Illinois Journal of Mathematics
Volume 46, Number 3, Fall 2002, Pages 739-754
S 0019-2082

HOMOLOGY OF PRECROSSED MODULES

DANIEL ARIAS, MANUEL LADRA, AND ALFREDO R-GRANDJEANT

ABSTRACT. We prove that the category of precrossed modules is an
algebraic category, and we develop a cotriple (co)homology theory for
precrossed modules which generalizes the Eilenberg-MacLane theory of
(co)homology groups. We study the relationship of this theory with the
(co)homology of crossed modules.

1. Introduction

From a certain point of view precrossed modules are generalizations of
groups and they form a model of homotopy type in dimensions 1 and 2 for
connected CW-complexes. The precrossed modules of nilpotence class 2 play
an essential role in Baues’ algebraic models of homotopy 3-types [3].

Conduché and Ellis [7] defined the first and second homology group of
a precrossed P-module, and Inassaridze and Khmaladze [11] extended this
theory by defining all homology groups modulo an integer ¢ for a precrossed
P-module in terms of nonabelian derived functors. Here P is a fixed action
group.

In this paper we develop the basic elements to define cotriple homology
and cohomology theories in the whole category of precrossed modules.

We start with the observation that the category of precrossed modules is
an algebraic category; that is, there exists a tripleable forgetful functor from
this category to the category of sets. The (co)homology theory for precrossed
modules is therefore a particularization of the general theory of Barr and
Beck [1].

We study this cotriple (co)homology theory and, in particular, the relation-
ship between this theory and other classical or new (co)homology theories.
We will show that this theory generalizes the Eilenberg-MacLane theory of
(co)homology groups if we regard a group G as a precrossed module (1, G, 1)
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or (G,1,1). We also show that, in the particular case of a crossed module
(T,G,0), we obtain the low dimensional homology for crossed modules of
Gilbert [9], and their generalizations in every dimension. Finally, we relate
the theory to the CCG-(co)homology of crossed modules of Carrasco, Cegarra
and R.-Grandjedn [5] through a long exact sequence connecting both theories.

We begin in Section 2 by recalling some standard results on the category
of precrossed modules. Next, we show that this category is algebraic, and we
generalize a result from [5] about tripleability for crossed modules. This leads
to the notions of free and projective precrossed modules.

In Section 3 we define the cotriple (co)homology theory for precrossed mod-
ules, and we establish its basic properties.

Finally, in Section 4 we consider relationships with the other (co)homology
theories described above.

2. Precrossed modules are an algebraic category

A precrossed module (M, P,u) is a group homomorphism p: M — P
together with an action of P on M, denoted by Pm for p € P and m € M,
which satisfies u(Pm) = pu(m)p~? for all p € P and m € M. If, in addition,
p verifies Peiffer’s identity “"™)m/ = mm/m=" for all m,m’ € M, (M, P, ;1) is
a said to be a crossed module.

EXAMPLES.

(i) Let N be a normal subgroup of G. The inclusion homomorphism
i: N — G with the action 9n = gng™"', ¢ € G, n € N, is a crossed
module. In particular, (G, G,1d) and (1, G, %) are crossed modules.

(ii) If A is an ordinary ZG-module, then (4, G,0) is a crossed module.

(iii) Let P, G be groups with P acting on G non-trivially, or G a non-
abelian group. Then (Gx P, P, ) is a precrossed module, but not a
crossed module, where Gx P is the semidirect product of G and P, w
is the natural surjective homomorphism of GxP on P and the action
of Pon GxPis? (9,p) = (p,g7 p/p). In particular, if G is a non-abelian
group, (G,1,1) is a precrossed module, but not a crossed module.

A precrossed module morphism (®,W): (M, Py,pu1) — (Ma, Pa, u2) is a
pair of group homomorphisms ®: M; — Ms and ¥: P — P, such that
oy = pg o ® and &(Pm) = YP)&(m) for all p € P, and m € M;.

We denote the category of precrossed modules by PCM.

A morphism (@, ¥) in PCM is said to be injective (resp. surjective) if both
® and U are injective (resp. surjective) group homomorphisms.

A precrossed submodule (N,Q, ') of a precrossed module (M, P, p) is a
precrossed module such that N and @ are subgroups of M and P, respectively,
the action of @ on N is induced by that of P on M, and pn = p'. A
submodule is said to be a normal precrossed submodule if, in addition, N and
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@ are normal subgroups in M and P, respectively, and if, for all p € P, g € Q,
mé&eMandn e N, Pne N and Imm~! € N.

If (N,Q, u) is a normal precrossed submodule of (M, P, ), we define the
quotient precrossed module (M, P, 1),/ (N,Q, ) as (M/N, P/Q, 1), where the
homomorphism 7 is induced by x and P/Q acts on M/N by P9mN = (Pm)N
forpe Pand me M.

We call the Peiffer subgroup (M, M) of a precrossed module (M, P, )
the subgroup of M generated by the Peiffer elements mlmgml_l “(ml)mz_ L
my,mg € M. The Peiffer subgroup is a normal subgroup of M, and the quo-
tient precrossed module (M, P, i),/ ((M,M),1,1) is a crossed module called
the Peiffer abelianisation of (M, P, ).

The kernel of a precrossed module morphism (®,¥): (M, Py, 1) —
(My, Ps, pi2) is the normal precrossed submodule (Ker ®, Ker W, i) of (M7, Py,
u1). Its image is the precrossed submodule (Im @, Im ¥, p19) of (Ma, Py, p12).

If two precrossed modules (My, Py, 1) and (Ms, P, i2) are given, their
product is the precrossed module (M; x Ma, Py X Pa, p1 X pi2), with Py x Py
acting on My x My by PrP2)(my,my) = (Prmy,P2my) for p1 € Py, py € P,
mq € My, and mo € Ms.

We next introduce analogues of some basic concepts from group theory,
such as the centre or commutator groups, in the category of precrossed mod-
ules.

We call the centre Z(M, P, pi) of a precrossed module (M, P, i) the normal
precrossed submodule (Inv(M) N Z(M),Stp(M) N Z(P), ), where Stp(M)
denotes the group {p € P | Pm =m forall m € M}, Inv(M) = {m € M |
pu(m) € Stp(M) and Pm = m for all p € P} and Z(M) and Z(P) denote
the centres of M and P, respectively. Using the same argument as in [13],
one can show that Z(M, P, ) is the maximal central precrossed submodule
of (M, P, ). Hence Z(M, P, 1) coincides with the categorical notion of centre
developed by Hugq [10].

A precrossed module (M, P, u1) is said to be abelian if it satisfies (M, P, ) =
Z (M, P, ), or, equivalently, if M and P are abelian groups and P acts trivially
on M. The variety of abelian precrossed modules APCM coincides with
that of abelian crossed modules. We can identify it with the category of
homomorphisms of abelian groups, which is equivalent to the category of
Z 0
7 Z) (see [5]).

If (N,Q, u) is a normal precrossed submodule of (M, P, 1), we define the
commutator precrossed submodule [(N,Q,u),(M,P,u)] of (N,Q,u) and
(M, P, 1) as the normal precrossed submodule ([N, M][Q, M][P, N], [P, Q], 1)
of (M, P, ), where [P, N] denotes the normal subgroup of M generated by
the elements {Pnn~! | p € P,n € N}, [Q, M] denotes the normal subgroup
of M generated by the elements {¢mm~! | ¢ € Q,m € M}, and [N, M] and

right modules over the ring of matrices
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[P, Q] denote the usual commutator subgroups of N with M and P with @Q,
respectively.

In particular, the commutator precrossed submodule [(M, P, ), (M, P, u)] of
a precrossed module (M,P,u) is the normal precrossed submodule
([M, M|[P, M], [P, P], ) of (M,P,p). It is the smallest precrossed module
of (M, P, ) for which the quotient is an abelian precrossed module.

To prove the tripleability of PCM over Set we will use the following crite-
rion, due to Linton [8]; for background on tripleability we refer to [2].

THEOREM 2.1. A functor U: D — Set is tripleable if and only if U has
a left adjoint and the following three conditions are satisfied:
(a) D has kernel pairs and coequalizers.
(b) p: Y — Z is a coequalizer <= Up: UY — UZ is a coequalizer.

s Us
(¢c) X =Y is a kernel pair <= UX = UY is a kernel pair, where p, s
t Ut
and t denote morphisms in D.

We will apply this criterion to the forgetful functor U: PCM — Set,
U(M, P, ) = M x P, which assigns to each precrossed module (M, P, i) the
cartesian product of the underlying sets M and P.

ProroSITION 2.2.  The functor U: PCM — Set has a left adjoint.

Proof. Tt is known (see [12]) that the forgetful functor
Ul: PCM — grp l grp, Ul(MaP7/~‘L) =M

has a left adjoint by the functor
Fy: Grp | Grp — PCM,  Fi(G =5 H) = (G, H,(\1d) 5),
where
G=Ker(G+H YV H), (\1d):G+H — H,

and H acts on G by conjugation. On the other hand, the functor

Uz: Grp | Grp — Grp, Ua(G =5 H) =G x H
has a left adjoint by the functor Fy: Grp — Grp | Grp, which takes a group
G into F»(G) = (G 2 G * G), the first inclusion in the coproduct.
We denote by Us: Grp — Set the usual forgetful functor and by Fj:
Set — Grp its left adjoint, the free group functor.
Composing these three adjunctions,

F3 Fy Fy
Set = Grp = Grp | Grp = PCM,
Us Us U1

we see that Y = Uz o Us o Uy: PCM — Set is right adjoint to the functor
}-:FloFQOFg:Set—ﬂDCM, f(X):(F,F*F,<Zl7Id>|f),
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where F' = F3(X) is the free group over X,

F=Ker(F+(FxF) Y Fur), (i,1d): Fx(F+F) — F+F,

and F x I acts on F by conjugation. O
THEOREM 2.3.  The functor U: PCM — Set is tripleable.

Proof. We check that the conditions of Theorem 2.1 are satisfied:

(a) PCM has kernel pairs. It is easy to check that the kernel pair of a pre-
crossed module morphism (M7, Py, 1) — (Ma, Py, o) is the precrossed sub-
module (M1A>4< M;y, P1;< Py, p1 X 1) of the product (My, Py, pp) x (My, Py, pq),

2 2

with the projections to the first and second components given by
(Wzlwvﬂjla)

(My x My, Py x Prypy X pn) = (M, Pr,pr).
M, Py

(737%)
PCM has coequalizers. Given a pair of morphisms

(PrM,PpP)
(MlvPlu,u/l) = (M27P27M2)7
(Y, ¥p)

consider the least normal precrossed submodule (N, Q, p2) of (Ma, Py, u2) such
that the canonical projection

(mn, Q) (Ma, Po, pio) — (Ma, P2, p2) / (N, Q, p2)

satisfies (mn,7Q) © (Par, Pp) = (7N, mg) © (Par, ¥p). Such a submodule
exists since the intersection (defined in the obvious way) of normal precrossed
submodules satisfying the above condition is a normal precrossed submodule
that also satisfies this condition. It is also clear that (7, mg) is the coequalizer
of ((I)M, (I)p) and (\I/M7\pr)

(b) U preserves and reflects coequalizers because both in PCM and in
Set the coequalizers are surjective morphisms (a surjective precrossed module
morphism is the coequalizer of its kernel inclusion and the zero map).

(¢) U preserves kernel pairs because it has a left adjoint. To see that U
reflects kernel pairs, first note that by a congruence on a precrossed mod-
ule (M, P, 1) we mean a precrossed submodule (R, C,p x u) of the product
precrossed module (M, P, ) x (M, P, ) = (M x M, P x P, x p) such that
both R C M x M and C' C P x P are equivalence relations. As in groups,
giving a congruence (R, C, u x ) on a precrossed module (M, P, u) is equiva-
lent to giving a normal precrossed submodule (Ng, Qc, 1) < (M, P, ), where
Np={meM]|(l,m)e R} and Qc ={pe P|(1,p) € C}. In fact,

(“}VI»W}D)
(R, Copxp) = (MPp)

(737%)
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is the kernel pair of the quotient

(M, P,) — (M, P, 1)/ (NR, Qc, j1)-

Take a pair
(®rm,Pp)
(My,Pr,1) = (Mo, Pa,pu2)
(Urr,¥p)

of precrossed module morphisms which is a kernel pair in Set. This implies
that

(P x @p) X (Upy X Up): My x Py — (My X Py) x (My x Py)

is injective, and its image is an equivalence relation on the group Ms x Ps.
Thus

(Par, ®p) X (Yar,¥p): (My, Pr,pn) — (Ma, Py, piz) X (Ma, Ps, pi2)

is an injective morphism that establishes a precrossed module isomorphism
between (Mj, Py, p1) and its image, denoted by (R, C,ug X pg). It is clear
that (R, C,ua X p2) is a congruence on (Ma, Pa, ). We therefore have the
following commutative diagram:

(Prm,PpP)

(M, Py, 1) = (Ma, P, pi2)
(Trr,¥p)

\ (7"11\/1777113) TT (71-?”,71'%3)

(R, C, 2 X p2)
This yields the result. O

Observe that every Birkhoff subvariety of PCM (which is closed under
subobjects, quotients and products) is also closed under the operations of
taking kernel pairs and coequalizers, and by Theorem 2.1 is therefore also
algebraic. As a corollary, we obtain the following result from [5]:

COROLLARY 2.4. The category of crossed modules CM is tripleable over
Set, via the forgetful functor v: CM — Set, v(T,G,0) =T x G.

The existence of a good pair of adjoint functors between PCM and Set
will allow us to establish some useful facts on free and projective precrossed
modules.

Recall that an object P in a category is said to be projective if for ev-
ery regular epimorphism (i.e., a coequalizer) p: A - B, p,: Hom(P, A) —
Hom(P, B) is a surjective map. A category is said to have enough projective
objects if for each object Y there exists a regular epimorphism P — Y with
P a projective object (that is, a projective presentation of Y).

As was shown in Theorem 2.3, regular epimorphisms in PCM are just sur-
jective morphisms. Thus, for each set X, the free precrossed module (relative
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to U) F(X) is a projective precrossed module, and every precrossed module
(M, P, 1) has a projective presentation through the counit of the adjunction
FU(M, P, ) — (M, P, ).

There are more projective objects in PCM. In the following proposition
we give a family of projective objects with some members not isomorphic to
any value of F.

PROPOSITION 2.5. Let P and Q be free groups. Then the precrossed mod-

ule (P, PxQ, (ip, Id)lp) is projective, where P = Ker(Px (P Q) 014 PxQ),

(ip,1d): Px (P* Q) — P*Q, and P * Q acts on P by conjugation.

Proof. The inclusion in the coproduct ip: P — Px*(Q) is a projective object
in the category of group homomorphisms Grp | Grp. Take

a=(a1,a2): (P2 PxQ) — (G’ 25 HY),
B= (B, B2): (G2 H) — (G 25 1),

which are morphisms in Grp | Grp, with 8; and (35 surjective homomorphisms.
Since P and @ are free groups, there exist ¢: P — G and ¢”: Q — H such
that 81 0e = aq and B2 0 ¢ = ag 0ig. Also, ¢’ = Aoe and ¢” induce
¢: Px Q — H such that 3 0 ¢ = ay. Finally, the pair (¢,¢): (P -
PxQ) — (G 2, H) is a morphism in Grp | Grp, because ¢poip = Aog,
and we have a = 8o (g, ).

Since the forgetful functor U;: PCM — Grp | Grp (see Theorem 2.3)
preserves surjective morphisms, its left adjoint Fy: Grp | Grp — PCM
preserves projective objects, and so F} (P ~£ Px(Q) is a projective precrossed
module. O

Note that free crossed modules relative to v: CM — Set (see [5]) are
obtained from free precrossed modules (relative to «: PCM — Set), which
yields its Peiffer abelianisation. Similarly, if we take the quotient of a pro-
jective precrossed module by its Peiffer subgroup, we get a projective crossed
module.

A non-zero free precrossed module (F, F * F, (iy, Id) ) is never a crossed
module. In fact, any projective precrossed module in the family described
in Proposition 2.5, i.e., (P, P * Q, (ip,Ide) with P # 0, is not a crossed
module. To see this, take a non-trivial element p € P; then it is clear that
(i 1Py £ ppp=! = p.

Observe that every projective precrossed module (M, P, ) is a retract of a
free precrossed module, and so M and P are free groups.
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3. Cotriple (co)homology of precrossed modules

In this section we particularize to our context the cotriple (co)homology
of Barr and Beck [1]. Before introducing homology and cohomology theories
for precrossed modules, we study the category of abelian group objects in the
category of precrossed modules.

The category of abelian group objects in a category plays a fundamental
role in the description of the homology and the cohomology of the category.
It was shown in [5] that the abelian group objects in the category CM are just
the abelian crossed modules (i.e., those which coincide with its centre), as the
abelian group objects in the category Grp are simply the abelian groups.

ProposITION 3.1.  The forgetful functor J: APCM — PCM is a full
and faithful embedding whose replete image consists of abelian precrossed mod-
ules.

Proof. The proof is analogous to that given in [5] for the case of crossed
modules; it suffices to replace CM by PCM. O

The inclusion J of the variety APCM in PCM has a left adjoint (the re-
flector) ab: PCM — APCM called the abelianisation functor, which assigns
to a precrossed module (M, P, 1) the abelian precrossed module (M, P, 1) qp =
(M/[M, M][P, M), P/[P, P}, ).

The functors F: Set — PCM and U : PCM — Set described in Section
2 induce a free cotriple (C,d,¢) in PCM, with C = Fold: PCM — PCM,
§: C = Idpcaq the counit of the adjunction and €: C = C? the comulti-
plication. Every precrossed module (M, P, 1) has a standard free simplicial
resolution C.(M, P, ) — (M, P, i), where C.(M, P, ) is the simplicial pre-
crossed module with the n-dimensional object C,,(M, P, u) = C" "1 (M, P, ),
for n > 0, and with face and degeneracy operators

di = C" ' SCH M, P, p): Cp(M, P, i) — Cp_1(M, P, p1),0 <i <mn,

s; = C"'eC" (M, P,pn): Co(M, P, 1) — Cpi1(M, P,pn),0 < i <n.
Applying the abelianisation functor ab: PCM — APCM, we obtain an
augmented simplicial complex of abelian precrossed modules
(CAM, P, 1)) g, = (M, P, 1) ap-
If we take the alternating sum of the abelianised face operators we get the
chain complex of abelian precrossed modules

o (Cu(M, Py 1)) gy 22 (Ct (M Py)) gy -+ 25 (C(M, Py 1)) yy — 0

whose homology provides the homology groups of the precrossed module
(M, P, p):

Hn(Mvpmu“):Hn—l((c'(M7P7:u))ab?a*)7 nZl
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On the other hand, if (4, B, f) is an abelian precrossed module, applying
the functor Hompe g (—, (4, B, f)) to C.(M, P, 1), we obtain an augmented
simplicial complex of abelian groups

HomPCM((Mv Pa /u')v (Avaf)) — HomPCM(C'(Mv Pa N)7 (AaBa f))

and the chain complex of abelian groups
0 — Hompem (C(M, P,ps), (A, B, f)) = -+
- — Hompen(Co (M. P ), (A, B, )
2 Hompen (Cri1 (M, P, 1), (A, B, f)) - -

We define the cohomology groups of (M, P, u) with coefficients in (A, B, f)
for n > 1 by

H™((M, P, p), (A, B, f)) = H""(Hompem (C.(M, P, ), (A, B, f)), ")
= Hnil(Hom'PCM((C‘(Ma Pa ,u‘))ab 5 (Aa Ba f))7 a*)
Note that the homology groups of a precrossed module are actually abelian

group objects in PCM.

PROPOSITION 3.2.
(i) Hp(=): PCM — APCM and H"(—,—): PCMP x APCM — Ab

are functors for each n > 1.
(ii) For every precrossed module (M, P, 1) and all abelian precrossed mod-
ules (A, B, f),

Hy(M, P, p) = (M, P, 1) ap,
HY((M, P, p), (A, B, f)) = Hompem (M, P, ), (A, B, f))
= Hompem (M, P, pt)as, (A, B, f)).
(iil) If (M, P, ) is a projective precrossed module, then
Hn (M, P,p) = 0=H"((M,P,p), (A B, f))

for each abelian precrossed module (A, B, f) and n > 2.
(IV) Ifo I (Althfl) - (AaBaf) - (AQaB27f2) — 0 is exact,
then there exists a long exact sequence in cohomology:
- Hn((M’P7N)7 (AlvBlafl)) - Hn((Ma P»/J')v (Avaf))

- Hn((Mv P, /*5)7 (A27 Bs, f2)) - Hn+1((M7 P, /’L)’ (A17Bla fl)) s
REMARK 1. An alternative way for computing the (co)homology consists

of replacing the standard free simplicial resolution by a projective simplicial
resolution (see [1]), that is, an augmented simplicial complex of precrossed
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modules (M., P, u.) — (M, P, ), where (M, P,, ) is a projective pre-
crossed module for each n > 0, and the simplicial set

UM., P, p) =M x P.— UM, P,p) =M x P

has a contraction.
It was shown in [1] that

Hn(M7 P’:U’) = Hn—l((M-’Puu-)abaa*)
and
Hn((Mvpvﬂ)7(A’Baf)) :Hnil(HomPCM((MWP?M')v(A’B’f))va*)

for each abelian precrossed module (A4, B, f) and all n > 1.

Observe that U(M., P, u.) — U(M, P, i) is obviously a Kan complex,
so U(M.,P.,u.) — U(M, P, 1) has a contraction if and only if M. — M
and P. — P are both weak equivalences, i.e., if the homotopy groups verify
’/Tl(M) =0= WZ(P) for 4 > ]., and 7T0(M.) = M, ’/To(.P.) =P.

4. Connection to other (co)homology theories

We begin with a theorem which shows the main connection between our
(co)homology theory for precrossed modules and the Eilenberg-MacLane the-
ory of (co)homology groups.

Denote by H,(G) = H,(G, Z) the nth integral homology group of a group
G, and by H"(G, A) the nth cohomology group of a group G with coefficients
in an abelian group A (considered as a trivial G-module).

The category of groups may be regarded as a subcategory of the category
of precrossed modules, with the inclusion given by the functor i: Grp —
PCM, i(G) = (1,G,i). The functor ¢ has a right adjoint k: PCM — Grp,
kE(M, P, u) = P.

Another common way of thinking of a group as a precrossed module is
through the functor e: Grp — PCM, (G) = (G, G,id), where G acts on
itself by conjugation. The functor € has as left adjoint the functor k.

THEOREM 4.1.
(i) For every group G and every abelian precrossed module (A, B, f),
H,(iG) 2 iH,(G), H"(iG,(A,B, f)) 2 H"(G,B), n > 1.
(ii) For every precrossed module (M, P,u) and allm > 1,
kH, (M, P, p) = H,(P).

(iii) For every precrossed module (M, P, i), every abelian group A, and all
n>1,
H"((M,P,u),eA) = H"(P, A).
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Proof. As was shown in [1], Eilenberg-MacLane (co)homology groups can
be computed through free simplicial resolutions. That is, given a group G,
if F. — G is an augmented simplicial group such that F), is a free group for
every n > 0, m;(F.) =0 for ¢ > 0, and 7y(F.) = G, then

Hn(G) = anl((F-)aha*),
H"(G, A) = H"'(Homg, ((F), A),0)
for every abelian group A and every n > 1, where the differential is taken to
be the alternating sum of the abelianised face operators.
To prove (i) take a free simplicial resolution F© — G of the group G. By

Proposition 2.5, the augmented simplicial precrossed module iF. — iG is a
projective simplicial resolution of the precrossed module iG. Thus,

Hn(ZG) = anl((iF)ab) &= anl(i(Fﬂb))
~iH, 1((F)a) 2 iH,(G), n>1,
Hn(ZGa (Aa Ba f)) = Hnil(Hom'PCM((iF)a (Aa Ba f)))
= Hn_l(Homgrp(F'> k<A7 B, f))) = Hn_l(Homng(F-’ B))
~ H"(G,B), n > 1.
Here we used the fact that ¢ preserves kernels and cokernels and commutes
with the abelianisation functors (i.e., ¢ o ab = aboi).
Now we prove (ii) and (iii). Recall that, as shown at the end of last section,

for every precrossed module (M, P, i) the simplicial group k(C.(M, P, p)) is
a free simplicial resolution of the group P. Thus

an(Mv P, lu') = anfl(C*(Mv P, /‘)ab) = anl(k(C(M? P, lu'))ab)
= Hy(P), n>1,
since k o ab = abok. Similarly, for every abelian group A we have
H"((M, P, p),eA) = H" ' (Hompea (C.(M, P, ), A))
=~ 0"} (Homg,, (kC.(M, P, u), A))
~ H"(P,A), n>1. O
In [9], Gilbert introduced two invariants Hi (7, G, d) and Hq (T, G, 9) for
every crossed module (T, G, d), using the equivalence between the category
of crossed modules and the category of group objects in the category of
groupoids.

For each crossed module (T, G, 9), Gilbert’s homology groups are the abelian
crossed modules

Hl(TaG76) = (T/ [G7T] aG/ [G7G] 75)7
HQ(T, G, 8) = (E7H2(G),O'*IE)’
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where ¥ = Ker(7,), and 7, and o, are the homomorphisms induced in homol-
ogy by the group homomorphisms

7: TG — G, 7(t,9) =g,
0: TxG — G, o(t,g) =0(t)g,

and T'xG denotes the semidirect product of G acting on T

THEOREM 4.2. If (T,G,d) is a crossed module, then
Hy(T,G,0) 2 H,(T,G,d) and Ho(T,G,0) = Ha(T, G, D).

Proof. The first relation is clear because for each crossed module (T, G, 9)
we have [T,T] = [0(T),T] C [G,T).
To prove the second relation note that if (F, F % F, (i1, Id>‘f) is a free pre-

crossed module then F'x(F * F) is a free group since the short exact sequence

_ (0,1d)
F—Fx(FxF) —» FxF
is split, and the action induced by F * F' on F coincides with the action in
the free precrossed module.

Thus, if C(T,G,0) = (M., P, u.) - (T, G, ) is the standard free simplicial
resolution of (T, G, d), then M. xP. - TxG is a free simplicial resolution of
the group T'xG since its underlying augmented simplicial set coincides with
UM, P, p) — UM, P, pu).

Let us take the group homomorphisms 7,,: M, X P, — Py, 7,(m,p) = p,
and o, MpxP, — Py, on(m,p) = pn(m)p. It is easy to see that 0. and 7.
are morphisms of augmented simplicial groups

M.xP. — TxG

o ||l T ollT
P —» G
If we set
H2(T7 G7 a) = (Za H2(G)7 (Ul)*|2)7
then

Hy(TxG) = Hi(M.XP)g), and X =Ker((m)«),
where
(T1)w (01)s : Hi((M.XP.)qp) — Hi((P.)ab))
are induced in homology by (71)4 and (o71)gp-

Since every epimorphism M, <P, b4 P, is split, the short exact sequence
of simplicial abelian precrossed modules

(T-)ab
Ker(7.)ap — (M. XP)ap — (P)ap
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is a weakly split sequence and the associated long exact sequence in homology
provides the isomorphism

Hy(Ker() ap) = Ker((7.)s: Ho(M.XP.)ab) — Ha((P)as))-

It is easy to prove that [M, xP,, M, xP,] = [My, M,][Ppn, M|} [Py, Py,
o)
(Tn)ab: My /[Mp, Myp]|[Pn, My] X Pp/[Ppn, Pa] — Po/ [Py, Py]

is the projection to the second component, and we have a simplicial abelian
group morphism

Ker(r.)epy — Ker(7ap)

(1) (0-)ab l l Oab
(G~)ab B Gab

In homology, between the first two homology groups we obtain the abelian
group homomorphism Hs (7T, G, ).

Now observe that (U-)ab|Ker(T.)ab = (u.)qp and T ab|Ker(ry) = Oab- It fol-
lows that the complex (1) is the abelianisation of the standard free simplicial
resolution of (T, G, d), and so its first homology is also Ha(T, G, 9). O

Recall that the category of precrossed modules is equivalent to the category
of simplicial groups of length 1 (pre-cat!-groups in the notation of [4]), that
is, a precrossed module (M, P, 11) is equivalent to the simplicial group

MxP P,

Quﬂ 5&

where 7(m,p) = p and o(m,p) = p(m)p.
Following the proof of Theorem 4.2 and replacing the crossed module
(T, G, 0) by a precrossed module (M, P, i), we deduce:

THEOREM 4.3. The nth homology group of a precrossed module (M, P, i)
is Hy(M, P, ) = (X, Ho(P), 04), where 3, = Ker(7,) and
Ty Ox: Hyp(MxP) — H,(P)

are the group homomorphisms induced in homology by T and o.

COROLLARY 4.4. If we regard a group G as the precrossed module (G,1,1),
then H,(G,1,1) = (H,(G),1,1).

EXAMPLE. Let G be a group regarded as the precrossed module (G, G,1d).
Then o and 7 composed with the isomorphism G x G — GG given by
(91,92) — (9195 ", g2) become the projections from G'x G to G. Thus Kiinneth’
formula in the homology of groups and Theorem 4.3 yield

Hy(G,G,1d) = (H2(G) @ (H1(G) ® Hi1(Q)), H2(G), 04),
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with o, acting as the identity on Hs(G), and as zero on H1(G) ® H1(G).
The category of crossed modules CM is a Birkhoff variety of PCM. It
is well known that the inclusion I: CM — PCM has as left adjoint P:
PCM — CM, the Peiffer abelianisation which assigns to each precrossed
module (M, P, ) the quotient (M/{M, M), P,x).
Consider the composition of adjunctions

F P
Set 2 PCM = CM.
u I
The tripleable forgetful functors & and UI provide the free cotriples (C,6,¢)
in PCM and (C,4,¢) in CM. (The latter cotriple is the one obtained in [5].)
To relate our (co)homology theory of precrossed modules to the CCG -
(co)homology theory of crossed modules we define natural transformations

rn: C"I = IC"

inductively by r,4+1 = r,C o C"ry for every n > 1, where rq is the natural
transformation which sends each crossed module (7, G, d) to the canonical

projection C(T,G,0) - PC(T,G,0) = C(T, G, 9).

LEMMA 4.5.  The transformations r, commute with the face operators of
the standard free resolutions C.(T,G,0) and C.(T,G,0); that is, T, 0 §; =

—n—f—

;0 g1, where §; = C"16C and 5, = C '0C".

Proof. The proof is an easy calculation, given in [6] in a more general
context. O

Thus, for every crossed module (T, G, ) we have the following surjective
morphism of resolutions:

01
C"(T,G,d) ... CXT,G,0) = C(T,G,d) > (T,G,d)
do
T | T2 ] 1l !
—n — R 5
CUT,G,0) ... CT,G,0) = O(T,G,0) > (T,G,9)
%

In the next theorem we denote the nth CCG-homology group of the crossed
module (T,G,d) by HSYC(T,G,0) and the nth CCG-cohomology group of
the crossed module (T, G, 9) with coefficients in an abelian precrossed module
(Aa Ba f) by Hg’CG((Ta G7 8)7 (A’ B’ f))

THEOREM 4.6. Let (T,G,0) be a crossed module and let (A, B, f) be an
abelian precrossed module.
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(i) We have
H\(T,G,0) = H°°Y(T, G, ),
Hl((Tv G’ a)’ (A7B7 f)) = Hé'CG((Tv G78)7 (A7B7 f))

(ii) There exists a long exact sequence of abelian precrossed modules in
homology

. HSCY(T,G,0) — H,_s(Ker(r.)ay) — H,_1(T, G, )
— HS9E(T,G,0) — ... — Hy(Ker(r.)ap)
— Hy(T,G,d) — HSCY(T,G,0) — 0.

(iii) There exists a long exact sequence of abelian precrossed modules in
cohomology

0 — Heco((T,G,0), (A, B, f)) — H*((T,G,9), (A, B, ))
— H'(Coker(Hompep (., (A, B, ) ... Hace (T, G, 0), (A, B, f))
— H"((T,G,9), (A, B, f)) — H""*(Coker(Hompc (r., (4, B, f))))
— HEEG((T.GL0), (A, B, f)) — ...

Proof. Assertion (i) is clear since
H{“(T,G,0) = (T.G,0)ay

and
Hé’CG((TJ G,0), (4, B, f)) = Hompem((T, G, 9), (A, B, f)).
To prove (ii) note that there exists a surjective morphism of complexes

C(T,G,0)ay ... CUT,G,0)e -2 C(T,G,0)q — 0
(rn)ab J’ (T2)ab J’ _ (’rl)ab ‘L
C'T1,G. ey ... C(I,G. ey 2 CT,G,0)a — 0

and that (r1)q is the identity map because the abelianisation (as crossed
module) of the Peiffer abelianisation of a precrossed module is exactly the
abelianisation of the precrossed module. Hence the sequence follows from the
long exact sequence in homology associated with the short exact sequence of
complexes
Ker(r.) gy — C.(T, G, 8) ap Mol (T, G, )
Part (iii) follows similarly, using

HomPCM(C(Tv G, a)v (A7 B, f)) = HomPCM((C(T7 G, a))abv (Aa B, f))
= Hompcm (€(T7 G, 8)7 (A7 B, f)) u

REMARK 2. For n > 2, we have
H,(G,G,1d) # HSC(G,G,1d) = (H,(G), H,(G),1d).
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REMARK 3. The above results and Theorem 4.3 show that the low-di-

me:

nsional homology given by Gilbert [9] is not one of crossed modules, but

of precrossed modules.

(1]
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