CATEGORY AND GENERALIZED HOPF INVARIANTS

BY
I. BerstrEIN AND P. J. Hirton

1. Introduction

The Lusternik-Schnirelmann category of a topological space X is usually
defined as follows: cat X = = if X may be covered by n open sets each of
which is contractible in X. The general reference for the properties of this
homotopy invariant is [4]. It was observed by G. W. Whitehead in [9] that,
for a certain class of spaces including polyhedra, this definition is equivalent
to the one given below (Definition 2.1), which we make the starting point of
our investigation.

If we attach a cone CA to X by means of a map f:4 — X, it is trivial to
verify with the original definition of category—and easy to verify with ours—
that cat ¥ < cat X 4+ 1, where ¥ = X _; CA. Our interest centers in the
problem of establishing conditions under which, in fact, cat ¥ < cat X. We
are motivated partly by the wish to compute the category of a 1-connected
polyhedron as a function of the terms in a homology decomposition (see [3])
and partly by the observation that, in the important case n = 2, our problem
dualizes, in the sense of [2], a familiar problem of homotopy theory. Namely,
if X admits a multiplication and Y is the fibre space over X induced by a map
f:X — A, under what circumstances does ¥ admit a multiplication. Answers
to this question, under certain restrictions, have been given by Copeland [1]
and others in terms of the concept of primetivity of cohomology classes. As
expected, our solution of the dual problem is primarily in terms of a concept
of primitivity which we introduce for homotopy classes. Moreover if we
specialize A to be a Moore space K'(G, m — 1), we get fairly complete results
in which the primitivity property of the map f turns out to be equivalent to
the vanishing of a generalized Hopf invariant which we define for elements of
homotopy groups (with coefficients) of spaces of specified category. Just
as in the dual situation, if X is a suspension space, all suspension elements of
mm-1(G; X) are primitive, but the converse is false. We are thus enabled to
construct spaces of category 2 which are not equivalent to suspensions, answer-
ing a question first raised by T. Ganea.

The definition of category which we give suggests a related notion of weak
category (Definition 2.2) which is a weaker hypothesis on a space X in that
weat X = nif cat X < n, but the converse is, in general, false. Nevertheless
certain well-known properties' of category generalize to weak category, includ-

Received July 13, 1959.

1 The Whitehead theorem (see [9]) on the nilpotency class of n(X, Y) where Y is a
group-like space also generalizes to spaces X of weak category n. See a forthcoming
paper by I. Berstein and T. Ganea.
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ing the fact, first pointed out by Eilenberg, that n-fold cup products vanish
if cat X = n. We obtain a condition under which w cat ¥ < cat X where
Y = X _y; CA, which is expressed in terms of a homomorphism which also
deserves to be regarded as a generalized Hopf invariant. The last section of
the paper is largely devoted to a construction which gives rise to spaces Y
such that w cat ¥ = 2 but, in general, cat ¥ = 3.

Throughout the paper it is understood that maps and homotopies take
place in the “category” of spaces with base point.

2. Definitions and fundamental properties.

Let (X, %) be a space with base point. Let X" be the Cartesian product
of n copies of X, and let 7"(X) < X" be the subspace consisting of points
(%1, -+, x,) such that ; = % for some 4, 1 < ¢-< n. Let A:X — X" be
the diagonal map

A(x) = (xy Ly v 7x)y

let X be the quotient space X"/T"(X), and let ¢: X" — X be the identi-
fication map. Let j:T"(X) — X" be the inclusion map.

DEeFinNtTioN 2.1. X has category = n (written cat X = n) if there exists
a map ¢: X — T"(X) with jo ~ A.

DerintTION 2.2. X has weak category < n (written weat X < n)if gA ~ 0.

Since gj = 0, it follows trivially that w cat X = nif cat X = n. We offer
examples later to show that the converse does not hold.
To justify the wording of these definitions we need

ProrosiTion. 2.3. (i) Ifcat X < n,thencat X = n + L.
(i) Ifwecat X < mn,thenweat X <n + 1.

(i) Define ¢:X — T""(X) by ¢(z) = (¢(x), x). Then if
k:T"(X) — X"*' is the inclusion, it is clear that ky ~ A: X — X",
(ii) Define p: X" — X" by p(x1, ++ , @) = (21, *** ,Tn, s). Thenp

induces a map o: X — X" such that 0¢, = ¢uy1 p; and pA, = Anys.
Thus ¢n41 Any1 == 0if ¢, A, >~ 0.

We will henceforth take the view that to assign a bound 7 on the category
of X is to structure X with a map ¢:X — T"(X) such that jp >~ A.

To establish the homotopy invariance of these definitions we show

ProrosiTioN 2.4. If X is dominated by Y, then (i) cat X < cat ¥V, (ii)
weat X £ weat Y.

Let f:X — Y, g: Y — X be maps such that gf ~1:X — X.

(i) Let cat ¥ < m, and let ¥ be structured by ¢y:Y — T"(Y). Define
¢x = T"(g) cdyof. Thenjx¢x = jxoT"(g) cdrof = g " ojrodrof~
g"oAyof = Axogoef ~ Ax.

(i) Now gr Ax ~ gz Ax gf = 9""f™ gz Ax. On the other hand, fox Ax =
Qy Ayf ~ 0. Thus Qx Ax ~ 0.
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We next prove

ProposiTion 2.5. Let X be a (¢ — 1)-connected polyhedron of dimension
=ng—1. ThencatX = n. Ifdim X = ng — 2, then the homotopy class of
the structure map ¢: X — T"(X) is uniquely determined.

The proof is a straightforward exercise in cellular approximation and will
be omitted. In particular let X be a Moore space K'(G, m — 1), m = 3.
Then if we exclude the case m = 3, n = 2, G not free abelian, there is a struc-
ture map ¢:K’ — T"(K’) whose homotopy class is uniquely determined.
We describe such a structure map ¢ as canonical.

Now let f:A — X be a map, and let ¥ = X _; CA be obtained from X
by attaching the cone CA to X by means of the map f. We prove

TaEOREM 2.6. (i) Ifcat X < m,thencaty = n 4 1.
(ii) If weat X < nand Y is locally compact, then w cat ¥ = n + 1.

Let X’ be the mapping cylinder of f, and f':A — X’ the embedding. Let
V=X _p CA. ThenY’'~ Y, X'~ X, and Y’ has the property that there
exists a deformation k; : Y’ — Y’ with ky = 1, k:(CA) = *. Thus we may
suppose from the outset that Y itself has this property in proving (i) and (ii).

(i) We have a homotopy h; :X — X" with hy = A, hy = j¢. Now the
inclusion 7: X — Y is a cofibre map so we may extend h; to a homotopy
LY > Y" with Iy = A, i = "¢. Definem, :Y — YY" by m,(y) =
(k:(y), 1.(y)). Then me = A, and

mi(y) = (k(y), W(y))-

If y = zeX, then my(z) = (ku(z), h(z)), and L(z) e T"(X) E T™(Y),
so that my(z) e T"(Y). If y = 2 e CA, then mi(2) = (ki(2), li(2)), and
ki(z) = #, so that my(2) e T"™(¥). Thus my(Y) E T"(Y), and (i) is
proved.

(ii) Since Y is locally compact, the identity map ¥ X Y™ — Y™™ induces
a continuous map s: ¥ X Y™ — Y™ We have a homotopy g: (X - Xx™
with g(') = qA, g{ = x. We may extend gZ to g, 1Y — Y with gy = qA,
g17 = *.  We consider the homotopy u; = so (k; X g;) 0 Ay : Y — Y where
Ay:Y — Y X Y is the diagonal map. Then plainly uo = gA. If zeX,
w(2) = s(ki(x),g1(2)) = s(ku(2), %) = *;if 2 e CA, wi(2) = s(ku(2),:(2)) =
s(*, g1(2)) = *. Thus w; = *, and (ii) is proved.

This theorem shows that, by attaching a cone to a space, we can increase
the category by at most one. Our object in this paper is to describe circum-
stances under which the category fails to increase. This description will be
concerned with generalizations of the standard notions of primitivity (for
cohomology classes) and Hopf invariant. We defer the definition of n-primi-
tivity (of homotopy classes) till the next section and give now the required
generalization of the Hopf invariant.

Let M be any space (with base point), let G be an abelian group, and let
p = 2 be an integer; we will suppose p = 3 if G is not free abelian. We con-
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sider the exact homotopy sequence of homotopy groups with coefficients
(see [2])
« = (G M"Y, T"(M)) N (G T"(M)) 2%,
(G M") — -

Prorosition 2.8. If n > 1, the sequence (2.7) splits. Precisely, there is a
homomorphism «k:mp(G; M") — mp(G; T"(M)) with jxx = 1. Moreover,
k s natural in the sense that, for any map f: Mo — M, ,
(2.9) T(f) s k = «f¥ .

Forletin :M - M", pn :M" > M, \ =1, - M, be the injection of and
projection onto the A*™ factor in M". Let also 4 :M — T"(M) be the injec-
tion of the A\** factor. We put

(2.7)

K= D et ok Pk -
Si,nce the groups concerned are abelian, x is a homomorphism. Also
Jin = i\, so that
Jr K = fu Done bk Drk = Domt bk Drx = L.
The naturality of « is now an immediate consequence of its definition.

CoroLLARY 2.10. There are natural homomorphisms
kimp(G; M) — (G5 T(M)),
wimp(G; T"(M)) = mpa(G; M*, T"(M))
such that jx k = 1, wd = 1, and
1 = «jx + dwimyp(G; T"(M)) — mp(G; T"(M)).

DeriniTioN 2.11. Let cat X < n with structure map ¢:X — T"(X),
and let aewn,(@; X). The Hopf ¢-invariant of « is the element
3e(a) = wox(a) empa(G; X", T"(X)). The crude Hopf ¢-invariant of « is
the element H(a) = g« 3(a) € mpa(G; X'™).

The reader will remark that if we take G = Z, X = S, n = 2, and
¢:8*— S v S§* the map which pinches an equatorial S* to a point,
then 3¢ is a homomorphism which subsumes all the Hopf homomorphisms
H;,©=0,1,2,---, of [6] and H is just the homomorphism H* of [5].

3. Primitive maps and category
We begin this section with the promised definition of n-primitivity.

Drrinrtion 3.1. Let cat X =< n with structure map ¢:X — T"(X), and
let f:A — X be a map. Then (i) if cat 4 = n with structure map
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¥:4 — T"(A), we say that f is n-primitive if the diagram

41 . x

)

) L9, ex

homotopy-commutes; and (ii) we say that f is n-quasiprimitive if there is some
map ¥ such that (D) homotopy-commutes.

Notice that in the definition of quasiprimitivity no assumption is made on
the category of 4; and that an n-primitive map is n-quasiprimitive. We also
remark that if A4 is a Moore space, and if cat X < 2 with structure map
¢:X — X v X, then the notion of 2-primitivity for maps A — X dualizes
the notion of primitivity for cohomology classes of H-spaces. Notice finally
that if A and X are suspension spaces with suspension structure maps
Y:iA— Av A,¢:X —» X v X, then f is 2-primitive if it is in a suspen-
sion class.

ProrosiTion 3.2. If f:A — X is n-primitive and o € m,(G; A), then
H(fx @) = fax 30(a),
where fyx 18 the homomorphism induced by f*: A", T"(4) — X", T"(X).

For, by the naturality of w, oT"(f)x« = fix w, for any f. Thus, since f is
n-primitive,fl* 5@(01) = f:* wtp*(a) = an<f)*¢*(a) = wd)*f*a = SC(f* a).

ProrosiTioN 3.3. Let A = K'(G, m — 1), where m = 4 or m = 3 and

G is free abelian. Let cat X < n, where n > 1, and let f:A — X be a map.

Then the following three statements are equivalent: (a) 3C(f) = 0; (b)
f is n-primitive; (c¢) f is m-quasiprimative.

Notice that, by Proposition 2.5, A has a canonical structure map
Y:4 — T"(A), so that n-primitivity is well-defined. In fact {¢} = «{A}
since jx k = 1.

(a) = (b). We are given wos{f} = 0. If . is the class of the identity
map A — A, we have

oxlf} = wix dslf} = kALf} = kAx 4 (1) = kfx Ax(2)

It

Tn(.f)* "{A} )
by (2.9),

= T"()+{¥}.

Thus f is n-primitive. Obviously (b) = (c¢), so it remains to show
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(e) = (a). We are given that ¢«{f} = T"(f)«(8) for some
Bemmni(G; T"(A)). By the cellular approximation theorem

Jximma(G; T"(4)) — 7ma(G; A7)

is (1, 1) so that kimwa(G; A") — 7wrs(G; To(A)) is an isomorphism.
Thus 8 = «(n) for some 7 € mn_1(G; A™), and

oxlft = T"(N)« k(n) = xfi(n).

Since jx k = 1, ¢sl{f} = xjsdslf}, whence dwops{f} = 0. Since 9 is (1, 1),
3¢(f) = 0, and the proposition is proved.
We now return to the situation (and notation) of Theorem 2.6 and prove

TrEOREM 3.4. Iff:A — X isn-quasiprimitive,n > 1,andif Y = X _y CA,
then cat ¥ = n. Moreover we may structure ¥ with a map x:Y — T"(Y)
such that the inclusion 1: X — Y is n-primitive.

Now ¢:X — Y is a cofibration. Thus we have (see [2]) a commutative
diagram

w(24, T"(Y)) — 7(V, T"(Y)) —s 2(X, T(V)) L x4, T™(YV))

A A

2(ZA, YY) — 2V, ¥") —2 a(x, v L (4, v

(Z = suspension) in which the horizonal rows are exact. Notice that, ex-
cept on the extreme left of the diagrams, the sets #( , ) are given no group
structure. However, jx:7(Z4, T"(Y)) — = (24, Y") is a group-homo-
morphism. Indeed, since n > 1, it is an epimorphism; for we may still define
k:m(ZA, Y") - (24, T"(Y)) as in 2.8. Although « in general fails to be a
homomorphism, it retains the property j« x = 1.

As observed by Puppe [8], there is an operation of #(ZA, Z) on (Y, Z)
with the property that, for o, o/ ew (Y, Z), i*(a) = *(a’) if and only if
o = o' for some £ e 7(ZA, Z). Moreover it is easy to see that the operation’
is natural in the sense that, for any ¢:Z — Z/,

(3.5) gx(af) = (gx @)™, aen(Y, Z), ten(Z4,2Z).

After these preliminaries, we proceed to the proof of the theorem. Con-

2If h:Y — Z represents & and u:ZA — Z represents £, then of is represented by
h»:Y — Z where
ht(x) = h(z), zelX,

h*(a, t) = h(a, 2t) aeA, 05t=4,
u(a, 2t — 1) aed, 1} =t=1.

IIA

I
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sider the map u = T"(7) 0o¢: X — T"(Y). Then
fHup = {T"(@) o pof}
= {T"(¢) e T"(f) oy}, since fis n-quasiprimitive,
= {T"(iof) oy}
= {x}, sincetof~0:4 — Y.
Thus {u} = *(a), aen(Y, T"(Y)). Also

Jelup = {jro T"(0) o} = {¢"ojx o} = {¢" o A} = {Ayod}.
Thus j«{u} = *{A}. It follows that :*{A} = 7*j4(a), so that
{a} = ju(a)",

for some 7new(ZA, Y"). However, as we have remarked, jx maps
w(ZA, T"(Y)) onto n(ZA, Y™), so that n = jx & for some £ e #(Z4, T"(Y)).

Thus, finally, {A} = (jsxa)™** = ju«(a'), so that cat ¥ < n. Moreover
is(a®) = ix(a) = {u} = {T™(%) o ¢}, so that if we structure ¥ by any map in
the class of, ¢ is n-primitive.

We may proceed from this theorem to construct examples of spaces of

category 2 which are not equivalent to suspensions. We first prove a lemma
which is probably well known but which we have not found in the literature.

Lemma 36. Let aemma(SY),m2q+1=23,and let Y = S* _se™ be
the space obtained by attaching e™ to S* by a map f in the class a. Then Y is
equivalent to a suspension if and only if o is a suspension class.

Clearly Y is equivalent to a suspension if « is a suspension class. Also it
is evident that « is a suspension class if m = ¢ 4+ 1. Thus it remains to
consider the case in which m > ¢ + 1 and Y is equivalent to a suspension, and
to prove that « is a suspension class.

The case ¢ = 2 is treated by a special argument (see 3.22), and we will
suppose ¢ > 2. We complete the proof by establishing first that Y, being
2-connected and equivalent to a suspension, is actually equivalent to the
suspension of a 1-connected polyhedron. For suppose ¥ ~ =Z, where Z is
a 0-connected polyhedron. Then Z’ = Z/Z'is a l-connected polyhedron
with

Hy(Z') = Hy(Z) @ F, where F is free abelian,
H.(Z") = H.(Z), r> 2,

Now Z' admits a homology decomposition [3], initiated by
K'(Hy(Z) ® F, 2), where we may take
K'(H)Z) @ F,2) = K'(Hy(Z),2) v K'(F, 2).
Then Z” = Z'/K'(F, 2) is a 1-connected polyhedron such that the projection

Z — Z” induces homology isomorphisms. It follows that =Z ~ ZZ”, so
that Y ~ ZZ”, as asserted.
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In our special case Z” ~ 87 _,e¢™" for some ¢:8"* — 87, so that
there is a homotopy equivalence h:S? _se™ =~ 8% _,e" where v = Zg.
Moreover we may suppose that A(S?) & 8% If h induces h': 8" — S?, then
h’ is a homotopy equivalence and, of course, in a suspension class; similarly,
by passing to quotients, A induces »”:8™ — S™ which is a homotopy equi-
valence and in a suspension class. Suppose h” ~ Zk, k: 8" — S\,

Let f:E™, 8™ — 8% _se", 8% 5:E™, 8" — 8% _, €™, S8? be characteristic
maps, let £:E™, 8™ — E™, 8" extend k, and let § stand for each of the
projections S? _; e” — 8", 8% _.,e¢" — 8" Then A"’§ = Gh and
h’gf ~ gok. Thus

Ghf ~ Gok:E™, 8" — 8™, x.
But s tmm(S* ne™, 87) = 7,,(8™), so that
hf o~ B, 8™ —s 8%, 6™, S2
Restricting the homotopy to S™ " we find
Wf o~ vk: 8™ — 89

Thus f ~ vk where A’ is a homotopy inverse of #’. Since &, v, and k are
all in suspension classes, so is f, and the lemma is proved.?

Let us take in particular the case ¢ = 3, m = 2p + 1, where p is an odd
prime, and let o e w2, (S°) be an element of order p. Then « is not a suspen-
sion class since mp1(S°) contains no element of order p. On the other hand
it follows readily from the general left distributive law [6; (6.1)] that « is
primitive (i.e., 2-primitive); for m,(S**") contains no element of order p
if k¥ > 1. Thus if fea, S°_;e?™ is of category 2 (Theorem 3.4) but is
not equivalent to a suspension* (Lemma 3.6).

We now return to the hypotheses of Proposition 3.3 with a view to es-
tablishing a partial converse of Theorem 3.4. Let A = K'(G, m — 1), where
m = 4 orm = 3 and @ is free abelian. Let cat X =< n, where n > 1, with
structure map ¢:X — T"(X), and let f:4A — X be a map. We construct
Y = X _; CA with inclusion map ¢:X — Y inducing

"X TN(X) - Y, T(Y),

We also have a characteristic map f:CA4, A — Y, X. Further we have a
homotopy Ax =~ j¢:X — X", which may be extended to a homotopy
Ay >~ A:Y — Y", where A7 = i"j¢ = jT"(i)¢. We regard A as a map

AY,X - Y", TYY)
sothat A| X = T"(¢)¢. Then Af:CA, A — Y", T"(Y) represents a certain
3 Except in the case ¢ = 2; but see 3.22.

4 It has also been observed by E. H. Brown and A. H. Copeland that Theorem 3.4
would reveal the existence of such examples.



CATEGORY AND GENERALIZED HOPF INVARIANTS 445

element n e 7, (G; Y", T"(Y)), and ¢Af represents n, = g m € mm(G;¥Y™).
Notice that an, = {T™(¢) o ¢ o f} so that dn. , and hence 7; and 7, , is entirely
determined by ¢ and f.

ProPoSITION 8.7. (i) m = 74y 3(f);
(i) m = PHY).

It is plainly sufficient to prove (i). Further it is sufficient to prove
that 9 = 91%x3C(f) or

(3.8) T"(3) « palft = T7(2) 93C(f).
Now 93¢ = dwpx = (1 — kjx)dx. Thus it remains to prove
(3.9) T"(%) % kjs dslf} = 0.

But Tn(’ll)* K = K’L: and ]* [ Ay . Thus
T"(3) % kjx d+lf} = xik Ax{f} = kAxia{f} = 0.
This establishes (3.9) and hence the proposition.

Prorosition 3.8. (i) If 1 = 0, then cat Y =< n, and we may structure
Y so that the inclusion i: X — Y vs n-primitive.
(i) If 92 = 0, then weat ¥ = n.

(i) We simply reproduce the proof of Theorem 3.4; the only use we made
of the n-quasiprimitivity of f was to conclude that f*{u} = 0, but f*{u} = oy, .

(ii) We are given ¢Af ~ 0:C4, A — Y™, x. Since f is a relative ho-
meomorphism, we conclude that gA ~ 0:¥, X — Y™, . Thus certainly
gA>~0:Y — Y™ so0that weat ¥ < n.

CoroLLARY 3.9. (1) If3C(f) = O, then cat Y = n, and we may structure
Y so that © s n-primative.
(i) IfH(f) = 0, then weat Y < n.

Now suppose X to be a (¢ — 1)-connected polyhedron, m — 1 = ¢ = 2.
We then bring Proposition 3.8 and Corollary 3.9 very close by showing

ProrositioN 3.10. Exclude the case n = 2, ¢ = 2, G not free. Then

(1) thx tma(G; X7, TY(X)) (G5 Y, TH(Y))

(i) W 1mm(G; X)) = (G Y™).

(Notice that no use is made of the assumption on cat X.)

This is an immediate consequence of the universal coefficient theorem for
homotopy groups [2] and

Lemma 3.11. Ifp = m — 2+ (n — 1)gq, then
(1) ks 2mp(XT, T(X)) = mp(Y", T(Y));
(i) 25" (X)) = (V™).

We may assume that the (¢ — 1)-section of X is reduced to *. Then
Y™ — X™ has no cells of dimension < m + (n — 1)g, so that (ii) is proved.
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Proof of (i). Let Xy = E(X"; T"(X), *) be the space of paths on X"
beginning in 7"(X) and terminating in *, and let Y, be defined similarly.
Let EX be the space of paths on X ending in *, so that @X < EX. Then
(X w) = m(X", T"(X)), and
(3.12) (EX,QX)" = EX", Xny .

A similar statement holds for Y. Now m(X) = m(Y) = 0,7 = ¢ — 1,
and

iy (X)) = (Y), r=m—2,
te Tme1(X) = Tma(Y).
We infer by classical arguments that H,(EX, @X) = H,(EY, QY) = 0,
r<q—1, and®
1% ‘H.(EX, QX)) = H.(EY, QY), rsm—2,

(3.13)
i Hur(EX, QX) = Hna(EY, QY).

We now apply the relative Kiinneth formula to (3.12); this is justified
since X, Y are polyhedra. Leaving the details to the reader, we infer that

U (H(EX", X)) = H(EY", Yiy), 7 =m—2+ (n— 1)g,

(3.14) ‘
Tx HT(EX", X(n)) = Hr(EY”’ Y(n)): r=m — 1 __l__ (n — l)q.
Thus
(3.15) v tH (X ) 2 H(Yw), r=m—3+ (n—1)g,

T HT(X(n)) = HT(Y(n)), r=m— 2+ (n - l)q

Now X and Y,y are 1-connected. For m(X¢y) = m(X", T"(X)), and
X" — T™(X) has no cells of dimension < ng; the same argument applies to
Y@y . Thus from (3.15) we infer

(316) T (X ) Zm(Yw), rsm-—3+ (n— 1)(1,
and this establishes (i).

We may now prove a converse of Corollary 3.9(i). TFirst we observe

Prorostrion 3.17. Suppose ¥ = X _; CA where A = K'(G, m — 1)
and cat X < m,cat ¥ < n. Then if 1:X — Y is n-primitive, t5+ 3(f) = 0.

We are given that T"(i) c¢ =~ xo1z for some x:¥Y — T"(Y). Now
xx(f) = m (3.7(1)), so that %% 3¢(f) = 0 if and only if 5 = 0. But
dm = {T () ocpof} = {xoiof} = 0, so the proposition is proved.

CoroLrARY 3.18. If in addition X is a (¢ — 1)-connected polyhedron,

m— 1= q = 2, and if we exclude the case n = 2, ¢ = 2, G not free, then if
1:X — Y is n-primitive, 3¢(f) = 0, and f is n-primitive.

5 For notational simplicity in this argument we use éx for any homomorphism effec-
tively induced by <.
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This is an immediate consequence of 3.3, 3.10(i), and 3.17. Again using
3.10 we now prove a converse of 3.9 under somewhat different hypotheses.
We recall from Proposition 2.5 that if X is a (¢ — 1)-connected polyhedron
of dimension = ng — 2, then it possesses a canonical structure map
¢:X — T"(X) which is unique up to homotopy. We prove further

TureoreMm 3.19. If X is a (¢ — 1)-connected polyhedron, m — 1 = ¢ = 2,
and if dim X = nq — 2, then, provided we exclude the case n = 2, ¢ = 2, G not
free,

(1) dfcat Y = n,5¢(f) = 0 and f is n-primitive;

(ii) #fweaty <n, H(f) = 0.

(Recall that ¥ = X _;CA, A = K'(G,m — 1).)

(i) We know that A, and hence A:Y — Y" is deformable into 7"(Y).
Now A maps X into T"(Y), and ¥" — T"(Y) has no cells of dimension < ng.
Thus we may choose the deformation to keep X in T"(Y) so that

A~ANY, X > Y" T(Y)
with A(Y) & T™(Y). Thus
Af ~Af:CA, A - Y", T™(Y)
with AJ(CA) & T"(Y). This implies that Af represents the zero element of
(G Y™, T"(Y)) or o = 0. Apply 3.10(i).

(ii) We know that gA, and hence gA:Y — Y™, is nullhomotopic and
gA(X) = x But Y has no cells of positive dimension < ng, so we may
choose the nullhomotopy to keep X at *. Thus ¢A ~ 0:Y, X — Y™, «,
whence gAf ~ 0:CA4, A — Y™, x and n, = 0. Apply 3.10(ii).

It may be helpful to the reader at this stage for us to resume the conditions
for the validity of the conclusions of 3.18 and 3.19. X isa (¢ — 1)-connected
polyhedron, A = K'(G,m — 1), Y = X _;CA, cat X < n where n > 1;
further m — 1 = ¢ = 2. Then if G is free, the conclusion of 3.18 holds, and
that of 3.19 under the additional hypothesis dim X = ng — 2. If G is not
free, we also need, for both 3.18 and 3.19, that m = 4 and ng > 4.

The following special case should be mentioned explicitly.

TaeorEM 3.20. Let S? _;e™ be obtained by attaching €™ to S° by
fi8" 8 m—1=qg=2 Then
(1) the following four statements are equivalent:
(i.1) cat ST _yse" =2,
(i.2) cat 8? _;e™ £ 2, and we may structure S* _; e™ so that the in-
clusion of S is primitive,
(i.3) %(f) =0,
(14) f is primative;
(ii) the following two statements are equivalent:
(i.1) weat S _se” £ 2,
(ii.2) H(f) = 0.
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M. G. Barratt has recently elucidated the relationship between the gen-
eralized Hopf invariants in the sense of Hilton and those defined by James.
It follows from his results that H(f) = 0 if 3(f) = 0, where
Himp (8% — mma(8") is the homomorphism defined by James [7].
It thus follows from James’s exact sequence that if ¢ is even or if {f} be-
longs to the 2-component of m,_1(S?), then {f} € Zrn(S*") if 3¢(f) = 0.
We conclude

ProposITiON 3.21. Let f:8™ " — 8% where q is even or {f} belongs to the
2-component of wm1(S*). Then f is primitive if and only if it is in a suspension
class.

CoroLLARY 3.22.° If f: 8™ — S, m = 4, then cat 8 _s;e™ < 2 if and
only of f >~ 0.

By this corollary we complete the proof of Lemma 3.6.

4. Weak and strong category

In this section we provide a recipe for constructing spaces Y such that
w cat ¥ = 2 but, in general, cat ¥ = 3.

Let X', X” be two spaces, and X’ v X” their wedge. We may regard
elements of m«(X’") or 74(X”) as elements of 7+(X’ v X”) by means of the
natural inclusions; we then consider elements £ ¢ m«(X’ v X”) which are
representable as Whitehead products of elements drawn from m«(X’) or
7x(X”). The length of the representation is the number of elements in the
product expression for £; and £ is pure if it admits a representation as a product
of elements all drawn from 7+«(X’) or from m.(X”), and £ is mized otherwise.
By abuse we will also talk of the length of £. Let X’ % X” be the quotient
space X’ X X”/X’ v X" and let ¢: X’ X X", X' v X" — X" ¥ X", » be
the identification map.

Prorosition 4.1.  If £ is a mized product, then £ e drs (X' X X", X' v X”).
If, moreover, £ is of length = 3, then qx "¢ = 0.

If ¢ is a mixed product, it is clearly annihilated by the projections
X v X" - X, X" v X” - X”. It is thus annihilated by the inclusion
X' v X7 — X’ X X” and so belongs to drs(X’ X X”, X’ v X”).

Now suppose ¢ is mixed and of length < 3. Then ¢ = [a, 8], and

(i) «or B is mixed, or

(ii) « and B are pure.
In case (i) we may suppose o mixed so that a = dv,
vyemx(X' X X", X' v X”). Then [e, 8] = dly, 8], where [y, 8] is the relative
Whitehead product and g«ly, 8] = 0 since ¢x8 = 0. In case (ii) we may
suppose « of length = 2. Then a = [p, o], so that?

6 We may also prove this without invoking Barratt’s results; the latter may be found
in the notes of the Chicago Summer Conference in Algebraic Topology, 1957.

7 At this point we suppose dim p, ¢, 8 = 2; a mild modification of the argument sus-
tains the coneclusion in any case.



CATEGORY AND GENERALIZED HOPF INVARIANTS 449

la, B] = [lp, o), B] = =llp, B), o] = [[o, 8], o),

by the Jacobi identity. Since «, 8 are pure and [, ] is mixed, it follows that
[e, 8], [0, B] are mixed. We are thus effectively back in case (i), and the
proposition is proved.

Now let cat X < 2 with structure map ¢:X — X v X. We will find it
convenient to write X’, X” for the two copies of X in X v X, so that ¢ is a
map ¢:X — X’ v X”. We will also write o/, a” for the copy of a e 7+(X)
in 74(X’), m4(X”). Now let £ e m4(X) be representable as a Whitehead
product ¢ = W(as, a2, -+, ar), a; ew«(X), where the a; are primitive
elements (i.e., represented by 2-primitive maps).

ProposITION 4.2. ¢4(§) = W(ai +af, -, an + ar).

We first take for X the universal example space X, for the homotopy opera-
tion W. Thus X,is a union of spheres S; v --- v S;, and ¢o: Xo— Xo v X§
is in the class (ci 4+ 0, w + i), where ; is the class of the identity
map of S;and (v1, -+, v%) is the class which restricts to y; on S;. Then if
% =,W(L1”) ) Lk[))¢0*/§€0) = (‘; + L,l, y T "1’6 + L;:) OW("I y T Lk) =
Wi+ u, -, ut+ w).

We now consider the general case. Put o = (ou, -+, ax), and consider
the diagram

b0

X, —2, X v X,

j{a j'a/vall
x % . xvx.

The primitivity of the elements «; corresponds precisely to the commuta-
tivity relation

(/v a”)o{g = {¢} oa.
Thus

bx(£) = {¢}cackh = (a' v a”) o ¢ ok
= (a v a”)°W(L;+ Lll,, SN L}i‘l"‘ L;’:)

But (o’ v a")O(L; + &) =(a v a)o w4+ (& v a’)oul = o + al .
Invoking this and the naturality of the Whitehead product, we conclude that
ox(§) = W(a; +af, -, an + a;:).

We remark in passing that this proposition has some inherent interest
since the expression on the right appears at first sight to depend on the choice

of representation of £. We use Propositions 4.1 and 4.2 to prove

TaeEOREM 4.3. Let cat X = 2, let £ = W(ay, -+, ar) be a Whitehead
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product of primaitive elements a; of w«(X) of dimension = 2, and let k = 3.
Then if fetand ¥ = X _yse™, weat ¥ =< 2.

Now
dx(§) — & — ¢
=W(ar+ a1, - ,on+oar) — W(ar, - ,ar) — W(ay, -+, an).

By the linearity of the Whitehead product this is a sum of mixed Whitehead
products of length & = 3. Thus ¢+9 (¢x(§) — & — &) = 0. But
07 (px(]) — ¥ — £) = 3e(£), so that H(§) = g« 3(§) = 0, and we apply
3.9(ii).

On the other hand, it is clearly false in general that 3¢(¢) = 0. If, for
example, we take X = 8 v S%and ¢ = [u, [u, w]], then ¢p4(§) — & — &
is a sum of triple Whitehead products in 7«(X’ v X”) which, by the formula
for the homotopy groups of a union of spheres, is an element of infinite order.
It then follows from 3.19 that cat X s €" £ 2, so that, by 2.6,
cat X _yse" = 3.

We mention here another rule for producing spaces of weak category 2
whose category exceeds 2. Let X be a connected but not simply-connected
polyhedron of dimension < 2n — 1 such that H.(X) = 0,0 < r < n, where
n > 1. (Such a polyhedron, with n = 2, may be obtained by cutting an
open 3-cell out of a Poincaré 3-sphere.) Since m(X v X) injects onto
m(X X X), and since X # X is equivalent to the space obtained from X X X
by erecting a cone on X v X, it follows from van Kampen’s theorem that
X # X is l-connected. On the other hand since H.(X) = 0,0 < r < n,
it follows that the injection H,(X v X) — H,.(X X X) is an isomorphism
ifr <2n., ThusH(X % X) =0,0 <7 <2n,sothat X % Xis (2n — 1)-
connected. It follows therefore that any map X — X # X is nullhomotopic,
so that w cat X = 2. On the other hand, it may be shown by a purely
algebraic argument that if cat X = 2, then 7(X) is free. This is certainly
false since m(X) # 1 but Hi(X) = 0. Thus cat X > 2.

We close with a remark (touched on in the Introduction) intended to elicit
interest in the concept of weak category. It is a standard result that if X
is a polyhedron with cat X =< mn, then n-fold cup products of elements of
positive dimension of the cohomology of X are zero. This result also holds
under the assumption w cat X < n. For an element of H*(X; R) which is
expressible as the n-fold cup product of elements of positive dimension cer-
tainly belongs to (gA)*H*(X™; R). Thus such an element is zero if gA ~ 0.
On the other hand it is clear that polyhedra X may be constructed such that
n-fold cup products vanish but w cat X > n. Indeed the polyhedron
X = & ;¢ constitutes such an example, where {f} generates m(S"); for
then 3¢(f) # 0, H(f) 5 0, so that cat X = w cat X = 3, but 2-fold cup
products vanish.
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