ON THE CLASSIFICATION OF FILTERED MODULES

BY
Arex HELLER!

1. Introduction

Throughout this paper A will denote an algebra with unit over a field K.
Modules are all left A-modules; vector spaces are vector spaces over K.
Graded vector spaces or modules are graded by nonnegative degrees, i.e.,
the homogeneous components of negative degrees are 0.

We propose to study filtered modules, for which we adopt the following
definition as leading to an economy of notation. A filtered module is a short
exact sequence

x-0-x-x % x_0

of graded modules, the maps £, £ being homogeneous of degrees 1, 0. This
is easily seen to coincide with the more familiar notion when the maps
£,: X, — X441 are interpreted as inclusions.

”

IfalsoY=(0—>Y v,y 0) isa filtered module,a map ¢: X — Y
is a pair of maps ¢:X — Y, ¢”:X” — Y” such that ¢¢ = 2¢, ¢"&” = 77¢.
These ¢ constitute, in an obvious way, a graded category F which may be
given an abelian structure [1]; we shall not however make any use of this
structure here. In fact F may be interpreted as a “filtered category”: this
notion, which will not be investigated here, the reader may supply for him-
self.

The functor S”X = X”, §”¢ = ¢” is of course homogeneous additive.
Its value on X is the associated graded module of X; we shall also refer to X as
an extension of S”X.

Two extensions of a graded module A are equivalent if there is an equiva-
lence ¢ of filtered modules connecting them, such that S”¢ = 1:4. The
problem to which we address ourselves here is that of classifying the equiva-
lence classes of extensions of a fixed module A. The analogous problem for
abelian groups has been treated by Shih [2], who arrives at a formulation not
readily comparable with that given below. He also announces (but does not
state) results for the case considered here.

In the very simple case that A has only two nonvanishing homogeneous
components, say Ao and A, , the classification, viz. Ext'(A4;, Ao), is of course
well known. We shall see that a similar description is also valid in the
general case. In the course of the discussion we shall also solve another
problem, namely that of attaching to a filtered module a strong enough
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ON THE CLASSIFICATION OF FILTERED MODULES 413

invariant to characterize it completely, and not merely up to nonunique
isomorphism. This is of course necessary if the extension, described by its
invariant, is to have identifiable elements. It should be observed that the
extension class in Ext'(A4;, 4o) does not have this character, even in the
simplest case, there being an ambiguity corresponding to the group
Hom(A,, Ao) in the extension described by such a class.

2. Computational preliminaries

If A is a A-module, we write PA = A ®x A;if f:A — B over K, then Pf =
(1:A) ® f:PA — PBis a A-map. The A-map 74:PA — A is defined by
7AN ® a) = \a; if ¢:4 — B is a A-map, then #B(P¢) = ¢(wd).

We denote the kernel of 74 by wA:QA — PA so that

PA= (00424, pa ™ 4 0

is exact. Further, K-maps {4:PA — QA and *A:A — PA are defined by
(2.1) wAA)YAN®a) =A®a — 1 ® \a, (t*A)a = 1 ® a.

It is easy to see that (wd, {A, t*A, wA) is a direct sum decomposition of PA
over K. 1If also u € A, then 2.1 implies

(2.2) p(A)YA®a) = tA(U\ ® a — u ® \a).
If f:A — B, then

(2.3) TB(Pf)t*4 = f, tB(Pf)(t*4) = 0.

We define also

o Qf = tB(Pf)wd Q4 — 9B,
(24) Of = =B(Pf)wA:Q4 — B.

Observe that Of is always a A-map, and that Of = 0 if and only if fis a
A-map. In fact,
(2.5) FAY(N ® a) = NMa — fAa.
If further g: B — C, then
O(gf) = 7C(Pg)lwB(iB) + t*B(wB)](Pf)wA
Og(Qf) + ¢(Of),
tC(Pg)[wB(tB) + t*B(xB)(Pf)wd
(Q9) (%),

so that Q is a functor. Moreover if ¢:4 — B is a A-map, then (wB)Q =
(P¢)wA, which implies that Q¢ is a A-map.

Il

2.6
(20 Qaf)

I



414 ALEX HELLER

Finally, we observe that for any A-module A
2.7) O(*4) = w4, a@d) = —Qrd,
the latter formula following immediately from the former and 2.6; these
imply
(2.8) o0 = —0Q.

We shall want to apply all these operations to graded modules; it is only
necessary to observe that PA, QA are also graded if A is, that wd, w4, A,
t*A are all homogeneous of degree 0, and that P, O, Q preserve the degree of
homogeneous maps.

3. Cocycles of a graded module

If A, B are graded A-modules, we denote by Homg,(A4, B; K) the set of
inhomogeneous K-maps f:4 — B whose homogeneous components f, are 0
for p > q. The group Hom,(A4, B; K) is defined analogously.

If A is graded by nonnegative degrees, then %4 C Homco(4, 4; K) con-
sists of those maps f such that fy = 1:4. It is a group under composition:
if g e Homco(A, A; K), then 1 4+ D %_; g"isdefined, and isequal to (1 — ¢)™".

Now if 2z e Homo(Q4, A; K), then Oz: 2’4 — A, and Qz2:0°4 — Q4. If

(3.1) Oz 4 2(Q2) = 0,

we shall say that z is a cocycle of A ; the set of cocycles will be denoted by 34.
If f € AA then ff " = 1:4 is a A-map. Hence by 2.6,

(3.2) of™) +/arh) =0;  Of " = —f(anNE).
This, together with 2.8, leads immediately to the following result.

LemMa 3.3. IfzeBA,feUA, then fxz = (fze — OF)Q " ¢ BA. Further,
(f, 2) — f = z defines an operation of the group WA on the set 34.

The set of orbits, 34/%A, will be denoted by €A. The reader may easily
verify that if A has only two nonzero homogeneous components, say 4o, 41,
then GA may be identified with Ext' (A4, , Ao).

It is now possible to state the classification theorem for filtered modules.

CrASSIFICATION THEOREM 3.4. If A s a A-module graded by monnegative
degrees, then the equivalence classes of filtered modules having A as associated

graded module are in canonical one-to-one correspondence with the elements of
GA.

Rather than prove this theorem directly, we shall deduce it as a corollary
of a theorem on the structure of the category of filtered modules.

9, 3, and & are not, to be sure, functors on the category of graded A-mod-
ules. However, if g e Hom<,(4, B; K) is a K-isomorphism such that g, is a
A-map, then (g)f = gfg~" defines an isomorphism Ag:AA — AB. More-
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over gg;" € AB and

(3.5) (B9)z = (99") * 942995
defines a bijection 3¢g:34 — 3B such that

[(A)S1 * [(Bg)2] = (Bg)(f *2), fedAA, ze3B.

Thus 3¢ preserves orbits, and consequently defines Eg:EA — EB, once more
a bijection. It is easy to see that A, B, € are functorial on the category of
such maps g.

It should be noted that, in view of 3.5, &g = Gy, .

4. The space of splittings

If X is a filtered module we shall want to study the set WX of left K-splittings
of X, i.e., of K-maps s:X — X of degree —1 such that s¢ = 1:X; this is of
course in one-to-one correspondence with the set ¥*X of right-splittings
s*:X” — X, which are homogeneous of degree zero and satisfy £/s* = 1:X”.
The correspondence is given by ss* = 0, which implies that £ + s*” = 1: X.

We shall give to this set the structure of an affine space of a certain groupoid;
we begin accordingly by defining the groupoid. If A is a graded module
and ¢ e €4, then ¢ C 34, and AA operates transitively on e. Let G(4,e)
have as objects the elements z e ¢, and as maps the triples (2'; f; 2):z2 — 2
where f e YA, f+x2z = 2. Composition is given by (2”; f'; 2")(2'; f; 2) =
(2”5 f'f; 2).

A G(A, e)-affine space structure on a set I' is given by a map 6:T X T' —
G(A,e). We shall write, for x, y € T,

8(y, @) = (8y; do(y, x); ox).
Returning now to the case of a filtered module X, suppose s e ¥X, and set
(4.1) bs = Do, £"s"(Os*):0X” — X7,
where D, abbreviates D a—, s’ = 1:X, and 8" = ss™". Since £”s’(Os*) =
£ Os* = O(¢"s*) = 0, this map is in Hom o(QX”, X”).
Luvva 4.2, If s € UX, then 8s e 3X”.

The computation is straightforward.
If also r € UX, set

(4.3) do(r, s) = D E'r"s*: X" — X”.
Levma 4.4, If r, s € ¥X, then (7, s) = &(r, s)ds — (6r)Qo(r, s).

This is again straightforward.
In consequence of 4.2, 4.4 we have the following result.

Proposition 4.5. If X is a filtered module and s ¢ VX, then the orbit eX of
ds € 3X” 1is independent of s. Further, 6(r, s) = (8r; do(r, s); 8s) defines on
WX the structure of a G(X”, eX)-affine space.
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5. The main lemma

We denote by F the graded category of filtered A-modules. Our principal
objective is to construct a “classification” of F, i.e., a functor on F which is a
weakly surjective local isomorphism. We begin by constructing such
a functor not on § but on an “enriched” category §* whose objects are the
pairs (X, s) with X €J, s ¢ VX, and whose maps are the triples

(5 ¢5 8): (X, s) — (¥, 1)
where : X — Y in §. Composition is defined by
(r; 45 O (6 ¢35 8) = (5 4d; )5

the additive structure is inherited from Hom(X, Y).

The functor will take its values in a category ‘W constructed as follows.
The objects are the pairs (A4, z) with A a module graded by nonnegative
degrees and z e 34. The group Hom,((A4, z), (B, w)) consists of the

(w;f;2)q, feHomg (4, B; K)
satisfying the condition
(5.1) af = fz — w(Qf).

Notice that the right side is of degree < ¢, so that f,is a A-map. Composition
is given by
(0595 wp(w; f32)a = (95 9f5 2)p4a's

note that 2.6 implies that the right-hand side satisfies 5.1. The additive
structure is inherited from Hom<,(4, B; K).

Lemma 5.2. The equations
FA(X, s) = (X7, bs),
F(t; ¢35 8) = (8t; 2on n"t"¢s*; 88),

for & = (¢,¢”) ¢ Homy(X, Y), define a homogeneous functor F#:5% - aw.
This functor is a surjective local isomorphism.

Observe first that 0 = O(1:Y) = O(xt + t*3”), whence
0 = ¢O¢ + O*(Qy”)
by 2.6, and thus O0¢ = —&(O¢*)Qy”, so that
O (X n"t"s*) = 2oma n""(ODQL9*) + 20 n"t"6(Os*)

= — 2k (D) '9s*) 4+ 2o 1”t"6(Os*).

We need only evaluate
S 0" hs*(85) = Donu n"t"Gs s Os*

S n"t"d(1 — £s)s* Os*

I
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= 2w [""¢s" Os* — n"t"¢s" " Os¥]
= > . n"t"pOs*

to see that F*(¢;¢; s) :F*(X, s) — F*(Y,t). The fact that F* preserves com-
position is proved in equally direct fashion. To see that F* is surjective on
objects, suppose (4, z) ¢ W, and define a graded module X by letting X, be
{(a, q)| @ € 2 j<q Aj}, with the operation given by

(5.3) Na, @) = (\a + 2(t4) (N ® a), @), GeDiisaAi, Ned;
it follows from 2.2, 3.1 that 5.3 makes X a A-module. The injection
X, — Xg411s a A-map, and gives rise to £: X — X, of degree 1. Similarly the
projection X, — A, is a A-map and defines £”:X — A. Clearly
x-0-x 5 x5, 4,0

is a filtered module. But if s: X — X, s*: 4 — X are given by the projections
X 41— X, and injections 4, — X, , then s e VX, and,if A e A,a e 4,

sGAYN ® a) = D, &s" (7 X)(Ps*) (N ® a — 1 ® \a)
S Es"2(tA) (N ® a) by 5.3
2(tA) (N ® a),
so that 8s = zand F*(X, s) = (4, 2).
Tinally, for (X, a), (Y, ¢) € F* we exhibit an inverse
G:Hom(F*(X, s), F*(Y, 1)) — Hom((X, s), (Y, 1))
of F*. If (8t f; 8s), e Homy(F*(X, s), F¥(Y, 1)), we set

G(8t; f; 88)q = (t; Zn ZILO N gntk E”Sk3 s),

where f; is the homogeneous component of degree 7. We omit the tedious but
straightforward computations which show that G is indeed inverse to F*.

We might, at the cost of additional longwindedness, have proved Lemma
5.2 by constructing explicitly a functor G: W — 5* such that F*G = 1:w,
and GF* is naturally equivalent to 1:5.

I

I

6. The strong classification theorem

We may now consider the diagram

£
g g I
where V(X, s) = X, V(t; ¢;s) = ¢. The functor V is clearly a surjective
local isomorphism; we have shown in 5.2 that the same is true of F*,
We shall construct a functor F: § — U where U is an “enlargement” of
W defined as follows.
The objects of U are triples (4, ¢, I') where 4 is a module graded by non-
negative degrees, ¢ e €4, and I'is a G(A4, e)-afline space.
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Hom,((4, ¢, T), (47, ¢, I’)) consists of equivalence classes of triples

(@5 f; ) q, zel, ' eI, feHomg (4, A’; K)
satisfying
(6.1) Of = f(éx) — (82)%Y,
the equivalence relation being
(6.2) (w505 )0 = (@5 00(a', 2)foo(ar, @); @), -

This becomes a K vector space under the operations inherited from
Homg, (A4, A’; K) by keeping z, 2’ fixed. Composition is defined by

(6.3) @75 152" ) (25 5 @) = (@7, [)f5 @) g -
To see that this makes U a category, compare 6.1 with 5.1.

ProrostTion 6.4. (4, ¢, T) and (A’, ¢/, I') € O are equivalent if and only if
there is a homogeneous A-isomorphism ¢:A = A’ such that (Sy)e = ¢'.

Tirst, suppose that ¢ is such an isomorphism, its degree being q. If z ee,
then (see 3.5) 2/ = y2( ") e¢/. Supposez eI, 2’ ¢ I with oz = 2, 62’ = 2.
Then (2'; ¥; ¢), is an equivalence in V.

Conversely, suppose (2'; f; 2), is an equivalence in V. Then f, is a A-map
(as in 5.1) and by 3.5, 6.1, 2’ = (3f)éx, so that ¢ = (Ef)e. But clearly
& = &f,.

The strong classification theorem is the following assertion.

TuroreEM 6.5. The equations
FX = (X7, eX, ¥X),
Fo = (1 Zn n"t"ps*; 8),

ford = (¢, ¢”):X — Y of degree q, t ¢ ¥Y, s ¢ VX, define a homogeneous
Sfunctor F:5 — 0. Thas functor is a weakly surjective local isomorphism.

That the value given for F'¢ is independent of s and ¢ follows immediately
from 6.2. The functorial character of F is seen (once representatives are
chosen) to be equivalent to that of F*, as expressed in 5.2.

The fact that F is weakly surjective, i.e., that for any (A4, ¢, I') € O there
is an X with FX equivalent to (4, e, T'), follows from the surjectivity of F*
together with 6.4.

Finally, to see that F is a local isomorphism, fix s and ¢, and consider the
diagram

Hom(X, ¥) «——— Hom((X, $),(¥, 1))
|7 |
Hom(FX, FY) s Hom(F*(X, s), F*(Y, t))
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where W (5¢; f; 8s), = (t;f; s)q. This clearly commutes, and V, F*, W are
all isomorphisms.

We observe in conclusion that Classification Theorem 3.4 follows imme-
diately from 6.5 and 6.4. Thus (X”, eX) are a complete set of invariants, up
to automorphism, of X. Theorem 6.5 asserts further that (X7, eX, ¥X) is a
complete set of invariants, determining X up to unique equivalence.

It should be remarked that the foregoing treatment lends itself to generali-
zation, without further remark, to the case that K is a commutative ring, with
the sole restriction that all sequences split as sequences of K-modules. Under
suitable additional restrictions, similar observations may also be made with
respect to filtered objects in more general abelian categories.
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