ON THE PROJECTIVE PLANE OF AN H-SPACE'

BY
WitrLiaM BROWDER AND EMERY THOMAS

1. Introduction

Let G be a topological group. Milnor [8] defines a sequence of principal
G-bundles (K, , B,, &) (1 £ n < ) such that

SG =B cCcB,C---C By = Bg,

where SG denotes the suspension of G and Bg is a classifying space for G.
The work of Borel [3], [4] gives relations between the cohomology of G'and that
of B¢ , whereas Rothenberg [10] investigates the cohomology of the spaces B, .

Suppose now that X is an H-space, that is, X has a continuous multiplica-
tion with unit. One then may not be able to define a classifying space Bx ,
but Stasheff [11] has defined the projective plane of X, P, X, which has the
homotopy type of the space B; in case X is actually a group. The purpose of
this paper is to discuss the relationship between the cohomology of X and that
Of P 2 X.

Consider commutative, associative, and graded algebras A over a field %
such that 4, is isomorphic to k. We denote the ideal of positive-dimensional
elements by A and set

D'A=A4, D'A=D""4-4 (nz=?2).

We call D’ A the ideal of decomposable elements. If 4 and B are two algebras,
we define their tensor product A ® B in the usual way with grading

(A ®B)r= 2 itj14: ® B; (k= 0).

Let X be an H-space. For the rest of the paper we shall assume that X
is arcwise connected and that the integral singular homology groups of X are
finitely generated in each dimension. Now take singular cohomology with
coefficients in a fixed field k. Recall that an element u ¢ H*(X) is called
primitive if

m*u = wfu + miu,

where m*, ¥ (¢ = 1, 2) are the homomorphisms induced by the maps from
X X X to X given respectively by the multiplication and the projection on
the #*" factor. In §3 we define a (group) homomorphism

v HY(P, X)) — HY(X) (¢ > 0)
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such that
Image « = P(H*(X)), the subspace of primitive classes in H*(X).

Let P~ and P denote respectively the subspaces of odd- and even-dimen-
sional primitive classes of H*(X), where H*(X) denotes the positive-dimen-
sional cohomology of X. Let {u, {v;} be bases for P~, P respectively, and
choose classes {y4}, {z;} in H*(P; X) so that

WY, = Us, wR; = V5.
We shall prove

TueoreM (1.1). Let X be an H-space such that the algebra H*(X) is primi-
tively generated. Then there is an ideal S tn H*(Py X)) such that

S=0 SHOP,X)=0,
and one has the following k-algebra splitting:

H*(P.;X) = (A/D’A) ® 8,
where
A = ®;kly)] ®; A(z;) if characteristic k = 2,

A = ®;kly] ®;klz;] if characteristic k = 2.

Moreover if k = Z, (p a prime), there is a group splitting
H*(P,X) = (A4/D’4) @ R,

where A = ®; kly] and 8 is an &,-module. Therefore A/D’A can be given the
structure of an Qp-algebra.

Here @, denotes the mod p Steenrod algebra, and &, the subalgebra of @,
generated by the operations ®° (¢ = 0). (Recall that ®° = Sq*, if p = 2).

If X is a group and if H*(X) is an exterior algebra, then (1.1) is a special
case of the results obtained in [10].

The theorem (for the case &k = Z,) has the following applications. In
[13] the group splitting given at the end of (1.1) is used to study the behaviour
of the Steenrod squares in the mod 2 cohomology of an H-space satisfying the
hypotheses of (1.1). In particular it is shown that the primitive classes
whose dimensions are one less than a power of two form a set of generators for
H*(X) as an Ge-algebra. In [14] this result is combined with (1.1) to show
that if an H-space (satisfying the hypotheses of (1.1)) has no 2-torsion, then
its lowest positive-dimensional rational cohomology occurs in dimension
1, 3, or 7.

The remainder of the paper is devoted to the proof of (1.1).

2. The space E, X

Let X be an H-space with multiplication m. Denote by CX the (reduced)
cone on X, which we think of as the space obtained from [0, 1] X X by identify-
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ing {0} X X and [0, 1] X {e} with a point * (e denotes the unit of X). Follow-
ing Stasheff [11] we define E; X to be the space obtained from the disjoint
union of X X CX and X by identifying (x, (1, y)) with m(z, y): that is,

E X = (X XCX)u.X.

Let SX denote the (reduced) suspension of X, obtained from CX by identi-
fying {1} X X with a basepoint *. We define

p:E, X — 8SX
by p(z, (,y)) = (8, 9).
Now E; X may be regarded as the total space of a proper triad [6]

(B« X, M, ,M,), where M, and M ,, denote respectively the mapping cylinders
of m; and of m. That is,

Ml = {(x7 (t;y)) GEIX’O —S— ¢
Mm = {(CL’, (t) y)) EE;[X,% é ¢

IIA
rol
)
s

I\

—_
=
3z

so that
MluMm=E1X, Mlan=XXX.

Take cohomology in the field k, and denote by A the Mayer-Vietoris cobound-
ary [6, Chapter I, §15] from H(X X X) to H**(E, X) (¢ > 0). From the
exactness of the Mayer-Vietoris sequence it follows that the kernel of A is
the subspace of H*(X X X) spanned by m*H*(X) and »fH*(X). Since k is
a field and X has homology of finite type, H* (X X X) ~ H*(X) ® H*(X);
and a simple argument shows that A restricted to A*(X) ® H*(X) is an
isomorphism:

(2.1) A: B (X) ® H*(X) ~ A*(E, X).

Let X # X denote the collapsed product of X, which is obtained from the
Cartesian product X X X by identifying the axes X v X to a point. Let

T HY (X #X) - H*(X X X)

denote the homomorphism induced by the projection X X X —- X #X. By
the Kiinneth formula, n* is a monomorphism, and its image is a direct sum-
mand of H*(X X X):

T H (X #X) = D um B'(X) ® H(X) (¢ > 0).
Thus
A X #X)~ *(X) ® A*(X),

and therefore from (2.1) we obtain®
(2:2) Aoy*: AN X #X) ~ O*(E, X).

2 The existence of such an isomorphism follows from the fact that E; X has the
homotopy type of X * X (where * denotes the join), but we shall find it convenient to
have this specific form of the isomorphism.
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We define a homomorphism
(2.3) ¢: H*(X) - A" (X #X)

*

by requiring that #* c¢ = m* — xf — =i . Since

Image (m* — #f — #%) < Image 2",

and since 4" is a monomorphism, ¢ is well defined.

We also can regard the suspension SX as the total space of a proper triad
(8X, Cy, C1), where Cy and C; denote respectively the upper and lower cones
of SX. Thus,

CoUCl=SX, CoﬂOl=X.

We can take the map p to be a triad map (E; X, X, M1, M,.) — (8X, Co, Cy),
and then
Pl XXX =m: X XX—-X.

Therefore we obtain the following commutative cohomology diagram, where
o denotes the suspension isomorphism and p* is induced by p.

H(X X X) -2, H"(E, X)

(24) ]WS‘ LD*

g

HY(X) ———— H"(8X).
Since n* o = m* — #¥ — 74 , and since A o (m* — 7¥) = 0, we have
(2.5) —Aon*og = p*oo.
3. The projective plane

Let X be an H-space. Following Stasheff [11] we define the projective
plane of X as
P, X = C(E,X) u, 8X.

That is, P, X is the cone on E; X attached to SX by p. Thus 8X is a sub-
space of P; X, and by Adem [2, §3] we have an exact sequence (¢ > 0)

%
coo — HY(SX) —P2 ., HYE, X) —* , H™(P, X)

-3
(2

H™Y(8X) — ---,
where u is a Mayer-Vietoris coboundary and ¢* is the injection. We set
N=polAon i H(X #X) — H (P, X),
L= ¢ lod"t HY(P X) —» HY(X).



496 WILLIAM BROWDER AND EMERY THOMAS

Since A o 9™ and ¢ are each isomorphisms, using (2.5) we obtain® the following
exact sequence

oo HY(X) —2 HAX#X) —2 HY(P, X)
(3.1)

—t LX) —> -

Notice that

(1) ¢ 7s an algebra homomorphism (and an Qy-map when k = Z,);
(38.2) (il) X and . are k-module homorphisms (and Qy,-maps);
(iii) «(D) =0,

where D = D*H*(P, X), since cup-prodcuts of positive-dimensional elements
vanish in the cohomology of a suspension.

For cohomology classes ;, 22 e H*(X) we denote by 2; ® z; both the
element in H*(X) ® H*(X) and its counterimage under * in H*(X # X).
Suppose now that x; and z, are primitive classes. Then

m¥z; = w v + w2 (1=1,2),
and so
¢(z1) = ¢(x2) = 0.

Therefore by the exactness of (3.1) there are classes y; , y2 ¢ I*(Py X) such
that w; = z; (¢ = 1,2). In[12, (2.4)] it is shown that

(3.3) Mo ® 22) = (—1) Myrys,

where r = dim z; , and where the product on the right is the cup-product in
H*(P: X).

For u e H*(X) and ¢ ¢ H4(X) we denote by (u, ¢) e k the Kronecker index
of u and ¢, which gives us a dual pairing [7], H*(X) ® H«(X) — k. If
ur, uz e H*(X) and ¢; , ¢; € Hx(X), then

(34) (Ur ® Uz, €1 ® €2) = (ur, c1)uz, ).
Moreover,
(3.5) (B(u), c1 ® c2) = (u, c1-¢a),

where ¢;- ¢z denotes the Pontrjagin product of the homology classes ¢; and ¢, .

We now use these various facts to obtain the proof of our theorem. Asin
§1 take cohomology with coefficients in the field k. Again denote by P~ and
P* the respective subspaces of H*(X) spanned by the odd- and even-di-
mensional primitive classes. Let D denote the subspace of H*(X) spanned
by P* and the decomposable elements. Assume now that the algebra H*(X)
is primitively generated. Then,

A*(X) = P~ ® D,

3 A special case of this is considered by Adams in [1].
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as a vector space over k. Choose a complementary subspace, D, to P* in D.
Thus, A*(X) = P ® D, where P = P(H*(X)) = P~ ® P*. Define
S=D®bDeoDePe®P®D

in I*(X # X), and set i
S =8 in H*P;X).

Let {u3, {v;} be respective bases for P~, P*, and choose classes {y:}, {z;} in
H*(P, X) such that
Wi = U;, W = 0j.

Kach z; is odd-dimensional, and consequently,
22+ 202, =0 (all 7, s).

In particular, if characteristic &k < 2, 22 = 0.

Denote by N the subalgebra of H*(P, X) spanned by the classes {y} and
{z;}. Since P; X has category three (it is formed from the suspension by
attaching a cone), the classes

(36) lyd, {ads lyizd, {voyd (0 = @), {z2d (r = 5),
span N, as a k-module. We show

LemMa (3.7). Suppose that the algebra H*(X) is primitively generated.
Set

T o= Dy + Dibizi+ Di Dliciiyiz
+ Zpéq pg YpYq + Erés €rs Zr Zs

where a; , + -+ , e € k, and where each e,s = 0 if characteristic k £ 2. Ifx e S,
then all the coefficients a; , -« - , e, are zero.

By definition, if z ¢ S, then 2 = A(§), for some § ¢ S, and therefore «(z) = 0,
by the exactness of (3.1). Now

W(yizi) = (Ypys) = zrzs) =0,
by (38.2)(iii), and by hypothesis
Wi = Ui, w; = vj.
Thus, assuming z ¢ S we have
0= (@) = D iaiui+ 2,biv;,

and hence each a;, b; is zero since {u;} and {v;} are respective bases for P~,
P"and P"nP" = 0.
Set
{wa} = {ud v {ot.
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Thus {w,} is a basis for P (= P~ @ P*), and the classes {w, ® w,} form a
k-basis for P ® P. Let {1,} denote a set of dual homology classes to {w.,}.
That is,

(Wm , Wn) = Omn, the Kronecker delta.

Since H*(X) = P @ D, and since H(X) is finite-dimensional (¢ = 0), we
may choose the classes {1,,} so that for all m,

(D, W) = 0.
Thus by (3.4) and the definition of §,
(3.8) (8, Wy ® W) =0 (all m,n).

We define

4 = Zz Zj Cij Us ® v; + Zpéqdpq Up @ Uy — Z,gsen v ® v,
in A*(X # X) and obtain by (3.3) that

NMA) = Zi chijyizf + Zpgq dpgYpYq + ngsers 2r2; = X.

Consequently A(A — §) = 0, and hence by exactness there is an element
f e H*(X) such that

o(f) =4 — 8.
To show that each coefficient c;; is zero, we observe that
(4,%: ® 5;) = cij, (4,9 ® @) =0,
by the choice of the dual classes @; and 9; . Therefore if we define
g = U 0; — DU,
we obtain, by (3.5) and (3.8), that
<f1 g) = <¢(f)7 U; ® b; — 0; ® ai)
= =84 ® 0 — 0; ® G;) = Cij.
Hence if § = 0, then ¢;; = 0. Now H*(X) is a primitively generated Hopf
algebra, and therefore its dual algebra, H4(X), is commutative by (4.8) and
(4.9) of [9]. Consequently since § is the commutator of @; and 7; , it must
vanish, and hence so must ¢;; . An entirely similar argument shows that the
coefficients d,, and e,s are zero, when p < g and r < s.

To show that the remaining coefficients dq, and e, are all zero, we use the
fact that

(3-9) <¢(f); Ug ® dq) = dqgq , <¢(f); U ® 77.9) = €ss -

Suppose that characteristic ¥ = 2. Then by (4.9) of [9], since H *(X) is
primitively generated, we have «* = 0 for all classes ¢ H4«(X). Thus,

-2 =2
iy = 0, 7s = 0,
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and hence by (3.5), dgy = €ss = 0. On the other hand, if characteristic k = 2,
then by hypothesis, e;s = 0 (all s). But since %, is odd-dimensional and
H.(X) is commutative, we must have @; = 0, which shows by (3.9) that
dge = 0, completing the proof of (3.7).

4. Proof of (1.1)

It follows from (38.7), by taking # = 0, that the classes given in (3.6)
form a k-basis for the subalgebra N, and thus N = (A/D’4), as given in
(1.1). Moreover, N n S = 0, again by (3.7), and since S = \(S), it follows
from (3.1) that 8 = 0. We show in an appendix (§6) that S-H*(P; X) = 0.
Thus S is an ideal, and we complete the proof of the splitting given in (1.1)
by showing that

A*(P,X) = N + 8.

Tetx e H*(P; X). Since «(x) is primitive, we may write
w = 2 saiui + 2biv;.
where a;, b; e k. Set
y = 2.:a:yi+ 2.bizeN.

Then «(x — y) = 0, and therefore by the exactness of (3.1) there is a class
w e *(X # X) such that A\(w) = # — y. However,

A X#X)=8@® (P® P),

and since A(S) = Sand A\(P ® P) © N (by (3.3)), we have z ¢ N + S,
completing the proof of the splitting.

Assume now that &k = Z,, p a prime. As above let N denote the sub-
algebra of H* (P, X) generated by the classes given in (3.6), and define N to
be the subalgebra of N generated by the classes {y;}. Let I denote the ideal
of N generated by {z;}. Then

N=Nol,

as a k-module. Define 8 = I @ S, which is an ideal in H*(P; X). Then
by the splitting obtained above we have

as a group. In §3 we defined D to be the subspace of H*(X) spanned by
P* and the decomposable elements. Define

Si=DeDebDeP @P ®D
in A*(X # X), and set
L = the linear subspace of H*(P,; X) spanned by {z;}.
Then by (3.3) and the definition of the subspace S (see §3), we have
S=I®8=Laox&s).
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Since the elements of @, all have even degree, @,(P") < P* and
G,(P7) © P~. Moreover by the Cartan product formula, @,(D*) < D?
where D = D’H*(X). Thus G,(D) < D, and therefore (again by the
Cartan formula), @,(S;) < 8;. Thus, by (3.2)(ii), G,(AS;) € AS;. Since
the elements of N all have even degree and those of L have odd degree,
G,(L) © 8, and therefore G,(S) < 8, as required.

Since

A/D*A ~ H*(P, X)/8,

we can regard A/D*A as an @,-algebra. Define ®, to be the ideal of @, gen-
erated by the Bockstein operator 8,. Then @, = ®, ® @,, as a Z,-vector
space. Since the elements of A/D*A all have even degree, we then can re-
gard A/D*A as an algebra over all of @, by setting ®,(A/D*4A) = 0. This
completes the proof of (1.1).

5. Remarks

The hypotheses of (1.1) can be altered in various ways. For example let
k denote either the rational numbers @ or the field Z, , p a prime; and suppose
that the algebra H*(X) is not primitively generated. If, instead, one has
that H*(X) is finite-dimensional (as a vector space), then the splitting given
in (1.1) is still obtained, but one can no longer assert that S is an &,-module.
Since H*(X) is not primitively generated, we can no longer use [9] to obtain
the appropriate lemma analogous to (3.7). Instead one now applies the
results of [5], especially (6.8).

Another change is to use the integers for coefficients, rather than a field %.
If one assumes that X has no torsion, and that H*(X; Z) is primitively gener-
ated and of finite rank, then a splitting analogous to that given in (1.1) is
obtained. One uses the fact that H*(X; Z) is an exterior algebra on odd-
dimensional, primitive generators. Thus, only the polynomial part (gener-
ated by the classes {y4 ) is obtained in the algebra N.

6. Appendix

Let X and Y be spaces, and fa map X — Y. Denote by C; the cone on X
attached to ¥ by means of f. Then we have a proper triad (C;, CX, M),
where CX is the cone on X and M ; is the mapping cylinder of f (see [2, §§2, 3]
for details). Moreover,

CXUMf=Cf, CXan=X,
and hence one has a Mayer-Vietoris coboundary

w: HY(X) — H™(Cy).
We prove

Lemma (6.1). Letz e H*(X) andy e H*(C;). Then

w(z) oy =0.
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This clearly implies the result needed in (1.1)—that S-H*(Py X) = 0—
since S = A(S) and \ is the composition of u with other homomorphisms.

To prove (6.1) we recall the definition of x ({2, §3]). This is given by the

following commutative diagram, where & is the coboundary, m* is the excision
isomorphism, and n* is induced by the inclusion:

HY(X) —E - H™(C)
1) n*

H™ (M, , X)

m*—f_) HQ_H(O; , CX).

Since CX is acyclic, there is a class v e H*(C;, CX) such that n*» = y.
Choose u ¢ H*(C; , CX) such that m*u = éz. Then,

w@) —y =n*(u <o) = n*'m* 6z < m*).

Let I* denote the homomorphism induced by the inclusion M, < (M, , X).
Then, by the naturality of the cup-product and the exactness of the co-
homology sequence of a pair, one has

*

b wm'y = (I%sz) «m* =0 m™ =0,

completing the proof of the lemma.
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