ON THE UNITS OF AN ALGEBRAIC NUMBER FIELD

BY
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Introduction

Let K be an algebraic number field of degree n over the field of rational
numbers Q. Let p be a rational prime and denote the p-adic completion of
Qby Q,. Let A denote the completion of the algebraic closure of @, equipped
with its valuation | |, normed so that [p|, = 1/p. Let T be the set of n
distinet monomorphisms of K into 4.

The p-adic rank r, = rx,, of the units U of K is defined as the rank of the
p-adic regulator matrix

®p = (logy (Vi) )rer, im1,eeer

where v, + -+, ¥, is a basis for a free direct summand of U of maximal rank
(r = rg = dirichlet number of K') and where the p-adic logarithm is defined by
the usual series for principal units and extended to all units of A by means of
the functional equation. Thus if ve A is such that |v — 1|, < 1 then
logpv = — D 1 (1 — 0)*/ke A and if | v |, = 1 then

log,v = (logv™)/m

for any positive integer m such that | o™ — 1|, < 1.

We haver, < r. In the abelian case Leopoldt in [6] has raised the question
of determining r, and in particular asked if 7x,, = rx for all abelian K and
rational primes p. In §1 we prove the following partial result on Leopoldt’s
problem.

TurorEM 1. If K/Q is an abelian extension with galots group G of exponent
m such that m < 4 or m = 6, then rp, = r.

The proof uses Mahler’s p-adic analogue [7], [8] of Hilbert’s seventh problem
(o is transcendental if « and 8 are algebraic numbers such that & > 0, 1 and 8
is irrational). The same proof actually proves a slightly stronger result
(Theorem 1’) as well as the following fact.

TueoreMm 2. If K/Q is normal and r > 2 then r, > 2.

In §2 an algebraic method is employed to solve the following special cases
of Leopoldt’s problem.

TuroreEM 3. Let p be a regular prime, let a be a positive integer, let ¢ be a
primative p°-th root of unity and let K = Q(¢). We then have rp, = 7.
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The proof is an application of the main properties of the (absolute) Hilbert
Class Field of K.

We remark that these results provide some instances for which Leopoldt’s
p-adic class formula (3.2), of [6] does not reduce to 0 = 0. At the close of §1,
a conjecture generalizing Hilbert’s seventh problem, which would completely
solve Leopoldt’s problem is noted.

We shall retain the above notation. In addition, Z = rational integers,
Z, = closure of Z in @,. We shall also find it convenient to introduce the
(usually infinite) matrix.

R, = (logy (%) )rer uev,,

where U, = the group of units u such that | 7(w) — 1|, < 1 for all 7¢T.
Indeed for the relatively crude question of rank we are considering we can re-
place &, by R, since there exists a positive integer m such that U™ C U, which
entails

rp, = rank B, .

1. A transcendental method

Lemma. Let H be an abelian group of automorphisms of an algebraic number
field K, Hy its character group (x € Hy may be assumed to take values in A). Let
S be a subset of H and 60 ¢ T. If the a, for s € S are such that

> hes anlog, 8(hu) = 0 forallue U,
then (ow)nes is an A-linear combination of the (x(h))nes for those x e Hy such
that

> new 2(h) log, 8(hu) = 0 forallueU,.
Proof. If reT we define L,: U, — A by L.(u) = log, ru for all uwe U, -
We define W to be the A-vector space of functions from U, to A. W has the

structure of a (left) A[H]-module if we let AF for h ¢ H and F ¢ W be defined
by

(hF)(u) = F(hu) for allu e Uy,
since H is abelian. Now suppose ay ¢ A for h ¢ H are such that
(1) > her o logp 0(hu) = 0 forueU,,

which may be rewritten as
Dhemanh-Ly=0 in W.
Since H is abelian we have for all g ¢ H,
(2) 0=g 2 haonh-Ly= D newonh gLs.

Now A[H]L is a cyclic A[H]-submodule of W and so there exists a unique ideal
B of A[H] which is A[H]-isomorphic to A[H]L, (as left A[H]-modules).
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Equation (2) shows
D haarh-B = 0.

Let V be the ideal of A[H] such that A[H] = V & B asrings. We see that
for vectors (as)ner with entries in 4, (1) is equivalent to Y new an b e V.

Since V has an A-basis consisting of Ehm x(h)h for certain z ¢ H, as follows
from (33.8) of [3], the lemma follows upon restriction to S.

Theorem 1 is contained in the following result.

TueoreMm 1. If the maximal real subfield of a normal extension K /Q is an

abelian extension of Q with galois group G of exponeni m such that m <4 or
m = 6, then r, = r.

Proof. It suffices to consider the case where K /@ is a real abelian extension.
Assume m < 4orm = 6 and that 7, < r = n — 1. Thus the A-space of
(0g)yee With @, € A such that

D ea @ log, 0(gu) = 0 forallue U,

where 6 is some element of 7T has dimension >2 since the matrix

R, = (log, 6(gu))ses uev,

has rank 7, < n — 2. It follows from the lemma with H = G that there are
at least 2 different z e Gy, the character group of G, such that

(3) D oca x(g) log, 8(gu) = 0 forueU,.

Let x be a non-principal character satisfying (3) and let E be the subfield of A
generated over @ by the values #(g), g e @. By our assumptionsonm, B = @
or E = quadratic extension of . In any case we may assume x takes its
values in a quadratic extension F/Q. Let 1, § be an integral basis of #. Then
we may write

(4) z(g) — 1 = a(g) + b(g)d
where a(g), b(g) € Z for g e G. This yields the relation
2sca-1 (a(g) + b(g)8) log, 0(gu) = 0 forue U,
which we may rewrite as
(5) logy 8( I Toea1 gu™®) = —81ogy 0(TLoe—1 gu’).

By a theorem of Minkowski [9] (or [1]) there exists a unit v in U such that
I1,co-1 90" = root of unity with each ¢(g) € Z implies ¢(g) = Oforge @ — 1.
If w = v" " where N is the number of elements in the residue class field of the
prime of K above p, then w has the same property as v and we U, . Since
is not principal, it follows from (4) that some a(g) or some b(g) is not zero
for some g e @ — 1. It follows that at least one side, and hence both sides, of
(5) are non-zero for 4 = w because the p-adic logarithm is zero only for roots
of unity (page 200 of [4]). (5) then implies that there exist two algebraic
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numbers in A such that the ratio of their p-adic logarithms is algebraic but
irrational. This contradiction to the Mahler’s theorem [7], [8] establishes
Theorem 1’. A proof of Theorem 2 differs from this proof by a transposition.
We first use Minkowski’s theorem to find a w ¢ U, and an automorphism g of
K such that if w’gw” is a root of unity with ¢, d ¢ Z, thenc = d = 0. We then
apply the lemma with H = group of automorphisms generated by g and with
S = {1,¢9}. Ifr, < 2 then the lemma yields a non-principal character « of H
such that

log, 6(u) + z(g) log, 0(gu) = 0 forue U,

For u = w this gives a contradiction to Mahler’s theorem as before since z(g)
must be irrational by our choice of w.

Congecture. Let B be either the field A as above or the field C' of complex
numbers. Let @’ be the algebraic closure of @ in B. If a;e@Q’ is such that
log a; s defined for © = 1, -+« |, n and if the log a; are linearly dependent over
Q', then they are linearly dependent over Q. If B = A, then log = log,. If
B = (, then log is the usual “multivalued function” for non-zero argument;
we assume 2 fixed determination of log a;, 2 =1, -+, n.

If n = 2, B = C, this is Hilbert’s 7th problem; if n = 2, B = A, this is
Mahler’s theorem. No other cases are known. By the method of Theorem
1/, the conjecture implies r = r, for all abelian K/@Q and all rational primes p.
It would also give information even when the galois group @ of K/Q is not
abelian,

2. Algebraic method

Proof of Theorem 3. We assume r, < r and derive a contradiction. Let
v, + -+, be a basis for a free direct summand of rank 7 of U. If u; = »?™
then u;e U,fore = 1, --- , r. Since r, < r, it follows from the definition of
7, that there exist a; e A not all zero such that

(6) St saslogy r(us) = 0 forall 7eT.

Let 6 ¢ T and L = topological closure of 6(K) in A. L is a galois extension
of @, with galois group @ isomorphic to the galois group of K/Q. In particular
we have

T = {gob}e
and we may assume each a; e L in (6). Thus there exists a minimal non-
empty set R C {1, - - -, r} such that there exist a; ¢ L — 0 with
(7) D ier i logy (go8(u;)) = 0 forgeGe

Thus
0 = h( X ailog, (g°0(u:)) = 2ice hes) log, (hg o 0(us)
for all h, g ¢ G which yields

(8) 0= Z“R h(e;) logy (g0 0(u;)) for all h, g € G.
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We may combine (7) and (8) to contradict the minimality of R unless
h(a;) = a;forall7e R and h € G, i.e. unless a; € @, for 2 ¢ R. Thus by chang-
ing notation we may there exists 8; € Z, such that

(9) log, 0(u1) = Z:=2 B:logy, 6(u:).
We now choose b; e Z so that
[(B: + b:) logy 6(w:)|, < P for ¢=2,--+,m

From (9) we obtain
log, 8(ts [Ti-2ul) = log, 0(u1) + D7z bilog, 6(w;)

= 2% (Bi + bs) log, 0(us) = p'z
where x ¢ L is such that |2 |, < 1. Let
(10) 2= [[imeu eU,.
Thus
log, 6(2) = p’x = log, (exp (px)”).

Herey = exp (pr) eLand |y — 1|, < 1.

Since log, 8(z) = log, (¥*), there exists a root of unity 5 in L of order a
power of p such that n6(z) = y®. Since the roots of unity of order a power of
pin L are already in 8(K), there exists ¢ ¢ Z such that (¢ 2) =y~

Let M be the splitting field of f(z) = 2” — ¢z over K. Clearly M = K or
[M:K] = p. Assume [M:K] = p and let o ¢ M be a root of f(x). Hence a
is a unit and the different of a isf’(a) = pa®*. It follows that the only finite
prime of K which can ramify in M is the prime above p; no infinite prime of K
can ramify since they must all be complex. But the prime of K above p. splits
completely in M since f(z) splits completely in L:

f@) =a* = g2 = I (= — &)

where £ ranges over the p-th roots of unity (which are in L). It follows that
M is an unramified abelian extension of K. By class field theory [2, Ch. 8,
Th. 7], p = [M:K] divides the class number h of K. For a = 1, this contra-
dicts the definition of regular prime; for ¢ > 1, this contradicts a theorem of
Iwasawa [5]. Thus M = K, i.e. {*z is a p-th power of an element of K. From
(10) u; = v?™", we get

¢z = (o [Tie0¥)" " e U™

Let C be the torsion of subgroup of U and denote the residue class of v
modulo C by v (and U/C by U). We have

(Vl Higz v'i")”_l € Up

Vi H2=2 vl}‘ € Up
which contradicts the fact that vi, - - -, v, is a Z-basis for U (since, by defi-

which implies
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nition, vy, + - - , v, is a Z-basis for a free direct summand of rank r of U). This
establishes Theorem 3.

7.

8.
9.
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