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Abstract We determine the automorphism groups of torus invariant self-dual struc-
tures defined by Joyce on the connected sum of copies of the complex projective plane.
We determine, actually, the automorphism groups of the associated twistor spaces by
using the results of our previous work. When the self-dual structures of Joyce and LeBrun
coincide, our results recover the recent results of Honda and Viaclovsky on the automor-
phism groups of LeBrun’s self-dual structures.

1. Introduction

For a positive integer m let M =mP? denote the connected sum of m copies
of complex projective plane P?. The two families of self-dual structures on M
constructed, respectively, by LeBrun [7] and by Joyce [6] are the most typical
examples of explicit constructions of such structures. More precisely, for each m
there exists a semifree smooth S'-action on M, which is up to diffeomorphisms
unique if m > 3. LeBrun [7] then explicitly constructed a smooth and connected
family of S'-invariant self-dual structures on M. On the other hand, there exists
for each m a finite number of smooth actions up to diffeomorphisms of the real
two torus K := St x S on M. For each such K-action Joyce [6] constructed
explicitly a smooth and connected family of K-invariant self-dual structures on
M with real (m — 1)-dimensional parameters.

Recently Honda and Viaclovsky [5] have determined the whole group of con-
formal automorphisms for the self-dual manifolds by LeBrun above. Inspired by
their work, in this note we shall determine the structure of the whole automor-
phism group of self-dual structures by Joyce.

Our main results are described as follows. We assume throughout the paper
that m > 2 since otherwise everything is well known. Let M = mP? with a fixed
K-action as above, and let [¢g] be any K-invariant self-dual structure on M by
Joyce. Let Conf(M,[g]) denote the group of conformal automorphisms of the
self-dual manifold (M, [g]), and let Confy(M, [g]) be its identity component.
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Let Z be the associated twistor space with twistor fibration t: Z — M and
the real structure o. Let Aut(Z,t,0) denote the group of biholomorphic automor-
phisms of Z which commute with o and which preserve the twistor fibration. Let
Autg(Z,t,0) be its identity component. By the Penrose correspondence we have
a natural isomorphism ¢, : Aut(Z,t,0) = Conf (M, [g]) (cf. [10, Proposition 2.1]).
In this paper we shall determine the structure of Aut(Z,t,0), depending heavily
on the results on the structure of the twistor space Z in our previous paper [3].

In this introduction, however, we state our results in terms of Conf (M, [g]),
leaving the description in terms of Aut(Z,¢,0) for subsequent sections.

Let N := M/K be the quotient of M by K with the quotient map ¢: M — N.
By construction in [6], N is naturally conformally identified with the closed unit
disc {|]z| <1} in the complex plane C = C(z). On the other hand, as a smooth
orbit space of M by K, N is endowed with natural weights along its boundary
as defined in [9, Section 4.1], based on the data of the stabilizer groups of various
K-orbits on M. Let Conf(N,w) be the subgroup of the conformal automorphism
group of the interior Int N consisting of all elements which preserve the weights w
of N. (Note that any conformal automorphism of Int N is a hyperbolic isometry
and extends smoothly up to the boundary.)

Now since m > 2 the identity component Confy(M,[g]) coincides with K
by Poon [12], and hence K is normalized by Conf(M, [g]). Thus any element in
Conf (M, [g]) induces a diffeomorphism of N in Conf(N,w). Then we prove the
following.

(1) The induced homomorphism g, : Conf(M,[g]) — Conf(N,w) is surjec-
tive.

(2) The kernel Conf;(M,[g]) of ¢. is isomorphic to the semidirect product
ZoX K.

In particular we have the following exact sequence of groups:

1— Zy x K — Conf (M, [g]) — Conf (N, w) — 1.

(3) For some point x € M Conf(M,[g]) has a natural semidirect product
structure

Conf(M, [g]) = Conf(M7 [g]@) x K,

which is determined up to conjugations by elements of K, where Conf (M, [¢], z)
is the subgroup of Conf(M,[g]) consisting of elements which fix . In particu-
lar Conf(M, [g],z) is isomorphic to the quotient group Conf(M, [g]) := Conf(M,
[9])/K and thus is a central extension of Conf(N,w) by Zs.

(4) Elements of Conf;(M,[g]) \ K are involutions which are mutually K-
conjugate to each other. The fixed point set F' of any such element 7 is diffeo-
morphic to a connected sum of m copies of the real projective plane. For any
fixed point = of K-action on M, 7 is realized on M — x by an antiholomorphic
involution with respect to its natural (complex algebraic) toric surface structure.

(5) Conf(M, [g]) is finite and is isomorphic to a subgroup of either of the dihe-
dral groups D4 or Dg containing their center. Moreover, given such a subgroup
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H, if v(m) is the number of diffeomorphism classes of K-actions on M = m.P?
such that there exists a K-invariant self-dual structure with Conf(M, [g]) = H,
we have limsup,,,_, ., v(m) = oo.

(6) It is known that for each m there exists a unique K-action on M for
which some S!-subgroup induces a semifree action, and in this case, the conformal
structures of Joyce coincide with a subfamily of those of LeBrun with respect to
this S'-action. For this special family our results basically recover the results of
[5] in our Joyce context, including the important special case m =2 of Poon’s
self-dual structure [11]. (Such a Joyce twistor space will be of type LJ or of
LeBrun—Joyce type in what follows.)

The paper is arranged as follows. Any Joyce twistor space admits a dis-
tinguished pencil P of K-invariant symmetric toric surfaces, and we study the
structure of the group A := Aut(Z,¢,0) through its action on P. In Sections 2
and 3 we recall from [3] the basic facts on symmetric toric surfaces and the pencil
P, respectively. In Section 2 we also study the structure of the automorphism
group of symmetric toric surfaces rather in detail, which will be used in Sec-
tion 6. The pencil P is preserved by A and o. Let A’ := Aut(Z/P,t,0) be the
normal subgroup of A consisting of elements which induce the identity on P.
Then in Section 4 we determine the structure of A’ as a natural semidirect prod-
uct A’ = Z5 x K. Next in Section 5 we identify the quotient group A/A’. Namely,
we show by using some of the main results of [3] that the natural image of the
homomorphism A — Aut(P, o) coincides with an explicitly determined subgroup
A= Aut(P,{a;},w). In Section 6 we determine the possible structure of quo-
tient group A/A’, and hence of B := A/K, by using the results of Section 2. As
for B we have a natural semidirect product decomposition A = B x K up to
K-conjugation. This will be shown in Section 7, again by using the results of [3].
In Section 8 we give a geometric correspondence of the results obtained so far in
terms of twistor spaces to the results in terms of self-dual structures as stated
above. Finally in Section 9 we describe the involutions in (4) above in terms of
the elementary surfaces in Z and the real structure o of Z.

2. Symmetric toric surfaces and the associated weighted graphs

2.1.

A Joyce twistor space Z admits a canonical pencil of symmetric toric surfaces,
which plays the central role for the study of geometry of Z in general. In this sec-
tion we give some preliminary and elementary results on symmetric toric surfaces
which will be used later and mainly in Section 6.

Let G = C* x C* be the two-dimensional algebraic torus with maximal com-
pact subgroup K := S' x S'. In this paper for simplicity by a toric surface we
shall mean a projective smooth surface with an effective G-action. Let S be any
toric surface and U the unique open G-orbit. Then the complement C of U is a
cycle of rational curves C' = C; +- - -+ Cy, C; = P*; that is, two successive curves
(in the cyclic sense) intersect transversally at a unique point, and there are no
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other intersections among two irreducible components of C. Moreover, C' is an
anticanonical divisor on S and is called the anticanonical cycle of S.

To S one associates a weighted circular graph I' =T'(S) by associating to
each C; a vertex with weight b; = Cf, the self-intersection number of C;, and by
connecting two vertices by an edge if the corresponding irreducible components
intersect. We denote by AutI' the group of automorphisms of I' preserving the
weights. AutT' is naturally a subgroup of dihedral group Dy of order 2d.

We call S symmetric if d = 2k is even with k > 2 and b; = bg1;,1 <i < k. The
condition is equivalent to the existence of an admissible involution 7; namely, T
is a holomorphic involution of S such that 7(C;) = Cy44,1 <4 < k, which implies
1'=g~! for any g € G (see [3, Proposition 2.4]). The involution 7
is determined up to multiplication by an element of G. The group AutS of

that 7g7~

biholomorphic automorphisms of S contains a distinguished subgroup Aut; S :=
GUTG, where TG consists of admissible involutions. We also note that the second
Betti number of S is given by 2(k —1).

2.2,
We call an antiholomorphic involution o of S admissible if ogo™" = ¢g* as an
element of AutS, where g — ¢* is the unique antiholomorphic involution of the

1

group G with fixed point set K. For later use we note the following.

LEMMA 2.1

Let S be a toric surface with open orbit U. We also assume that S is symmetric
in (1) and (2) below. Then we have the following.

(1) For any points x,y € U (not necessarily distinct) there exists a unique
admissible involution T such that T(x) =1y.

(2) If o is an admissible antiholomorphic involution, T := oTo is again an
admissible involution.

(3) If an antiholomorphic involution o of S satisfies ogo~! = g*~1, it is
unique up to conjugation by elements of K.

Proof

(1) Ewxistence. Start with any admissible involution 7/ with 7'z = z. Take
an element g € G with gz =y. Then the admissible involution 7:= g7’ satisfies
7(x) =1y.

Uniqueness. If g7, g € G, maps x to y as well as 7, we have (¢7)(z) =¢g(y) #vy
except when ¢ is the unit element e.

(2) Clearly 71 is a holomorphic involution. Moreover, since o(C;) = Ciyk
(cf. the proof of [3, Lemma 2.6]), we have 71(C;) = C;+. The assertion follows.

(3) We proceed as in the proof of [3, Lemma 2.7]. Let ¢ and o’ satisfy
the conditions of (3). Note that g*~! is the complex conjugation in the standard
coordinates G = C*(z) x C*(w). Then we conclude that both o and ¢’, and hence

h:=o0"1o’ also, leave invariant each irreducible component of the anticanonical
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cycle; we further get that hh =1 or equivalently h € K. Then if we take an
element k with k2 =h in K, we have ¢/ =k~ 1ok. O

2.3.

We continue to assume that S is symmetric. Suppose further that k£ > 3, or
equivalently, S % P' x P'. Then G is identified with the identity component
Autg S of AutS, and AutS thus normalizes G. This implies that for any s €
Aut S, s(C) is G-invariant and therefore never intersects with the open orbit U.
Hence C' is preserved by AutS. We have thus the induced homomorphism w :
AutS — AutT.

LEMMA 2.2
Aut S is isomorphic to a semidirect product Autl' X G in such a way that the
quotient map Autl’ x G — Aut is identified with u above.

Proof

S is expressed as a torus embedding S = Tiyemb(A) for the lattice N = Z? and a
fan A in Ng (cf. [8, Theorem 1.5]). Then the group Aut(NN,A) of automorphisms
of the fan is naturally identified with a subgroup of Aut S (see [8, Theorem 1.13])
so that Aut S becomes a semidirect product Aut(N,A) x G. On the other hand,
in our two-dimensional case the fan A = (N, A) determines and is determined
by the associated weighted graph in such a way that we have a natural isomor-
phism Aut(N,A) =2 AutT (cf. [8, Corollary 1.29]). Hence we get a semidirect
product decomposition AutI’ x G — AutD' as in the lemma with the quotient
map identified with wu. O

In what follows we identify AutT' as a subgroup of AutS with respect to any
fixed torus embedding as above. (The results below are independent of the choice
of such an identification.)

24.

Since AutS normalizes G we have the induced homomorphism v : Autl’ —
Aut G =2 GLy(Z). This is injective since this action is naturally identified with
the action on the homology group of the open G-orbit U via the induced action
of AutS on U. By the classification of the finite subgroups of GL2(Z) we see
that AutT is a subgroup of either of the dihedral groups D4 or Dg, and hence
is isomorphic to either of Do, or is a cyclic group of order 21, where [ =1,2,3,
where D5 denotes the four group Z% =279 X Z>.

Any admissible involution 7 of S defines an element of the center of AutI’
mapping v; to vgy,;. The quotient of I' by the induced action of 7 gives rise
to another circular weighted graph T' whose weight is {by,...,bz}. We call T
and its weight the reduced weighted graph of S and the reduced weight of T,
respectively . We have AutT = AutI'/(7), and it is naturally a subgroup of either
of D;,1=2,3. The original weighted graph T is recovered from I' by taking the
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unique unramified double covering. Note that I is in general not a weighted
graph of any toric surface.

Summarizing the above discussion we obtain the following lemma. (Also, in
the case k =2, the statements are directly verified.)

LEMMA 2.3
For any k > 2 we have the following.

(1) AutT' is either cyclic of order 2,4, or 6 or is isomorphic to one of the
groups Doj, 1 =1,2,3.

(2) AutT is either trivial, cyclic of order 2,3, or isomorphic to either of the
groups Dy, 1 =2,3.

REMARK 2.1

Let H be any of the nontrivial groups appearing in Lemma 2.3(2). Then a sub-
group of PGLy(R) which is isomorphic to H is unique up to conjugacy unless
it is of cyclic of order two. In the latter case there are exactly two subgroups as
above up to conjugation, one in PSLy(R) and the other not.

2.5.

We shall see more in detail how these groups appear in AutI' depending on
individual T". It is also convenient to set m =k — 2 > 0 in what follows. Let
S be a symmetric toric surface. The possible reduced weights for I' =T'(S) for
k=m+2 <6 and the corresponding automorphism groups AutI" are easily seen
to be given in Table 1 (see [3, (2.7)]).

For m =0,1,2,3 the surface and the associated graph are unique and will
be denoted by S,, and T',,, respectively. The case m =0 or =1 is particularly
important as we see below. If m =0 (resp., 1), we have AutT',,, & Doy, k =m+ 2,
and it contains a unique cyclic group of order 2k, and two (resp., three) subgroups
which are isomorphic to Ds. In the latter case the three subgroups in AutI'; are
conjugate to each other, while the two subgroups in AutI'y are not, since one,
say, D} acts transitively on the nodes of C, while the other, say, DI, has two
orbits each consisting of two nodes. In the latter case if we blow up any two
nodes in the same orbit in Sy we get Sy, and DI is realized as one of the three
subgroups of AutI'; above.

Table 1
m | k| (=bi,...,—br) | AutD
0] 2 (0,0) Dy
1|3 (1,1,1) Dg
2 |4 (1,2,1,2) Dy
315 (2,1,3,1,2) Do

(1,2,3,1,2,3) Zy
416 (1,3,1,3,1,3) | Ds
(2,1,4,1,2,2) | D
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REMARK 2.2
For each k there exists a unique symmetric toric surface whose reduced weight
sequence up to sign is of the form (2,...,2,1,m,1,2,...,2) (up to cyclic permu-

tations). In this case S, or the associated T, is called of type LJ (LeBrun—Joyce
type). Sy, and Ty, are of type LJ for m =1,2,3. For a surface of type LJ with
m >3, Aut is obviously isomorphic to Dy & Z%. The case m = 2 is special in
the sense that I'y is considered to be of type LJ in two ways since there are two
—m = —2 in the reduced weights.

2.6.

Now for a toric surface S and a subgroup H of AutS an H-admissible blowup of
S is a blowup f: S — S of S with center an H-orbit with respect to the induced
H-action on the set of nodes of C. In this case the H-action lifts naturally to S.

Conversely, for S and H as above an H -admissible blowdown of S is a con-
traction f:S — S of mutually disjoint irreducible components of C' with self-
intersection number —1 which form an H-orbit with respect to the induced H-
action on the set of such (—1)-curves of C. In this case the H-action descends
naturally to S.

Then we call in general a birational morphism d: S — S of toric surfaces
with H-action on S (resp., S) H-admissible if it is a finite succession of H-
admissible blowups (resp., blowdowns) with respect to the successively induced
H-action. We consider the identity also H-admissible by convention. In either
case we can eventually speak of the natural H-actions on both S and S making
them d-equivariant.

PROPOSITION 2.4

Let S be a symmetric toric surface with associated weighted graph T’ with m =
m(S) > 0. Let H be a subgroup of AutS which is mapped injectively into AutT’
by u: Aut S — AutT' and which contains an admissible involution 7. Assume that
H # (). Then there exists a birational morphism d:S — S, forn=0 or =1
such that the H-action descends uniquely to S, making d H-admissible, where
n=0 if H is isomorphic to Dy, Dy, or Z4 and n=1 if H is isomorphic to Dg
or Zs.

REMARK 2.3

For each H as above the surfaces S,,n =0,1, with H-action can be thought
of as the unique minimal model for symmetric toric surfaces with H-action. In
the case H = D5 two types of H-surfaces should be distinguished according to
whether H is of type D4 or DI on the minimal model Sp. The case H = (1) is
treated in [3, Section 2] where the minimal model is Sp.

Proof
We show the proposition by descending induction on m. First we treat the cases
m=0 and 1.



412 Akira Fujiki

When m = 0, the possibilities for H are Dg, Zg, and Do (with two types DI
and DIT). In this case we have only to take h to be the identity of S =S = Sp. In
the case m =1 we have to consider the cases H = Dg, Zg, and Ds. For the first
two cases we have only to take h again to be the identity of S;. In the case of
Dy the set of (—1)-curves in C is divided into two H-orbits consisting two and
four elements, respectively. We then define h to be the blowdown of the pair of
curves in the first orbits to Sy to obtain a Ds-action of DI!-type there.

Suppose now that m > 2. Note that by using admissible H-blowups, one
shows easily by induction on m that for any symmetric toric surface S no two
irreducible components of C of self-intersection number —1 intersect.

Suppose that the result is true for any symmetric toric surface S’ with smaller
m(S"). Take any irreducible component E of C' with E? = —1 in S. Then consider
the H-orbit B of E with respect to the action of H on the set of (—1)-curves in C'.
By the above remark the curves belonging to B do not intersect each other. Thus
we may contract these curves to obtain another symmetric toric surface S’ with
smaller m, which is again symmetric since H contains an admissible involution.
Moreover, the original H-action descends to S’. Then by the induction hypothesis
we easily derived the desired conclusion. |

2.7.

We shall give more detailed descriptions of the individual cases. Namely, any
symmetric toric surface S admitting a holomorphic H-action as in Proposition 2.4
is obtained in the following way.

Case H = Dy, 1 =2 (resp., 3). Start from S,,,,m =0 (resp., = 1). The induced
action of H on the set N,, of nodes on C' is transitive with each stabilizer group
isomorphic to Z5. Blow up S, with center the unique H-orbit in NV,,, and obtain
another surface Sj;) with 4/ nodes on the anticanonical cycle C[y), on which the
lifted H-action is simply transitive. Then blow up Spy) further with center the
set of these 4/ nodes, and obtain a surface Spy with H-action and with 8/ nodes
on Clg). The H-action on the set N of nodes on Cyj is now free and has two
orbits. Take any of the H-orbits, and blow up Sjg; H-admissibly with center this
orbit, and obtain a new surface Sp3) with H-action. In this way after r times
blowups one obtains a surface Sp,) with 4rl nodes in C' and r H-orbits among
them. The resulting toric surfaces are all symmetric since 7 is in H.

The case H = D2 is similar. In this case the action on Ny is already simply
transitive so that after r times H-admissible blowups we obtain 4(r + 1) nodes
with 7 4+ 1 orbits. Similar are the cases of H = Zq;,1 =2,3, with 2(r 4+ 1){ nodes
after r times blowups.

The case H = DI is slightly different. We should distinguish two types of
H-admissible birational morphisms which lead to the H-actions with different
orbit structures. First blow up one of the two H-orbits in Ny consisting of two
nodes. The resulting Ds-action on Sy still has two orbits, say, A and B, consisting
of two and four nodes, respectively.
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Type DI ,. We blow up S; with center A and get the two H-orbits, on each
of which H-action is simply transitive. Continuing the blowups with center any
of the orbits successively, after r-times the blowup starting from Sy, we get 4r
nodes on the resulting surface with Ds-action if r > 1.

Type Dél 5. We blow up S; with center B and then perform the successive
blowups with any of the orbits with four nodes as centers, leaving the orbit A
untouched. Then we get 47 + 2 nodes after r-times the blowups starting from Sj.

Table 2 gives the values of the invariant k =m + 2 of a symmetric toric
surface S with H-action obtained after r-times successive H-admissible blowups
of S, where n =0 or 1 depending on H as in Proposition 2.4. Recall that 2k is
the number of nodes of the anticanonical cycle C. In Table 2 we have

Table 2
H Dy D} DY, | Dy Za
k=m+2| 2lr | 2(r+1) 2r 2r+1 | i(r+1)

1 =2,3 for Dy and Zy, and in the DJ\-case we have the exceptional case: k = 3
if r=1.

2.8.
For later purposes we formulate the result in terms of the automorphism group
AutT of the weighted graph I'. The proof is immediate from the above descrip-
tion.

PROPOSITION 2.5

Let H be any subgroup of D4 or Dg containing the center. Let k be an integer
with k > 4. Then there exists a symmetric toric surface S with k(S) =k such that
H is isomorphic to a subgroup of AutT'(S) if and only if one of the following is
true:

(a) H= Doy or Zy for1=2,3, and k 1is divisible by half of the order of H;
and
(b) H=Dy:=Z5.

REMARK 2.4

(1) Let H be as in Proposition 2.5. Let n(k) be the number of isomorphism
classes of symmetric toric surfaces S with k(S) = k and with H C AutT'(S). Then
from the above argument it is clear that limsup,,_, . n(k) = oo.

(2) We have the parallel statement for the subgroups of AutT'(S) by consid-
ering H/(7) instead of H in the above proposition.
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3. Joyce self-dual structures and the associated twistor spaces

3.1.
For any integer m > 2 let M = mP? be the connected sum of m copies of the
complex projective plane P?. We fix an effective smooth action of the real two-
torus K = S' x S! on M. Then by Joyce [6] there exists a smooth family of
K-invariant self-dual conformal structures [g] on M depending on real (m — 1)-
dimensional parameters.

For any such self-dual structure (M, [g]) we have the associated twistor space
Z which is a complex manifold of dimension three with a smooth twistor fibration
t:Z — M with each fiber a complex submanifold isomorphic to the complex
projective line P!, called a twistor line. Furthermore Z admits a real structure
o which is a fixed-point free antiholomorphic involution preserving each twistor
line. The smooth action of K on M lifts to a biholomorphic action on Z and
then extends to a biholomorphic action of its complexfication G := C* x C*.

3.2

We shall summarize the basic structure of Z according to [3]. Recall the natu-
ral isomorphism ¢* : Conf (M, [g]) = Aut(Z,t,0) mentioned in the introduction.
Under our assumption that m > 2 we have the natural identifications K =
Confy(M,[g]) and G = Autg Z, where Autg Z is the identity component of the
biholomorphic automorphism group Aut Z.

Let K~! be the anticanonical line bundle on Z. It admits a unique square
root K~1/2. Denote by F := |K~1/2|% the linear subsystem of the complete linear
system |K /2| consisting of all G-invariant members. (Unless Z is of LeBrun—
Joyce type, we have | K ~1/2|% = |[K~1/2| and F is an invariant of Z alone; see [3,
Proposition 6.14].) F is a pencil, and its base locus is reduced and consists of a
cycle of rational curves

(1) C=Cf+ - +CH+C; +-+Cy

consisting of 2k smooth rational curves Cii, 1<¢ <k, where k:=m + 2.
Let P denote the parameter space of F' which is thus a smooth rational curve.
F' determines a meromorphic map ¢ : Z — P which fits into the commutative
diagram
z %z
(2) [l e
P

where Z C P x Z is the graph of the meromorphic map ¢ = fu~! and p and

f are induced by the natural projections on the factors. More intrinsically one
may also think of P as a connected component of the set of G-fixed points on
the space DivZ of effective divisors on Z, and the diagram denotes the universal
family of G-invariant effective divisors on Z where the fiber S, := f~*(a),a € P,
is naturally identified with its image in Z. (In what follows S, will denote the
fiber over a of f~! and the corresponding surface in Z interchangeably.) By
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construction S, has the induced G-action with respect to which S, becomes
naturally a toric surface.

3.3.

The real structure o on Z induces a natural action, denoted by the same letter,
on the diagram (2), where the action on P is nontrivial with a nonempty fixed
point set R. It is sometimes convenient to fix an identification:

(3) P=P'={zcC}U{c0}, R={]z| =1}, o(z)=1/z.

There exist exactly k points aq,...,ax, k =m + 2, cyclically distributed on R in
this order such that S; :=S,, are precisely the singular members of the system
F or, equivalently, the singular fibers of f. The smooth members S =.S,,a #
a;, are mutually isomorphic symmetric toric surfaces, S,,a € P; all contain the
cycle C, and for a # a;, C coincides with the anticanonical cycle of S, (see [3,
Proposition 6.5]). The intersection numbers (C:)2 of C in S, are independent
of a # a;, and we have (C;")? = (C;)? < —1, which will be denoted by b; with b; <
—1. Also, Z is of type LJ if and only if so is S,,a # a; (see [3, Proposition 6.14]).

Let I' denote the weighted circular graph associated to the toric surface
(Sa,C). Then it is up to (weighted) isomorphisms independent of the choice of
a # a;. Thus T'=T(C) is an invariant of Z. (It actually depends only on the
underlying K-action on M alone.)

34.

For each 4, the singular fiber S; is a union of mutually o-conjugate and biholo-
morphic toric surfaces Sii; their intersection is transversal and the intersection
is a twistor line L; [3, Proposition 6.12]. L;,1 <1i <k, are unique G-invariant
twistor lines on Z, and each of them admits exactly two fixed points of the
G-action. We can arrange the numbering of C’Z-i so that these two points are pre-
cisely zzi = C’ijE N C’?j_l, which are o-conjugate to each other. The three curves
Li,C’ii, and C’i_l intersect transversally at zii, and L; intersects with no other
irreducible components of C. Further, by [3, Proposition 6.12], SijE is isomorphic
to the toric surface S (p) given in [3, (2.10)]. Therefore, as explained there its
anticanonical cycle of SijE is given by

(4) Ci+ +CF+Li+CH + -+ CF,

where the intersection numbers of the irreducible components are given in this
order by

(5) blv"'7bi—1abi+1517bi+1+17bi+27"-7bk~

Noting that the isomorphism class of the union S; is determined by those of the
irreducible components Sii, we deduce immediately the following.

LEMMA 3.1
The isomorphism classes of the singular fibers S;,1 <1 <k, are completely deter-
mined by the reduced weighted graph T above (and vice versa,).
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3.5.

Since K~1/2 is intrinsic to Z, the action of Aut Z lifts to a biholomorphic action
on the line bundle K~'/2; since G is normalized by Aut Z, this action further
induces a natural biholomorphic action of Aut Z on the commutative diagram (2).
Or more intrinsically, the natural action of Aut Z on the space DivZ of effective
divisors on Z leaves invariant P(C DivZ) and hence induces a natural action
on the universal family of divisors restricted to P. In particular Aut Z leaves
invariant the base locus C C Z of F or equivalently of ¢. Moreover, since the
action of Aut Z maps a smooth fiber to another smooth fiber isomorphically, it
induces an automorphism of the associated weighted dual graph. This gives rise
to a homomorphism

(6) h:AuwtZ — AutT

which factors through the quotient Aut Z/ Autg Z as Autg Z = G acts trivially
on I'. Similarly since o commutes with K-action and hence normalizes G-action,
it also has the induced antiholomorphic action on the diagram (2) which com-
mutes with the induced action of Aut(Z,t,0).

4. Structure of the relative automorphism group

4.1.

We now start our study of the automorphism group Aut(Z,t, o) for a fixed Joyce
twistor space (Z,t,0). In this section we mainly study the automorphisms which
preserve each fiber S,. Recall that we are assuming that m > 2.

LEMMA 4.1
Any automorphism of Z lifts to a unique automorphism of Z. Conversely, any
automorphism ¢ of Z descends to a unique automorphism of Z.

Proof

The first assertion is already explained via the interpretation of the diagram (2) in
terms of the subfamily of the universal family of divisors on Z. One may also note
that p is the blowup with center C with exceptional divisor E := u~1(C) =2 C x P
(see [3, Proposition 6.5, 1]), and C' is invariant by Aut Z as the invariant part of
the base locus of the fundamental system |K ~1/2|%, where we use the assumption
m > 2 so that G(= Auty Z) is normalized by Aut Z.

For the second assertion we first note that it is true for the elements of the
identity component Autg Z (cf. [13]). In particular we have Auty Z = Auty Z = G.
Thus AutZ also normalizes G. Thus it maps fibers of f to other fibers, thus
inducing a natural homomorphism S : Aut Z — Aut P, and interchanges the irre-
ducible components Es =Cs x P of E, 1 < s <2k, where C = Cj' for 1 <i<k,
and =C; for k+1 <i < 2k.

Now take any element g € Aut Z. Assume that § maps Cs x P to Cy x P
which takes the form §(d,p) — (h(d,p),g(p)), where g is the image of § by .
If we fix p, the map d — h(d,p) € C; is a holomorphic map from Cs to C;, and
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hence it defines a holomorphic map H from P to the space of holomorphic maps
Hol(Cy, C) from Cy to C4. Since Hol(Cy, C;) is isomorphic as a complex manifold
to PGL2(C) and is affine, the map H must be constant; that is, h = h(d) is
independent of p. Hence g descends to an automorphism of Z. O

4.2,
By identifying Aut Z and AutZ by the above lemma we now get the following
commutative diagram of exact sequences:

1 —— Aw(Z/P,t,0) —— Awt(Z,t,0) —>— Aut(P,0)

! l !

1 —— Aw(Z/P) —— AutZ —C AwtP
Here Aut(Z/P) is the subgroup of AutZ consisting of elements which preserve
each fiber of f, or each member S, of F', according as they are considered to be
automorphisms of ZorZ , the vertical arrows are inclusions, with each term of
the first line denoting the subgroups consisting of elements which commute with
o and t, and B is the natural homomorphism defined above.
We note that sometimes the role of ¢ in Aut(Z,t,0) is superfluous.

LEMMA 4.2
If an element g of Aut Z commutes with o and leaves invariant a twistor line, it
is contained in Aut(Z,t,0).

Proof

Consider the induced action of g on the smooth part Dy of the Douady space
of Z. Then o induces an antiholomorphic involution of Dy whose fixed point
set I is a smooth submanifold of Dy. By assumption g permutes the connected
components of F' and fixes a point of M in Dy, which implies that g preserves

M and hence that g maps any twistor line to another twistor line. Namely,
g€ Aut(Z,t,0). O

4.3.

We now consider the natural homomorphism h: Aut Z — AutT in (6) and the
induced one h:=wh: AutZ — AutT, where 7: AutT' — AutT is the natural
projection with kernel isomorphic to Z5. We identify the kernels of h and h as
follows.

LEMMA 4.3
(1) We have ker h = Aut(Z/P).
(2) We have kerh =G = Auty Z.
(3) Any element o of Aut Z which centralizes G is an element of G.
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Proof

(1) Let g be an element of ker h. Then either g preserve all CijE or g interchanges
C’ijE for all 4. On the other hand, since g normalizes G, g maps G-orbits to G-
orbits. In particular it permutes L;, 1 <7 < k, among themselves. However, since
g either preserves all 2 or interchanges z for all 4, and z lies both on L;
but not on any of L;,j # 4, g must preserve each L;. This implies that g must
preserve each singular fiber S;, which in turn implies that the induced element
g € Aut P preserves each a;. Since k =m + 2 > 3, g must be the identity. Thus
g € Aut(Z/P).

Conversely, take any element g of Aut(Z/P). Then since g preserves each sin-
gular fiber S;, it preserves each G-invariant twistor line L;, which is the singular
locus of S;. On the other hand, C’Z-i are the unique curves among C]i, 1<j5<k,
which intersects both L; and L;_1. Therefore g maps CZ-i to either of Cii. This
implies that ¢ is in ker h.

(2) Let g be an element of ker h C Aut(Z/P). It suffices to show that g € G.
By assumption g must preserve all the irreducible components C’Z-i. Therefore
for any a € P,a # a;, the induced element g, € Aut.S, belongs to the identity
component AutygS, =G (see [3, Lemma 2.1]). Fix a general point o € P. Take
an element ¢’ € G such that g, = g/ on S,. Then taking ¢g'~'g instead of g it
suffices to show that g is the identity, assuming that g, = e,, the unit element. In
particular g, | C x o is the identity idF of C*. Let E = u~'(C) with irreducible
components Eli ™~ C’ii x P (see [3, Proposition 6.5]). Then g preserves each E;.
Since g € Aut(Z/P), g | E; defines a holomorphic map P — Aut O = PGL,C,
a— g;'fi, which must be a constant map as before. Thus g;t,i = gifi = idoi’i for any
a € P, that is, as an automorphism of Z ¢ | C; is the identity for each 4. This
implies that g, is the identity on S, for any a and hence so is g on Z.

(3) We first show that a € ker k. Otherwise, o maps C to Cji for some 4 and
j with j #£ 4. Take any element g € G which pointwise fixes C’ii and does not fix
any general point on C’]i. Then for any general point z of C, ga(z) = ag(z) =
a(z). This contradicts the assumption that o does not fix a general point of C'Ji.
Hence « € ker h. Then by (1), « preserves each fiber S, of f. For a general point
s €8, take an element « of G such that ag(s) =s. Since ag also centralizes G,
this implies that ag fixes any point of the open orbit of S,. Since a is arbitrary,
we conclude that ag is the identity and a € G. |

In particular, restricting h to Aut(Z,t,0) (and still denoting it by the same letter
h) h factors through Im 3 via ng in the following commutative diagram of exact
sequences:

1 —— Awt(Z/P,t,0) — Awt(Z,t,0) —>— ImB — 1

(7) h/l hl Egl

1l —— Zs —  AwtI' —— AwtT —— 1
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where the kernels of h and k' :=h | Aut(Z/P,t,0) both coincide with K =
Autg(Z,t,0) = Auto(Z/P,t,0), Autg denoting the identity component.

4.4,
The main purpose of this section is to prove the following.

PROPOSITION 4.4
There exists an involution T in Aut(Z/P) such that on any smooth fiber S, its
restriction T, belongs to Auty S, (cf. Section 2). Moreover, for any g € G we

have Tgr~t =g~ in Aut(Z/P), and T can always be taken to commute with o
so that T € Aut(Z/P,t,0).

By the map A’ any 7 as in the theorem gives a nonzero element of Z5. Together
with the diagram chase in (7) we get the following.

COROLLARY 4.5
In (7) W is surjective and hg is injective. Also we have Aut(Z/P,t,0) =kerh in
Aut(Z,t,0).

Proof of Proposition 4.4

We fix a general twistor line L C Z. In particular L is not left fixed by any g € G
other than e. Then for all a € P, L NS, consists of points z, and y,, where
the case x, =y, occurs exactly at two points ¢ and o(a) with a ¢ R (cf. [3,
Proposition 6.15, 1]). Moreover, if a # a;, , and y, belong to the open orbit U,,
while for a = a;, z, and y, belong to different components Sii of S;, say, x, € S;r
and y, € 5; .

Now by Lemma 2.1(1) for each a # a; we have a unique T =7, € Aut; S,
such that 7(z4) = ya, which is easily seen to depend holomorphically on a.

We show that the map a — 7, extends holomorphically across a; for each i
so that we obtain a holomorphic family of fiberwise holomorphic automorphisms
for f. This clearly gives an automorphism 7 of desired type apart from the
compatibility with ¢ and o.

First, by [3, Proposition 7.15] in a neighborhood V of a; in P we can find a
holomorphic family of relative involutions a — 7/ € Aut S, such that for a # a;
we have 7/ € Aut; S,, and 7, interchanges the two components S,

Suppose that 7/ (zq) = z,. In particular z,, € S; . Then by a standard argu-
ment we show that there exists a unique holomorphic map V — G, a — ¢,,
such that gq(za) = yo even for a = a; since z,,,y,, are in the open orbit of S; .
(Note that G acts on the open orbits Uy, a # a;, and U, simply transitively and
Uasa, Ua UU,, is open in F7Y(V).) Hence if we replace 7., by g,7. we get a family
of holomorphic involutions which coincides with 7, for each a except for a = a;.
This shows that 7, is extendible across a; as asserted. Recall that by Lemma 4.3
the resulting involution 7 on Z descends to Z. Further, the formula 7g7— ' = g~*
follows since it holds on general fibers.
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It remains to show the compatibility of 7 with ¢ and o. Since T preserves the
twistor line L chosen at the beginning of the proof, by Lemma 4.2 it is compatible
with ¢ if it is compatible with o. So we show the latter. Note that x, and y,
are interchanged by o when a € R since L and S, are both o-invariant and o
is fixed-point free. Thus when a € R, if 7(z,) = yq, we have o710 (z,) = y,. Since
ogo~t =g* for g € G, by Lemma 2.1(1), (2) we have 01,0 =7, for a € R. Since
o1o and T are holomorphic, the equality then holds true on the minimal complex
subspace of Z containing f~!(R), that is, on Z. |

We call any involution 7 as in the proposition also a (real) admissible involution.
In view of (7) we also get the following.

COROLLARY 4.6

We have Aut(Z/P,t,0) = K UTK for any admissible involution 7, where TK
consists of admissible involutions. Two admissible involutions are conjugate to
each other by an element of K.

5. Identification of the quotient group

5.1.
In this section we determine the quotient group Aut(Z,t,0)/ Aut(Z/P,t,o) iden-
tifying it with the image of 8 : Aut(Z,¢,0) — Aut(P,0) in (7). We proceed as
follows. The diagram (2) can be considered as the canonical model for the mero-
morphic quotient of Z by the complexfication G of K, with P as the quotient. We
then put weights on this quotient, in analogy with the weights on the K-quotient
N of M via Orlik-Raymond invariants as in the introduction.

Let a;,1 <i <k, be the points of R corresponding to the singular fibers .S; of
f distributed cyclically on R. Denote by (a;-1,a;), 1 <i <k, ap = ay, the open
arc from a;_1 to a; on R. We base our definition of weights on the following facts,
essentially proved in [3].

LEMMA 5.1

Let a be any point on the arc (a;—1,a;). Then the set T of twistor lines contained
in the smooth toric surface S, is nonempty, and twistor lines in T are mutually
K -equivalent. Each of these twistor lines intersects with both of C’ii but with none

of C5, j #1.

Proof

The proof is essentially given in the proof of [3, Proposition 6.16]. In fact, the
nonemptyness of T is shown in the “Surjectivity” part of the proof, and the
K-homogeneity of T is in the “Injectivity” part (cf. also the remark following
that proposition). The latter implies that S, admits a G- and o-equivariant fiber
space structure v; : S, — C; onto a smooth rational curve C; with G- and o-
actions such that (1) Ci is mapped isomorphically onto C;, (2) the twistor lines
in T coincide with the fibers of points of the o-real part C; g, (3) C; g is a single



Automorphism groups of Joyce twistor spaces 421

K-orbit, and (4) all the other C;—L are mapped to points of C; \ C; r. From this
the remaining assertions follow (see also [3, Lemmas 2.5, 2.6]). O

5.2.

In view of Lemma 5.1, we may naturally attach to each open arc (a;—1,a;) the
self-intersection number b; of C’ijE considered as the weight of (a;_1,a;). Let
Aut(P,{a;},w) = Aut(P,0,{a;},w) be the subgroup of Aut(P,o) consisting of
elements which preserve the set {a;} on R and leave the corresponding weights
unchanged. (Since a; are real points and k > 4 we may omit o in the notation.)

LEMMA 5.2
The image by B of Aut(Z,t,0) is contained in the subgroup Aut(P, {a;},w) above.

Proof

For any g € Aut(Z,t,0) let g = B(g). Suppose that for a € (a;—1,a;) we have
g(a) =d' € (aj_1,a;). Then we have to show that b; = b;. We have ¢(S,) =
Su, and if L is a twistor line on S,, g(L) is a twistor line on S,.. Since L
intersects with C;* by Lemma 5.1, g(L) intersects with g(C:). Then again by
Lemma 5.1 we must have g(Ci) = C’]i or = C. Therefore b; = (CE)? = (C’;t)2 =
b; as desired. O

We associate to the pointed space (R,{a;}) the (dual) weighted graph whose
vertices u; correspond to the arcs (a;—1,a;) with weights b;, 1 <i <k, and whose
edges correspond to the points a; which connect the vertices u; and wu;41. Let
T'(R,{a;}) be the resulting circular weighted graph. Then the following lemma
follows easily from Lemma 5.1 and the definitions.

LEMMA 5.3
['(R,{a;}) is naturally identified with the reduced weighted graph T' as constructed

from T in (2.4), and hence we have a natural injective homomorphism 7 : Aut(P,
{a;},w) = AutT such that 73 = h.

5.3.
Now the main purpose of this section is to show the following.

PROPOSITION 5.4
The image of B : Aut(Z,t,0) — Aut(P,0) coincides with the subgroup
Aut(P,{a;},w).

The commutative diagram (7) may thus be written as

1— Aut(Z/P,t,0) —— Aut(Z,t,0) SN Aut(P,{a;},w) ——1

I | |

™

11— Zs — s AwtI —— AutT — 1
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where the kernels of h and k' both coincide with K, h' is surjective, and 7 is
injective. The main point of proof of the proposition is contained in the following
lemma which is one of the main results, Theorem 8.1, of [3].

LEMMA 5.5

Forn=1,2 let Z, be two Joyce twistor spaces over mP> (coming from the same
K-action on M = mPZ), and let f, : Zn — P be the associated fiber space as in
the diagram (2). Suppose that the set of points ay,...,ax, k:=m+2, on the real
part R of P corresponding to the singular fibers of fi and fa coincide. If the
singular ﬁbers of f1 and fs over a; are isomorphic for each i, there exists an
isomorphism j : 21— Zy over P, which descends to an isomorphism j: Z1 — Zy
of twistor spaces, which commutes with the real structures o, of Z,, and which
maps twistor lines to twistor lines.

An important remark here is that the second assumption can be rephrased as
follows.

LEMMA 5.6

Let Z,, fn : Zn — P, n=1,2, be as in Lemma 5.5 with common critical values
a; € P, 1 <¢<k. Then singular fibers of f, for each a; are mutually isomor-
phic if the corresponding circular weighted graphs T',, = T'(R,{a;}), defined above
coincide forn=1 and 2.

Proof

Note that since kK =m + 2 > 4, the real structure ¢ on P, and hence its real part
R, is independent of n = 1,2. Hence the last condition makes sense. Now in view
of our definition of weights the assertion follows from Lemma 3.1. ]

Proof of Proposition 5.4
Let g € Aut(P,{a;},w) be any element. Take the pull-back Z’ := §*Z := Z xp P
of f:Z — P by the isomorphism § : (P, 0) (P o). The natural projections to
the factors give two natural morphisms §: 2’ — Z and f’: Z' — P such that f§ 9=
f'g, where § is isomorphic. Moreover, there exist natural G- and o-actions on A ,
which makes § both G- and o-equivariant, where G acts trivially on P. Since §
is an isomorphism of complex spaces, we may blow down E’ :=§~}(E) = E to a
cycle C’ of rational curves in a complex manifold Z’ such that the isomorphism §
descends to a G- and o-equivariant isomorphism of complex manifolds §: Z' — Z.
Then g induces an isomorphism of the Douady spaces gp : D' — D of Z’ and
7, commuting with the induced real structures ¢’ and o on D. Let M’ be the real
subspace of D’ which is mapped by gp diffeomorphically and K-equivariantly
onto M, considered as a subspace of D parameterizing the twistor lines on Z.
Then the twistor fibration ¢ : Z — M induces a smooth fibraiton ¢’ : Z — M’ such
that (¢ : Z' — M’, o) becomes a twistor space with K-action which is isomorphic
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to the original one. Then (Z’, f') gives the meromorphic G-quotient diagram for
Z' corresponding to (2).

Now we compare two fiber space f and f’ over the same base space P. Since
g € Aut(P,{a;},w), the singular fibers of f and f’ are precisely the same over
the points a;, and since g is weight preserving, by Lemma 5.6 the corresponding
singular fibers are mutually isomorphic. Thus by Lemma 5.5 there exists an
isomorphism j: Z — Z' over (the identity of) P of complex manifolds which
commutes with the real structures and which maps twistor lines to twistor lines.
Then the composite map §j : Z — Z gives an automorphism of Z which lifts
the given automorphism g of P commuting with real structure ¢ and mapping
twistor lines to twistor lines. Namely, §j gives the desired lift to Aut(Z,t,0)
of g. O

5.4.
We summarize what we have obtained in the following theorem.

THEOREM 5.7

Let Z be a Joyce twistor space associated with a smooth K-action on M =
mP? with m > 2. Then there exists a natural surjective homomorphism 3 :
Aut(Z,t,0) — Aut(P,{a;},w) whose kernel Aut(Z/P,t,o) is isomorphic to
ZQ x K.

The structure of Aut(P, {a;},w) will be determined in the next section.

6. Structure of the quotient groups

6.1.
In this section we shall study the structure of the quotient groups

B(Z,t,0):=Aut(Z,t,0)/K and B(Z/P,t,o):=Aut(Z/P,t,0)/K

which, by (8), fit into the following commutative diagram of exact sequences
giving the central extensions:

| —— B(Z/P,t,0) — B(Z,t,0) ——s Aut(P,{a;},w) — 1

o | |

1] — Z, — 5 AwtIl —" AutT — 1

where 7’ is isomorphic, and 7 and 7 are injective. Moreover, the generator of
B(Z/P,t, o) is given by the image of any admissible involution 7 € Aut(Z,¢,0).

The possible structure of AutT' is given in Proposition 2.5. As noted in
Remark 2.4(2), this gives the structure of AutT as follows. (See Table 2 for the
values of k, which are also the number of vertices of I'. We assume as before that
k>4.)
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LEMMA 6.1

Suppose that AutT is nontrivial. Then it is isomorphic to one of the following
groups: the dihedral group Dy of order 2l, 1 =1,2,3, or a cyclic group Z; of
order 1, for 1 =2,3, where by convention D1 is the group of order two generated
by a reflection of T'. The number k is divisible by 21 for Dy, except for the case
Dy with k odd, and byl for Z;.

6.2.

Aut T depends only on m and w, while the structure of Aut(P,{a;},w) depends
on the analytic isomorphism class of the point sequence a;, 1 <¢ <k, on R. Thus
the injection 7 is in general not surjective, but for the given invariants m and w
it can always be made surjective by a suitable choice of a twistor space.

PROPOSITION 6.2

For the given K -action on M =mP?, m > 2, amonyg the associated Joyce twistor
spaces there always exist those for which the above injective homomorphism 1) :
Aut(P,{a;},w) — AutT is isomorphic.

Proof

We shall give the proof only for the case AutT'= D;, [ = 1,2,3 since the cyclic
case can be similarly treated. By Lemma 6.1 for [ = 2,3 we may write k = 2rl
for some integer r, while for [ = 1, k can take an arbitrary value. The description
after the proof of Proposition 2.4 shows that AutT acts freely on the set of edges
of T unless | =1 and k is odd. Here by Lemma 5.3 the edges correspond to the
points a; on R. Since m > 2, we have r > 3.

Let n=e™V =1/, We divide R into 2] arcs A; := (n,n'T!), 0<i <2l —1.
Then with respect to the realization of D; in Aut(P,o) (which is unique up to
conjugacy by Remark 2.1.) as the subgroup (p, ¢) generated by p(z) = e2™V=1/1;
and ¢(z) =1/z, D; acts simply transitively on the set of arcs A;, and the induced
homomorphism Aut(P, {a;},w) — AutT is naturally identified with 7.

We first exclude the case of Dy with k£ odd. Then we may write k£ = 2rl for
any [ =1,2,3. We take mutually distinct points dy,...,d, arbitrarily in Ay and
define aq,...,ax to be its images by elements of D;, arranged counterclockwise in
this order on R. Then clearly D; preserves the set {a1,...,ax}, and D is realized
as a subgroup of Aut(P,{a;},w) which is mapped surjectively onto AutI'. For
the case D with odd k, say, k =2r 4+ 1, we have only to put ax =1 and take
ai,...,ar41 arbitrarily in Ag and a,414; = —a; fori=1,...,7+1 and can proceed
as above.

It remains to note that by combining [3, Theorem 9.1] (cf. also Section 8
below) and the construction of Joyce [6] it follows that any sequence {a;} on R
can be realized by some Joyce twistor space with the given w, that is, with the
given smooth K-action on M = mP?. ([l
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REMARK 6.1

Let H be any subgroup of D4 or Dg containing the center. Let v(m) be the
number of diffeomorphism classes of the K-action on mP? such that there exists
a Joyce twistor space Z over mP? associated with this K-action and that H
is isomorphic to a subgroup of B(Z/P,t,c). Then from Proposition 6.2 and
Remark 2.4 we have limsup,,_, ., ¥(m) = oo.

EXAMPLE 6.1

Suppose that T is of type LJ with k even (resp., odd) and k > 4. Then Autl =
D1 = Zy, and 7 : Aut(P,{a;},w) — Aut T is isomorphic if and only if the sequence
{a;} is equivalent under the action of Aut(P, o) to a sequence distributed sym-
metrically with respect to the diameter of D = {|z| < 1} passing through the
middle point of aj and a; (resp., through the point a;).

6.3.

If k=4, T is unique and is of type LJ. However, since the associated reduced
weight sequence is (1,2, 1,2) in this case, we may think of " as of LJ type in two
ways, depending on which of the 2’s corresponds to the maximal component. In
this case the self-dual structures and the associated twistor spaces are exactly
those constructed by Poon [11], and a stronger result holds true. We have Aut " =
Dy = Z2.

PROPOSITION 6.3

Suppose that k =4, that is, m = 2. Then for any Joyce twistor space Z the
homomorphism 7 : Aut(P,{a;},w) — AutT is always isomorphic independently
of the choice of the four points a;.

Proof
When the sequence of points is of the form

(10) (a1,a9,a3,a4) = (€, =7 —e =), 0<0<7/2,

7 is isomorphic by the proof of Proposition 6.2. The cross ratio of any general
sequence (a1, as,as,a4) we consider has value in the interval (1,00), and for a
sequence of the form (10) we compute its value to be 1/sin”6 > 1. We conclude
from this that any sequence of four points arranged cyclically on R is Aut(P,0)-
equivalent to some sequence of four points in (10). The proposition follows. [

Together with the general results obtained so far this implies the following corol-
lary, which gives the structure of Aut(Z,t,o) for the twistor spaces of Poon
[11] from the viewpoint of Joyce twistor spaces (see Theorem 7.1 below for the
semidirect product structure). The result was originally obtained in [5] in terms
of LeBrun’s construction of self-dual metrics.
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COROLLARY 6.4
When m =2, we always have Aut(Z,t,0) =2 Dy x K.

REMARK 6.2

The above formula for the values of cross ratios shows that no two sequences in
(10) are equivalent under Aut(P, o). Hence together with [3, Theorem 8.1] we see
that 6, 0 < 0 < /2, gives a moduli parameter for the Poon—Joyce twistor spaces.

7. Semidirect product structures

7.1.
In this section we shall show that there exist natural splittings of the defining
exact sequence for B(Z,t,0):

(1) 1 K Aut(Z,t,0) —>— B(Z,t,0) —> 1.

Recall that B(Z,t,0) is isomorphic to one of the subgroups of D, or Dg contain-
ing their center C'(D) = Z5. Then by (9), Aut(P, {a;},w) is naturally isomorphic
to B(Z,t,0)/C(D) and hence is isomorphic to some subgroup of D;, I =2 or 3.
Thus it always preserves at least one set {a,0(a)}, a ¢ R, of a mutually o-
conjugate pair of points on P. (Such a set is unique unless Aut(P, {a;},w) is of
order two and is generated by a reflection. With respect to the realization of the
group as in the proof of Proposition 6.2 one may take a =0 and o(a) = c0.) Then
there exists a twistor line L in Z with L NC = such that its proper transform
in Z (denoted by the same letter) is a ramified double covering over P branched
exactly over a and o(a) with respect to the natural projection f|L:L — P.
Moreover, such twistor lines are mapped to each other by the K-action on Z (see
[3, (9.2)] for the details).

7.2,

Now let Aut(Z,¢,0,L) be the subgroup of elements of Aut(Z,¢,0) which pre-
serve L. By the above remark these groups for various L are conjugate to each
other by some element of K.

THEOREM 7.1

The restricted homomorphism 0y, : Aut(Z,t,0,L) — B(Z,t,0) is isomorphic so
that we have a natural semidirect product decomposition Aut(Z,t,0) = Aut(Z,t,
o,L)x K. In particular the extension (11) splits naturally. Moreover, the splitting
is unique up to conjugations of elements of K when a and L vary.

We need a refined version of Lemma 5.5.

LEMMA 7.2

Let the notation and assumptions be as in Lemma 5.5. Suppose that we have
twistor lines Ly, n=1,2, on Z, whose proper transforms in Zn, denoted by
the same letters, is a double covering over P with the common branch points a
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and o(a) in P with a ¢ R. Then we can take an isomorphism j: Zy — Za as in
Lemma 5.5 such that j maps Ly onto Ls.

In fact, the proof of Lemma 5.5, that is, [3, Theorem 8.1], was done by proving
the above statement.

7.3.

Proof of Theorem 7.1

For the first statement it clearly suffices to show that the homomorphism §y, is
isomorphic. First we show that 8y, : Aut(Z,t,0,L) — Aut(P, {a;}, o) is surjective.
Take any element g € Aut(P, {a;},0). By Proposition 6.2, g lifts to an element
gj of Aut(Z,t,0) in the notation of the proof of that proposition. In particular
g is an isomorphism of twistor spaces Z’ — Z in the notation there.

Since g preserves the set {a,o(a)}, the branch points of the double covering
L' := G Y(L) — P are also given by a and o(a). Hence by Lemma 7.2 we may
take an isomorphism j in such a way that j(L) = L’. Then L is preserved by §j;
that is, gj € Aut(Z,t,0,L). Thus §y, is surjective.

Next we note that the proof of Proposition 4.4 shows that there exists a real
admissible involution 7 € Aut(Z,t,0, L), whose image gives the generator of the
kernel of 3: B(Z,t,0) — Aut(P,{a;},o). This implies that &y, is surjective.

We prove the injectivity. We have kerd;, = K N Aut(Z,¢,0,L). Thus if k €
kerdy, k preserves S, and L, and hence S, N L, which is a single point. But K
acts freely outside C on S,, so k must be the identity. Hence §r, is injective. This
proves the first statement.

The uniqueness up to K-conjugacy follows from the uniqueness of the set
{a,c(a)} and the mentioned K-equivalence of L unless Aut(P,{a;}, o) is of order
two and is generated by reflection. On the other hand, in the latter case, in the
previous realization of the group we can take a to be any point on the real line
inside the unit disc. But we can show that up to K-conjugacy the resulting groups
are still independent of the choice of a as above. The details will be left to the
reader. (One may also use Table 3.) O

In the LeBrun—Joyce case the splittings are obtained explicitly from the LeBrun
viewpoint in [5].

7.4.

The group extension of B = B(Z,t,0) by K is classified by the second coho-
mology group H?(B,K), and when the extension splits, the conjugacy classes
by elements of K of the splittings are classified by the first cohomology group
HY(B,K) (cf. [4], [14], [1]). Here K is considered to be a B-module via the nat-
ural embedding B C GL3(Z) = Aut K. We can directly compute the cohomology
groups for various B as follows, where we use [14, VII, Proposition 5] for the dihe-
dral groups. Although H? does not vanish for B = Z, or Z,, one checks easily
that the extension class of (11) gives the zero element by using Corollary 4.6.
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B DG D4 D2 ZG Z4 Z2
H*(B,K) | 0 | Z| 0O 0 | Zy | Z%
HYB,K)| 0 | Z,| 0 0 0 0

8. Automorphism groups of twistor spaces and self-dual structures

8.1.

In this section we shall relate the results obtained so far on the automorphism
group of a Joyce twistor space to the corresponding results on the conformal auto-
morphisms group Conf (M, [g]) stated in the introduction. Recall the isomorphism
t*: Conf(M,[g]) = Aut(Z,t,0) and the homomorphisms 3(= f.) : Aut(Z,t,0) —
Aut(P,{a;},w)and g, : Conf(M,[g]) — Conf(N, {y;},w). Here Conf (N, {y; }, w) =
Conf (N, w) in the notation of the introduction, where y;, 1 <14 < k, are the images
of the fixed points of K on M distributed cyclically on the boundary bN (= St)
of N.

The weight w in the sense of [9, 4,1] associates to each arc A4; := (y;—1,¥:)
on bN, 1 <i<k with yx =g, a pair x; = (m;,n;) of coprime integers defined
up to sign which describes the common stabilizer group K; of any points of the
inverse image ¢~ (4;) in M as K; = {(s,t) € K = S! x St;smitni =1} = SL.

Thus an element of the group Conf (N, {y;},w) is a conformal diffeomorphism
of N which preserves the set {y;} and for which x; = x; if it maps A4; to A;.
We show that t* : Conf(M, [g]) = Aut(Z,t,0) descends to a natural isomorphism
Conf (N, {y;},w) = Aut(P, {a;},w) with respect to ¢. and 5.

8.2

For this purpose we use the homeomorphism ¢ : N — D, constructed in [3,
Theorem 9.1], which gives a conformal automorphism of the interiors, where
D ={z € P;|z| <1} as in (3). (It is actually more intrinsic to consider the target
space D as the quotient P/{c) so that D inherits just the conformal structure
from P forgetting the complex structure. In this way D and o (D) play a symmet-
ric role.) In any case we get a natural isomorphism « : Aut(P, o) = Conf(D) by
defining u(g) =g | D if g(D) =D, and u(g) =og | D if g(D)=0c(D). Note that
u(g) =g on R since o is the identity on R. Therefore u induces an isomorphism
Aut(P,{a;},w) = Conf(D,{a;},w), where the latter is defined in the obvious
way noting that w depends only on the pair (R, {a;}). Namely, w associates to
each arc (a;_1,a;) the common self-intersection number b; of C’ii.

PROPOSITION 8.1
Let ¢ : N — D be as above. Then v induces an isomorphism 1, : Conf(N,{y;},
w) = Aut(P, {a;},w) such that Bt* = 1.q..

Proof
By the remark preceding the proposition we have only to prove the proposition
with Aut(P,{a;},w) replaced by Conf(D,{a;},w). Recall first that v gives a
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conformal isomorphism of the interiors of N and D and maps y; to a; for all 4.
Thus ¢ induces an isomorphism .q : Conf(N,{y;}) — Conf(D, {a;}). We have
to check that v, also preserves weights.

For this and the other purposes we next recall a more detailed definition of .
For any point y of N, Z, := (qt)~!(y) consists of a union of twistor lines which
are mutually K-equivalent. If y € bN, Z, is contained in a unique member S,
a € R, of F, and we define ¥(y) = a. In particular, the image y; of a fixed point
on M is sent to a; € P, and the arc (y;—1,¥;) is mapped to the arc (a;—1,a;) for
all 4.

If y € Int N, there exists a unique pair {Sa,Sy(q)} of mutually o-conjugate
members of F' with a € D such that any twistor line L in Z, is tangent to both
S, and Sy(q). Then we define ¢ (y) = a.

The curves C’ijE are mapped to the closed arc [y;—1,y;] on bN, and the corre-
sponding one-parameter subgroups +p; are given dually by +(—n;,m;), 1 <i <k,
with a suitable choice of the sign. Moreover, the sequence (b;) of common self-
intersection numbers of CijE in S,, a # a;, determines and is determined by the
sequence (+p1,...,+pk, —p1,--., —pr) associated to (1) (cf. [8, Corollary 1.29]).
Since the weight b; is attached to the arc (a;—1,a;), this implies that if an element
u of Conf(N,{y;}) preserves the sequence of weights on (bN,{y;}), then ), (u)
preserves the weights on (D, {a;}).

Finally, from the geometric description of the map 1 above we verify easily
the desired commutativity St* = 1,q.. O

8.3.

By this proposition we can translate what we have obtained in terms of twistor
space into the results on the automorphism groups of the associated self-dual
structures. Let d be any fixed point of Conf (N, {y;},w) in the interior of N, and
take any point x € ¢~ (d). Denote by Conf (M, [g], z) the subgroup of Conf (M, [g])
consisting of elements which fix x.

THEOREM 8.2

Let (M, |g]) be a K-invariant self-dual structure of Joyce on M =mP?, m>2,
with a fized K-action as above. Let q: M — N := M/K be the quotient map
with N identified with hyperbolic plane with boundary at infinity bN. Then q
induces a natural surjective homomorphism g, : Conf(M, [g]) — Conf(N, {y;},w)
whose kernel is isomorphic to Zo X K, where y; € bN and w are as explained
above. Furthermore, Conf(M, [g]) has the natural semidirect product decomposi-
tion Conf (M, [g]) = Conf (M, [g],z) x K. Such a decomposition is, up to conjuga-
tion by elements of K, independent of the choice of points d and x as above.

9. Properties of admissible involutions

9.1.
We shall give geometric properties of a real admissible involution 7 in Aut(Z/P,
t,0) constructed in Proposition 4.4 in terms of the associated self-dual manifold
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(M,[g])- In the LeBrun—Joyce case they coincide with the involutions studied in
[5]. Let ¢ be the element of Conf(M, [g]) corresponding to 7 with respect to the
isomorphism ¢, : Aut(Z,t,0) = Conf (M, [g]); in particular we have ¢t = ¢ for the
twistor fibration t : Z — M. We give an antiholomorphic description of the action
of ton M.

9.2.

Fix any i, 1 <i < k. Consider the induced action of 7 on the singular fiber .S;. The
twistor fibration ¢: Z — M induces by restriction the map tii : Sii — M which
is just a contraction of L; to a point, say, p;, on M and gives a diffeomorphism
St —L; — M —{p;}.

Now since ¢ and 7 both interchange Sijt7 o7 is an antiholomorphic involution
which leaves invariant each Sii. Let ¢ be the restriction of o7 on Sii. Since o
leaves invariant each fiber of ¢, t;t is (1F,1)-equivariant, that is, ¢ is essentially
described by the action of t* on Sii. Note that both 7 and o leave invariant L;,
and hence p; is a fixed point of ¢.

PROPOSITION 9.1

The involution 1 preserves each K-orbit on M and induces the identity on the
quotient N =M /K. The set of fixed points M* of v on M ‘s diffeomorphic to a
connected sum mRP? of m copies of the real projective plane RP?. The action
of v on the second integral homology group of M is given by the multiplication
by —1.

Proof
First note that ¢ satisfies gt = g since 7gT = ¢! and ogo = ¢*. In particular
vkt =k, and the first assertion follows.

Now any smooth toric surface is covered by coordinate planes Cz(zi,wi)
whose transition functions are monomial maps (z;,w;) = (z;,w;) = (z;-lu)?, zjc»w?)
for some integers a, b, c,d with ad — bc = £1. Thus complex conjugation on each
such coordinate plane patches together and gives an antiholomorphic involution
K satisfying kgr =1 = ¢g*~1. Thus by Lemma 2.1(3) for the proof we may assume
that «* =k on S is of this form. In fact, the coordinate open subsets are in this
case given by the complements of the anticanonical cycle with any of two of its

adjacent irreducible components deleted. Then the fixed point set (Sii)bi is the

*—1

real part of the toric surface SZ-i with respect to the standard real structure as
above.

Any irreducible components Biia of anticanonical cycle Bii of SZ-i are pre-
served by +*, and the corresponding fixed point set (Bi!)Li is a circle. Since it
reverses the orientation of each B

)

it follows that the induced action on the
+

)

second homology group, generated by the classes of B
by —1.
In our case (SZ-lL7 Bli) is obtained from a toric complex projective plane (P?,1)

is by multiplication

by m times successive blowups, where [ consists of three lines ly,l1,l> and the
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centers of the blowing up are all mapped to the single point p :=1; Nily. Note that
L; C Bii is the isomorphic proper transform of [y in Sii. We put the standard
complex conjugation ¢y as above on P?, which leaves invariant all the I; and
fixes p. Then we may assume that ¢ lifts successively to the involution :* on
Sii. The blowing up process is smoothly identified with the connected sum m P2
of m copies of a complex projective plane with orientation reversed and, when
restricted to the real part, that is, the fixed point set of the involution, with
connected sum of RP? with mRP?.

As M is obtained from Sl-i by contracting L; to a point or, equivalently, by
dropping the first factor P? and RP? from Sii. The assertions of the proposition
follow. ([l

REMARK 9.1

(1) The subgroup B of commuters of ¢+ in K is isomorphic to Z3 and has the
induced action on M* making it a small cover over the quotient N for the quasi-
toric manifold M in the sense of [2]. When we consider the B-action on S,
a natural fundamental domain is familiar in toric geometry as Ty emb(A)>q if
S+ is given as Ty emb(A) (cf. [8]).

(2) Involutions ¢ above are conjugate to each other by elements of K. This
family of involutions was first considered in the LeBrun—Joyce case in [5, Theo-
rem 3.13] from a LeBrun viewpoint and denoted there by ®3. In this case there
exists a unique irreducible component Bil; of Bii which is pointwise fixed by
LeBrun’s S'-action. If H? is the hyperbolic 3-space with boundary which is the
quotient of M by this S'-action, the natural image of Bii \ Bl.j; in H?, which
is independent of i, is precisely the geodesic passing through all the images of
the isolated fixed points of the S'-action. The image of (S’ii)bi then gives a
hemisphere containing the geodesic.

(3) There are other cases where an involution on M is described in terms of
a certain complex conjugation on a toric surface as for ¢ above. They occur when
Aut(P, {a;},w) contains a subgroup H isomorphic to D; & Z5 with k odd. In this
case some of the points a;, say, a1, are fixed by the generator & of H. Then any of
its lift v to an involution on Z interchanges the two irreducible components Sy
of the fiber over a1, and the composition oo gives an antiholomorphic involution
1 which can be explicitly described and which describes our involution ¢ on M
after blowing down the twistor line L; in Sli. The fixed-point set in this case is
a real projective plane.

Typical examples arise in the LeBrun—Joyce case (cf. Example 6.1). In this case
an explicit description of ¢1 is obtained in [5] and is denoted by @5 there.
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