Sobolev regularity for the Monge-Ampeére
equation in the Wiener space

Vladimir I. Bogachev and Alexander V. Kolesnikov

Abstract Given the standard Gaussian measure v on the countable product of lines
R and a probability measure g - v absolutely continuous with respect to v, we consider
the optimal transportation T'(z) = x + V() of g - v to v. Assume that the function
|Vg|2/gisy-integrable. We prove that the function ¢ is regular in a certain Sobolev-type
sense and satisfies the classical change of variables formula g = deta(I+ D?¢) exp(Lp —
% |[Vp|?). We also establish sufficient conditions for the existence of third-order deriva-
tives of .

1. Introduction

Numerous applications of the optimal transportation theory in finite-dimensional
spaces have been found during the last decade. They include differential equa-
tions, probability theory, and geometry (see [1], [20]). The situation in infinite-
dimensional spaces has been much less studied. However, some partial results on
existence, uniqueness, and regularity have been obtained in [13], [14], [8], and [9].

In the finite-dimensional case any optimal transportation mapping 7' is a
solution to the variational Monge—Kantorovich problem. Assume that we are
given two probability measures p and v on R? with finite second moments. The
so-called optimal transportation mapping 7" minimizes the functional

1) = afutao),

where | - | is the standard Euclidean norm, among all mappings sending u to v:
v=poT~ ! There exists a unique (u-almost everywhere, abbreviated p-a.e.,)
mapping of this type. It turns out (see [20]) that there exists a convex function
® such that T has the form T'(z) = V®(z) for u almost all z.

In the infinite-dimensional case the natural norm to be minimized does not
always coincide with the ambient norm. For instance, it is well known that
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in many problems the “natural” norm on the Wiener space is the Cameron—
Martin norm |- |g, which is infinite almost everywhere. Thus the natural infinite-
dimensional Monge-Kantorovich problem on the Wiener space deals with the
functional

1@ = af;utaa)

and two probability measures p and v which are absolutely continuous with
respect to 7. A sufficiently complete solution to the infinite-dimensional trans-
portation problem on the Wiener space has been obtained in [13] (see an alter-
native approach in [14]). In particular, if

Entvg:/gloggd7<oo

and v =+, u = g-v, then there exists an optimal transportation T'(z) = x + V()
of g7 to~, that is, v = (g-v) oT !, where ¢ is a function possessing (in a certain
sense) the gradient V along the Cameron—-Martin space; if p is equivalent to ~,
then ¢ is a 1-convex potential (see [12], where the optimal transportation of this
form is constructed from v to p and our T is its inverse). Existence of an optimal
transportation for any couple of probability measures absolutely continuous with
respect to v has been recently established in [11].
In addition, the following inequality (called Talagrand’s inequality) holds:

1
/gloggdvz §/|V<pl2gd7~

Moreover, there exists a mapping S such that T o S(z) =z for g - v-a.e. z and
SoT(x)=x for y-a.e. x. The mapping S is an optimal transportation mapping
too (it takes v to g -+y) and has the form S(z) =z + Vi (z).

In this paper we study the change of variables formula. One can formally
compute that the following expression must hold:

1
(1.1) g:detg(I+D2<p)exp(L'<p— §|Vap|2),

where D? is the second derivative,

Lp(x) = Ap(z) — (x,Vo(x)) = div, (Vo) (z)

is the Ornstein—Uhlenbeck operator, and dets is the Fredholm—Carleman determi-
nant defined by dets(I+K) =[];2, (1 +k;)e %, where K is a symmetric Hilbert—
Schmidt operator with eigenvalues k;. Note that deto(I+ K) <1 if I + K > 0.
Relation (1.1) can be considered as an infinite-dimensional Monge—-Ampére equa-
tion with an unknown function .

For the inverse mapping T~ (z) = x + V)(z) the change of variables formula
takes the form

(1.2) g1+ Vi)deta(I+ D) exp (L4 - %\wp) —1

It is a nontrivial problem which mappings satisfy (1.1) in the general case
(see [2], [4], [19]). Identity (1.2) was obtained in [13] under the assumption that
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g -~y is uniformly log-concave, that is, —D?logg + 1> €I, where ¢ > 0. It was
shown in [8], [9] that under the assumptions Ent, g < co and g > ¢ > 0 one has

1
g =dety(I+ D3yp) exp(ﬁas@ —5 |V<P|2)7

where D2y and L, are the absolutely continuous parts of D?¢ and Ly, respec-
tively. However, in [8] and [9] we were unable to prove the precise formula (1.1)
and identify £, with L. The following theorem is the main result of this paper.

The Hilbert—Schmidt norm of an operator A is denoted by || A||xs; by defi-
nition ||A[j3,¢ = Tr(AA*).

THEOREM 1.1
Assume that \/g € W2L(y); in particular,

v 2
(1.3) Ivg::/|ng'y<oo.
Then D?p(x) exists as a Hilbert-Schmidt operator g - y-a.e.,

/ |D? 2597 < oo,

Lo € L' (g-v) and g-~-a.e. there holds the change of variables formula
1
g = deto(I+ D?p) exp(ﬁgp ~3 \ch|2> .

The definitions of Sobolev classes and Sobolev derivatives are recalled below
as well as the meaning of Vi and L¢. Under the additional assumption that
1/g € L"(v) with some r > 1 we have more: ¢ € W?"/(147):2(5) 'so that L exists
in the sense of the Sobolev class W27/ (147):2 ().

Thus, now the infinite-dimensional change of variables formula is established
under the assumptions comparable to those in the finite-dimensional case.

We recall that L,g is called Fisher’s information of g and the quantity

Ent, g:= /gloggd’y

is called the entropy of g (with respect to the measure 7).

Finally, under some additional assumptions we show higher differentiability
of ¢.

Given an operator A on a Hilbert space H we set

M(A) :=sup{(Ah,h): |h|g <1}.

If A is symmetric nonnegative, then M (A) = ||A|| is the operator norm of A;
a general bounded symmetric operator A can be written as A = AT — A~ with
uniquely defined nonnegative symmetric operators AT and A~ such that ATA~ =
A~AT =0 and then M(A) = ||A"||; the operator AT is called the nonnegative
part of a symmetric operator A. Obviously, we always have M (A) < || A||. Another
new result of this paper is the following theorem.
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THEOREM 1.2
Assume that g >0 a.e., g € W2(y) N W12(y), and for some p € (1,2), letting
vi=—logg and 03v:=—0%g/g+ |0ng|*/g*, one has

(1.4) [Vg/g| ELZP/(Q_p)(g-'y) and M(I+D2v) ELp/(z_p)(g-y).

Let {e;} be an orthonormal basis in H. Then

> /2 (2-p)/2
/(ZHaei(DQ%O)His)p gdy < (/M(I+D2v)”/(2‘p)gdv) e,
=1

In addition, for p=2 one has

/ZlHaei(DQSD)Hisgd’y < ||M(I+D2U)||Loo(g.7) ‘1,9

It should be noted that in many cases the first inclusion in (1.4) follows from the
second one.

Sections 2 and 3 are devoted to certain dimension-free estimates, which will
be employed in Section 4 in the proof of the main result. Since the proof relies
on some technical improvements of a number of our earlier results and estimates,
we include the complete formulations of the corresponding results with some
explanations or proofs where appropriate.

2. Finite-dimensional estimates

Let v be the standard Gaussian measure on R%, and let g -+ be a probability
measure absolutely continuous with respect to . Consider the optimal trans-
portation T'=V® of g-~ to -y, where ® is the corresponding potential. It is
related to ¢ above by the equality V& = I+ Vo, that is, ®(z) = p(z) + (z,2)/2,
where (z,y) is the standard inner product in R%. Denote by | - || the operator
norm and by | - |3s the Hilbert-Schmidt norm; | - | is the usual norm in R

The Sobolev class W?21(v) with respect to the standard Gaussian measure
v on R? consists of all functions f € L?(v) such that f belongs to the usual local
Sobolev class Wl?)’cl (RY) and |V f| € L?(7). The partial derivative of a mapping
G with respect to z; (pointwise or Sobolev) will be denoted by 9,,G or by G,.
Using LP-norms and derivatives up to order r one defines the Sobolev classes
WP (7).

Some of the conditions employed below are naturally expressed in terms
of certain weighted Sobolev spaces. Let us give definitions. Let u =g -~ be a
probability measure on R? with /g € VVEOC1 (R%). We assume throughout that
(1.3) holds. By the Gaussian log-Sobolev inequality, glogg € L (7). Therefore,
the coordinate functions x; belong to L?(g-~). Let us introduce Sobolev classes
with respect to the measure g - 7.

DEFINITION 2.1
We say that f € L?(g- ) has the Sobolev derivative f,, € L?(g-~) with respect
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to x; if, for every smooth compactly supported function &€ on R?, one has

(2.1) /fzifgdvz —/gfxigdw/gf(xi -9 g

We observe that the integrals in (2.1) are well defined since x; — g, /g € L%(g-7).
The space G*!(g - ) consists of all functions f such that f € L?*(g-~) and

/IVf|29d7=Z/|fxil29dv<oo,

where f,, exists in the sense of the previous definition. One can show (see [4,
Theorem 2.6.11]) that G?!(g- ) coincides with the completion of C§°(R%) with
respect to the Sobolev norm || f|z2¢u) + [V f]ll£2(u); the latter class is denoted
by the symbol W21(g-~).

In the same way one defines the second Sobolev derivative D? f. The Sobolev
space G12(g - ) consists of all functions f such that

/ flgdy + / IV flgdn + / 1D lausgdy < oo,

where the derivatives are defined in the sense of (2.1).

Most of the results of this section are proven in [15]. For the reader’s conve-
nience we give some proofs and explanations.

Throughout we use the fact that the inclusion /g € W2!(y) for a probability
density g with respect to 7 is equivalent to the inclusion g € W11(~) along with
|Vg/g| € L*(g-~), where we set Vg/g =0 on the set {g=0}.

Indeed, if \/g € W*!(y), then it is readily verified that g € W'!(y) and
that one has Vg = 2,/gV,/g; the integrability of |Vg| = 2,/g|V,/g| against v
follows from the inclusions |Vg|/\/g,+/g € L?(7). Conversely, if g € Wh!(v) has
finite Fisher’s information, then the inclusion /g € W21 () follows from the fact
that the sequence of functions /g + 1/n is bounded in W?2:1(v), which is easily
verified.

THEOREM 2.2 (SEE [15])

Let j1=g -~ be a probability measure on R?, and let V3 € W2(y). If g and ®
are smooth (g is twice continuously differentiable, ® is four times continuously
differentiable), then the following identity holds:

Vg|?
g

(2.2) =2Ent, g — 2/log deto(D?*®)gdy

d
— 2
+ [IDPe - 1Bgar + Y [ l0Pe) (D%, Py
i=1

where dety(D?®) is the Fredholm—Carleman determinant of D*®.
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REMARK 2.3

We know that Ent, g < co. In addition, by Jensen’s inequality Ent, o > 0 for
any probability density o with respect to any probability measure . The other
integrals on the right-hand side of (2.2) are finite because all these expressions
are nonnegative (since D?® > 0), so that every term on the right is separately
majorized by L,g, that is,

f/logdetg((szb)Q)gd’y <I,g,

d
Z/Tr[(D2<I>)’1(D2<I>)mJ2ng <Lg.

By looking at the term 2Ent,, g, one can also consider (2.2) as a stronger version
of the Gaussian log-Sobolev inequality.

Moreover, (2.2) along with some additional assumption implies (see Section 3)
that

5 \1/2
HS) gdy < 0.

(Sl

It is easy to see that (2.2) makes sense for the infinite-dimensional optimal
transportation T'=1+ V¢ (where + is the standard Gaussian measure on R,
i.e., the countable power of the standard Gaussian measure on the real line). In
the infinite-dimensional case, considered in Section 4, (2.2) takes the form

I,g=2Ent,g— 2/logdet2(1 + D?p)gdy
(2.3)

= _ 2
+/IID%II%sgvarZ/Tr[(HD%) Y(D*0)a,] gdy.
k=1

However, this equality is not justified in this paper, and we do not expect a
proof of (2.3) to be simple because of a number of difficult regularity issues (see
Section 4).

Recall that in the finite-dimensional case ® has generalized second derivatives
that are bounded Borel measures satisfying the equality

/gwiq)wj dr = _/gdq)acmsj

for every smooth compactly supported function { and all x;, z;. Note that D?d is
an operator-valued measure and that every ®,,,, is a nonnegative Borel measure.
In addition, the measure D?® has an absolutely continuous part D?® (the so-
called second Alexandroff derivative).

We need the following finite-dimensional results.

PROPOSITION 2.4
Given two probability measures f -~ and g-~ on R? with
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Entg.,y(g) ::/f10g§d7<oo

and the corresponding optimal transportation mappings V®; and V®, taking
f-v and g-v to vy, the following identity holds:

1
Entm(g) :/floggdfyz5/(V<I>f—V<I)g)2fd’y
n /(Tr[Di(I)g (D2®y) "] —d—logdet[D2®, - (D20)']) f dy.

Proof

This result has been obtained in [14] and [15]. For the reader’s convenience we
give the proof. Without loss of generality one can assume that f -+ is absolutely
continuous with respect to g - . (Otherwise the left-hand side is infinite.) By
McCann’s change of variables formula in R? (see [16], [20]) one has

f(glc)ef‘w‘g/2 =det D20 (x) - 67|v<1>f(:p)\2/27 f-y-ae.
Consequently, letting S := (V®¢)~!, we have
1 2
log f(S(z)) = 5(}S(x)| — [z[?) +logdet[D2®(S(x))], ~-ae.

Similarly, applying the change of variables formula for g, we get

1 2

logg($) = 5 (ISI” = [V®y(S)[") + logdet D P, (S).
Therefore, suppressing indication of x as an argument,
f(5) 1

2 2 2 2 —1
logm = 5(’V¢Q(S)| — |z[?) —logdet[DZ®, - (D2®)~"](S)

= %ng(S) — 2|+ (2,V8,(5) — z) — logdet[D2®, - (D2d ;)] (S).

Let us integrate this equality with respect to v. Noting that (V®;)~! = V&%,
where @7} is the dual function for @ defined by ®%(z) = sup,((z,y) — ®¢(v)),
we obtain from Lemma 2.5 below that

/<:v, Ve, (S(z)) — z)y(dz) > /Tr [D2®,(S) - (D2®s)"(S)] dy—d

= /Tr[Dg@g (Di®p) 7t fdy—d.

Thus, we have

f(S)
/log g(9) &

> %/|V<I>g (S(a:)) - x’zv(dx)

+/[ﬂ(D2¢g-(D§¢f)—1) —d—logdet(D2®, - (D2®;)~")](S) dv.

Taking into account that (f-v)o(V®s)~! =~ we arrive at the desired result. [
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LEMMA 2.5

Let p: A= R and ¢: B — R be two convex functions on bounded convez sets A
and B in R, respectively. Assume that Vi)(B) C A and the image of \|p with
respect to Vi, where \ is Lebesgue measure, is absolutely continuous. Then

div(Vip o Vi) > Tr[ D p(VY) - Dig] - A 20,

where div is understood in the sense of distributions.

Proof

It suffices to verify this property for any ball B whose closure is contained in the
interior of the original set. So we may assume that 1t is defined in a neighbor-
hood of B. Note that |Vo(Vi(x))| is locally Lebesgue integrable, since |V| is
locally bounded and the image of Lebesgue measure under the mapping V1 has
a density. Clearly, for smooth functions the first inequality becomes an identity.
Assume that only ¢ is smooth. Let us approximate ¢ by smooth functions

e(z) = / bz — y)o-(y) dy,

where o.(z) = e 9p(x/c) and ¢ is a smooth compactly supported probability
density. It is well known that V. — Vi, D%, — D21 a.e. with respect to
Lebesgue measure. This follows from the known fact that, given two probability
measures g1 and po, a limit lim, g po(By(x))/p1(B-(z)) exists pi-a.e. and it
vanishes pi-a.e. if the measures are mutually singular. This fact implies that
D?ging * 0- tends to zero a.e. with respect to Lebesgue measure. Hence for any
function & € C§°(B) we have

/5 ~div(Vy o Vi) dx
—— [(Ve. Voo vv) o=~ lim [(VE. Voo Vi) da

— iy [ Te[D?p(Ve)- D20 ]do > [ € Te[DPp(Ve) - Div] da.

The last inequality follows from the Fatou theorem.
If the function ¢ is not smooth, keeping 1 fixed, in the same way one can

construct an approximating sequence {¢, } for ¢ and repeat the above reasoning.
O

REMARK 2.6
Note that

Tr[D2®, - (D2®s)~ '] —d —logdet[D2®, - (D2®f)~ "] > 0.
Indeed, if the operators A, B are symmetric and nonnegative, then
TrAB —d—logdet AB=TrC —d —logdet C,

where the operator C' = B2 AB'/? is symmetric and nonnegative. The estimated
quantity is > ,(¢; — 1 —logc;) > 0, where ¢; are the eigenvalues of C.
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A priori estimates for ¢ can be proved with the help of the following inequality
from [15] (see [15, Theorems 3.1, 4.3]). Let e~" be a probability density on RY.
Then z — e~V (@+€) is a probability density for any vector e. Applying Propo-
sition 2.4 to the probability densities f(z) = (2m)¥?exp(=V (z) + |z|?/2) and
g(x) = (2m)¥? exp(—V (x + €) + |2|?/2) with respect to the standard Gaussian
measure y we arrive at the following result.

PROPOSITION 2.7

For every vector e € R, letting V® be the optimal transportation of p=e~" dx
to v, we have

/(V(x +e)— V(x))efv(m) dx

(2.4) 2/\vq>(w+e)—v<1>(x)|26—v<w>da:+/(TrD§q>(x+e).(Di@(x))‘l

—d —log[detD2®(z + €) - (detD2d(x)) '] )e™V ) da.

REMARK 2.8

The quantity on the left in (2.4) is the entropy Ent,.~ (f/g) with f(z) = (27)%/? x
exp(—V (z) +|z|?/2) and g(z) = (2m)¥? exp(—V (z +€) + |2|?/2). Hence it makes
sense for every probability density e~" dz. In the worst case it is infinite.

REMARK 2.9
By [15, Proposition 4.1], for every probability measure p = e~" dz, with finite
second moment, V € I/Vlic1 (R9), and the logarithmic derivative —V,, belonging

to L?(p), the optimal transportation V® of 4 to v has the property that 9,,® €
W?2(u) and

/(in)QduZ/\D%-eiIQdu-

To explain the idea of the proof assume in addition that V' and & are twice
continuously differentiable and || D?V|| is u-integrable. Then (2.4) yields

/ V(z+te;)+ V(e —te;) —2V(x) oV

- ) 4z

1 N
> t—2/|V<I>(m+tei)—V<I>(x)| eV @) dp
1 N
+t3/|V<I>(xftei)—Vq>(x)| V@ g
Letting t — 0, we obtain
/331V(x)e‘v‘f) d$2/|D2(I’(x)-ei’2e—V(m) da.

Integrating by parts on the left-hand side we get the desired estimate.
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Note that the proof of this inequality can be completed by using only the
incremental quotients and does not rely on the regularity theory for the Monge—
Ampere equation (see [15]).

The following proposition is formally weaker than Theorem 2.2, but no smooth-
ness of ® and g is assumed here. The inequality it contains will be important
below.

PROPOSITION 2.10
Let \/g € W?(y). Then ®,, € L*(g- ) for each i. Moreover, one has ®,, €
W2l(g-v) and

Lo> [ 1D~ sy

Proof
It follows from Remark 2.9 that D?® exists g - v-a.e., in particular, D2® = D?®,
g - ~v-a.e., and

/ | D2 |2,59dy < oo

JIZAE) —of gortan) > [10%0lBiso
Note that
[ =] st - T 2 [(9yta) )+ [ 1ot
and

/ | D202, sgdy = / 1D%® —1|3,5gdy +2 / Abgdy—d,

where second-order derivatives of ® are meant in the sense of the weighted class
G12(g - 7). The integration by parts formula yields

/<Vg( ~(dz) + /|x| o(2)y(dw) = 2d — /W

By the change of variables formula we have

2/A<I>gdv—d:2/A<I>gd7—/|V<I>|di7.

Therefore,

2
/\Vgl p
g

> [ 100~ Usgdr + [ (1o - [V P)glarr(do) +2 (A0 - dygar.
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The change of variables formula yields

2 P 2
logg(x) = % - m +logdet D?® ().
Applying this formula we complete the proof. O

3. Higher smoothness of ¢

Let us establish a priori estimates of the third-order derivative of the potential
function ® whose gradient is the optimal transportation mapping, that is, esti-
mates on second-order derivatives of the optimal transportation mapping itself.
Estimates of this type have been obtained in [15] by using smooth approximations
and regularity results for the Monge-Ampere equation. Let v be the standard
Gaussian measure on R?. Suppose that ¢ - is a probability measure such that

VI EW ().

THEOREM 3.1 ([15])
Whenever p € [1,00) and 1 <i <d, for the optimal transportation V® of g~ to
v one has

/|(I>x x1|2p9d7<( /\xﬁgx /9P g d,

provided that the integral on the right is finite. If g >0 and v:= —logg is twice
continuously differentiable, then

(3.1) / |D2®| g dy < / M+ D?0)]"gd,

provided that the integral on the right is finite. In the case p =00 one has the
following Caffarelli-type estimate:

(3.2) HD2<I>(96)||2 <supM (I+ D*v(z)), g-7-a.e.

Let us turn to third-order derivatives. When dealing with g € W12(y), for the
function

v:=—logyg

defined almost everywhere with respect to the measure g - v, we set

/U:Eia?]' = _g_lgmixj +g_2.g£1?igﬂij7

which is defined g - y-a.e. and coincides with the result of formal differentiation
of g,, with respect to z; on the set {g > 0}. One can find a version of g that
possesses the partial derivatives g, almost everywhere with respect to g-;
then v,,,, can be calculated pointwise g - ~-a.e. Let us observe that if we also
have /g € W?!(y), then the function vy,,, defined above belongs to L'(g - ~)
and serves as the generalized derivative of the function vy, := —g,, /g € L*(g-7),
which is verified directly by the integration by parts formula for +, since g,,/g -
gdy = ga, - dy. Therefore, the assumptions that \/g € W*!(v) and g € W?(y)
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used in the next theorem yield that v = —logg € W% (g-+)NW12(g-+), which
looks more intrinsic but is less convenient technically.

THEOREM 3.2
Let \/g € W2l(y), ge WH2(5), g >0 a.e., and let

Vg/gl € L*/*P)(g-7)  for some pe[1,2).
Assume, in addition, that
M(I+D2v) e [p/(2-p) (g-7).

Then ® has Sobolev derivatives up to the third order with respect to g -~y and

/(zd:”(m@)zi iﬂs)p/zgdvg (/ M1+ D))" gy )
=1

(3.3)

(2-p)/2
‘ (Ivg)p/2~

Proof

We apply the reasoning that is standard in such estimates and will be also
employed in the proof of Theorem 4.6 below. At the first step we assume that v
and & are smooth. Applying Theorem 2.2, we obtain

d 2
IngZ/Tr[(D2<I>)‘1(D2<I>)M] gdy.
k=1

Next, using the relations (valid for positive operators)

T D2q) —1 DZq) 2 _ D2q) —-1/2 D2¢ D2q) —-1/2 2 > H(D2q))mz ’2}-[5
r[( ) ( )z] *H( ) ( ) ) HHS* | D2®|2

along with Theorem 3.1, Remark 2.3, and Hoélder’s inequality, we obtain
d
(Sl
i=1
p/2

d
</ 100 (3 Te[(D%0) ! (0%0)..]) gy

2 p/2
HS) gdy

(2-p)/2
< ([ 1Dzl mgan) ™" g

< (/ [M(I+D2v)]p/(27p)gd~y> (2-p)/2 (L g)""2.

Let g satisfy the assumptions of the theorem and, in addition, 0 <c<g<C
with some constants ¢ and C. Then v e W21(y).
Let g+ = T;g, where {1} is the Ornstein—Uhlenbeck semigroup; that is,

0u() = Tog() = / gle~'e + VI— e Zy)y(dy).
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Then g;(x) is infinitely differentiable in x for every ¢ >0 and ¢ < g, < C. Let
v = —log g¢. For every vector h one has

_:Ti(e7"Opv)

opvr = e T

(3.4)
g e B0 ™) | (TG00
hot T,e™? Tie™? (Tre—v)?

Applying the inequality
(3.5) Ty (ww)|" < Tyl | Ty |w|"/ D1,
we observe that
‘Tt(e_”ahv)‘Q < Tt(|8hv|2e_”)Tte_”;
hence
o2t Ty(e~"Ojv)
Tie=v
Letting wy ;, = max (0,1 + d7v;), up, = max(0, 1+ d%v), we obtain
—or Ti(une™)
Tie=v
whence by (3.5) with u =u;, and w=e~(171/")? we find that

—atr Le(Jun|"e”")
Tte*”

(9%’[% S
wyp <€

lwen|" <e

Therefore,
(3.6) [M(I+D?v)]"e " <e ?"'T,([M(I+ D*v)]"e™").

It is known (see, e.g., [4, Example 8.4.3]) that for every function o € L'(v),
as t — 0, one has Ty1) — ¢ in L'(y) and almost everywhere. It follows from
this and (3.4) that as n — oo, we have g;,, — g and D2711/n — D?v almost
everywhere. Estimate (3.6) shows that the sequence [M(I+ D?v,)]"e™"1/n is
uniformly integrable with respect to v once [M (I + D?v)]"e™" is y-integrable.
Therefore,

(3.7) lim [ [M(I+ D%vy),)] e "/mdy = /[M(I +D%v)] e " dv.

n— oo

Note also that |VTig|? = |T;Vg|?> < T;(|Vg|?/9)T:g, whence we have
ol 4, [I90F
gt g

Since g and gy, are between ¢ and C, we have Enty, , ~(g9/91/n) — 0. Propo-
sition 2.4 shows that for the optimal transports V&, of g;,, -y to v we have
V@, —V®| —0in L3(g 7).

Since for the functions g, /,, estimate (3.3) is true, taking into account (3.7),
it suffices to verify that, for every fixed vector h one has

(3.8) /\&Ci@fb‘lﬂpgd’ygliminf/|8$,i6,%¢)n|pg1/nd’y.
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Since the right-hand side is finite, we may pass to a subsequence (denoted by the
same indices) such that the sequence of functions gi ;ﬁ 0,02®,, converges weakly
in LP(7y) to some function w. If we show that w = gl/pamaicb, the remaining esti-
mate will be established. It suffices to show that, for every £ € C§°, the integrals
of éw and £g'/P0,,07® with respect to y coincide. We have

o) [wrodied—— [o. i mgted+ [aeg o,

An analogous equality holds for g,,,, in place of g. Since g > ¢ >0 and § has
compact support, it suffices to show that, for every function n € C§°, the functions
nd2®,, converge to ndi® weakly in L?(y). Due to (3.1) it suffices to show that, for
every £ € C§°, the integrals of £nd2 ®,, against y converge to the integral of £nd7®.
As above, by the integration by parts formula this reduces to a convergence of
integrals with ), ®,,, which takes place since 9, ®,, — 9, ® in L?(g-~). It should
be noted that in the present case where g > ¢ > 0 we have even convergence of
92®,, to 87® in LP(U) on every ball U, since the functions |V97®,,| are uniformly
bounded in LP(U), so the compact embedding of Sobolev spaces works.

Let us remove the assumption of two-sided boundedness of v. Suppose first
that g is bounded from below, that is, ¢ > ¢ > 0. Let us take a sequence of
smooth convex functions f,, on the real line such that f,(s) =sif s > —n, f.(s) =
—n—1ifs<-n—-1,0<f/ <N,0< f” <N, where N does not depend on n.
Let us consider probability densities g, = c,e™"» with respect to =, where v, =
fn(v) and ¢, is a normalization constant. Let V®,, be the corresponding optimal
transports of g, -7y to 7. As above, we have V®,, — V® in L?(g-+v). An analogue
of (3.8) in this situation is similarly justified. What we need is an analogue of
(3.7). We have

Onvn = f1,(0)0hv,  Fjvn = f1,(v)0hv + £/ (v)|Opv]*.

Hence M (I1+ D?v,,) coincides with M (I1+ D?v) if v > —n, vanishes if v < —n —1,
and is estimated by N - M (I1+ D?v) + N|9pv|? if —n — 1 <o < n. It remains to
observe that the integral of |Vv|2p/(2_p)l_n_1gvg_ng with respect to 7 tends to
zero as m — 0o, since |v| € L?P/(2=P)(g . ~). Thus, (3.7) holds also in this case.

Finally, we reduce the general case to the considered case with bounded v.
We consider similar approximations f,(v), this time with concave functions such
that fr(s)=sif s<n, fo(s)=n+1if s>n+1,0< f) <N, f// <0. Defining
gn as above, we again have convergence V®,, — V® in L?(g-). In place of (3.7)
we have a simple estimate

limsup/ [M(I+ D%v,)] e " dy < /[M(I +D*v)]"e " dv,
n—oo

because we now have 97v,, < 92v, so M (1+ D?v,,) < M(I+ D?v); in addition, on
the set {n <v <n+ 1} we have M (I + D?v)"g,, <3M (1 + D?v)"g, which yields
the indicated estimate. Note that here the definition of D?v is given before the
theorem is used. However, now (3.8) is not obvious and requires justification,
since g is not strictly positive, which makes some problems in (3.9). Namely,
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the problematic term is w = gl/pflamiga,%@ = gl/paxivaﬁ@. Writing this term as
g2/, v5?Pg'/? and noting that we have convergence of gﬁf‘p)/@p)aﬁvn
to g2=P)/ (2P, v in L?/(2=P) () (which is readily verified), we see that it suffices
to show that we have weak convergence of 8,%fbng}l/2 to 82@91/2 in L2P/(3p=2) (),
Since 2p/(3p—2) < 2, it suffices to prove that there is weak convergence in L?().
Using (3.1) with p/(2—p) in place of p we obtain a uniform bound on the integrals
of g,|07®,|* against . Therefore, as above, it remains to show that, for every
¢ € C§°, the integrals of ¢ g/ 28,%(1% against + converge to the integral of £g'/207®.
Integrating by parts once again we see that it remains to get convergence of the
term with g;1/2ahgnah<1>n = g;lahgn(?h@ngrlbﬂ to the respective term without
the index n. This convergence holds indeed, since g, Y 28h Gn — g~ /20,9 in L?(7)
and the mappings V®,, converge to V& uniformly on compact sets, which follows
from their convergence in measure and convexity of ®,, (see [17, Section 25]). O

It is important that (3.3) does not depend on dimension.

4. Infinite-dimensional case

Concerning analysis on the Wiener space the reader is referred to [2], [4], [18], and
[19]. Below we consider the standard Gaussian product measure v =[];2,7; on
R> with the Cameron-Martin space H = I? equipped with its standard Hilbert
norm

> 1/2
o= (202"

i=1
where each «; is the standard Gaussian measure on the real line. Let {e;} be
the standard orthonormal basis in [2. It is well known (see [2]) that any centered
Gaussian on a separable Fréchet (or, more generally, a centered Radon Gauss-
ian measure on a locally convex space) is isomorphic to the product measure
v =11, v by means of a measurable linear mapping that is one-to-one on a
Borel linear subspace of full measure and is an isometry of the Cameron—Martin
spaces. For this reason the results obtained below hold in a more general set-
ting, in particular, for any separable Fréchet spaces. The Sobolev class W2!(v)
is introduced as the completion of the class of smooth cylindrical functions with
respect to the Sobolev norm

122 + NIV A oy

where V f denotes the gradient along H, that is, (V f(z),h) g = O f(x). Then the
elements f of the completion also obtain gradients V f along H as mappings in
L?(,H) (the space of measurable H-valued square-integrable mappings) speci-
fied by the integration by parts formula

[ro.gar=- [e@teiars [wea
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for smooth cylindrical functions €. Other equivalent characterizations are known
(see [2], [4], [18]). For example, W2(v) coincides with the space of all func-
tions f € L?(v) possessing Sobolev gradients V f € L?(v, H) satisfying the above
identity. Similarly the second Sobolev class W12(v) is introduced by using the
Hilbert-Schmidt norm on the second derivative D?f along H and the L'-norm;
for a general f in W12(y) the operator-valued mapping D?f can be specified
by its matrix elements (D?f(z)e;,e;) i again through the integration by parts
formula; more general classes WP () are naturally defined.
Let us consider a probability measure g -y with /g € W2L(y). Then

v 2
Lyg:/%dfy<oo.

By the log-Sobolev inequality
0<2Ent,g<I,g<o0.

As in the finite-dimensional case, the inclusion /g € W21(y) is equivalent to the
inclusions g € Whl(y) and |Vg|/g € L*(y).

Similarly to the finite-dimensional case and the case of W?21(v) explained
above, one introduces the differentiation of functions in the Sobolev sense with
respect to the measure g -~ (see [4] for more details). Namely, if f € L?(g-7),
then its Sobolev partial derivative f;, with respect to the variable z; is a function
in L!(g-~) satisfying the equality

@y [ uggar=- [ regar- [ fegay + [miseadn

for every smooth cylindrical function of the form &(z) = u(x1,...,x,), where u
is a smooth compactly supported function. We observe that all of these integrals
exist, because f, fz.,92,/9 € L*(g-~) and x; € L?(g - ); the latter follows by
the logarithmic Sobolev inequality with respect to . Therefore, one obtains the
class W21(g - ) of functions f € L?(g-~) such that |Vf| € L?(g-~), where
Vf=(feys frs,---). Similarly the classes WP1(g-~) and WP2(g-~) are defined.

Let g, =EZg be the conditional expectation of g with respect to o-algebra

Fn generated by x1, ..., x, and the measure ~. It has the following representation:
o0
Ezg(xla' . .,.’En) = /g(xlw < Ty Ynt1, - - )( H 71>(dyn+1 o )
i=n+1

It is well known (and follows from Jenssen’s inequality) that
Ent, g, <Ent, g, Lg, <19,

and hence /g, € W?21(~). Since g, depends on finitely many coordinates, the
potential ¢, of the corresponding optimal transportation 7T}, (z) =z 4+ Vi, (x) of
gn + 7y to the measure v depends only on the first n variables.

According to Proposition 2.4 with f =g, and g =1 one has

1 1
Ent., gn, > §/|V<pn|29nd7=§/|V<pn|29d%
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and Proposition 2.10 yields

h%Z/W%w%%MZ/W%N%M%

In general, the gradients V¢, and V¢ cannot be understood in the sense of
(4.1), because in the general case no inclusions ¢, ¢ L?(g-v) are given. There
is no problem with functions ¢,, of finitely many variables, since their gradients
Ve, can be defined in the Sobolev sense locally. Difficulties arise when we deal
with ¢. There are essentially two ways of introducing V¢ pointwise g - y-a.e. If
g -7 is equivalent to v, then one can use the fact that ¢ is a 1-convex function
(see [13]); we recall that a y-measurable function f is called 1-convex along the
Cameron—Martin space if the function

hi— Fy(h) = f(z+h) + %\hl?q

is convex on H regarded as a mapping with values in the space L%(v) of mea-
surable functions with its natural ordering. In other words, given h,k € H and
a €0,1], one has

Fy(ah+ (1 —a)k) <aFy(h)+ (1 —a)F,(k), for v-a.c. x,

where the corresponding measure zero set may depend on h, k,«. It is also pos-
sible to consider this mapping with values in the Hilbert space L?(o) for the
equivalent measure o = (f2+1)~!-~. One can show that for every fixed i there
is a version of f such that the functions t — f(z + te;) +t2/2 are convex. Hence
almost everywhere there exists the partial derivative f,,. Then we define V f(z)
as (0, f(x))$2, if this element belongs to [2.

We shall define V¢ for our potential function ¢ without referring to 1-
convexity, since we do not assume the equivalence of measures. We shall show in
a different way that, for every fixed i, the function ¢ has a version that has the
partial derivative ¢, g-v-a.e., and the vector Vo (x) = (., (2))$2, isin [2, g-v-
a.e.; this amounts to the previous approach in the case of equivalent measures.
(The relation to the Sobolev-sense definition is explained below.)

Nevertheless, the second derivative D2y will be defined in the Sobolev sense,
because, as we shall see, ., € L?(g-~). More precisely, the Sobolev derivative
©a.0; € L' (g-7) of ¢, will be defined by means of (4.1).

By the finite-dimensional results we have

mpﬂW%FHw%w%Mm<w

Hence, passing to a subsequence, one can assume that the mappings V¢, and
D?%p,, converge weakly in the Hilbert spaces L?(g -+, H) and ’Hg defined as
follows: the space L2(g -+, H) is the space of measurable mappings u: R> — [2
with |u| € L?(g-~), and 'Hg is the space of measurable mappings A with values in
the space of symmetric Hilbert—Schmidt operators such that ||A|xs € L*(g- 7).

The following important result is proved in [13] (see, in particular, [13, Sec-
tion 4]):
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One has @, — @ in L'(g-7), and a sequence of certain convexr combinations
of Vi, converges in L*(g-~,H) to a mapping denoted by Vi and having the
property that 14+ V¢ is the optimal transportation taking g -y to .

However, this definition of Vg is not in the Sobolev sense.

We are going to obtain V¢ similarly as a limit of a subsequence of V,,. Then
we would like to identify ., with pointwise partial derivatives of suitable versions
by using the integration by parts formula. This requires some precautions since we
do not know that ¢ € L?(g-~), without which we have no inclusions z;, pg., /g €
L'(g-~) and cannot refer to (4.1). However, the functions ¥ =¢ A NV (=N)
are bounded, and, as we shall now see, g - y-a.e. possess partial derivatives npiv
such that Vo™ (z)| < |Ve(x)| g-v-a.e., where Vo = (o2 o . ..). In addition,
Vol (x) = Vp(x) g-v-a.e. on the set {z: |p(z)| < N}.

PROPOSITION 4.1
There is a subsequence {ny} such that {V,,} converges weakly in the space
L?(g-~,H) to some mapping denoted by V. Moreover, for every i there is a
version of ¢ denoted by the same symbol and possessing g - y-a.e. the partial
derivative @, that coincides g - y-a.e. with (Vp,e;) .

In addition, there exists Dy understood in the sense of (4.1) and D?p,,, —
D?p weakly in ;. In particular,

1% elBisgdy < oc.

Proof

We consider only the convergence of V,,, since the case of second derivatives is
simpler. Let us consider the sequence f,, = o, ANV (—N), where N > 0 is chosen
in such a way that g-y({z: ¢(x) =+N})=0. Let f =9 ANV (—N). Passing to
a subsequence we may assume that d,,¢, — h; € L?(g - v) weakly. Then for all
smooth cylindrical functions & we have

[ tegir=tim [ gy

=l [ fug (i = % )gay - tim [ (F)ucady
n o0 g n—oo

[ #6( =2 )gar =t [ (en)egonemody

g n— oo
= [ s 2 )gdr~ [ hilyaemsads

Therefore, the Sobolev derivative of f with respect to x; (and the measure g -~)
coincides with h;l{,j<ny. In the language of differentiable measures (see [4])
this means the differentiability of the measure fg -+ along the vector e; of the
standard basis in 2, which implies (see [4, Sections 3.5, 6.3]) that fg has a version
such that the functions t — f(x + te;)g(x + te;) are locally absolutely continuous
(i.e., absolutely continuous on bounded intervals) for y-a.e. x. By our assumption,



Sobolev regularity for the Monge-Ampere equation in the Wiener space 731

the same is true for \/g. Moreover, the derivative of f(x 4 te;)g(x +te;) at t=0
equals fg., + hil{,<nyg, 7-a.e. Once we choose a version of g such that the
functions ¢ — g(z + te;) are locally absolutely continuous, we obtain a version
of f such that ¢t — f(x + te;) is absolutely continuous on every closed interval
on which the function ¢t — g(z + te;) does not vanish. For this version we have
the estimate |fy,| < |hi|, g - y-a.e. Since the conditional measures for v on the
straight lines z + Rle; have Gaussian densities o, and h; € L?(g- ), we see that,
for v-a.e. x, the integral of |0, f (z +te;)/0t|?g(x +te;) 0. (t) over R is majorized by
the integral of |h;(z +te;)|?g(x + te;) 0. (t). Remembering that f =p ANV (—N)
depends also on N suppressed in our notation and that these functions converge

to ¢ pointwise, we obtain a version of ¢ such that the function ¢ — @(x + te;) is
absolutely continuous on closed intervals without zeros of g. It also follows that
hi = ¢4, almost everywhere with respect to the measure g-~y. The assertion with
$z;2; 18 even simpler, since we have ¢, € L3(g-7). O

It is important that the mapping V¢ introduced in this proposition coincides
g - y-a.e. with the one constructed in [13] (as a limit of convex combinations). It
will be seen directly that I+ Vi takes g - to v as soon as we check that V¢ can
be obtained as a limit of V,, pointwise g-y-a.e. Let us show that in fact we have
strong convergence in L?(g -+, H) (which gives a subsequence convergent almost
everywhere) and convergence in the Hilbert—Schmidt norm for a subsequence in

{D%¢n}-
PROPOSITION 4.2
One has Vo, — Vo in L2(g v, H) and
|D*p, — D*¢|lns —0, g-v-a.e.
Proof

Applying Proposition 2.4 to the functions g,, and g,, with m < n (the conditional
expectations defined above), we obtain

/gn log gg—n dy = Ent, g, — Enty gm

m

> /(Vson — Vom) gndy

DN | =

- /logdetg(l + D%, ) V(1 + D?0,)(1+ D?0,) Y 2g, dy
1 2
=5 (Ven —Veor) gdy

- /logdetg(l + D%, )" V2(1 4+ D%p, ) (1+ D%, Y 2g dry;
we recall that

sup/ \|D2apn||2gd'y < o0
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hence D2¢,, in the estimates from Proposition 2.4 can be replaced by D?¢p,,.
Thus we have proved that

1
Ent. g, — Ent., g, > 5 /(Vgon —Vom)igdy.
Passing to the limit n — oo, by the properties of weak convergence we obtain
1
Ent, g — Ent, g, > 3 /(V(p — V(pm)di’y.

Now the result follows by letting m — co.
To prove the second relation we use the convexity of —logdeta:

1 m+N
N Z Ent, g, — Ent, g,
n=m+1
1 m+N
>-5 D /logdeta[(HD?@m)‘”?(HDQ%)(HDz%n)‘”Q]ng
n=m+1
1 m+N
z—/logdetz[(uD?@m)—U?N > (I+D2¢n)(1+D%pm)—l/?}gdy.
n=m+1

Passing to a subsequence (denoted again by ¢,) we obtain

1 m+N
~ > (I+D%*,) -1+ D%

n=m+1

in the Hilbert—Schmidt norm g - v-a.e. Hence, by the Fatou theorem
Ent, g — Ent. g, > /1og dety [(I+ D2p,,) Y21+ D%p)(1+ Dzwm)_lm]gd*y.

Therefore, passing to a subsequence, we have
log dety [(I+ D2p,,) V214 D%) (1 + Dzwm)*l/z] =0, g-vy-a.e. asm—o0.

Consequently, D?¢,, — D?p in the Hilbert-Schmidt norm g - y-a.e. O

The next result follows from the previous proposition and the uniform bounded-
ness of the integrals [ || D%g,||3,s59d7.

COROLLARY 4.3
In the situation of Proposition 4.2,

/\|D2<pn—D2<p||§;_LSgd'y—>O whenever 0 < p < 2.

We now prove the change of variables formula

1
g=deto(I+ D%p) exp<£<p - §|Vs0\2),
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where Ly is defined as a function in L!(g-~) satisfying the following duality
relation:

(4.2) /&pfg dy=— /(V% VE)gdy — /(W V)€ dy
for smooth cylindrical functions &; existence of Ly is also part of the proof.

LEMMA 4.4

The sequence {Lp,} converges g -v-a.e. to some function F, and moreover, the
following change of variables formula holds:

1
g =det(I+ D?p)exp (F ~3 \ch|2) .

Proof

It follows from the finite-dimensional change of variables formula (1.1) and con-
vergence g, — g, |V, — V| =0, |[D?p, — D?¢||3,s — 0 that the functions
Lpn(z) have a limit F(x) for g-~y-a.e. x. Clearly, the desired formula holds in
the limit. O

For notational simplicity, from now on we assume that the above properties
established for certain subsequences hold for the whole sequence of indices.

REMARK 4.5

We shall see that Lo coincides with lim,, o Lo, in L'(g- 7). It is not difficult
to check that {Lp,,} is bounded in L!(g-7), so lim, s Lo, € L' (g- 7). Indeed,
by the finite-dimensional change of variables formula from [16] and [20] we have

1
gn = deto(T+ D?p,,) exp (,ng)n — §|Vg0n|2).
Hence
1
Lo, =log g, + §|V<pn\2 —logdeto(I+ D?p,,).

Integrating with respect to g, - v and integrating in the left-hand side by parts
we have

Hence
1 1

> */<v90nav.gn> dry

1
:Entvgn—i—§/W<pn\zgnd7—/1ogdetg(I+D2<pn)gnd7.
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We see that the integrals of —logdets(I+ D?yp,,) with respect to g, - v are finite
and uniformly bounded in n. One can easily show that

sup/ |Lon|gn dy < 0.
n
Indeed,
1
|Lipn| < [log gn| + 5|Vipn|” — logdeta (T4 D*pn).

The terms on the right are nonnegative, and the corresponding integrals with
respect to g -~ are uniformly bounded in n. However, convergence in L'(g - )
is more difficult and will be the main step in the proof of Theorem 4.6. Under
the additional assumption of y-integrability of 1/g to a power greater than 1 we
show in the final remark that ¢ € W?2(vy) with some p > 1 and L exists in the
usual sense of functions in WP2(y).

It remains to identify F with Ly, that is, to show that Lo = F satisfies (4.2).

THEOREM 4.6
The change of variables formula

1
g =det(I+ D?*p)exp (Eap ~3 |V<p|2>

holds g - y-a.e.

Proof
Let us identify F' and Ly. One way of doing this would be proving that the
integrals of (L¢,)? with respect to g -~ are uniformly bounded and then use
the uniform integrability. However, it seems that the sequence {Lp,} may be
unbounded in L?(g - ) solely under the assumption of the finiteness of I,g.

To bypass this difficulty we prove another estimate:

(‘C‘Pn)Q
. _ <
(4.3) Sup/ 1+|V%|29d7,M < 00,

n

where
M:4Lyg+2sup/|Vgpn|2gd’y+108up/HD2<pn||$_[Sgd'y§ 161,g.

Let u be a decreasing function on [0,+00). We have

/ (Lon)u(|Veonl)gdy= -3 / Do, pn - 0o, (Lon)u([Veonl?) g dy

*/<V90mV9>U(IVsonl2)£sond’y

-2 /<v§0na D2(P7Lv@n>ul(|v¢7z|2)£<png dr.
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Using the relations

—/%son~8xi(£90n)U(|Vs0nl2)gdv
=/(@iwn)QU(lvwnF)gdv—/%wn-E(axiwn)U(IV%IQ)gdv
=/(8wi<pn)QU(|Vs0n|2)gd7+/IVE?M%IZM(IV%IQ)ng

4 [ Buon (V0100 Tg)u([V6 ) dy

+ 2/8misan<V3m<pn,D%N%W’(W%P)MV

and summing in ¢ we obtain

/(E%L)QU(IV%IQ)gdv
= —/(V%,WW(IV%IQ)E% dvy
- 2/<WmDQ@nVsonW’(IWnI?)Esongdv
+ [ 19ealu(Venl)gdr+ [ 1D Bisu(96aP) gy

—I—/(DQ@TL-V@n,Vg)u(\anP)d’y+2/|D2aan<pn|2u’(|Vg0n|2)gd7.

For any € > 0 the Cauchy inequality yields
- [(VenVou(9enP)Londs
< 415/W;Zdv+e/(£<pn)2|Vs0n|2u2(|V<ﬂn2)gd%
_2/<v</7naD2<an@n>ul(|v90n|2)£§0ngd7
Se/(ﬁwn)%(lvwn\g)gdv

+1 (U/)2(‘V |2)‘D2 \v4 |2|V |2 d
- w Pn Pn - V¥n Pn| gay,

/<D2@n : V¢n7v9>u(‘V¢n|2) dry

1 (Vg 2 2,2 2
S dy+e | |D2¢n - Voo 2u? (IVonl?) g dv.

It follows that

sup/(ﬁgpn)2u(|Vgpn\2)gd’y < 0,
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provided that the functions
(u')?

u

|Vg0n|2u(|Vg0n|2), (|v$0n|2)|v¢n|4

are bounded and
eu® (|Vin|?) + 20/ (Ve |?) <0.

For example, we can take u(t) = %th Then both functions are bounded by 1,
and the latter estimate holds if € < 1, so for ¢ = 1/4 we arrive at (4.3).

The estimate obtained enables us to verify the uniform integrability of {Lp,, }
with respect to g -+. Indeed, since {V,} converges in L?(g -+, H), we have
convergence of the sequence {|V,|*} in L'(g-7), hence its uniform integrability
with respect to g-v. Now, given € > 0, we can find J > 0 such that the integral of
|Von|?IE against g -+ is less than £2/(4M + 1) for every set E of (g-v)-measure
less than 0. Therefore, the integral of |L¢,|Ip against g -y does not exceed &,
because either
g < < _Eenl®
2M 1+ |V, |?

and the integral over the corresponding set is estimated by €/2, or in the case of
the opposite inequality we have | Ly, |z < 2Me~1(14|V,|?)Ir and the integral
over the corresponding set also does not exceed /2.

Finally, for any smooth cylindrical function £ we have

[ ontadn=— [(Venve+e2)gan,

which gives in the limit

[ Feotr=— [(vo. 06+ )gar

due to the established convergence; hence F' = Ly, that is, (4.2) holds. |

|Lon

REMARK 4.7

We recall once again that it has not been shown that ¢ € L%(g-v) (and we do
not know whether this inclusion holds under our assumptions, under which we
have only ¢ € L'(g-7)); consequently, the gradient Vi has been defined not in
the Sobolev sense but pointwise almost everywhere. (However, D?¢ is defined
in the Sobolev sense, and V¢ coincides almost everywhere with the limit of the
mappings V(¢ ANV (—=N)), where ¢ A NV (=N) are Sobolev class functions.)
In order to define also V¢ in the Sobolev sense, it would be enough to have
the inclusion ¢ € L?(g - ). To guarantee this inclusion, it suffices to impose the
additional condition that g - v satisfies the Poincaré inequality (see also [6] and
the next remark).

REMARK 4.8
If in the above theorem we have 1/g € L"(y) for some r > 1, then ¢ € WP2(y)
with p = 2r/(1+7) and Ly exists in the sense of WP-2(y), that is, ¢ belongs to the
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domain of generator of the Ornstein—Uhlenbeck semigroup in LP (7). Indeed, writ-
ing ||[D?¢nllhs = |1D*¢nll,s9 g and applying Holder’s inequality with respect
to g -, we obtain a uniform bound on the integrals of || D%, [5,s with respect
to v and similarly for |V, |P, which by the Poincaré inequality yields that the
sequence of functions ¢,, — ¢,,, where ¢, is the integral of ¢,, against , is bounded
in WP+2(y), whence the claim follows.

Finally, Theorem 1.2 follows from the finite-dimensional Theorem 3.2. The proof
is standard, and we omit it here. As usual, one takes the finite-dimensional
approximations g, = Elg=e~"". Let 7, be the projection of 4. Then g, >0
a.e., gn € W21(y,) NW12(v,), and the norm of |Vg,/gn| in L"(gn - vn) is esti-
mated by the norm of [Vg/g| in L"(g - ), whenever the latter is finite. It is easy
to show that

D*v, <EI_(D*v), (D*v,)* <E}_ (D?v)".

Hence the finite-dimensional approximations satisfy the assumptions of Theo-
rem 3.2. The result now follows by taking the limit as n — co.

Note that analogous results can be obtained for another interesting class
of transformations, the so-called triangular transformations (see [3], [4], [5], [7],
[10]). Some a priori estimates for optimal transportations can be found in [6].
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