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TWO-SIDED ESTIMATES ON THE DENSITY OF
BROWNIAN MOTION WITH SINGULAR DRIFT

PANKI KIM AND RENMING SONG

ABSTRACT. Let = (u',..., u?) be such that each u’ is a signed mea-
sure on R? belonging to the Kato class K, 1. The existence and unique-
ness of a continuous Markov process X on R?, called a Brownian motion
with drift u, was recently established by Bass and Chen. In this paper
we study the potential theory of X. We show that X has a continuous

density ¢# and that there exist positive constants ¢;, ¢ = 1,---,9, such
that
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for all (t,z,y) € (0,00) x R% x R?. We further show that, for any
bounded C1:1 domain D, the density gL of X, the process obtained
by killing X upon exiting from D, has the following estimates: for any
T > 0, there exist positive constants Cj, ¢ = 1,---,5, such that
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for all (¢,z,y) € (0,T]x D x D, where p(x) is the distance between  and
0D. Using the above estimates, we then prove the parabolic Harnack
principle for X and show that the boundary Harnack principle holds for
the nonnegative harmonic functions of X. We also identify the Martin
boundary of XP.

Received May 9, 2005; received in final form December 5, 2005.

2000 Mathematics Subject Classification. Primary 58C60, 60J45. Secondary 35P15,
60G51, 31C25.

The research of the second author is supported in part by a joint US-Croatia grant INT
0302167.

(©2006 University of Illinois

635



636 PANKI KIM AND RENMING SONG

1. Introduction

In this paper we always assume that d > 3. Suppose u = (u,...,ud) is
such that each p' is a signed measure on R¢ belonging to the Kato class K 1.
(See Definition 2.1 for the precise definition of K4 1.) Informally, a Brownian
motion in R? with drift 4 is a diffusion process in R? with generator %A—FMV.
When each p' is given by U'(z)dz for some function U?, a Brownian motion
with drift u is a diffusion in R? with generator %A +U -V and it is a solution
to the SDE

dX, = dW, + U(X,) - dt.

To give the precise definition of a Brownian motion with drift u in Kg 1, we
fix a nonnegative smooth radial function ¢(x) in RY with supp|y] C B(0,1)
and [(z)dr = 1. Let ¢, (z) = 2"%p(2"z). For 1 < i < d, define

Vo) = [ enle — ().
Put U, (z) = (Ul(z),...,Ud(x)). The following definition is taken from [4].

DEFINITION 1.1.  Suppose p = (u', ..., u?) is such that each i’ is a signed
measure on R? belonging to the Kato class K, 1. A Brownian motion with
drift p is a family of probability measures {P, : * € R%} on C([0,00), R%),
the space of continuous R?valued functions on [0, cc), such that under each
P, we have

Xy =x+ Wi+ Ay,
where

(a) A = lim, 0 fot U, (Xs)ds uniformly over ¢ in finite intervals, where
the convergence is in probability;
(b) there exists a subsequence {n;} such that

t
sup/ |U,,. (Xs)|ds < 00
k Jo

almost surely for each t > 0;
(c) W, is a standard Brownian motion in R? starting from the origin.

In this paper we will fix a ¢ in K4 ; and use X to denote a Brownian
motion with drift u. The existence and uniqueness of X were established in
[4] by Bass and Chen. In fact, they showed that it is a Feller process.

Bass and Chen raised the following question in [4]: Do the Harnack princi-
ple and the boundary Harnack principle hold for the positive harmonic func-
tions of X7

In this paper we will try to answer the above question by studying the
densities of X and XP| the process obtained by killing X upon exiting from
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a bounded C''! domain D. We show that X has a continuous density ¢* and
that there exist positive constants ¢; = ¢;(d, p), i = 1,---,9, such that

ot —d 763\1—?/\2 " coty— 2 7c6lm—y\2
(1.1) cre” M 2e T 2 < gMta,y) < cpe®ttT2eT T 2
and
cglz—1 \2
(1.2) Vg (t, z,y)| < cretsttT T e

for all (¢,z,y) € (0,00) x R x R%. We further show that, for any bounded
CY! domain D, XP has a continuous density ¢*” which has the following
estimates: for any T > 0, there exist positive constants ¢; = ¢;(d, u, T, D), i =
10, ..., 14, such that
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for all (¢,2,y) € (0,T] x D x D, where p(z) is the distance between  and dD.
Then we use these estimates to establish that the Harnack principle and the
boundary Harnack principle hold for the positive harmonic functions of X.

The Gaussian estimates (1.1) were first established by Aronson in [2] un-
der the assumption that each p! is given by U'(x)dx with U? belonging to
LP(B(0, R)) for some p > d and R > 0 and bounded outside B(0, R). The
estimates (1.1) and (1.2) in the case when each '’ is given by U(x)dz with
U' € Kq,1 were stated by Zhang in [28], although they were only proved un-
der the assumption that each U is bounded and smooth. In [17], Kondratiev,
Liskevich, Sobol and Us gave a proof of (1.1) and (1.2) in the general case
when each ' is given by U(z)dz with U’ € Kg1, but it seems that the proof
there is not quite complete; see Lemma 2.7 there and the argument right be-
fore the lemma. In [22], Riahi established the estimates (1.3) and (1.4) in
the case when each p is given by U'(z)dz with U? € K, 1. But the proof in
[22] also seems to be not quite complete since the first display on page 389 of
[22] (attributed to [28]), although it can be easily checked when the U'’s are
bounded and smooth (see the beginning of the proof of Theorem 4.2 below),
needs justification in the general case.

It is known that, for heat equations on manifolds, one can prove Gauss-
ian heat kernel estimates by checking the volume doubling property and the
Poicaré inequality (see [15] and [23]). However, it seems that Brownian mo-
tions with singular drifts do not fit into this framework.

(1.4) IVag" P (t,2,y)| < cra(1 A
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Let X™ be a Brownian motion with drift U,,, where U, is defined in terms
of u as in the beginning of this section. Our strategy for establishing (1.1)
and (1.2) for u € Kg,1 is as follows. First we use the result of [28] to establish
(1.1) and (1.2) for gy, the density of X™, with the constants ¢;, 1 =1,...,9,
independent of n and depending on y only via the rate at which the function

/ 1| (dy)
T — max sup T _ o ld—1
1<i<d yeRd J|z—y|<r |z —y|

goes to zero as r | 0. Then we show that the densities ¢,, converge uniformly
in each compact subset in (0, 00) x R? x RY. The uniform convergence of the
transition densities shows that the approximation scheme proposed above is
well-suited for the purpose of this paper.

The strategy for establishing (1.3) and (1.4) for u € Kg1 is similar. The
difference is that we have to first establish them for ¢2, the density of X™P,
and then establish the uniform convergence of g2 on arbitrary compact subsets
of (0,00) x D x D.

The uniform convergences of ¢, and ¢? are essential for our approach to
establish (1.1), (1.2), (1.3) and (1.4) and they can be regarded as stability
results for the fundamental solutions under perturbations. Most of Sections
3 and 4 are devoted to proving these uniform convergences.

The content of this paper is organized as follows. In Section 2, we first recall
the definition of the Kato class and discuss some basic properties. In Section
3, we establish the two-sided estimates on the density of X. In Section 4,
we deal with estimates of the density for X, the process obtained by killing
X upon exiting from D. We establish two-sided estimates on the density
of XP when D is a bounded C'! domain D. In Section 5, we prove that
the parabolic Harnack principle is valid for positive harmonic functions of
X by using estimates obtained in Section 4. In Section 6, we establish two-
sided estimates on the Green function of X” and show that a boundary
Harnack principle is valid for positive harmonic functions of X in bounded
C™! domains. In the last section we show that, when D is a bounded C™!
domain, the Martin boundary and minimal Martin boundary of X coincide
with the Euclidean boundary.

In this paper we will use the following convention. The values of the con-
stants My, Ms,--- will remain the same throughout this paper, while the
values of the constants Cp,Cs, - might change from one appearance to an-
other. The labeling of the constants C1,C5, -+ starts anew in the statement
of each result.

Recall that a bounded domain D in R? is said to be a C'! domain if there is
a localization radius r¢y > 0 and a constant A > 0 such that for every Q € 0D,
there is a Cll-function ¢ = ¢g : R¥™1 — R satisfying ¢(0) = V¢(0) = 0,
Voo < A, |[Vo(x) — Vé(z)| < Alx — 2|, and an orthonormal coordinate
system y = (y1,** ,Yd—1,Yd) ‘= (§,ya) such that B(Q,ro) N D = B(Q,19) N
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{y : ya > ¢(§)}. The pair (rg,A) is called the characteristics of the C11
domain D.

2. Preliminaries

First we recall the definition of the Kato class Kg o for o € (0, 2], although
we will only use Ky 1 in this paper.

For any function f on R? and r > 0, we define

MF(r) = sup / M, 0<a<2
ze€R? J|z—y|<r |{,C - y| *

In this paper, by a signed measure we mean the difference of two nonnegative
measures at most one of which can have infinite total mass. For any signed
measure v on R%, we use v+ and v~ to denote its positive and negative parts,
and |v| = vt + v~ its total variation. For any signed measure v on R% and
any r > 0, we define

v|(dy)

yje 0<a<2

M) = swp [

zeR J|z—y|<r |$ -

DEFINITION 2.1. Let 0 < o < 2. We say that a function f on R belongs
to the Kato class K, if lim,|o M]‘?‘(r) = 0. We say that a signed Radon

measure v on R4 belongs to the Kato class Ky o if lim, o M2 (r) = 0. We say

that a d-dimensional vector valued function V = (V1 .-, V%) on R? belongs
to the Kato class Kg o if each V' belongs to the Kato class Kg.o. We say that
a d-dimensional vector valued signed Radon measure p = (u!,--- , u¢) on R?

belongs to the Kato class Kg , if each /ﬁ belongs to the Kato class Kg 4.

Rigorously speaking a function f in Kg, may not give rise to a signed
measure v in K4, since it may not give rise to a signed measure at all.
However, for the sake of simplicity we use the convention that whenever we
write that a signed measure v belongs to K , we are implicitly assuming that
we are covering the case of all the functions in K4, as well.

It is easy to see that if v € K o, then for any r > 0 we have M2 (r) < cc.
In fact, by definition we know that there exists ro > 0 such that M%(ry) < oo,
thus

d—a
—_— r v|(dy
sup [v|(B(z,r9)) < SUP/ 7o “lel(dy) |,§_a)
rzeR4 zeR4 J|z—y|<rg |.’L‘—y|

=rg M, (ro)-

Using this one can easily get that for any r» > 0,

(2.1) sup |v|(B(z,r)) < 0.
z€R?
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Thus

|v|(dy)
sup =
zeRE J|z—y|<r |1' - y|

d -
< sup / L:Z)ﬂl —l—rg*d sup |v|(B(z,r)) < o0
|z—y|<ro | y|

rzeR4 zeRd
and
d—a d
(2.2) sup |v|(B(z,7)) < sup / Lﬂ'(i}i) = rd_“Mf‘(r).
zeR4 zeR? J|z—y|<r |I - y|

In this paper we will use p(¢, x, y) to denote the transition density of a standard
Brownian motion in R?, that is,

lz—y|?

p(t,a,y) = (2nt) " %e™ 2, (t,z,y) € (0,00) x R? x R

For any function f on R% and ¢ > 0, we define
—sup// 52 (s, z,y)| f(y)|dyds, 0<a<2
zeR? R
For any signed measure v on R? and t > 0, we define
—sup// 52 1p(s,z,y)|v|(dy)ds 0<a<2
zeR? R4
The next two propositions are variations of Lemmas 2.1 and 2.2 in [5]. For

the convenience of our readers we include the proofs of these results.

PROPOSITION 2.2. Suppose that v is a signed measure on R? and 0 <
a<2. IfveKg,q, then for any t > 0,

z—y|?
(2.3) sup/ e~ 7t lv|(dy) < oo
zeR? JR
and
(2.4) lim sup/ e - lv|(dy) = 0.
Rloo pcRrd lz—y|>R

Moreover, there is a constant Ly = L1(d, «) depending only on d and o with
the following property: for everyr > 0, there exists a constant Lo = La(d, a, 1)
such that for any t € (0,1),

(2.5) NX(t) < (t Lo(d,a,7) + L1(d, ) M (7).

Proof. By using an argument similar to that of the proof of Lemma 1.1
n [24], one can easily prove (2.3) and (2.4). We skip the details. We now
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concentrate on proving the last assertion of this proposition. For any r > 0
and s € (0,1), we have

/ / wd " Up(u, 2, y)|v|(dy)du
0 Jz—y[>r

<s s / ud = Lp(u, 2, y)|v| (dy)
lz—y|>r

u€e(0,s)
—a r2 le—y|?
§3(27r)_% sup (u_d+22 €_H) sup/ e lv|(dy)
u€(0,s) rzeR4 JRA
a4 d+2—a r2
< s(2m)72 sup (u_ 2 6_5)01(2@77“7@)]\43(7")
u€e(0,1)

= s La(d, o, 7) M (7).

On the other hand, using

oo

t
(2.6) / 527 1p(s,xz,y)ds = 2%(2ﬂ)_%|x—y|_d+°‘/ LU e “du,
0 T

we get

t
0 J]z—y|<r

[
L
=
\Elb
8
<
=
=
—
U
<
—
Qu
Va)

d—2—«a

2”‘%“(277)7%&—?;\7“&/ u 2 e “dulv|(dy)
< 2"’—7“@@—%/ u—d“é“’e—"du/ o =y~ vl (dy)
0 |m—y|§r

= Li(d, o) / =y~ | (dy).
le—y|<r

Therefore for every s € (0,1),

N (s) < (sLa(d,a,r) + Li(d, o)) M (7). O

PROPOSITION 2.3.  Suppose that v is a signed measure on R®. Then for

any 0 < a <2, v € Kg o if and only if lim;_o NS (t) = 0.
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Proof. By Proposition 2.2, if v € Ky, then lim;_o N3 (t) = 0. For the
converse, by (2.6) we have

7,_2
[ ] st tsmividas
0 R4

_ / / 53 p(s, 2, y)ds|v|(dy)
R JO

2/ 2”"7”(27r)‘%|x—y|_d+a/ w T e duly| (dy)
le—y|<r

z—y|?
27‘§

vl

> 22" (21)~ / ui‘“i’”e*udu/ |z —y| ") (dy). O
3 lo—y|<r

1
2

By combining Proposition 2.3 above and Theorem A in [28] we get the
following result.

THEOREM 2.4.  Suppose that U(z) = (U (x),...,U%x)) is such that each
component U® is bounded. Then the Brownian motion with drift U has a
transition density ¢V (t,z,y). qV is the fundamental solution of the equation

1
—U(t, .’IJ) = _A:L’u(ta $) + U(IE) : vxu(ta LU),
ot 2
and is also called the heat kernel for %A+U~V. There exist positive constants
C;,1 < j <9, depending on U only via the rate at which max<;<q M. (r)
goes to zero, such that

Cale—y|® Cgle—y|?
2t 2t

(2.7) Clefcﬁtfgef < qU(t,m,y) < C’4€C5tt7367

and
_ Cgla—y|?
2t

Vaq” (82, y)] < Cre™'t e
for all (t,z,y) € (0,00) x R? x RY.

The meaning of the phrase “depending on p only via the rate at which
maxi<;<d M/i’ (r) goes to zero” is that if w(r) is a decreasing function on (0, co)
with lim,_,ow(r) = 0, then the statement is true for any signed measure
with

i < .
112?Sde# (r)<w(r), r>0

3. Two-sided estimates for the density of X

Throughout this paper, we assume that g = (u!,- - ,,ud) is such that each
u' belongs to K41 and that X is a Brownian motion with drift p. In this
section we shall establish two-sided estimates for the density of X.
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Let ¢(z) be a nonnegative smooth radial function in R? such that supp[p] C
B(0,1) and [¢(z)dx = 1. We fix ¢ throughout this paper. Let ¢, (z) =
27d5(27). For signed Radon measures p; on R? with 1 < i < d, define

(3.1) Ui () = / on( — y)i(dy)

and set

(3.2) ph (de) = U (x)da.

We write Uy, (z) for (Ul(z),---,Ud(z)). Tt follows from (2.2) that when u’ €
Kg1,i=1,...,d, each Ul is a bounded and smooth function on R<.

LEMMA 3.1. Fach UfL belongs to the Kato class Kq1 and
(3.3) My (r) < Mys(r) >0, 1<i<d.

Proof. See the proof of Proposition 3.6 in [4]. O

Using Theorem 2.4 and Lemma 3.1 we can see that, for each n, the Brow-
nian motion with drift U,, has a density g, and there exist positive constants
M;,i=1,...,9, depending on p only via the rate at which max;<;<q4 Mi, (t)
goes to zero, such that

z—y|2 .
(3.4) M1e—M2tt_%e—% < qult,z,y) < M4€M5tt_%e_w
and
lz—y|?
(3.5) IVaoqn(t,z,y)| < My Mt y— gt~ Moleou®

for all (¢t,z,y) € (0,00) x RY x R? and n > 1.
The next lemma is a consequence of (2.2), which can be proved easily by a
covering argument.

LEMMA 3.2.  For any bounded (d — 1)-rectifiable subset A of R, we have

d
S sup [uil(4) = 0.

i—1 z€R4

Proof. Let N(A,¢€) be the smallest number of e-balls needed to cover A,
ie.,
k
N(A,e) :==min< k: AC U B(zj,e) for some z; € R?
j=1
So for each € > 0, there exists a sequence {7 }1<;<n(4,) such that
N(A,e)

WA < Y WilBley,e),  1<i<d
j=1
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Using (2.2), we get
(3.6) [W'[(A) < ¥ P N(A,e) M} (e), 1<i<d.
Let
Ale):={z € RY : dist(z, A) < e}.

It is well-known (see, for instance, (5.4) and (5.6) in [20]) that there exists a
positive number ¢; = ¢;(d) such that

(3.7) eIN(A,e) < 1 LY(A(e)),

where £¢ is d-dimensional Lebesgue measure. Since A is (d — 1)-rectifiable,
by Theorem 3.2.39 in [11], there exists a nonnegative real number ¢y = c3(A)
such that

N —
(3.8) lalfrol EE (A(e)) = c2 < 0.

Thus combining (3.6)—(3.8), we have for any 4

i 1y 1 ) .
[W(A) < 16%1 L (A(e))M,,,(g) = cico IEIE)IMM({S) = 0. O
LEMMA 3.3. Let 0 < Ty < T} < oo. Suppose K1 is a compact subset of

R? and D, is a bounded domain with smooth boundary ODy. Then for any
continuous function f on [Ty, Ti] x K1 x K1 X Dy, we have

ftm,y,2)(uy, —p')(dz)| =0,  1<i<d.

lim sup <
D,

n1o0 (¢a,y)€[Th, To]x K1 x K1

Proof. Fix an i and extend f(t,,y, -) to be zero off D;. Let
A, = {w e R?: dist(0D;1,w) < 2*”}.
By Lemma 3.2, we have
lim |p!|(4y) = [p'|(9Dy) = 0.

Given € > 0, choose a large positive integer n, such that for every n > nq,

= M

(3.9) ( sup f(t @y, z)l) 11(An) <

(t,x,y,2)E€[To,T1] x K1 x K1 x D1

By Fubini’s theorem, we have for every (t,z,y) € [T1,Ts] x K7 x K; and
every n > ny,
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Dy

=| [ [ ento = ot is - [ gttt

=| [ (s S D) = )i )
~| [ st ) = st
Di1UA,

+

N ™

< / (9n* F(ts,y, ) (w) — F(t 2 y,w0) )it (d)
Di\A,

In the last inequality above, we used (3.9). Note that from (2.1), we have
|nt|(D1) < 1 < co. So by taking the supremum over (¢,z,y) € [Ty, T1] X
K; x K1, we get

D

sup
te(To,Th],
(z,y)eK1x K1

i e
<D sup (e f(t2yy, ) (w) = fE 2y, w) [+ 5
te[To,T],
(z,y)EK1 x K1,
wED1\An

&
<o s ([ pE)(ftagw s 2 - St w)ds +
te[To. 1), |/ B(0,1) 2
(z,y)eEK1x K1,
wEDl\An

13
< sup |(f(ta$7y7z+w)_f(tvxay7w))|+5
te(To,T1],
(z,y)EK1 X K1,
weD\Ap,|z|<27"

The first term in the last line above goes to zero as n — oo by the uniform
continuity of f. O

LEMMA 3.4. Suppose that R is a positive number. Then for any a > 0,
there exist positive constants C1 and Co depending only on a and d such that
for any measure v on R* and t > 0,

K alo—z|? alz—y|?
(3.10) | IsupR/2/O /| ‘>4R5*%e* = (tfs)*%ef =3 v(dz)ds
x|,y < T—z|>

t 2

d d+1 alu—z|

<Cit™2 sup / / sT 2 e % v(dz)ds
lu|<R/2J0 J|u—z|>3R
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and

alz—z|2 alz— y2
(3.11) sup //| ‘>4R Pl A I(t—s) ey v(dz)ds

|||yl <R/2
_dt1 _d41 _alu—z|?
< Cyt™ 2 sup // sT 2 e % v(dz)ds.
lul<R/2J0 J|u—z|>3R

Proof. One can follow the proof of Lemma 3.1 of [28] and show that for
any z,y € R%,

t (lT 22 a|z— 2
(3.12) /0 /| |>4Rsf T (t—s)~ M= v(dz)ds
alz—y|2 t a.n z2
§C’0t_%e_ = // s~ B e 5 v(dz)ds
0 J]|z—z|>4R
t
+/ / s~ e = v(dz)ds | .
0 J|xz—z|>4R

For z,y € B(0, R/2), if z satisfies |z — z| > 4R, we have |y — z| > |z — z| —
|z —y| > 4R — |z — y| > 3R. Therefore

t
// s e - v(dz)ds
0 J|z—z|>4R
¢
< // o e T (dz)ds.
0 Jly—z>3R

Now (3.10) follows by taking the supremum over |z|,|y| < 1R. (3.11) can be
proved similarly. O

LEMMA 3.5.  For any § > 0, there exists a constant Cy = C1(d,0) depend-
ing only on d and § such that, for everyt >6, € R R>1,n>1, M >0
and 1 <i1<d

¢ _d+1 M\q z\ i i
/ / s e (U8 () |dy + 11| (d=) ) ds
) y—z|>3R

<cit | M),
|z—z|>R

Proof. For any = € R,

[

dt

t _d+1 _ Mly—z|? i i
/ / M (U8 () dy + 1] (d2))ds
) y—z|>3R
_d+1 MIT 1/\ i i
< 5% t/ 55 (U (y)|dy + || (d2)) dy
ly—z|>3R
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Since ¢ is a nonnegative radial function supported by B(0, 1), we have for any
r € R?

M\T vl i
[ e uwy
ly—=z|>3R
_ Mlz—y|? i
< e on(y — 2)|pn'|(dz)dy
ly—x|>3R ly—z|<1
<[ | e il(d2).
lz—a|>2R J|ly—z|<1

Using the change of variable y = z — w in the inner integral we get that

_M ;
/ / oy — 2)e= Tyl (dz)
|z—x|>2R J|y—z|<1
_ Mleztul?
/ / duw || (dz)
|z—xz|>2R w\<1

M|z— z+w\ i
= (W) e |1 (dz)dw
Jlw|<1 |z—z|>2R

Mlz—z4w|2
<swp [ M )
|z—z|>2R

lw|<1
Aﬂ.t u\
<[ e ),
lu—z|>R
Therefore the lemma is valid with C7 = 26~ = O

It is easy to check that, for any positive integer n, the function defined by
Gn(t,z,y) :=p(t,z,y) + /Ot /Rd an(s,2,2)Un(2) - V.p(t — s, z,y)dzds
is a fundamental solution of the equation
ﬁu(t x) = Awu(t, x) + Un(x) - Vau(t, z).

ot
Thus by Theorem 5 of [2] we get that for every (¢,z,y) € (0,00) x R? x RY,

¢
(3.13) qn(t,x,y) = p(t,z,y) —|—/ /d an (8,2, 2)Un(2) - Vop(t — s, 2z,y)dzds.
o JrR
We define I}'(t, z,y) recursively for k > 0 and (¢,z,y) € (0,00) x R x R%:
If(t, z,y) :

t
o (tay) = / I (5,0, 2)Un(2) - Vop(t — 5. 2, y)dads.
0 Rd

p(t,z,y),
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Then iterating (3.13) gives
(3.14) an(t,x,y) = Zlk (t,z,y), (t,z,y) € (0,00) x RY x R%.

It is easy to see that there exists A > 0 such that

d+1 lz—y|?

(3.15)  |Vap(t,z,y)| < At™"z e 2, (t,z,y) € (0,00) x R? x RY.
By taking A larger if necessary, we may assume that

r—y 2
(3.16) p(t,z,y) < At ST (ta,y) € (0,00) x RY x RY

We claim that there exist positive constants T and M, such that for k =
0,1,--- and (¢,7,9) € (0,T1] x R% x R4

lz—y|?

(3.17) I (t, 2, y)| < 27 Mot~ 2 e s

In fact, by Lemma 3.1 in [28], (3.15) and (3.16), there exists a positive constant
C1 depending only on d such that

z—y|2 d
0 (t,z,y)| < CL % e 5t (AZN%(St)).
=1

Now suppose that

k
z—y 2 d
I (ta,y)| < Oyt % e s <AZNI1J%(8t)>

i=1
is true. Then by Lemma 3.1 in [28] and (3.15), we have

‘Ik-s-l(t T y

// |13 (s, 2, 2)||Un(2) - Vop(t — s, 2,y)|dzds

lz—z|?
< Cis%e 5 [ A Nl, 8s) | x
[ ] e (43 )

d 2
x ST A(t — )" e T UL (2)|dzds

) d k+1
<Ot e (AZNH (8t)> .
1=1

Choose T; > 0 small so that
d

(3.18) A sup Z N (8Th) <

n>1

l\')l»—l
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By (2.5) and Lemma 3.1, Ty depends on u‘ only via the rate at which
maxi<i<d Mi (r) goes to zero. So the claim is proved. We will fix this con-
stant 77 until the end of this section.

Now we define I (t, z,y) recursively for k > 0 and (¢, ,y) € (0,Ty] x R% x

R%:
Iy(t,z,y) == p(t, x,y),
I (t, z,y) / /Rd Ii(s, 2, 2)V.p(t — s, 2,y) - u(dz)ds.
Let
(3.19) q(t, z,y) Zlkta:y (t,z,y) € (0,T1] x R* x R%,

Using a similar argument as in the previous paragraph, we also have that for
k=0,1,--- and (¢,7,y) € (0,T1] x R¢ x R4

lz—y|?

(3.20) Le(t, 2, y)| < 27F ' Mot=2 e

So 322 In(t, z,y) converges absolutely on (t,z,y) € (0,71] x R¢ x R? and
converges uniformly on (¢,z,y) € [To,T1] x R? x R? for every 0 < T <
Ty, which implies that q(¢,x,y) is jointly continuous on (0,7;] x R? x R4,
Moreover

lo—v|?

(3.21) q(t,z,y) < Mot % e st (t,z,y) € (0,T1] x R x R4,

We will show that g, converges uniformly on each compact subset of
(0,00) x R? x R through several lemmas.

LEMMA 3.6. For any compact subsets K1, Ky of R* and Ty € (0,T}], we
have

lim sup |17 (t, 2, y) — L1 (t, 2, y)| = 0.
N0 (t,m,y) E[To, T1] X K1 X K2

Proof. Without loss of generality we may assume that T < 2. We will
prove this lemma for the case K1 = Ko = B(0,7) only. For any given £ > 0,
we first choose r1 > 0 small such that

d
(3.22) Z Mi(ry) < m,
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where L1(d, 1) is the constant from Proposition 2.2. Then, by Proposition 2.2
and Lemma 3.1, we can choose § = §(r1,d) < min(37p,1) such that

(3.23) Sup / / ~% exp ( |2 — o ) (|UL|(2)dz + |1*|(dz))ds
i o Jr 165
d

b a1
< gplCitae ST, >,
where C; is the constant from Lemma 3.4 with a = %. Then for this §, by

Lemma 3.5, there exists a constant ¢; = c¢;(d, §) such that for any = € RY
and R > 1,

J/QH‘/L I ( - ;gj’z) (UZ|(2)dz + |ui|(d=))ds

|z — z|? )
< 1 — "1(dz)d
<a 1/|Z$I>RGXP< 16T, |1 (dz)ds

By (2.4) we can choose R > 2r large enough so that

T — |2 . .
(3.24) / / a4t eXp( |z — =l >(|U,g|(z)dz+|w|<dz))ds
|z— z|>3R 16s

d/2

801A2’ nzl

We split |I7(¢, z,y) — I1(t, z,y)| into four parts:

117 (t, 2, y) = Lh(t, 2, y))

<Z//mgmzwﬂsmmwwm+mwm

+Z/, /|<7Rp(57xvz>|vzp(t—S’zyy)(IU;(Z)dz+|w|(dz))ds

t—0
/ / (5,2,2)0.,p(t — 8,2, y)UL(2)dzds
\<7R

t—§
_/ / p(&x,z)@zlp(t—s,z,y),uz(dz))ds
§ |2|<7TR

=:1(n,t,z,y) + U(n,t,z,y) + l(n,t,2,y) + IV(n,t,2,y).
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Since |z| < r < R, we have |x — z| > |2| — |z| > 6R for |2| > TR. So

I(n,t,z,y)
: Z/ /w R (s, @, 2)|Vap(t — 5, 2,9)|(|U(2)dz + || (d2))ds

By Lemma 3.4, (3.16) and (3.15), we have

SU.p I(’n‘?tax)y)
Irlv\ylér,n>1

U*ZQ . .
<OAEY. sup / / e EE (U3 | (2)det || (d2))ds
|u— z\>3R

i—1 |u\<R/2
Therefore, by (3.23)-(3.24), we get

Sup I(“’ t7 x? y)
|z],|y|<rn>1,
To<t<Ty

T1 2
2 & Ju—z]
< C1 AT, bup e T6s
i—1 UERI Ju— z|>3R

X (IUf;I(Z)dZHL | \(dZ))ds

SClAQT(;? sup/ /
— ueR4 R4

Tl u—2z 2 . .
T / / s~ e T (UL (2)dz + | (d2)ds | < o
ueR4 J§ lu—z|>3R 4
On the other hand, since § < Ty/2, by (3.15)—(3.16) we have

I i
e (|URI(2)dz + |p'|(dz))ds

(n,t,z,y)
2 Ju— )
< a2y sup// s~ (U (2)dz + ] (d2))ds
To — uerd Jo JRre
Similarly,
II(n,t, x,y)
<A swp / [ s e M (Uil @ + ] (d)ds
i— 1u€Rd R4

Therefore, by (3.23), we conclude

sup  (II(n,t,z,y) + I(n,t,x,y)) <
e, |y|<rn>1,
To<t<Th

Mm
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Now we estimate IV. Let

t—34
fi(t7xayaz) = / p<8,m7z)8zip(t_57zay)ds'
§

By the continuity of p(s, z, z) and 9,, p(t—s, z,y) and (3.16)—(3.15), fi(t, z,y, )
is continuous on [Ty, T1] x B(0,7) x B(0,7) x B(0, TR). Therefore, by Lemma
3.2,

lim sup IV(n,t, z,y)
00 e |y| <,
To<t<Th

d

= lim g sup
n~>ool 1 |z],|y|<r,
To<t<Ty

/ filt ey, )l — pi)(dz)| =0. O
B(0,7R)

LEMMA 3.7.  For any compact subsets K1, Ko C RY and Ty € (0,T}], we
have

lim sup |17 (t, z,y) — I(t,x,y)| =0, k>1.
o0 te(To, T,
(w,y) €K1 X K2

Proof. Without loss of generality we may assume that Ty < 2. We will
prove this lemma for the case K1 = Ks = B(0,r) only. The previous lemma
implies that the present lemma is valid for £ = 1. We assume that the lemma
is true for k, which implies that I(s,x, z) is continuous. Given € > 0, we
choose 1 > 0 as in (3.22) and then, using Proposition 2.2 and Lemma 3.1,
choose § = §(r1,d) < min(17p, 1) such that

_ 7|2 . .
(3.25) sup// L oxp <_|216‘"”| )(U;|(z)dz+w|(dz))ds
i—1 T€R4 R4 §
T8/, e
2__ >1
et ) m>1

where C is the constant in Lemma 3.4. Then for this ¢, using Lemma 3.5
and (2.4) we choose R > 2r large enough so that

T 2
a1 z—T ' p
(3.26) /5 / " e <_| 165| >(|Un|(z)dz+|u|(dz))ds

d/2

> 1.
SClAMO "=
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Let
d
In,t,2,y) : Z(// TP (6,2, )| [V ap(t — 5, 2, )|[U|(2)dzds
= |2|>7R

+ / / mt,m,y)|vzp<t—s,z,y>|m|<dz>dzds>,
0o J|z|>7R

d 5
W(n,t,,y) :-Z(/ [ M) Vaplt sz U] (e
— \Jo Jiz|<7R

5
+ / / I (t, 2, 9)|V.p(t — s,z,y)||ul|(dz)dzds> )
0 |z|<7R

d t
II(n,t, z,y) Z (/ / [T (t, 2, y)||Vap(t — s, 2,9)||UE|(2)dzds
i—1 t—8 J|z|<TR

" / / Ik<s,z,z>|vzp<ts,z,y>||ui|<dz>dzds>,
t—6 J|z|<TR

t—6
V(n,t,z,y) / / 7R (5,2,2)0.,p(t — 8, 2,y)U(2)dzds
<

t—§
— / / I(s,2,2)0,,p(t — s, 2, y),ui(dz))ds
§ |z|<TR

and

t—6
V(n,t,x,y) Z/ /|<7R|Ik $,x,2) — I(s, z, 2)| ¥

Then we have

|I]2L+1(t,$7y) - Ik+1(t7xa y)'
<I(n,t,xz,y) + I(n,t,z,y) + Ol(n,t,z,y) +
+ IV(n,t,z,y) + V(n,t,2,y).
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Since |z| < r < R, we have |z —z| > |z| — || > 6R for |z| > TR. So by Lemma
3.4, (3.17), (3.20) and (3.15), we have

sup I(n,t,x,y)
|z, |y|<r,n>1

d
, 4 ¢ Car1 Ju—zl?
<27FC1AMyt™ 2 g sup §T 2 e I8 X
i—1 lul<R/2J0 J]ju—z|>3R

x (|Up|(2)dz + || (dz))ds

Therefore, by (3.25)—(3.26), we get

Sup I(n’ t7 :I:’ y)
|z],|ly|<rn>1,
To<t<Th

T 2
_ Ju—2z|
gClAMOTO sup/ / e x
i—1 uERI |u— z|>3R

x (|Ui|(2)d2 +|p'|(dz))ds

< C1AMT, Z <su1£d/ /Rd — (|UL|(2)dz + |1*|(d2))ds
— ue

g d+1 Jlu—z|2 . .
+ sup / / e T (U (2)dz + 1] (d2))ds | <
u€R? Ju— z|>3R

On the other hand, since § < Ty/2, by (3.17), (3.20) and (3.15) we have

2 u—z|2
II(n,t,z,y) <27 kAMO(T i Sup / / s~ S x
0 R4

—1 u€R4

IR

x (|Upl(2)dz + |’ |(dz))ds
Similarly,

6 u—z 2
(n, t,z,y) <2~ ’“AMO Z sup / / s H e e
Rd

i—1 uERI

x (|Un](2)dz + |u'|(dz))ds
Therefore, by (3.25), we conclude

sup (Il(n, t,z,y) + I(n,t,x,y)) <
lz|,|y|<rn>1,To<t<Ty

'-lkl(‘f)

Now we estimate IV. Let

t—5
filt,z,y, 2) == / Iy (s,x,2)0,,p(t — s,2,y)ds.
5
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By the continuity of Ix(s,z,z) and 0,,p(t — s,z,y) and (3.15) and (3.17),
fi(t,z,y, z) is continuous on [Ty, T1] x B(0,7) x B(0,r) x B(0, 7R). Therefore,
by Lemma 3.2,

lim sup IV(n,t,z,y)
=00 |g| |yl <r To<t<T}
d

oot Nzl lyl < To<t<Th

[ty - )| o
B(0,7R)

Finally, we estimate V. From (3.15), we easily see that

2
V(n,t,x,y) < MOTl(_)% Sup |I]?(S,.I‘,Z) _Ik(sawa)'X
To"  jal<r|zI<TRS<I<T)
d t d+1 lz—y|? .
X supZ/ / (t—s)" "2 e 9 |U;(2)|dzds.
n>1 =170 Rd

By Proposition 2.2 and Lemma 3.1,

d

t 2
_d41 _lz—vl
i Z/o /Rd(t_s) Te

n>1,yeRe

Ul (2)|dzds

is bounded. Therefore

lim sup V(n,t,xz,y)=0
o0 x| |y| <,
Ty <t<Ty

by the assumption on I;. O

THEOREM 3.8. The sequence q,(t,x,y) converges uniformly on any com-
pact subset of (0,00) x R% x R4,

Proof. By (3.17), for every Ty € (0,T}) and compact subsets K, Ko C R?

oo
sup Z [T (t, 2z, y)| < oc.
(t,z,y)E[To,T1]x K1 x K2 k=0

Therefore Lemma 3.7 and a standard e-§ argument give the uniform conver-
gence of g, (t,r,y) on any compact subset of (0,7;] x R x R<.
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The uniform upper bounds of ¢, and ¢ imply that for large R,

T Ty
sup / (Qn(?a$az)Qn(t—?72ay)+
nZl,te(Tl,%Tl], |z|>R
(z,y)EK1X K>

T T
(@, 2)q(t — = 2,y) ) dz
2 2
12|12

< Cl(Tl)id/ e” T dz,
2[>R

for some positive constants ¢; and co. For any given ¢ > 0, we can choose R
large such that

3

El
01(T1)7d/ e PTidz < 3
|2|>R

By the Chapman-Kolmogorov equation, we have for (¢,z,y) € (T4, %Tl] X
Kl X Kg,

T T
bltz.y) - /)déﬁwM@—ﬁﬂwﬂz
d

T Ty T
‘/ QH y L QH(t ?,Z7y)fq(?,$,2)q(t*3,2,2/)612
Rd
d Ty 1
<C3R sup Q’n(_vx7z)Q’ﬂ(t_ —77579)
te[iTy, 1], 2 2
(z,y,2)EK1xKoxB(0,R)
T T

for some positive constant c3. The first term in the last line above goes zero
as n — oo by the uniform convergence of g, (t,z,y) on compact subsets of
(0,T1] x R? x RY. The general case can be proved by induction. O
We define ¢ on (0,00) x R% x R? by
q(t,z,y) := lim q,(t,z,y).
n—oo

Using (3.15), the continuity of Vg, (¢, x,y) and (3.13), we can easily show
that for any positive integer n and any (t,z,y) € (0,00) x R4 x R4,

(3.27) Vagn(t,z,y) = Vap(t, z,y)

t
-3/ Votn(s,2,2)Un - Vap(t — s, 2, y)dzds.
0 R4
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We define vector-valued functions Ji (¢, z,y) = (J:’(l), e 7Jl?’(d))(t,x, y) re-
cursively for k > 0 and (t,z,y) € (0,00) x R? x R%:

J§ (t,z,y) == Vap(t, x,y),

Tt xy) // Ji(s,2,2)Upn(2) - V.p(t — s, z,y)dzds.
Rd

Then iterating (3.27) gives
(3.28) Vaan(t, z,y) ZJk (t,z,y), (t,z,y) € (0,00) x R x R%.

Using Lemma 3.1(b) in [28] and (3.15), one can show that there exists
positive constant M such that for k = 0,1, --- and (t,z,y) € (0,T1]xR¥xR?

dti _lz—y)?

(3.29) |JR (2, y)| < 27K 1Myt

The proof is similar to the proof of (3.17), so we skip the details.
Now we define Ji(t,z,y) = (J,gl),~-~ ,Jlgd))(t,m,y) recursively for k > 0
and (¢,7,y) € (0,T1] x R? x R%:

JO(t,Jf, Zl) = le(taxa y)7

t
Destt) = [ [ Dot~ s.0)  d)s.
0 R
Let

(3.30) r(t,x,y) Z‘]k (t,z,y), (t,z,y) € (0,Ti] x R x R,

Using an argument similar to the proof of (3.17), we also have that for k =
0,1,--- and (¢,z,y) € (0,71] x R% x R4

|2
(3.31) it y)| < 275 Mgt 5 e 5

So >°p2 o Ji(t,x,y) converges absolutely on (¢,z,y) € (0,71] x R? x R? and
converges uniformly on (¢,z,y) € [To,T1] x R? x R? for every 0 < T <
Ty, which implies that r(¢,,y) is jointly continuous on (0,7;] x R? x R4,
Moreover

o —y|?

(3.32)  r(t,m,y) < Myt 2e 5,  (ta,y) € (0,T1] x R x R%

Similar to ¢,, we will show that V,q,(t,z,y) converges uniformly on each
compact subset of (0,00) x R% x R through several lemmas.

LEMMA 3.9. For any compact subsets Ky, Ko C R and Ty € (0,T1], we
have

lim sup |J{L(t7x’y) - Jl(tvxay” =0
n—oo (t,a:7y)€[Tg,T1]><K1 X Ko
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Proof. The proof of this lemma is similar to that of Lemma 3.6. We omit
the details. O

LEMMA 3.10.  For any compact subsets K1, Ko C R% and Ty € (0,T1], we
have

lim sup |J,?(t,x,y)—Jk(t,m,y)| = 07 kZ].
"0 (t,y) €[To, Th ] x K1 X K2

Proof. The proof of this lemma is similar to that of Lemma 3.7. We omit
the details. (]

THEOREM 3.11. V,.q,(t,x,y) converges uniformly on any compact subset
of (0,00) x RY x R.

Proof. Recall that q(t,z,y) = lim,_ o ¢n(t,z,y). By Theorem 3.8, the
above convergence is uniform on any compact subset of (0,00) x R? x R4,
Using this fact, one can prove this theorem using an argument similar to that

used in the proof of Theorem 3.8 (without using induction). We omit the
details. 0

Define .
S)f(r) = B, / e M F(XD)dE, A > 0.
0

Using the estimates in (3.4) and (3.5), we can give simpler proofs of Theorem
4.2 and Theorem 4.3 in [4] without assuming that p has compact support.

COROLLARY 3.12.  For every A > Mg, the family of functions {Sfl‘g n >
L |lgll oo (may = 1} s equicontinuous.

Proof. By (3.5) and the continuity of V¢, (¢, z,y), we have

|V.S2g(z)| = ‘/ / MY (2, 9)9(y )dydt‘

M _ 2
<M7||9||L°°(Rd)/ / eMs=Nt= 5% o (—%) dydt
_M7/ / o(Ms=Nty— 45 <_ Myly| )dydt

Rd 2t
= C(M7, Mg, My, \). O

COROLLARY 3.13.  For any positive constants 3, and T, there exists § > 0
independent of x and n such that

Px< sup |X[‘—X§‘|>ﬁ> <e

$,t<T,|t—s|<d
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Proof. As in the proof of Theorem 4.3 in [4], by the Markov property and
Chebyshev’s inequality, it is enough to show that

5§ d ) Eﬁ
E, / S U (X7t
1=1

< =
Loo(Rd)

sup
n>1

In fact, by Lemma 3.1 and (3.4), the above expectation is bounded by

Mas o b 4 _Mglsoai?
Moye™s Z t”z2e 7 |U,|(y)dydt
i=1 /BRI J0

N

< MoMge™>°(2m)™2 > " Ni(+-),

which is arbitrarily small as § goes to zero. O

Now, we are ready to prove the main result of this section.

THEOREM 3.14.  For any v € Kg 1, the process X has a transition density
q"(t,z,y) which is jointly continuous on (0,00) x R% x R. Moreover, there
exist positive constants M;, i = 1,...,9, depending on p only via the rate at
which maxi<;<q MELZ (t) goes to zero, such that

Mg|z—y|? Mg|z—y|?
2

(3.33)  Mye Mg 5em < gM(t,x,y) < MoeMstt % e~

and

7M9|w—y\2
2t

(3.34) Vaq"(ta,y)| < Mre™'t 5 e
for all (t,z,y) € (0,00) x R? x R

Proof. Let X™ be the Brownian motion with drift U,,. The transition den-
sity ¢, (¢, ,y) of X™ is the heat kernel of $A+U,,-V. Using the estimates (3.4)
and (3.5), we have proved in Corollaries 3.12 and 3.13 above the conclusions
of Theorems 4.2 and 4.3 in [4] without any extra assumption on . So the con-
clusions of Theorems 4.2 and 4.3 in [4] are valid without any extra assumption
on p, and the proof of Theorem 4.5 in [4] goes through under the assumption
A > Mg. Thus for every subsequence ny, there is a sub-subsequence ny,, such
that X™m converges weakly under P, for every z € R" in C([0,00), RY).
Theorem 3.8 tells us that all subsequence limits of the density X" are the
same, which implies that X* converges weakly to the X; in C([0, 00), R%). In
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particular, for every open set B in R¢,

P.(X; € B) < liminf B, [15(X]")]

n—oo

B

n—oo
< MgeMﬁt*%/ dy.
B

Therefore P, (X; € dy) is absolutely continuous with respect to Lebesgue
measure. So by Theorem 3.8,

¢"(t,2,y) = lim gn(t,2,y)

is the density for X;. Since ¢ (¢, x,y) is the uniform limit of jointly continuous
functions on any compact subset of (0,00) x R% x R4, it is jointly continuous
on (0,00) x R x R%. Now (3.33) follows immediately from Theorem 3.8 and
(3.4). Using Theorems 3.8 and 3.11 we see that for any (¢,y) € (0,00) x R,
the sequence of functions {g,(¢,-,y) : n > 1} is a Cauchy sequence in the

Banach space C}(B(0,7)) for every r > 0. Thus V.q¢"(t,z,y) exists for every
(t,2,9) € (0,00) x R? x R? and it satisfies (3.34). O

Using Lemmas 3.1, 3.3 and 3.6, and Theorems 3.8, 3.11 and 3.14, we can
easily show the following result:

THEOREM 3.15. For any p € Kg1, the density ¢"(t,z,y) of X satisfies
the equations

t
¢t 2y) = plt, 2. y) + / / ¢ (5,2.2) - Vaplt — 5, 2, y)uldz)ds,
0 R4
t
Vaq"(t,z,y) = Vap(t,z,y) + / Vaq"(s,2,2) - Vop(t — s, z,y)pu(dz)ds
0 Rd

for all (t,z,y) € (0,00) x R? x R

Proof. We omit the details. O

4. Two-sided estimates for the density of XP

In this section we assume that D is a bounded C!! domain. We will use
p(z) to denote the distance between z and dD. Let p? (¢, ,y) be the density
of a standard Brownian motion killed upon exiting D. It is obvious that

pP(t,2,y) < plt,z,y), (t,z,y) € (0,00) x D x D.



BROWNIAN MOTION WITH SINGULAR DRIFT 661

We let a Ab:= min{a,b}. It is known that for any T > 0, there exist positive
constants C;,i =1,...,5, depending on T and D such that

p(z) py) |, —a _cals-u?
(4.1) 01(1/\7)(1/\7)t e

<pP(t,z,y)

p(m) P(y) _d _ Calz—y|?
< Cs3(IN =) 1N 2e” - &
— 3( \/i )( \/% ) €
and
(4.2) IVopP(t, 2, y)| < Ost~ 5 e~ 74

for all (t,z,y) € (0,7] x D x D. (4.1) was proved in [10] and [29], while a
proof of (4.2) can be found in [14]. Differentiating with respect to x in the
equation

t t
pD(t,.T,y) = / pD(§7‘r7z)pD(_
D

5% y)dz

and using the above estimates on p? (¢, z,y) and V,.pP (¢, z,y) we get

20|z —2|2 20, |2—y|?

[Vap® (t,2,9)] < 21050y / e Tyt e d
D

r—2z 2 z—1, 2

§2d+10305p(y)/ t,%e,wu-t | t*%e*w‘“t vl 3
Rd
d Cylaz—y|2
= Cgp(y)t*$e* S

Combining this with (4.2) we see that, for any T' > 0, there exists a positive
constant C7 such that

p(y) )t_%e_ C4\E;y|2

Vit

for all (t,z,y) € (0,7] x D x D. By the translation and scaling property of p”,
we see that, with properly scaled T, the constants in (4.1)—(4.3) are invariant
under translation and Brownian scaling.

Let

(4.3) IVep® (8, 2,9)] < Cr(1A

Yt z,y) = (1A M)(l A M), (t,z,y) € (0,00) x D x D.

Vit Vi

The following result is an analog of Lemma 3.1 of [28].

LEMMA 4.1. For any a > 0, there exist positive constants C7; and Cy
depending only on a and d such that for any measure v on RY and any
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(t,z,y) € (0,00) x D x D,

(4.4) //wsxz ~4e 5 (1 A f%)(ts)d?e“ 0 (d2)ds

alz—y|? ¢ _alu— 2\2
R Y R
0 JRA

ueRd

and

/O/D(m&\/?)s—% —el R (1 A \Z(yi))(t—s)_%ewu(dz)ds

alz—y alu—z|2
< Cy(1 A M)tf%ef elegal sup / / — 4t i v(dz)ds.
\/7_5 ueR? R4

Proof. The proof of (4.4) (for v(dz) = f(x)dz) is contained in the proof
of Theorem 2.1 (pages 389-391) in [22]. (4.5) can be proved similarly if one
notes that, for any a > 0, there exists ¢ > 0 depending only on a and d such

that
t —Zz a|z—1Y 2
/ / 57%26*&‘128 = (t— s)*%e =3 v(dz)ds
0 JRd

d+2 a\m 12 ﬂ\u 212
<ctTF e T // = v(dz)ds,
Rd

which can proved using the same argument in the proof of Lemma 3.1 in
[28]. O

The proof of next theorem is similar to the proof of Theorem 2.1 in [22].
However, since some observations on the proof will be made later in Sections
4 and 5, we give a sketch of the proof.

THEOREM 4.2.  Suppose that U(z) = (U'(x),...,U%x)) is such that each
component U* is smooth and bounded. Then the Brownian motion with drift
U killed upon exiting from D has a transition density q¥"P(t,z,y). ¢'P is
the fundamental solution of the problem

%u(t,x) = 1Au(t,z) + U(z) - Vyu(t,z), (t,z) € (0,00) x D,
(t,x) =0, (t,x) € (0,00) x 0D
and is also called the Dirichlet heat kernel for %A + U -V in D. For each

T > 0 there exist positive constants M;,11 < j < 15, depending on U only
via the rate at which maxi<i<q Mli(r) goes to zero, such that

Myglz—y|? Myglz—y|?

Mut= 2t a,y)e 2 < ¢UP(ta,y) < Migt™ 2(t,a,y)e =
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and

zfyZ
Va2 (t,2,9)] < Mag(1 p D)y s

Vit
for all (t,z,y) € (0,T] x D x D.
Proof. The existence of the fundamental solution ¢V-? is well known. Re-

call that p? (¢, z,v) is the density of a killed Brownian motion in D. It is easy
to check that the function defined by

t
Pt y) = pP (12 y) + / / U (5,0, )U(2) - VopP(t — 5,2, y)d=ds
0 D

is a fundamental solution of

{ %u(t,z) = %Azu(t,x) +U(z) - Vyu(t,z), (t,x)€ (0,00) x D,
u(t,z) =0, (t,x) € (0,00) x OD.

Thus it follows from Theorem 6 of [2] that
(4.6) ¢"P(t,,y) = p°(t,2,y)
/ / UD (s 2, 2)U(2) - V.pP (t — s, 2,y)dzds.

We define I (t, x,y) recursively for k > 0 and (t,z,y) € (0,00) x D x D:

Io(t,z,y) = p"(t,z,y),
Ik-+1 (t,z,y) / / Ik (s,x,2) )-VZpD(t—s,z,y)dzds.
Then iterating (4.6) gives

(4.7 VP (t,x,y) = Zlktmy (t,x,y) € (0,00) x D x D.

By induction, and using Lemma 4.1, (4.1) and (4.3), one can show that there
exist positive constants Cy, C7 and Mi4 depending only on the constants in
(4.1), (4.3) and (4.4) such that for k =0,1,--- and (¢,z,y) € (0,1] x D x D

k
~ Ml4\r y|?
(4.8)  |Lu(t,2,y)| < Covolt,z,y)t 2 e (ClzNUl N )

(see [22] for details). Choose to < 1 small so that

2t0 1
(4.9) Ch ZNUI M14 <3
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By (2.5), to depends on U only via the rate at which maxj<;<q M}, (r) goes
to zero. (4.7) and (4.8) imply that for (¢,z,y) € (0,t9] x D x D

o0
. lz—y|?
(4.10)  ¢UPtay) < Y |t z.y)l < 2Co0(ta,y)tFe
k=0

Now we are going to prove the lower estimate of ¢V'P (¢, z,y). Combining
(4.7), (4.8) and (4.9) we have for every (t,z,y) € (0,t5] x D x D,

2tg d _ Migle—yl?
2% .

Since there exist Cy and C3 < 1 depending on tg such that

Caolz—y|?

PPty y) > 2050 (t o, y)t~ e
we have for |z — y| < vt and (¢,z,y) € (0,%9] x D x D,

d
2t

(411)  ¢UP(tay) > (2035672 — CoOr Y N (o) | w(t )t~ 2.

i=1 M
Now we choose t; < tg small so that

¢ 2

4.12 CoCy Y NEi(=1) < Cge2C2,
(112) 0O Nt < Oy

Note that ¢; depends on U only via the rate at which max;<;<q Mli(r) goes
to zero. So for (t,z,y) € (0,t;] x D x D and | — y| < v/t, we have

(4.13) qUP(t,2,y) > Cse 2C24p(t, a, y)t 2.

It is easy to check (see pages 420-421 of [29]) that there exists a positive
constant ¢, depending only on the characteristics of the bounded C'>! domain
D such that for any ¢t < ¢, and x,y € D with p(z) > v/, p(y) > v/, one can
find an arclength-parameterized curve [ C D connecting z and y such that
the length |I| of [ is equal to Aj|xz — y| with Ay < Ao, a constant depending
only on the characteristics of the bounded C''! domain D. Moreover, [ can
be chosen so that

p(l(S)) > /\2\/Ea s € [07 |l|]
for some positive constant Ay depending only on the characteristics of the

bounded C'! domain D. Put t3 = t; A tp. Using this fact and (4.13), and
following the proof of Theorem 2.7 in [13], we can show that there exists
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a positive constant Cy depending only on d and the characteristics of the
bounded C'*! domain D such that

2
(4.14) Pt y) 2 S Cse Ot )t fem T
for all t € (0,t3] and z,y € D with p(z) > Vt, p(y) > V.

It is easy to check that there exists a positive constant ¢4 depending only on
the characteristics of the bounded C'**! domain D such that for ¢ € (0,¢,] and
arbitrary x,y € D, one can find zg,yo € D be such that p(zo) > V%, p(yo) >
Vit and |x — zo| < V1, |y — yo| < V/t. Put t5 = t3 Aty. Then, using (4.11) and
(4.14) one can repeat the last paragraph of the proof of Theorem 2.1 in [22]
to show that there exists a positive constant Cs depending only on d and the
characteristics of the bounded C*! domain D such that

2Cy|z—y|?
T

(4.15) Ul (t, x,y) > 03056_2021/1(t,x,y)t_%e_

for all (¢,z,y) € (0,t5] x D x D.

Now we are going to prove the upper estimate of V,q"""(¢,2,y). Using
(4.3), the continuity of V,qY?(t,z,y) and (4.6) we can easily show that for
(0,1] x D x D,

(4.16) Vaq” P (t, 2, y) = Vap® (t,2,y)+
+ /Ot /D Veq"P(s,2,2)U(2) - V.pP(t — 5, 2,y)dzds.
We define J(t, x,y) for (t x y) € (0,1] x D x D recursively by
Jo(t,x,y) = P(t,z,y),
Jig1(t,z,7) / / Ji(s,2,2)U(2) - VopP(t — s, 2, y)dzds.

Then iterating (4.16) gives
(4.17) V.qUP(t x,y) = ij(t,x,y), (t,x,y) € (0,1] x D x D.
k=0

Using induction and Lemma 4.1, one can show that there exist constants Cg
and C7 depending only on the constants in (4.1), (4.3) and (4.5) such that for
k=0,1,--- and (¢t,z,y) € (0,1] x D x D

d k
~ d+1 Miygq zfyz 2t
(4.18) |Ji(t, z,p)| <cﬁ<1A%)>t3 e M (&ZNII.(—)) .

Now we choose tg < t5 small so that

2t6 1
1 i =
(4.19) C7ZNU ) <3
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By (2.5), the choice of the above constant ¢t depends only on Cy, M4 and U,
with the dependence on U being only via the rate at which maxj<;<q ML, (r)
goes to zero. Let

k

Coi=Cs Y <C7 SN A24te4)>

k=0 i=1
Now (4.17) and (4.18) imply that for (¢,z,y) € (0,t6] x D x D
o o
(4.20) |quU’D(t,x7?j)’ < Z|Jk(t,x,y)\ < Cs(lAp(y))t_%e—%
k=1 NG

Now we have proved that the conclusion of this theorem is valid for ¢ < tg.
To prove this theorem for a general T > 0, we can apply the Chapman-
Kolmogorov equation and use the argument in the proof of Theorem 3.9 in
[25]. We omit the details. O

Recall that p* € Ky and pf, (dz) = Ul (z)dz = [ p,(z — y)pu'(dy)de. Let
g2 (t,z,y) be the Dirichlet heat kernel for A + U, - V in D. Since U, is
smooth and bounded, Lemma 3.1 and the above theorem imply that for each
T > 0 there exist positive constants M;,11 < j < 15, depending on 7" and u
only via the rate at which max;<;<g Mﬁl (r) goes to zero, such that

Mygle—y|?

(4.21) Myt™ 2yt a,y)e™ 2 < gD (tay)
Myglz—y|?

< Myst™24p(t,x,y)e” %

and
o2
(122 |VaP(tay)] < Mig(in 28yt e st
Vit
for all (t,z,y) € (0,T] x D x D.
We define I} (¢, z,y), Ix(t,z,y), Ji(t,z,y) and Ji(t,z,y) recursively for
k>0 and (¢,z,y) € (0, oo)xDxD:

Io(ta:y) txy

Ik+1txy //Ik 8,2, 2)Un(2) - VopP (t — 5,2, y)dzds,

To(t,z,y) = p°(t,2,y),
Tii(t,2,y) - //Iksxz PP (t—s,2,y) - u(dz)ds,
Ty (t, 2, y) = VapP(t,2,y),

Jk+1t:cy //Jk 8,2, 2)Un(2) - VopP (t — 5,2, y)dzds,
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and

Jolt,z,y) = Vap® (t,2,y),

Jk+1 (t,z,y) / / Jk $,2,2)V.p (t—s,z,y) - p(dz)ds.
By (4.6) and (4.16),
t z,y) ka t,x,y)

and

quntxyzzzltmy (t,z,y) € (0,00) x D x D.

k=
Recall the constant tg in the proof of Theorem 4.2. Let

qt,z,y) = Zlktxy
and
(o]
r(t,x,y) = Z Jr(t,x,y), (t,z,y) € (0,tg] x D x D.
k=

Then, from (4.8), (4.18), (4.10) and (4.20), there exists a positive constant B
such that for K =0,1,--- and (¢,z,y) € (0,t] x D x D

d Myglz—y|?
T

(4.23) [Tty 1T (e, y) < B2t y) i e

T T 1 | — 1 \2
(424) |t @)l TRk, y)| < B2 () o e
and

2
Myglz—yl
P

~ _d _
a) (t,2,y), q(t,z,y) < By(t,z,y)t 2e

—~ _d _
IVaal (t,2,y)], [F(t,z,y9)| < By(t,z,y)t 2e

In the remainder of this section, we fix this constant B. We will show that
qP(t,z,y) and V,q¢2(t,2,y) converge uniformly on every compact subset of
(0,00) x D x D.

In the remainder of this section, tg stands for the constant tg defined in the
proof of Theorem 4.2.

Myglz—y|?
27

LEMMA 4.3.  For any compact subsets Ky and Ko of D, and Ty € (0, ],
we have

lim sup I3 (t2,y) — T(t, 2,y)| =0,
VOO (t,2,y) €[To te] X K1 X Ko
lim sup |j\1n(t7x7y) - :]\l(tvxay” =0.

o0 (t,m,y) €[ To,te] X K1 X K2
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Proof. We only prove the first identity; the proof of the second identity is
similar. Without loss of generality we may assume that Ty < 2 and we will
prove this lemma for the case K := K; = K5 only. Given € > 0, we choose
r1 > 0 as in (3.22) and then, using Proposition 2.2 and Lemma 3.1, choose
§ = 6(r1,d, M14) < min(37p,1) such that for every n > 1

(4. 25)
M|z — z|? ; ;
oo [ o7 e (<MY s 0z
—1 z€R4 R4 s
/2
T _ _d41l,_1/9
= 80?(011 A2 TP,
where C7 is the constant from Lemma 3.4 with a = l For this 4, we choose

a smooth domain D; C Dy C D such that for every z € D \ Dy

E5d/2

);

where

1 A414\u 2|2 5 i
Ly= sup / /R d (U31(2)dz + |ui|(d=))ds

d
n>lueR4 ;4

which is finite by Proposition 2.2 and Lemma 3.1. We split |:f{‘(t7x,y) —
I (t,z,y)| into four parts:

117 (¢, 2, y) = Lh(t, 2, y))]

<Z/ [ 27w AP 5 (U + )

+Z/O /DpD(S,ar,z)|VzpD(t—3,z,y)|(|U£‘(z)dz_|_ 14| (d2))ds
d ¢

+Z/t,5/DPD(5’xvz)|VzpD(t— s, 2,9)|(1UL](2)dz + |p'|(dz))ds

t—0
D(saxa Z)azipD(t -3, Zvy)U%(z)dZdS

D

t—§
_ / / PP (5,2, 2)0.,pP (t — 5, 2, y)(d2)) ds
) Dy

=:1(n,t,z,y) + U(n,t,z,y) + l(n,t,2,y) + IV(n,t,2,y).
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By (4.23) and (4.24), we have

Sup I(n7t7 J"? y)
(z,y)EK XK,
n>1

_d _d41 _ Myyly—=z|?
< B* sup )sT2(t—s)” 2 e 20 X
yEKn>1 D\D1 S

x (\UéI(Z)dZJr |u'|(dz))ds

IN

B2d _ Mygly—z|? ) )
s / [ 6= e T (Uil s + ] (d2))ds
072 yeKn>17 R

BQd te d+1 M \u z\ i

o [ G s

d
0 2 wueR m>l g

IA

which is less than § by (4.26).

On the other hand, since § < Ty/2, by (4.23)—(4.24) we have

II(n,t,z,y)
9, 2 | d+1 d 3 4 Myglu—z|2 . )
< B Y s [ R s + ' (d2)ds
i=1 U
Similarly,
II(n, t, z,y)
<B e~ (U1 (2)ds + ) (d2))d
<2y [ (UEI(:)dz + | (d=)ds
i=1 Y€

Therefore, by (4.25), we conclude

sup (Il(n, t,z,y) + 1(n, t,z,y)) <
(t,z,y)E€[To,te] x Kx K,n>1

.J;I(‘r)

Now we estimate IV. Let

t—6
fi(tvxvyaz) = / pD(s,mwz)az«;pD(t_sz,y)ds'
&

Note that by the Schauder type estimates for parabolic equations (see, for in-
stance, Theorem 3.26 in [12] and Theorems 4.8 and 4.27 in [18]), d., p? (s, w,v)
is jointly continuous in (0,tg] x D x D. By the continuity of p”(s, =, z) and
0.,pP(t — s,2,y) and (4.23)—(4.24), fi(t,z,y,2) is uniformly continuous on
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[Ty, ts] x K x K x D;. Therefore, by Lemma 3.2,

lim sup IV(n,t,z,y)
=00 (tx,y)E[To,te] x KX K
d

5 fi(tvx’yaz)(/”'; - Mz)(dz) =0.

= lim E sup
o0t (tay)E[To te] x KX K

O

LEMMA 4.4. For any compact subsets Ky and Ky of D, and Ty € (0, tg],
we have for all k > 1,

lim sup T2 (8, y) — T (t, 2, y)| = 0,
OO (t@,y) €[ To,te] X K1 X Ka
lim sup T2 (2, y) — Ti(t,z,y)| = 0.

OO (t,m,y) €[ To,te] X K1 X K2

Proof. We only prove the first identity; the proof of the second is similar.
Without loss of generality we may assume that T < 2 and we will prove this
lemma for the case K := K; = K5 only. The previous lemma implies that
the present lemma is valid for £ = 1. We assume that the lemma is true
for k, which implies that fk(s,x,z) is continuous. Given £ > 0, we choose
r1 > 0 as in (3.22) and then, using Proposition 2.2 and Lemma 3.1, choose
§ = d(r1,d, My4) < min(37p, 1) as in (4.25). For this &, we choose a smooth
domain Dy C Dy C D such that for every z € D\ Dy, p(z) < dy as in (4.26).
Let

d
In,t,,y) - Z(// T2ty 2, ) IV-pP(t — 5,2, 9)||U2| (=) dds
i=1 D\D;

t
+ / / Ik@?x,y)|vzpD<t—s,z7y>|m<dz>dzds),
D\D;

M&

T(n, . ) (/ / B2 (b2, 9) [IVpP (t — 5,2 )||U2|(2)dzds

i=1

4
4 / / fk<t,x,y>vzpD<ts,z,y>||m|<dz>dzds>,
0 D

d t
M(n. 1,2, 1) Z(/ Rl e s U s
i=1 \Wt=0JD
t

+ / fk(s,xw)VzpD(t—s7z,y)lluil(d2)dzds),
t—38JD
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IV(n,t, z,y)

t—6
/ /Iksxz L. P (t — 5, 2,y)Ul (2)dzds
D

t—9
_ / / Ti(s,2, 2)0. 7 (t — 5, 2, y)ui (d2))ds
o D4

and

t—o
V(n,t,z,y) / / (s,z,2) Ik(s7x,z)|><
Dy

X \6Z,ip (t— s,z,y)HUfl(zﬂdzds.
Then we have
|j\l?+1(t7xay) - karl(taxa y)|

<I(n,t,z,y) + U(n,t,z,y) + I(n,t,z,y) +
+ IV(n,t,z,y) + V(n,t,z,y).

By (4.23) and (4.24), we have

Sup I(n’ t7 ',1:7 y)
(z,y)eEKXK,n>1

_ _d _d41 _ Myyly—z|?
<27%"B% sup / / )sT2(t—s)T z e 2t X
yeK, n>1 D\D1 S

< (U, \(Z)dz +[p'|(d2))ds

B2d _ Migly=zI% . )
<t w > / [ (= o) 8 I U e + (02
y n
B2d1 1 M \u z\ . .
< Jam s / B e s + 42
weR%n2ly—q

which is less than by (4.26).
On the other hand, since § < Ty/2, by (4.23)—-(4.24) we have

II(”? t’ '1:7 y)

d K}
2 Lalu—z .
<2 B Y s [ e M (e + | 02) s

i—1 uERI
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Similarly,
I(n, t, z,y)
ﬁ _L M i 4
<9 kB?( 4 SuII{)d/ /R U= (U (2)ds + || (d2))ds
=1 UE

Therefore, by (4.25), we conclude

sup (I(n, t,z,y) + Ul(n, t,z,y)) <
t€[To tel,
(z,y)EKXxK,n>1

rlklm

Now we estimate IV. Let

t—4§
filt,x,y,2) = / Ik(s,ac,z)azipD(t —8,z,y)ds.
)

By the continuity of :fk(s,x,z) and 0,,pP(t — s,2,y) and (4.23)-(4.24), we
know that fi(t,,y,z) is uniformly continuous on [Tp,ts] x K x K x Dj.
Therefore, by Lemma 3.2,

lim sup  IV(n,t,z,y)
N0 te[To,te],
(z,y)EKXK

d
= lim g sup
el telTo tel,
(z,y)eK XK

D,

Finally, we estimate V. From (4.24), we easily see that

9 N N
Vin,t,z,y) < Btﬁ(—)% sup |7 (s, 2z, 2) — Ix(s, @, 2)| %
TO tE[To,te],
(x,2)EK XDy
Myglz—y|2 .
X sup / / t—s)" 5 e Ho |UL(2)|deds.
n>1 Rd

By Proposition 2.2 and Lemma 3.1,
Miyglz—y|? .
sup / / t—s) d% Sts) |U; (2)|dzds
n>1,ycR? i=1 Rd
is bounded. Therefore

lim sup V(n,t,x,y) =0
"0 (t,w,y) €l To, te] X K X K

by the assumption on I i O

The proof of the next theorem is similar to the proofs of Theorems 3.8 and
3.11.
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THEOREM 4.5. ¢2(t,x,y) and V.qP(t,z,y) converge uniformly on any
compact subset of (0,00) x D x D.

Proof. We will prove the uniform convergence of ¢? (¢, z,y) only. By (4.23),
for every Ty € (0,tg) and any compact subsets K1, Ko C D

Zﬁ? t,2,y)| < oo.
(tfy)G[To,tr]XleIQk Py

Therefore Lemma 4.4 and a standard e-§ argument give the uniform conver-
gence of ¢P (¢, z,y) on any compact subsets of (0,tg] x D x D.

Let D, := {2z € D : p(z) < r}. The uniform upper bounds of ¢ and ¢”
imply that for r < (t5/2)'/2,

ts to
sup / (q5(57xvz)%’?(t_§az7y)+
n>1,t€(ts, 3t6], / Drr
(w,y)eKl X Ko

te te
+ qD(iaxaz)qD(t - 2azay)> dz

< afte)” /( \/_\pf())dz<\/§cltgd_%|D|r

for some positive constants ¢; and ce. For any given ¢ > 0, we can choose
a1

0 < r < (tg/2)'/? small such that \/§c1t6d ’|D|r < §. By the Chapman-

Kolmogorov equation, we have for (¢, z,y) € (¢, %tﬁ] x K1 x K,

to to
qf(tv'xay)_/ qD(Eaxaz)qD(t__VZay)dZ
D

te te te
= / qu?(?ﬁ'xaz)qg(t - gazay) - qD(E,J?’Z)qD(t - g,Z,y)dZ
D

te

te
<03|D| sup q,?(g,m,z)qf(t—iw,y)

te[dte,te),
(z,9)EK1 X K2,p(2)>T

t t
_qD(Eﬁaxaz)qD(t - gazay)‘ + %

for some positive constant c3. The first term in the last line above goes zero
as n — oo by the uniform convergence of ¢2(t,z,y) on compact subsets of
(0,t6] x D x D. The general case can be proved by induction. O

Recall that X is the Brownian motion with drift . Define 7p := inf{t > 0 :
X; ¢ D}. Let XP(w) = X;(w) if t < 7p(w) and set X (w) = if t > 7p(w),
where 0 is a cemetery point added to D. The process X P is called a killed
Brownian motion with drift g in D.

The following is the main result of this section.
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THEOREM 4.6. For any pn € Ka1, XP has transition density qP (¢, z,y),
which is jointly continuous on (0,00) x D x D. For each T > 0 there exist
positive constants M;,11 < j < 15, depending on p only via the rate at which
maxi<;<d Mi, (r) goes to zero, such that

(4.27) Mllfgw(t,x,y)ef Mzl < ¢P(t,z,y)

< M13t7%¢(t,ac,y)ef Muafeoul”
and
(4.28) IVaqP (t,2,y)] < Mis(1A M)t—%e—%ﬁ“

Vit
for all (t,z,y) € (0,T) x D x D.

Proof. Recall that X™ is the Brownian motion with drift U,,. Similar to
XP, we use X™P to denote the process obtained by killing X™ upon exiting
from D. The density function for X" is the heat kernel ¢P(t,z,y) for
%A + U, -V in D. In the proof of Theorem 3.14, we have shown that X}’
converges weakly to X; in C(]0,00), R%). Since X* has continuous sample
paths and D is a bounded C'! domain, for every ¢ > 0 and = € R%,

(429) Pulro =1 < [ att.op)dy =0

oD
Since {7p > t} is open in C([0,00),R%), using (4.29), we get that for any
bounded continuous function f in D,

nlggc Er[f(XZl)l{t<TD}] = Ez[f(Xt)l{t<TD}]7 Vr € D7t > 0.
So by Theorem 4.5,
¢ (t,2,y) == lim ¢ (t,z,y)

is the density for XP. Since ¢ (t,z,y) is the uniform limit of jointly con-
tinuous functions on any compact subset of (0,00) x D X D, it is jointly
continuous on (0,00) x D x D. Now (4.27) follows immediately from Theorem
4.5 and (4.21). Using Theorem 4.5 we see that for any (¢,y) € (0,00) x D
and any relatively compact open subset Dy of D, the sequence of functions
{gn(t,-,y) : n > 1} is a Cauchy sequence in the Banach space C*(Dy),
thus V,qP(¢,z,y) exists for every (t,z,y) € (0,00) x D x D and it satis-
fies (4.28). O

Similar to Theorem 3.15, we have the following result.
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THEOREM 4.7.  For any pn € K1, the density qP (t,z,y) of XP satisfies
the equations

t
Pt xy) = PP (2, y) + / / ¢P(5,2,2) - VapP(t — 5,2, y)u(dz)ds,
0 D

VaqP (2, y) = VopP (t,z,y)+

t
+ / / Vaq?(s,2,2) - VapP(t — 5,2, y)u(dz)ds
0o JD
for all (t,z,y) € (0,00) x D x D.
Proof. We omit the details. O

5. Parabolic Harnack principle for X

In this section we shall prove the small time parabolic Harnack principle
for X. With the density estimates of the last two sections in hand, one can
follow the ideas in [13] (see also [27]) to prove the parabolic Harnack principle.
For this reason, the proofs in this section will be omitted.

Throughout this section we assume that D is a bounded C'*! domain in
R?. We start with the following observation on the proof of Theorem 4.2:
We have chosen tg > t; > tg small enough so that (4.9), (4.12) and (4.19) are
true, respectively. The estimates of the density of ¢ (¢, z,vy) for t <t we get
depend only on tg, the estimates of p?(t,z,%) and the characteristics (rg, A)
of D. So the constants M;,11 < j < 15, are invariant under translation and
Brownian scaling:

For any z € R, 0 < r < oo and bounded C'! domain D, let

Di:=z+rD,
PDz () PDz (y)

Vi Vi
where pp:(z) denotes the distance between = and 9D7. Then, for any 7' > 0,
there exist positive constants ¢y and M;,11 < j < 15, independent of z and r
and depending on p only via the rate at which maxj<;<q Mii (r) goes to zero,
such that

Yoz (b, y) = (1A )(LA ), (ta,y) € (0,00) x DI x D7,

_ Myglz—y|?
2

(51) MlltingbDi (t,x,y)e t S qu(taxvy)

Miglz—y|?
< M13t7%wa‘ (ta €L, y)ei - 2t /
and
PDz (y) )ﬁi% o Ml4|21t*y\2
Vi
for all (t,z,y) € (0,to A (r*T)] x D? x D?. We will sometimes suppress the
indices from D? when it is clear from the context.
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The next lemma is an easy consequence of (5.1).

LEMMA 5.1.  There exists a constant to = to(d, u) depending on p only via
the rate at which maxi<;<q Mi (r) goes to zero such that for each 0 < §,r < 1,
there exists € = €(d, 6,r) > 0 such that
(5.3) A (N <

> <
~ |B(xo,0R)|
for all x,y € B(xo,0R), and (1 —r)R? <t < R% < ty.

Proof. We omit the details. O

We adopt the notation from [6] and define a space-time process Z, :=
(Ts, Xs), where Ts = Tp + s. The law of the space-time process Z, starting
from (¢, z) will be denoted by Py ;.

DEFINITION 5.2. For any (¢t,2) € [0,00) x R%, 7 > 0 and bounded open
subset D of R%, we say that a nonnegative continuous function u defined on
[t,t 4+ 7] x D is parabolic in [t,t + 7] x D if for any [s1,s2] C [t,t + r) and
B(y,6) C B(y,d) C D we have

(5:4)  u(s,2) = Biosy [1Zr, opni)] s (5:2) € [s1,52) x By, 0),

where T(s, o )xB(y,5) = Inf{s > 0: Z; & [s1,52) x B(y,0)}.

LEMMA 5.3. For each T > 0 and y € D, (t,x) — ¢°(T — t,x,y) is
parabolic in [0,T) x D.

Proof. See the proof of Lemma 4.5 in [6]. O

COROLLARY 5.4. For any T € (0,00) and any nonnegative bounded func-
tion f on D, the function

ut.a)i= [ P(T =t )y
D
is parabolic on [0,T) x D.

Proof. The continuity of u follows from the continuity of ¢”. (5.4) follows
from Lemma 5.3 and Fubini’s theorem. O

For s >0, z € RY and R > 0, let
Osc(u; 8,2, R) = sup {|u(ty, 1) — u(ta, z2)| :
s <ty ty<s+R>x,a9€ B(x,R)}.

We assume that tg is the constant from Lemma 5.1 in the remainder of this
section.
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LEMMA 5.5. For any 0 < d < 1, there exist 0 < p < 1 such that for all
s €[0,00), xp € R?, 0 < R < Vt, and every function u which is parabolic in
[s,s + R?) x B(xg, R) and continuous in [s,s + R?] x B(xg, R)

Osc(u; 8, 20,0R) < p Osc(u; s, o, R).

Proof. The proof is similar to that of the corresponding result in [13] and
we omit the details. O

The above lemma implies:

THEOREM 5.6. All parabolic functions are Holder continuous. More pre-
cisely, for any 0 < § < 1, there exist C > 0 and 8 € (0,1) such that for all
5€[0,00), zg € RY, 0 < R < /1y and every function u which is parabolic in
[s,s + R%) x B(zo, R) and continuous in [s,s + R?] x B(zg, R) we have

B
ti—tol? | —2
[ultr,21) — ultz, 22)| < Clu ol )

[s,s+R2?]x B(zo,R)) ( R
for any (t1,11), (ta,22) € [s,5 + 6R?] x B(wg,dR).
Proof. See Theorem 5.3 in [13]. O

Using Lemma 5.1 and 5.5, the proof of the next theorem is almost identical
to Theorem 5.4 in [13]. So we omit the proof.

THEOREM 5.7. Forany0<a<f<1land0<§ <1, there exists M > 0
such that for all zg € R, s € [0,00), 0 < R < \/ty and every function u which
is parabolic in [s, s+ R?) x B(xg, R) and continuous in [s, s+ R?] x B(zg, R),
we have

u(t,y) < Mu(s,z0), (t,y) € [s +aR? s+ BR?] x B(z¢,dR).

Now the parabolic Harnack inequality is an easy corollary of the above
theorem.

THEOREM 5.8 (Parabolic Harnack principle). For any 0 < a1 < 1 <
as < P <1 and 0 < § < 1, there exists M > 0 such that for all zy € RY,
0 < R < /ty and every function u which is parabolic in [0, R?) x B(zo, R)
and continuous in [0, R?] x B(zg, R), we have

supu < M inf u,
B> B

where B; = {(t,y) € [a;R?, B;R?] x B(z0,0R)}.
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DEFINITION 5.9. Suppose D is an open subset of R%. A nonnegative
continuous function f on D is said to be harmonic in D with respect to X if
for every relatively compact open subset B of D,

(55) f(x) - EiE[f(XTB )]v r €D,
where 75 = inf{s > 0: X, ¢ B}.

The parabolic Harnack inequality implies the Harnack inequality.

COROLLARY 5.10 (Harnack principle). There exist r1 = r1(d, u) > 0 and
N = N(d, ) > 0 depending on p only via the rate at which maxi<;<q Mb (r)
goes to zero such that for every harmonic function f in B(zg, R) with R €
(0,71), we have

su <N inf .
yEB(moI,)R/Al) o) < y€B(zo,R/4) 1)

6. Green function estimates and boundary Harnack principle

The main objective of this section is to obtain two-sided estimates for
the Green function Gp of XP and prove the boundary Harnack principle
for nonnegative harmonic functions of X. Throughout this section we also
assume that D is a bounded C*! domain in R?. We start with the following
simple result.

LEMMA 6.1. There exist positive constants Cy and Cy such that
¢ (t,z,y) < Cre™ %', (t,2,y) € (1,00) x D x D.

Proof. Let | < oo be the diameter of D. Recall that 7p :=inf{t > 0: X, ¢
D}. By (3.33), for every x € D we have

P,(tp <1) > P,(X; € R*\ D) =/ ¢" (L2, y)dy
R4\ D

> Mlesz/ e Blemvay
RI\D

> M167M2/ e~ 12 gy > 0.
{lzI>1}

Thus

sup/ (1, z,y)dy = sup P,(mp > 1) < L.
xeD JD zeD
The Markov property implies that there exist positive constants c¢; and co

such that

/ q°(t,z,y)dy < cre” ', (t,x) € (0,00) x D.
D
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It follows from Theorem 4.6 that there exists c3 > 0 such that
qD(]-al'vy) < ¢z, (l',y)GDXD.

Thus for any (t,z,y) € (1,00) x D x D, we have
q"(t,x,y) = / ¢ (t = 1,2,2)¢" (1, 2,y)dz
D

< 03/ Pt —1,2,2)dz < crege 2D, O
D

Combining the above result with (4.27) we know that there exist positive
constants Mi¢ and M7 such that for any (¢,z,y) € (0,00) x D x D,

Mgz — Z/|2>

(6.1) qP(t,x,y) < Myt % exp (— 5

Therefore the Green function
Golay) = [ aP (b
0

is finite for x # y.

The following theorem is one of the main results of this section. It should
be compared with Theorem 5.1 of [16], where the same conclusion is obtained
under the assumptions that each ut is given by p'(dz) = U'(x)dx with U? €

K41 and that
Ui
Sup/ (M p(y) ) \ (y3|_1dy
2D Jp lz—yl/) |z -yl

is sufficiently small for each ¢ = 1,...,d. Recall that p(x) is the distance
between x and dD.

THEOREM 6.2. Let D be a bounded CY' domain in RY. There exist con-
stants Mg = Misg(D, 1) > 0 and Myg = Myg(D,p) > 0 depending on p only
via the rate at which maxi<;<q goes to zero such that for x,y € D,

6.2) M (1A Tﬁixngﬁ/?)) i _1y|d_2 < Gp(z,y)
< Mig(1 A p(@)p(y) 1

oy eyt
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Proof. As p(z) < p(y) + |z — y| for every z,y € D, it is easy to see that

p(z) p(y) p(x)p(y)
(6.3) (1A|x—y|)(1/\|x—y|) = |z —y[?

p@))@Ap@))

< 2(1A
lz -yl |z —y

Put T := diam(D)?, where diam(D) is the diameter of D. First we show

the lower bound of Gp. By the change of variable u = \w—tylz” we have
Tooop@ o py) g e
(6.4) /0 (1/\7)(1Aw)t7567Tdt
1 > _ .
— ﬁ/, , %(1 A \/ﬂf(x))(l A \/Ef(y))e—az\/[uudu.
|z — v Loyl iz —y| 7 — y]

Then by (4.27) and the above identity,

T
GWW)Z/‘ﬁ%L%wﬁ
0

Myg|z—y|?
2t

N C N (/) Ao
lel/O (a2 dt
My, oou# \/ﬂp(x) \/ﬂp(y) e—%Muu w
> oy ) v O a
p(x) p(y) 1
2O M e

where C' = M, floo uwT e Mgy,
Now we show the upper bound of Gp. Using (4.27) and (6.4), we have

T
(6.5) /0 qP(t,z,y)dt

! Miglz—y|?
< M13/0 (1A %)(1 A &\/yg))t—%e_(zitdt

o M13 /OO u%(l A \/ap(x))(l A \/ap(y))eféMMudu

I R S |z —y| |z —y|

M S .
< 13 (1/\ p(fE) )(1/\ p(y) )/ ’u,d24(u\/l)€_§M14udu'
|z —y|i=2 |z —yl lz —y|” Jo

On the other hand, by the Chapman-Kolmogorov equation, (4.27) and (6.1),
if t > T we have
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T T
qD(tv Zz, y) = / / qD(Ea z, Z)qD(t - T7 Z, w)qD(§7 w, y)dZdU)
DJD

p(z) p(y) / / T _4 _d
< OMZ M7 (1A =22) (1A BB )Mt -T) 2z x
< 2M73 Mas( \/T)( \/T) i D(2) ( )
_ Myglz—z2 _ Miglz—wl?  My|w—y|?
X e T e 20-T) ¢ T dzdw

2 p(z) p(y) T\ _a, -4
§2M13M17(1/\|x_y|)(1/\|x_y|)/Rd/Rd(2) (t—T) %x

_ Mygle—z2 _ Mglz—wl®?  Myglw—yl?
T e 20-T) ¢ T dzdw

X e

|2
< CoMis My (1 A pz) YA ) )t_%e_%

lz =y |z —yl
where Co = Oo(d) and Cl = Cl (M14, M16). Since
o) o1l | 1 \I}y\z
z—y d—4
/ t—tem tE dt = - / uTe*%C“‘du,
T |z —y| 0

we have

> 1
(6.6) / q" (t,z, y)dt < CoMPyMyz————

T |z —yl

" <M p(z) ><1A p(y) >/ Y5 o= Crugy,
lz —y lz—yl) Jo

Combining (6.3), (6.5) and (6.6), we have proved the upper estimate for Green
function. O

The next corollary is an easy consequences of Theorem 6.2.

COROLLARY 6.3 (3G Theorem). For any bounded C*' domain D in R?,
there exists a constant Msg > 0 depending on p only via the rate at which
maxi<i<d goes to zero such that for x,y € D,

GD(xv y)GD (ya Z)
GD(I, Z)

L |d=2
(6.7) i

< My

|z — y|92y — 2|42
and
Gp(z,y)Gp(y, 2)
Gp(z,2)

P(y) Pr(y)
w (GCeten + 550002

Proof. The proof of this result is elementary. We omit the details. For the

proof of the last inequality, one can see the proof of Proposition 4.2 in [7]. O

In the remainder of this section, we will prove a boundary Harnack principle
for nonnegative harmonic functions in D with respect to X.

The following proposition is also an easy consequence of the Green function
estimate.
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PROPOSITION 6.4. Suppose D be a bounded C*' domain in R, V is
an open set of R™ and K is a compact subset of V. Then there exists a
constant ¢ = ¢(D,V,K,u) > 1 depending on p only via the rate at which
maxi<i<d Mi, (t) goes to zero such that for every x1,x9 € KND and y1,ys €
D\V,

-1 Gp(x1,y1) < Gp(1,y2) < CGD(J?hyl)

(6.:8) Gp(z2,51) — Gp(x2,92) =  Gplx2,1)

Proof. We skip the details. O

If D is a bounded C'! domain, then it is easy to check that there exists
R > 0 such that for any = € 9D and r € (0, R), B(x,r) N D is connected.

THEOREM 6.5 (Boundary Harnack principle). Suppose D be a bounded
CY1 domain in RY and R is the above constant. Then for any r € (0, R)
and z € 0D, there exists a constant ¢ > 1 depending on u only via the rate
at which max;<;<q goes to zero such that for any nonnegative functions u,v
which are harmonic in D N B(z,r) with respect to X and vanish continuously
on dD N B(z,r), we have

< c¢c—*  foranyxz,y € DN B(z,r/2).

Proof. One can find bounded C'! domains D; C D», which are relatively
compact in D N B(z,r) such that DN B(z,r/2) C D1 C Dy C DN B(z,r).
Define Tp, :=inf{t > 0: X; € D1}. Let

f(z) == E, [u(ngl )] . zeD,.

Obviously f = win D;. f is an excessive function of X2 which is harmonic in
D; and vanishes continuously on 0Ds, so by the Riesz decomposition theorem
in [9] we know that there exists a Radon measure v supported on Dy \ Dy
such that

f@=[ Gy,
Dg\Dl
Fix a z9 € D3\ Dy. By (6.8), for every z,y € DN B(z,r/2) and w € D5\ Dy,

e Gy () < G20

G ,w) < cGp,(z,w).
- GD2(ysz) DQ(y ) D( )

Therefore, integrating the above expression over w € Dy \ D; with respect to
v gives
Gp,(z,z
! U(QL‘) < D> ( 0)

< .
< GDg(yaZ(])u y) < cu(x) O
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7. Martin kernel and Martin boundary

Throughout this section we will assume that D is a bounded C''! domain
in R?. We will show in this section that the Martin boundary and the minimal
Martin boundary of X? can all be identified with the Euclidean boundary
0D of D. There are at least two existing arguments in the literature to
identify the Martin boundary of killed diffusion processes corresponding to
differential operators: the argument in [1] uses a harmonic space approach
and the argument in [21] uses some deep results from PDE. Brownian motions
with singular drift do not fit into the framework of harmonic spaces in general,
so the argument in [1] does not apply to the present case. Some of the deep
results from PDE used in [21] are not available for Brownian motions with
singular drift, so the argument in [21] does not apply to the present case
either.

Fix x¢p € D and define

Gp(z,y) ;
MD(x,y) = GI?(IOZJ)’ ?f1'€Dandy€D\{x0} ’
Ligoy(z), ify=wo.

Note that for each y € D\ {zo} and € > 0, Mp(-,y) is a harmonic function
with respect to X in D\ B(y,¢) and

Mp(z,y) =By [Mp(Xrp 5,0 ¥)] 5 x € D\ B(y,e).

Using Theorem 6.2, we can easily see that

(7.1) Mp(z,y) < C%, (z,y) € D x D.

Combining Theorem 6.2 with the results of [9] we know that the Riesz
decomposition theorem holds for the excessive functions of X”. Using the
Riesz decomposition theorem, the Harnack inequality (5.10) and the Holder
continuity of harmonic functions (Theorem 5.6), one can follow the arguments
in [19] (see also Section 2.7 of [3] or [26]) to show that there is a unique
compactification DM of D up to homeomorphism satisfying the following
properties:

(M1) D is open and dense in DM and its relative topology coincides with
its original topology;

(M2) Mp(z, -) can be extended to DM uniquely in such a way that the
function Mp(z,€) is jointly continuous on D x (DM \ {x(}), and for
each ¢ € DM\ D, Mp(z,y) converges to Mp(z,£) as y — &, and
Mp(-,&1) # Mp(-, &) if & # &

The boundary dy;D := DM\ D is called the Martin boundary of X?. The
bound (7.1) and the harmonicity of Mp(-,y) in D\{y} imply the harmonicity
of Mp(-,€) in D for every £ € Oy D.
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PROPOSITION 7.1.  For every z € Oy D, x — M(x,2) is harmonic with
respect to X in D.

Proof. Fix z € Oy D and a relatively compact open set U in D. Choose a
sequence {yn }n>1 in D\ U converging to z in D U 9D so that

Mp(x,z) = nlirréo Mp(x,yn).
Since Mp(-,yy) is harmonic in a neighborhood of U for large n, we have
E, [Mp(XZ ,yn)] = Mp(z,y,), z€U.
By (7.1) and the bounded convergence theorem,
lim By [Mp (X7, yn)] = Eq [Mp(X7,2)] = Mp(x,2), z€U. O

TU?

Recall that a positive harmonic function u with respect to X in D is said
to be minimal if, whenever v is positive harmonic with respect to X in D and
v < u, then v is a constant multiple of u. The minimal Martin boundary of
XP is defined as

OmD ={§ € O D : M(-,€) is minimal harmonic with respect to X in D}.

Using Theorem 6.2 and Theorem 5.6 we can show that, for any compact
subset K of D, the family {Mp(-,y) : y € O D} is uniformly bounded and
equicontinuous on K. One can then apply the Ascoli-Arzela theorem to prove
that, for every excessive function f of X, there are a unique Radon measure
v1 on D and a unique finite measure v, on 9,,D such that

(7.2) f(z) = /D G (e, gy (dy) + /a | Mp(a,2)un(d)

and f is harmonic in D with respect to X if and only if 4 = 0 (see Section 2.7
of [3]). When f is harmonic in D, the measure v, above is called the Martin
measure of f.

Now we will use the Green function estimates of Section 6 to show that
there exists a homeomorphism between 9,;D U D and D which is an identity
map in D. The next lemma is well-known.

LEMMA 7.2 (Maximum principle). Suppose that h is a nonnegative func-
tion. If h is a harmonic function in D with respect to X and continuous on
D, then sup 5 h(z) = sup,csp h(x).

Proof. Take an increasing sequence of smooth domains {D,, },,>1 such that
D,, C D,,+1 and Ufszl D,, = D. By the bounded convergence theorem, we
have

M) = Jim Eo [M(Xep,, )] = Eo [h&l%ﬁf; Xﬂ] |

Therefore, sup, .5 h(z) = sup,cop h(). O
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LEMMA 7.3.  There exists a continuous map ¢ from Oy DUD onto D which
is an identity map in D. Moreover,

p(z)

(7.3) MD(Z‘,U}) < Cma

w € Oy D.
Proof. Note that D U 9y D is a compact metric space. We will show that
if a sequence {y, }n>1 in D that converges to a point w in Oy D, it converges

in D. Assume that a subsequence {yy, }x>1 of {yn}n>1 converges to yo € D.
Let U be a neighborhood of yy and # € D\ U. By (7.1), we have

Mp(z,w) = ;}EgoMD(x’y"k) < Chknigo}fll‘f(;zkw'

So for every y € 9D\ U, lim,_.,, Mp(z,w) = 0. If there exists a subsequence of
{yn}n>1 that converges to a point in D different from yo, the above argument
shows that the Martin kernel would vanish continuously near dD. But this
implies that Mp(-,w) = 0 by the maximum principle (Lemma 7.2), which is
impossible. Therefore yy € D must be unique. Moreover, 3o must be in 9D,
for otherwise we could choose U in D and also argue that the Martin kernel
would vanish continuously near dD.

Since {yn}n>1 is bounded in D, the above argument shows that every
subsequence of {y,},>1 has a further subsequence converging to a unique
point in D. So the map ¢ defined by ¢(w) = yo is continuous and (7.3) is true.

Now we show that ¢ is onto. Fix a point zo € 0D and choose a sequence
{Yn}n>1 in D converging to a zo in D. Since {y, }n>1 is a sequence in the com-
pact metric space D U Oy D, there exists a subsequence {yn, }x>1 of {yn}rn>1
that converges to a wg € D U dy D. By the continuity of ¢, ¢(wg) = zo. O

LEMMA 7.4. For each wg € Oy D, the support of the Martin measure v
for Mp(-,wq) is contained in 1=*(t(wp)).

Proof. Let zp := t(wp) and v be the Martin measure v for Mp(-,wg). For
any closed subset U of 9D such that U Nt71(2g) = (), define

h(z) = /UMD(x,w)V(dw) for z € D.

We will show that h = 0, which implies that the support of v is contained in
1= (20).
If z € 9D is different from zg = ¢(wq), then by (7.3)
h(z) < Mp(z,w)v(dw) = Mp(z,wy) < cﬂ)d
O D |z — 2o
On the other hand, for any w € U,

— 0 asx— z.

. : p(z)
1 M < 1 — = 0.
Jm Mp(e,w) < e lim o
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Moreover, for any w € U and x € D near 2z,

p(z)
|z — ¢(w)]4

is bounded. Therefore by the bounded convergence theorem, we get

Mp(z,w) < ¢

lim h(z) = lim | Mp(z,w)v(dw) =0.

r—20 z—z0 Ji7

Thus the harmonic function h(z) vanishes continuously on dD. So by Lemma
7.2, h=0 O

LEMMA 7.5. The map ¢ is one-to-one. Moreover Op, D = Oy D.

Proof. Fix zg € OD. (7.2) and Lemma 7.4 imply that for each w € :71{z¢},
there is a unique Martin measure v, for Mp(-,w) such that

Mp(z,w) = | Mp(z, 0, (da).
~1(20)N8m D

Therefore 1=1(20) N 0D # 0. Fix wg € t71(20) N 0, D and let wq, wy €
t™(z0). Suppose {y9},>1 C D converges to wg in D U dy D and {y}},>1 in
D converges to wy in D U 9y D. Then both {y9},>; and {y}},>1 converge
to zo in D. By Theorem 6.2,

Mp(z,wy) = lim MD(x,y}l) < ¢ lim MD(:myg) = cMp(z,wp).

The minimal harmonicity of Mp( -, wp) implies that Mp (z,w,) = cMp(x,wp).
But the two functions agree on x = z9. So Mp(-,w1) = Mp(-,wp). The
same argument shows that Mp(-,ws) = Mp(-,wp), thus Mp(-,ws) =
Mp(-,w1), which implies that w; = wq. Therefore ¢ is one-to-one. The above
argument also shows that every w € ¢=1(9D) is a minimal Martin boundary
point. Since ¢ is onto and ¢(dp D) = 0D (Lemma 7.3), every w € 9y D is a
minimal Martin boundary point of X?. Therefore 8,,D = 0y, D O

Lemmas 7.3 and 7.5 imply there exists a homeomorphism between 0,, DUD
and D which is an identity map in D. Therefore we arrive the following result.

THEOREM 7.6. There is a one-to-one correspondence between the minimal
Martin boundary Om D and the Fuclidean boundary 0D.

As a consequence of Theorem 6.2 and the above results, we immediately
get the following result.

THEOREM 7.7. There exists ¢ = c(xo, D) such that for all x € D and
z € 0D,

1 p(z)

clz— 2|4

p(z)
|z — 2%

< Mp(z,z) < ¢
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