PROPOSITION 3.4. Let X be a normal analytic surface and let § €
Spec, M(X). Then #Fw, < 4.

Proof. We distinguish three cases according to the dimension of 3, which
is defined as the minimum of the dimensions of the sets in Ug.

(a) If dimUs = 2, then #Fwy, = 1. Let f € Oy(X), f # 0. Since

dimUs = 2 we must have Z(f) ¢ Ug, so f = ug? for some u € Ug, cf.
[DC-An], Remark 1.2. This implies that w(f) = 2w(g) € 2I'z. As any
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f € M(X) can be written as a quotient of bounded analytic functions, we
have w(f) S QFB, Vf e ./Vl()()7 that is, Fg = 2F5 and #Fg = #(Fﬁ/QFﬂ) =1.

(b) If dimUs = 1, then #Fw, < 2. Let f € O(X) and denote by Z(f)¢
the set of points at which f changes sign. Suppose that Z(f)° ¢ Uz. By
Proposition 3.1 of [An-DC-Rz] there are ho, ..., hy, f € O(X) such that h2 f =
(Z1h2)f and Z(f) = Z(f)¢. Thus Z(f) ¢ Us and, by [DC-An], Remark 1.2,
we have f = uh?, for some u € Ug. As h2f = (X7h?)uh?, we have w(f) € 2T'g.

Take now f,g € O(X) such that f,g ¢ 2I's. As seen above, this implies
Z(f),2(9)° € Us, so Y := Z(f)° N Z(9)° € Us. As X is a normal surface,
the multiplicity of the product fg is well defined on Y \ D for some discrete
set D and then the multiplicity is even, so fg does not change sign on Y\ D.
But dimls = 1, s0 Y \ D € Ug. It follows that Z(fg)¢ ¢ Us and then as
above that w(fg) € 2I'3. That is, w(fg) = w(f) + w(g) € 2I'g whenever
f,g9 ¢ 2T'g. This shows that I'g/2T'g is a subgroup of Z/2Z.

(c) If dimUs = 0, then #Fyy, < 4. We will see that there are no 8-element
subfans of Fyy, containing 3.

Suppose that F:= {3 = 1, 2,..., (s} is an 8-element fan and F' C Fyy,,
that is, W, = W, for alli =1,...,8. Let vg,,...,vs, be the maximal filters
of § corresponding to these orderings, cf. Theorem 1.8. Since 3; # (3;, for
i # j, there are basic open sets B; € vg, such that B; N Bj = (), for i # j.

We can reduce to a multilocal problem by choosing a discrete set D € Ug
and for each p € D taking a neighbourhood U(p,€,) of p of radius €, small
enough. There is h € O(X) (which can be found by approximating a suitable
C*°(X) function) such that

U U &/2) € {he >0} and X\ ] U(p, ) C {he <0}.
peED peD

The function h. is positive at all points of D € Ug, so he € 3, cf. [DC-An],
Lemma 1.1. But then, as Uz = Ug,, we also have h. € §;, for all i. Hence,
B} :={h. >0} N B; € vg,, for any ¢ and any e. Thus, replacing B; by B}, we
may consider the B;’s in an arbitrarily small ball of the discrete set D.

As B;N D € Ug, replacing D by D’ := (ﬂ?zl B;)N D we can suppose that
B;ND = D, for all i.

Now, for any disjoint sets By € v, and B; € vg,, dim(B1 N B;), =0 or 1
for each p € D. Thus, D = {p € D|dim(B; N B;), = 0} U {p € D|dim(B; N
Bi), = 1} € Ug. As Ug is an ultrafilter, only one of these two sets is in Up.
Hence we have two cases:

Case 1. For any i = 2,...,8, there exist pairwise disjoint basic open sets
B; € vg, such that the discrete set D} := {p € D|dim(B; N B;), = 0} is in
Ug. Tn this case we replace D by (3 D/ € Us.
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Let p € D and let By, ..., Bg, be the basic open semianalytic set germs
of By,...,Bg at p. Since t(X,) = 2, cf. [DC], we can write By ,U---UBs, =
C1 pUC5 p, for some basic open set germs C1 , and Cs ;,. Now, by Theorem 1.5
of [An-DC] (see also Proposition 8.9 of [Br] for the semialgebraic analogue), we
can take h; , € O(X,) separating B; , and C; , i.e., B1, C {hi, > 0} U {p}
and 61'4, C {hi,p < 0} U {p}

Hence we have By, C {h1, > 0, hap, > 0} U {p} and By, U---UBs, =
C1pUCs, C {h1p < 0}U{hay, < 0}U{p}. Now, by Lemma 1.3, there exists
I, € N'such that if b, = h;, mod my?, then By, C {h}, >0, h}, > 0}U{p}
and By, U---UBg, C {h}, <0} U{hh, <0} U{p}.

By Cartan’s Theorem B there are Hy, Hy € O(X) whose germs at each p €
D coincide with hy , and hs p, respectively, till order [,. Hence it follows that
H, and H; separate locally By, from By ;,..., Bg, at each p € D. Replacing,
if necessary, each B; by U N B; for some small enough open neighbourhood U
of D, we can conclude that Hy and Hs separate globally By from Bs,..., Bs
and, therefore, 5 from {fa, ..., Bs}. This shows that the subset {f,..., (s}
is not a fan, cf. [An-Br-Rz], Proposition IIL.3.8.

Case 2. For some i € {2,...,8} is not possible to find disjoint sets By € vg,
and B; € vg, such that {p € D|dim(B; N B;), = 0} is in Us. We suppose
i =2 and replace D by D' := {p € D|dim(B; N By), = 1}.

If U is an open global semianalytic neighbourhood of (B1 N Bz) \ D, then
U € vg,. For otherwise U’ := Int(X \ U) € vg,, since v, is an ultrafilter, and
defining B} := By N U’ € v, we will have dim B’y N By = 0, contradicting
the hypothesis. Analogously, U € vg,.

Let us denote by 75,,...,79’ the half-branches of (B; N Bz),. Clearly
(vp U+ Uxp”) N (BsU---UBg), = {p}, so using again Cartan’s Theorem
B we can find a global analytic function f whose germ at each p € D is
positive on (v, U---U~p") and negative on (B3, U--- U Bsp) \ {p}. Then
{f >0} € vg, Nwg,, but {f <0} € vz, N+ Nvg,, which is impossible for
8-element fans, cf. [An-Br-Rz], Proposition IIL.3.8. O

THEOREM 3.5. Let X be a coherent analytic surface with affine normal-
ization. Then s(M(X)) =2 and t(M(X)) = 2.

Proof. Suppose first that X is a normal surface. By the stability formula
we have to show that #F < 4 for any fan F C Spec, M(X). Since F C
Fw, UFw,, for some (3, 3 € F, we have to show that if #Fy, = #Fw,, =4,
then Fy, U Fw,, is not a fan (unless Fyy, = FWB')'

We can suppose that dimis = dimUg = 0. If the ultrafilters Ug and Uy
coincide, then by the proof of the previous proposition Fyy, U Fw,, is not a
fan. If, on the other hand, Ug # Ug/, then there are discrete disjoint sets
D Cc Ug and D" C Ug:. Now, let Fyy, = {8 = B1,..., 54} and denote by vg,
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the corresponding ultrafilters of S. Then, as in the previous proposition, there
exist basic open sets B; € vg, and function germs f, such that (possibly after
taking a smaller D € Ug and renumbering the elements of Fyy,) any function
germ g, equal to f, up to a sufficiently high order separates B; U By, from
B3 ,UB4,, ¥p € D. Defining f, = —1 for p € D" and using Cartan’s Theorem
B we find a global analytic function which separates two orderings from the
other six, showing that Fy, U Fyy,, is not a fan, cf. [An-Br-Rz], Proposition
I11.3.8.

If X is a coherent surface, the result follows from the birationality of the
normalization.

The result for ¢ follows immediately from [An-Br-Rz], Corollary IV.7.9.a),
because Spec, M(X) is a space of orderings. O

After computing the generic invariants we can apply Proposition 3.2 and
the pasting lemmas to compute the invariants s(X), 3(X), ¢t(X) and ¢(X).

THEOREM 3.6. Let X be a coherent analytic surface with affine normal-
ization. Then s(X) = 2, that is, every basic open subset of X can be written
with only two inequalities.

Proof. Let B ={f1 > 0,...,f. > 0} be any basic open set and consider
the constructible set B = {a € Spec, M(X)|fi >a 0,...,fr >a 0}. As
s(M(X)) = 2, we have that B = {a € Spec, M(X)|f >4 0, g >4 0} for
some f, g € O(X). Then B' := {z € X | f(x) > 0, g(z) > 0} is a basic open
set that is generically equal to B. Hence, by Proposition 3.2, B can be written
with two inequalities. O

ProproOSITION 3.7. Let X C R"™ be a coherent analytic surface with affine
normalization. Then:

(a) 5(X) =3
(b) #(X) = 2.
(c) t(X) = 3.

Proof. (a) Let B C X be a basic closed set, say B={f1 >0,..., f. >0},
and define B’ := {f; > 0,...,f, > 0}. By Theorem 3.6 there are functions
91,92 € O(X) such that B = {¢g1 > 0,92 > 0}. Hence B and B” :=
{g1 > 0,92 > 0} are generically equal, that is, there exists a one dimensional
analytic subset Y C X such that B\Y = B”\Y. Now, BNY is a global closed
semianalytic subset of Y, so there is h € O(X) such that BNY = {h > 0}NY,
cf. [DC-An], Theorem 4.4. Thus we can conclude that B = {¢; > 0, c2 >
0, cg > 0}, for suitable ¢, c2, ¢3 € O(X), cf. Lemma 1.5. This shows that
3(X) < 3.

To check the opposite inequality we just point out that the argument of
[An-Br-Rz], Example VI.7.2.b), and [Br], Theorem 7.6, shows that the basic
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closed set B := {y > 0, y*(z — 1) > 0, x > 0} (see Figure 3), where z and
y are global analytic functions which are local coordinates at some regular
point of X, cannot be written with only two inequalities.

FIGURE 3 FIGURE 4

(b) Let S C X be a closed semianalytic set. By Theorem 3.5 there exist
basic closed sets By, Bs and an analytic set of dimension 1, Y, such that
S\Y = (B1UB3)\Y. Defining B, := (B;UY)NS, we have that S = B UB).
Now, B; is closed and generically basic, so from Lemma 1.5 it follows that B
is basic closed.

(c) Let C' C X be an open semianalytic set. By Theorem 3.5 it is generically
equal to B; U Bs for suitable basic open sets By and Bs, that is, there is an
analytic subset Y C X of dimension 1 such that C\Y = (B;UB2)\Y. Also
CNY = BsNY with Bs basic open, since t(Y) = 1. Finally, by Lemma 1.6
we get C' = Bf U B} U B, for some basic open sets Bf, B} and B}, which
shows t(X) < 3.

Next, as in [An-Br-Rz], Example VI.7.2.¢), and [Br], Proposition 9.6, it can
be shown that the open semianalytic set C' := {y < 0} U {z < -1} U {z >
1, y > 0} (see Figure 4), where x and y are global analytic functions which
are local coordinates at some regular point of X, cannot be written as a union
of two basic open sets. This shows that ¢(X) > 3, so the proof is complete.

O

4. Real Nullstellensatz

In this section we will suppose that X is a normal surface in order to ensure
that the multiplicity along any irreducible curve Y is defined.

LEMMA 4.1. Let X C R”™ be an irreducible normal analytic surface and
let p C O(X) be a non-trivial real prime ideal such that Z(p) # 0. Then Z(p)
is either a point or an irreducible analytic curve.

Proof. First of all, Z(p) is a global analytic set of X, cf. [Br-Wh], and
dim Z(p) < 1.
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Case 1: dim Z(p) = 0. In this case Z(p) is a non-empty discrete set D. We
pick one point p € D. Then there is some f € p such that the germ of Z(f)
at p is {p} since otherwise dim, Z(f) = 1 for all f € p and dim Z(p) = 1.
Thus the germ of f2 at p is elliptic, i.e., there is a neighbourhood U of p such
that f2>0on U\ {p}.

By [DC-An], Proposition 3.1, there is h € O(X) such that h, = f2u, for
some unit u, € Ox,, and Z(h) = {p}. Then we can factor f2 as f = hg for
some g € O(X) with g(p) # 0, which implies g ¢ p. As f? = hg € p, we must
have h € p and therefore Z(p) = {p}.

Case 2: dim Z(p) = 1. In this case Z(p) = (JY;) U D, where the Y}’s are
irreducible curves and D is a discrete set.

Take Y1 € Z(p), f € p and g € O(X) such that my,(g9) = 2my, (f)
and Z(g) = Y1, cf. [An-DC-Rz], Proposition 2.1. Then f2/g is an analytic
function up to a discrete set D', so by Lemma 1.2 there is some h € O(X)
such that G := h(f?/g) € O(X). By construction my, (G) =0, so Y1 ¢ Z(G)
and G ¢ p. As Gg = f?h € p and p is prime, we have g € p, so Z(p) = Z(g) =
Yi. O

LEMMA 4.2. Let X C R"™ be a global irreducible analytic set and let p C
O(X) be such that there is g € p with compact zero set. Suppose fi,..., fm €
O(X) are such that their classes modulo p are positive in some total ordering

of O(X)/p. Then
{f1>0,..., fm >0}NZ(p) £ 0.

Proof. This was obtained by J. Ruiz, cf. [Rz], Corollary 2.4, in the case of
a real analytic manifold X and the same proof works for any global analytic
set X. O

THEOREM 4.3 (Nullstellensatz for prime ideals). Let X C R™ be an irre-
ducible normal analytic surface and let p C O(X) be a non-trivial real prime
ideal such that Z(p) # 0. Then TZ(p) = p.

Proof. According to Lemma 4.1 we distinguish two cases.

Case 1: Z(p) is a point p. As in the proof of Lemma 4.1 (Case 1) we
can take f2 € p with elliptic germ at p and factor f? as f? = hg such that
Z(h) = {p} and g(p) # 0, so that h € p. Hence Lemma 4.2 can be applied in
this case.

Suppose now that f € ZZ(p) \ p. As f ¢ p, there is some total ordering o
of O(X)/p such that 72 is strictly positive in a and, by Lemma 4.2, f(p) # 0,
that is, f ¢ ZZ(p), a contradiction. Hence ZZ(p) C p. On the other hand, it
is trivial that p C ZZ(p).

Case 2: Z(p) is an irreducible curve Y. Let f € TZ(p), so that my (f) > 0,
and take g € p. Then for some positive integers n, m we will have my (f?") =
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my (g°™). Now, we take f such that Z(f1) = JY; and my, (f1) = my, (f*")
(we suppose that Z(f) = YU(UY;)UD). Then f?/f; is an analytic function
up to a discrete set, so there is h; such that Z(hy) is a discrete set and
f?™hy/ f1 is an analytic function, cf. Lemma 1.2. As my, (f?"h1/f1) =0, we
have Z(f?"hy/f1) =Y U Dy, for some discrete set D;.

In the same way, there are functions g;, b} € O(X) such that g™h/ /gy is an
analytic function with zero set Y U D} and my (f?"h1/f1) = my (g*™h} /g1).
Then f*"hyg;/g*>™h} f1 is analytic up to a discrete set, so for some h € O(X)
with discrete zero set, the function hf2"hyg;/g?™h} f1 is analytic; denote this
function by H. Then f?"hygih = Hg*™h) fi € p. Since higih ¢ p, we have
f?" € p and since p is real, f € p. This means that ZZ(p) C p and we are
done. (]

THEOREM 4.4. Let X C R"™ be an irreducible normal analytic surface and
let I € O(X) be a non-trivial real ideal. Suppose also that I = (\p, where
the wintersection is taken over all the real primes ideals p such that p O I and
Z(p) # 0. Then ZZ(I) = I, that s, the real Nullstellensatz holds.

Proof. Let Z(I) = |JC; be the decomposition of Z(I) into irreducible
components and let p; denote the real prime ideals Z(C;). It is clear that

Z(I) = Z((p:)-

Let us take p D I such that Z(p) # 0. By Theorem 4.3, p = ZZ(p). Also,
we have that Z(p) C Z(I) =UC; =UZ((p:),sop=ZZ(p) DI(UZ(pi)) =
NZZ(p;) =\ pi- Therefore

I= () ep2(\ri=(ZZ(p:) =ZZ(\p:) =ZZ().
p2I, Z(p)#0

The other inclusion, I C TZ(I), is trivial. O

From this theorem we can obtain a real Nullstellensatz for finitely generated
real ideals.

COROLLARY 4.5. Let X C R"™ be an irreducible normal analytic surface
and let I C O(X) be a non-trivial finitely generated real ideal. Then TZ(I) =
1.

Proof. As I is real, we have that [ = v/ = ﬂp31p7 where the p’s are real
prime ideals, cf. [La], Theorem 6.5.

We define
A= ﬂ p and B := m P,
pDI, Z(p)#0 P2, Z(p)=0
so that I = AN B. We also define two sheafs of ideals, Z and A, whose stalks
are Z, = IO0x 5 and A, = AOx ., respectively.
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We will show that Z, = A,. Obviously, we have Z, C A,. For the other
inclusion, suppose f € A,. Then f = )" fig;, where f; € A and g; € Ox ;.
Now, take any h € B such that h(z) # 0 and write f = > (f;h)(gi/h). As
fih € A and g;/h € Ox 5, we conclude that f € Z,.

As A, C T, for all x € X (in fact, we have equality here) and I is finitely
generated, using Cartan’s Theorem B we can conclude that A C I. Hence we
have A = I and we finish by applying the previous theorem. O

REMARKS AND EXAMPLES 4.6.  (a) If X is non-compact, then there are
real primes ideals p such that Z(p) = (). For example, take an infinite discrete
set D = |J;cy i and let N, be any free ultrafilter of N, that is, ;o J = 0.
If we set Ny :={i € N|z; € Z(f)}, thenp:={f € O(X)| Ny € N,} is a real
prime ideal and Z(p) = 0.

(b) Suppose that the regular locus of X is not compact and let Y = (J;c Vi
be a global analytic subset, where the Y; are irreducible curves. Let N, be
any free ultrafilter of N and define N, ,(f) := {i € N|my,(f) > ai+b}. Then
the ideal

I:={fcO(X)|Y C Z(f) and Va,b € R, Nou(f) € No}

isreal, Z(I) =Y and I # ZZ(I). (For example, if f € O(X) is such that
my,(f) =1 for all 4, then f € ZZ(I), but clearly f ¢ I.)

(c) It is known that if I is a finitely generated ideal and Z(I) is compact,
then VI = TZ(I), c¢f. [An-Br-Rz], Theorem VIIL5.7. The next example
shows that the assumption of compactness cannot be dropped, even for finitely
generated ideals.

Let us take Y = [J7°Y; and let f € O(X) be such that my,(f) = 2i, for
all i, and Z(f) =Y. The ideal I = (f) is finitely generated, Z(I) =Y is not
compact and /I # TZ(I). Take g € O(X) such that my,(g) = 1 for all i, so
that g € ZZ(I). If g € /I, then h := ¢** + > a? € I for some k € N and
some a; € O(X). But then my, (h) < 2k, Vj, that is, h cannot be a multiple
of fand so h ¢ I.

(d) The above results (Theorem 4.5 and Corollary 4.5) remain true for any
irreducible analytic surface X if Z(I) N Sing X is a discrete set. In fact, we
only need that for any irreducible component Y of Z(I) the multiplicity along
Y can be defined.

REFERENCES

[Ac-Br-Sh] F. Acquistapace, F. Broglia, and M. Shiota, The finiteness property and
Hormander-tojasiewicz inequality in global semianalytic sets, preprint avail-
able at http://www.uni-regensburg.de/Fakultaeten/nat_Fak_I/RAAG/.

[An-Be] C. Andradas and E. Becker, A note on the real spectrum of analytic functions
on an analytic manifold of dimension one, Real analytic and algebraic geom-
etry (Trento, 1988), Lecture Notes in Math., vol. 1420, Springer, Berlin, 1990,
pp- 1-21. MR 92c¢:14055



GLOBAL SEMIANALYTIC SUBSETS OF COHERENT SURFACES 537

[An-Br-Rz| C. Andradas, L. Brocker, and J. M. Ruiz, Constructible sets in real geome-
try, Ergebnisse der Mathematik und ihrer Grenzgebiete (3), vol. 33, Springer-
Verlag, Berlin, 1996. MR 98e:14056

[An-DC] C. Andradas and A. Diaz-Cano, Closed stability index of excellent henselian
local rings, Math. Z., to appear.

[An-DC-Rz] C. Andradas, A. Diaz-Cano, and J. M. Ruiz, The Artin-Lang property for
normal real analytic surfaces, J. Reine Angew. Math. 556 (2003), 99-111.
MR 2004£:14086

[Be] E. Becker, On the real spectrum of a ring and its application to semialgebraic
geometry, Bull. Amer. Math. Soc. (N.S.) 15 (1986), 19-60. MR 88g:14022

[Bo-Co-Ro] J. Bochnak, M. Coste, and M.-F. Roy, Real algebraic geometry, Ergebnisse der
Mathematik und ihrer Grenzgebiete (3), vol. 36, Springer-Verlag, Berlin, 1998.
MR 2000a:14067

[Bo-Rs] J. Bochnak and J.-J. Risler, Le théoréme des zéros pour les variétés analytiques
réelles de dimension 2, Ann. Sci. Ecole Norm. Sup. (4) 8 (1975), 353-363. MR
53 #854

[Br] L. Brocker, On basic semialgebraic sets, Exposition. Math. 9 (1991), 289-334.
MR 93b:14085

[Br-Pi] F. Broglia and F. Pieroni, Separation of global semianalytic subsets of 2-
dimensional analytic manifolds, Pacific J. Math. 214 (2004), 1-16. MR 2
039 122

[Br-Wh] F. Bruhat and H. Whitney, Quelques propriétés fondamentales des ensembles
analytiques-réels, Comment. Math. Helv. 33 (1959), 132-160. MR 21 #889

[Ca] A. Castilla, Artin-Lang property for analytic manifolds of dimension two,
Math. Z. 217 (1994), 5-14. MR 95g:32011
[Ca-An] A. Castilla and C. Andradas, Connected components of global semianalytic

subsets of 2-dimensional analytic manifolds, J. Reine Angew. Math. 475
(1996), 137-148. MR 97h:32006

[DC] A. Diaz-Cano, The t-invariant of analytic set germs of dimension 2, J. Pure
Appl. Algebra 160 (2001), 157-168. MR 2002c¢:32010

[DC-An] A. Diaz-Cano and C. Andradas, Complexity of global semianalytic sets in a
real analytic manifold of dimension 2, J. Reine Angew. Math. 534 (2001),
195-208. MR 2002b:32015

[Ga] M. Galbiati, Sur ltTmage d’un morphisme analytique réel propre, Ann. Scuola
Norm. Sup. Pisa ClL. Sci. (4) 3 (1976), 311-319. MR 54 #7834
[Jw] P. Jaworski, The 17th Hilbert problem for noncompact real analytic manifolds,

Real algebraic geometry (Rennes, 1991), Lecture Notes in Math., vol. 1524,
Springer, Berlin, 1992, pp. 289-295. MR 95b:14040

[La] T. Y. Lam, An introduction to real algebra, Rocky Mountain J. Math. 14
(1984), 767-814. MR 86g:12013

[Ma] M. A. Marshall, Spaces of orderings and abstract real spectra, Lecture Notes
in Mathematics, vol. 1636, Springer-Verlag, Berlin, 1996. MR 98b:14041

[Rz] J. M. Ruiz, On Hilbert’s 17th problem and real Nullstellensatz for global ana-

lytic functions, Math. Z. 190 (1985), 447-454. MR 87b:32010

DEPARTAMENTO DE ALGEBRA, FACULTAD DE MATEMATICAS, UNIVERSIDAD COMPLUTENSE
DE MADRID, 28040 MADRID, SPAIN

E-mail address, C. Andradas: Carlos_Andradas@mat.ucm.es

E-mail address, A. DiazCano: Antonio_DiazCano@mat.ucm.es



