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ABSTRACT. Let K be a hypergroup. The purpose of this article is to study the
notions of amenability of the hypergroup algebras L(K), M (K), and L(K)**.
Among other results, we obtain a characterization of approximate amenability
of L(K)**. Moreover, we introduce the Banach space Lo, (K, L(K)) and prove
that the dual of a Banach hypergroup algebra L(K) can be identified with
Lo (K, L(K)). In particular, L(K) is an F-algebra. By using this fact, we give
necessary and sufficient conditions for K to be left-amenable.

1. Introduction and preliminaries

For a locally compact Hausdorff space K, let M (K') be the Banach space of all
bounded complex regular Borel measures on K. For z € K, the unit point mass
at x will be denoted by d,. Let M;(K) be the set of all probability measures on
K, and let Cy,(K) be the Banach space of all continuous bounded complex-valued
functions on K. We denote by Cy(K) the space of all continuous functions on K
vanishing at infinity, and by C.(K) the space of all continuous functions on K
with compact support.

The space K is called a hypergroup if there is a map A : K x K — M;(K)
with the following properties.

(i) For every z,y € K, the measure A\, (the value of X at (x,y)) has a
compact support.
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(ii) For each ¢ € Co(K), the map (z,y) — Y(z*y) = [ V(1) dX(zy)(t) is in
Cy(K x K) and z — (z *x y) is in C.(K), for every y € K.
(iii) The convolution (u, ) — p * v of measures defined by

| oo = [ [ v dnte)dvty)

is associative, where p, v € M(K),1 € Co(K) (note that A, = 0z * 0y).
(iv) There is a unique point e € K such that A\ = 6, for all x € K.

When Az y) = A(y,2), We say that K is a commutative hypergroup (for more details,
see [1], [8], [16]). Let K be a foundation; that is, K = cl(U,cpx)suppp). We
define

LK) ={u ‘ p€ M(K),z — |p| % 6,,x — 8, * |y are norm-continuous}.

It is easy to see that M(K) is a Banach algebra and that L(K) is an ideal in
M (K). An invariant measure (Haar measure) m on K is a positive nonzero regular
Borel measure on K such that m *x 0, = m, for all x € K. If K admits a Haar
measure m, then L(K) = L'(K,m) (see [8]).

An involution on a hypergroup K is a homeomorphism z — Z in K such that
i =z and e € supp A,z for all z € K. For each [L € M( ), define 1 € M(K)

by i(A) = u(A); that is, S f(2) = [ f( , for each f € C.(K).
Then 1 — f1 is an involution on M(K) such that M(K) and L(K) are Banach
x-algebras and Az ,) = A(g,z), whenever z,y € K (see [4]).

Let K be a foundation hypergroup without a Haar measure. With these condi-
tions L(K) is a general hypergroup algebra which includes not only group algebras
but also most of the semigroup algebras. We recall (see [16, Proposition 1]) that
the algebra L(K) possesses a bounded approximate identity. Also, in this article
the Banach space L(K)*- L(K) is denoted by B. Medghalchi [16] showed that B*
(dual of B) is a Banach algebra by an Arens-type product and that L(K) C B*.
For f € B, if K admits an invariant measure (Haar measure m), then by Propo-
sition 2.4 of [17] B = LUC(K) where

LUC(K) ={f | f € Cy(K),x — l,f from K into C}(K) is continuous},

and I, f(y) = f(:c xy) for any y € K.

Let A be a Banach algebra, and let X be a Banach A-bimodule. A continuous
derivation D : A — X is said to be approzimately inner if there exists a net {(;}
in X such that D(a) = lim;(a.¢; — ¢;.a) for all @ € A, in the norm topology. The
Banach algebra A is called approzimately amenable if every derivation from A into
the dual A-bimodule X* is approximately inner for all Banach A-bimodules X.
Similarly, a complex Banach algebra A is called an F-algebra if it is the (unique)
predual of a W*-algebra M and the identity element u of M is a multiplicative
linear functional on A.

Ghahramani, Loy, Willis, and Zhang introduced and studied concepts of
approximate amenability (contractibility) and uniform approximate amenabil-
ity (contractibility) for Banach algebras (for more details, see [5]-[7]). Medghalchi
[17] introduced cohomology on hypergroup algebras. He showed that the
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amenability of L(K) implies the left amenability of K; however, the converse is
not valid any longer even if K is commutative and discrete. Moreover, Skanthara-
jah [22] initiated and studied the notion of amenability for hypergroup algebras
in the sense of Jewett [2]. The concept of p-amenability of Banach algebras was
introduced by Kaniuth, Lau, and Pym [12]. Similarly, character-amenable Banach
algebras were introduced and investigated in [10]. These concepts generalize the
concept of left amenability for F-algebras introduced by Lau [14].

This article is organized as follows. In Section 2, we investigate the concepts of
approximate amenability and contractibility for Banach algebras M(K), L(K),
and L(K)**. As one of the interesting results, in Theorems 2.2 and 2.4 we show
that K is left-amenable if the hypergroup algebra L(K) is approximately
amenable as a Banach algebra, but the converse is not true. Ghahramani and
Loy [5, Theorem 3.2] showed that a necessary and sufficient condition for M(G)
to be approximately amenable is that G be discrete and amenable (see [5, The-
orem 3.1]); we prove that for a hypergroup, this is not true. Moreover, in Theo-
rem 2.6, for a hypergroup with an involution, we prove that the finiteness of K is
equivalent to the contractibility of L(K). Also, in Theorem 2.8, we show that K
is discrete and amenable if L(K)** is approximately amenable; the converse is not
necessarily true. But, for a hypergroup with an involution, in Theorem 2.9, we
obtain that a necessary and sufficient condition for L(K)** to be approximately
amenable is that K be finite.

Let G be alocally compact group. By Theorem 3.2 of [5] and Johnson’s classical
result, the approximate amenability of L'(G) is equivalent to the amenability of
LY(G). Therefore, it is natural to ask the following question on hypergroups: Is
the approximate amenability of L(K) equivalent to the amenability of L(K)? We
have yet to find an answer to this question.

In Section 3, we first introduce the Banach space Lo (K, L(K)). In Theorem 3.2,
we prove that the dual of the Banach hypergroup algebra L(K') can be identified
with L. (K, L(K)) and hence L(K) is an F-algebra. This allows us to give an
alternative theorem similar to Theorem 3.2 of [5] (see Theorem 3.5).

2. Approximate amenability of L(K) and L(K)**

Throughout this paper, K is a foundation hypergroup without a Haar measure.
For f € B and z € K, we will denote [,.f by (l.f,v) = (f,0, * v) whenever
ve L(K). Since B=L(K)*-L(K), f=9g-n (g€ L*(K),u € L(K)). Therefore,

<la:f7y> - <g'/~b7693*y> - <97N*6:c*7/> - <g'(ﬂ*5z)’y>-
Hence, I.f = g - (1 % d,). It follows that I, f € B. Also, by Proposition 2 of [16],

1 € B, where 1 is the constant function.

Definition 2.1. Let K be a hypergroup. A linear functional m : B — C is called
a mean if m(1) = |lm|| = 1. A mean on B is called a left-invariant mean if
m(l,.f) =m(f), for f € Band x € K. A hypergroup K is called left-amenable if

there exists a left-invariant mean on B.

Now we are in a position to prove a theorem that generalizes one side of The-
orem 3.2 of [5] to hypergroups.
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Theorem 2.2. [f L(K) or M(K) is approxzimately amenable, then K is left-
amenable.

Proof. Let L(K) be approximately amenable, and let X = Cﬁl, where 1 is the

constant function. With left action f - and right action p - f, B is a Banach
M (K)-bimodule, where

(fv)y=(fipxv),  p-f=uK)f,

for f € B,p e M(K), and v € L(K). Since the space C1 is a closed sub-bimodule
of B, X is a Banach M (K )-bimodule. We know that ¢, € B* and J. ¢ X*, since
X*={F € B*|F(1) =0}. Let vy = 6. and D : p+— p- vy — p(K)vy (the action
W - vy is dual action), where p € M(K). In particular, D(6,) = 0, - vy — vy, for
x € K. It is clear that D is a derivation on M(K) into X*. We can consider
D as a derivation on L(K) into X*. On the other hand, L(K) is approximately
amenable. So, there is a net (m,) in X* such that

D(p) = Hm(p - mo —ma - 1) = - vo — p(K)vo,
for € L(K). Therefore,
lim (1 - (vo — M) — p(K) (v — ma)) = 0. (2.1)
Taking p € L(K), > 0, ||u|| = 1, and € K. Therefore, we have
D(0y) =0 -0 —vo = (62" v0) - pt — o - pp = D(0z) - pp = D(6z % 1) — 0y - D(pa).
Since 0, * p € M1(K), mgy - (0 * 1) = mg. Then
0y - o — vo = D(05) = D(05 % 1) — bz - D(p)
:ligl[(5x*p)~ma—ma~(6z*u)—5m~(u'ma—ma~u)}
zligl[(éw*u)~ma—ma—5x~(,u-ma—ma)}
= liin[éx CMg — M)

It follows that

li;n [0, - (o — M) — (o — ma)] = 0.

For each a, (1y — my)(1) = 1. Thus, ||vg — ma|| # 0. Now, taking n, = T mT
we have |[n.|| = 1, and by (2.1), lim,(d; - no — Ne) = 0 in norm, where z € K.

Take n € X* as n is a weak™ cluster point of (n,). Then ¢, - n = n, and thus, n
is a left-invariant mean on B because

<le7n> = <f517n> = <f>5xn> = <f>n>7

for all f € B and x € K. So, K is left-amenable.

Now suppose that M (K) is approximately amenable. Since L(K) is a closed
ideal of M(K) with a bounded approximate identity, L(K) is approximately
amenable (see [5, Corollary 2.3]). Thus, K is left-amenable. O
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For a locally compact group G, it was shown (see [5, Theorem 3.2]) that L'(G)
is approximately amenable if and only if G is amenable. The following example
indicates that the converse of the above theorem is not true for hypergroups.

Ezample 2.3. Let (R,)nen, be a polynomial sequence defined by a recurrence
relation

Ri(2)R,(z) = anRpi1(z) + by Ry () + ¢ Rp—1(2),
where Ng = NU {0}, n € N, and Ry(z) = 1, Ry(x) = =(z — by), an, > 0,b, >0,

for all n € N. We assume that a,, + b, + ¢, = 1 for n EO N. Define a convolution

on ['(N,) such that
n+m
571 * §m = Z g<n7 m, k)(ska

k=|n—m)|

where g(n,m,k) > 0. Then (Np, %) is a discrete commutative hypergroup with
the unit element 0 which is called the polynomial hypergroup on Ny induced by
(Rp)nen,- Since (Np, *) is a commutative hypergroup, (Np, ) is amenable (see
(22, Example 3.3(a)]). Consider the class of polynomial hypergroups induced by
the ultraspherical polynomials (R%a))neNo, o > St (see [13]). The Banach algebra
(*(Ny) of the polynomial hypergroup is induced by the ultraspherical polynomials

(Rgla) )TLGNO .

Theorem 2.4. Let Ny be the class of polynomial hypergroups generated by the
ultraspherical polynomials (R )nen,, o > 0. Then (*(Ny) is not approzimately
amenable.

Proof. Assume toward a contradiction that ¢'(Np) is approximately amenable.
Since ¢!(Ny) is Abelian, it is pseudoamenable (see [9, Corollary 3.4]). Therefore,
(*(Ny) is weakly amenable (see [9, Corollary 3.7]). This is impossible (see [13]). O

Remark 2.5. Ghahramani and Loy [5] showed that the group G is amenable and
discrete if and only if M(G) is approximately amenable. By Theorem 2.2, the
hypergroup K is left-amenable if M (K) is approximately amenable. But we do
not know, if M(K) is approximately amenable, whether K is discrete. Let Ny
be the class of polynomial hypergroups generated by the ultraspherical polyno-
mials (R)nen,, @ > 0. Then (Np, *) is a discrete, commutative, and amenable
hypergroup (see [22, Example 3.3(a)]). By Theorem 2.4, M(K) = ¢*(Ny) is not
approximately amenable. It follows that it is not necessarily true that M(K) is
approximately amenable if K is amenable and discrete.

We now state and prove another interesting theorem.

Theorem 2.6. Let K be a hypergroup with an involution. Then L(K) is con-
tractible if and only if K is finite.

Proof. Let L(K) be contractible. By Theorem 2.8.48 of [3], L(K) is biprojective
and unital. Therefore, K is discrete. Since K is discrete and has an involution,
Jewett’s and Dunkl’s definitions of hypergroup coincide. It follows that K has
a Haar measure and ('(K) = L(K). Now, since L(K) is biprojective and C is
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an essential module over L(K), C is projective. On the other hand, the map
vk : L(K) — C defined by ¢x(p) = p(K) is admissible. Therefore, pg has a
right inverse morphism p. Take Py := p(1) € L(K), so

fxPo=fxp1)=p(f-1)=p(ex(f)),

for any f € L(K'). Now, suppose that f € CH(K) and ||f|l; = 1. Then, ||l.f|, =
1, where I, f(y) = f(x xy) for all z,y € K. We have

1o f % Po — Lo Polly = |[lo(f % Po) — L Pol|, = ||lo(f * Po — By) ||,
< |f* P — Poll = 0.

Hence, Py = l,.f * Py = [, Py almost everywhere. Since pi(Fy) = ¢x(p(1)) =1, Py
is equal to a nonzero constant almost everywhere. It follows that the characteristic
function 1x € L(K), since Py € L(K). On the other hand, clx = 11 € Co(K)
where ¢ > 0 (see [2, Proposition 1.4.11]). Thus, K is compact. From this it follows
that K is finite.

Conversely, assume that K is finite. So, ¢!(K) is amenable (see [1, Theo-
rem 3.3]). Therefore, there exists M € (/*(K) ® ¢*(K))** such that M is a virtual
diagonal for /1(K). On the other hand, (/}(K) @ (}(K))™ = (*(K) ® (1(K). It
follows that M is a diagonal for ¢*(K). Thus, ¢*(K) is contractible (see [3, The-
orem 1.9.21]). O

In this article, the second dual L(K)** with the first Arens product is denoted
by (L(K)*,0). Also, 7 : L(K)** — B* is the adjoint of the embedding of B in
L(K)*. By a well-known result of Ghahramani, Loy, and Willis [6, Theorem 2.1],
if L'(G)* is weakly amenable, then M(G) is weakly amenable. The following
theorem extends this result to hypergroups.

Theorem 2.7. Let K be a hypergroup. Then we have the following.

(i) If B* is weakly amenable, then M (K) is weakly amenable.
(i) If (L(K)*,0) is approximately amenable (weakly amenable), then M (K)
is approzimately amenable (weakly amenable).

Proof. (i) For f € M(K)*, define Ty € B* by (T, + m) = f(p), where pu €
M(K) and m € Co(K)*+ (B* = M(K) ® Cy(K)?t). Assume that M(K) is not
weakly amenable. So, there is a noninner derivation D : M(K) — M(K)*.
Define A : B* — B* by A(u+m) = T, for each p € M(K),m € Co(K)*.
For each i1, o, v € M(K) and my, mi,n € Cy(K)*, we have

((r +ma) A (g2 +ma), v +n) =< (12 + ma), (v +n)(m +ma))
A(pe + ma), y*u1+nu1+um1+an1>

= (D(p2),v * 1) = (p1D(pa2), v)

= (Tous), V * 1 + npuy +vmy +n 0O my)
<TM1D (u2)) V+n>
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since Cy(K)* is a closed ideal of B*. It follows that (u; + mi) A (g + my) =

T4 D(us))- By a similar argument, A(ua 4+ ma) (1 +m1) = T(p(us)u)- Therefore,

A [(NZ + m2)(/v‘1 + ml)} = TD(MQ*Hl) = T[D(uz)u1+u2D(u1)}
= A(pz +ma) (1 +ma) + (p1 +my) A (g + ma).

It follows that A is a derivation and that Alyx) = D. We prove that A cannot
be inner. If A is inner, then there is an F' € B** such that A(G) = GF — FG,
for all G € B*. If ¥ := G| k), then ¥ is an element of M(K)*. Now, for all
w € M(K), we have
D(p) = A(p) = p¥ — Y.

Hence, D is an inner derivation, and thus it is a contradiction. It follows that B*
is not weakly amenable.

(ii) Here, L(K) has a bounded approximate identity (e,), with ||es] = 1 (see
[8, Lemma 1]). Let E be a weak™ cluster point of (e,) in L(K)*™. It is clear that
E is a right identity for L(K)™ and ||E|| = 1 (see [16, Lemma 5]). The map

¢: LK) — EOLK)™*, Fr—EOF

is an epimorphism. On the other hand, L(K)** is approximately amenable, and
therefore £ O L(K)** is approximately amenable (see [5, Proposition 2.2]). By
Theorems 7 and 4 of [16], E O L(K)** is isometrically isomorphic to B* =
M(K)®Co(K)*, where Cy(K)* is a closed ideal in B* and Cy(K)* = {m € B* |
for all f € Cyo(K),(m, f) = 0}. Thus, M(K) is approximately amenable (see [5,
Corollary 2.1]).

Now, let (L(K)*,0) be weakly amenable, and let M(K) be not weakly
amenable. Then, by an argument similar to that of (i), the derivation A : B* —
B** is not inner. Now, let E be a right identity of L(K)**. We have that £ [
L(K)** is isometrically isomorphic to B*; therefore, we may consider A to be
defined on F OO0 L(K)**. Now, define A : L(K)* — L(K)** by A(G) = A(E O
G), for all G € L(K)**. Since L(K)* =FOL(K)* 4+ (1 - E)OL(K)*, Ais a
noninner derivation (see [6]). It follows that L(K)** is not weakly amenable, which
is a contradiction of the hypothesis. Therefore, M (K) is weakly amenable. [

Following [16, Definition 8], a compact set Z C K is called a compact carrier
for m € L(K)* if for all f € L(K)*, (m, f) = (m, fx,), where fx, is defined by
(fXar 1) = (f, Xuht), for all p € L(K). Now let

Lo(K)™ = clygey{m ‘ m € L(K)™,m has a compact carrier}.
We now state and prove another interesting theorem.
Theorem 2.8. Let K be a hypergroup, and let (L(K)*,0) be approzimately

amenable. Then K is discrete and left-amenable. The converse statement is not
necessarily true.

Proof. Let (e4)a, |l€a]l = 1, be a bounded approximate identity for L(K) (see
[16]), and let E be a weak* cluster point of (e,), in L(K)*™ (F is also a right
identity for L(K)**). By hypothesis, L(K)* is approximately amenable. Then
L(K)* has a left approximate identity (F,), (see [5, Lemma 2.2]). For each
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m € L(K)™, EOm = lim,(F, O F) Om = lim, F,, 0 m = m. Hence, F is an
identity for L(K)*™ and so L(K)* = L(K)*L(K) = B (see [15, Proposition 2.2]).
This means that the natural embedding of B into L(K)* is the identity map and
7 is also. By Proposition 13(a) and Theorem 14(b) of [16], M (K) = £ O L.(K)**.
Therefore, by Theorem 14(c) of [16], we have

M(K)= () EOLJ(K)" =L(K).

Ecei(K)

So M(K) = L(K). Thus, K is discrete. Also, by combining Theorems 2.7 and
2.2, K is left-amenable.

To show that the converse is not true, let Ny be a class of polynomial hyper-
groups generated by the ultraspherical polynomials (R%),en,, @ > 0. Then
(*(Np)** is not approximately amenable. This is because if ¢*(Np)** is approx-
imately amenable, then ¢*(Ny) is approximately amenable (see [5, Theorem 2.3]).
But, by Theorem 2.4, this is impossible. 0

In [5, Theorem 3.3], it is shown that L'(G)** is approximately amenable if and
only if G is finite. For a hypergroup with an involution, the following theorem
shows that this result remains true for approximate amenability.

Theorem 2.9. Let K be a hypergroup with an involution ~: K — K, and endow
L(K)*™ with the first Arens product. Then the following assertions are equivalent.

(i) (L(K)*™,0) is approximately amenable.
(ii) K is finite.
(iii) (L(K)**,0) is amenable.

Proof. (i)=-(ii) By Theorem 2.8, K is discrete and left-amenable. By hypothe-
sis, K is discrete with an involution. Then Jewett’s and Dunkl’s definitions of
a hypergroup coincide. Therefore, K has a Haar measure and L'(K) = L(K)
(see [11, Theorem 7.1.A]). Also, TIM (L.(K)) # 0 (topological two-sided invari-
ant mean on L. (K); see [22, Theorem 3.2]). If m is a topological two-sided
invariant mean on L. (K), then m is a two-sided invariant mean on L. (K)
(see [22, Lemma 3.1]). An argument similar to [5, Theorem 3.3] shows that
|LIM(Loo(K))| = [IM(Loo(K))| = 1. Now if K is infinite, this contradicts [22,
Corollary 5.6]. Thus K is finite.

(ii)=-(iii) Since K is a finite hypergroup, L(K)™* = M(K) = L(K) and K has
a Haar measure. Now the mapping 7' : M(K) — B(L*(K)) with g — T, is
defined in [11, Theorem 6.21], where for all f € L*(K)

T.(f)=pxf

is a faithful norm-decreasing unital *-representation of M(K). We have that
L(K)* = M(K) is *-semisimple and so it is semisimple (see [3, Theorem 3.1.17,
p. 347]). Now, by the Wedderburn structure theorem (see [3, Theorem 1.5.9]),
L(K)** is amenable.

(ili)=-(i) This implication is trivial. O
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3. A characterization of left amenability of a hypergroup

In this section, we first show that L(K) is an F-algebra. Consider the product
linear space | ;) Loo(|1t]). Denote by Loo (K, L(K)) the linear subspace of all

f= () € Tenx) Loo(|p]) such that

(1) [[flloo := suP,er ) [[fuulloou) < 00,
(ii) if p,v € L(K) and p < v, then f, = f,, |u|-almost everywhere,

where [|g[/o, denotes the essential supremum norm with respect to |zu|.

Theorem 3.1. For each F' € L(K)*, there is a unique f = (fu), € Loo(K, L(K))

such that
mzfnm

Proof. For each u € L(K), F, := F|pi() is a bounded linear functional F),
on L'(|u|). Hence, by the Radon-Nikodym theorem, there is a function f, €
Loo(|]) = L(Ju|)* such that for any v € L'(|u|), we have

F() = Fuv) = [ S

In particular, F(u) = [ f,dp. We claim that f = (f.)uenx) € Loo(K, L(K)).
Let p,v € L(K) and p < v. We have

[ fuin=E w= [ g

Therefore, f, = f, |p|-almost everywhere.
On the other hand, for each p € L(K),

filloese = I1Full = sup{| Fu ()] - v € LY (Jul), vl < 1}
= sup{|F(v)| : v € L*(|u]), Iv]| < 1}
< [l #]l.

Moreover, [[F|| = || flco-

Hence, || f|lco < ||F||. It follows that f = (f.)uerx) € Loo(K, L(K)). Also
|F)l = sup{|F(0)| 1 € L(K)), [lu]) < 1}
—supf| [ fudu] s € L0, Il < 1)

< sup HquOO,IuIH/LH < sup ”fu”oqlul = ||f||oo
lell<1 HEL(K)

Thus, [[F[} = [ f{]c-
To show uniqueness, let f, g € Lo (K, L(K)) be such that for each u € L(K),

I/hWI/%W
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For each v < p, we have

/@@:/ﬁ@:/%wz/%w

Therefore, f, = g, in L (|p|). This means that f = g. O
We now state and prove another interesting theorem.

Theorem 3.2. Let K be a hypergroup. Then L(K) is an F-algebra.

Proof. Let T : Loo(K, L(K)) — L(K)* be defined by

T(0) = [ fuds, (£ € Lu(K. L)), € L(E)).

First, we show that 7" is an isometric isomorphism of L., (K, L(K)) onto L(K)*.
Let p,v € L(K). Without loss of generality, we can suppose that u, v > 0. Then
pLp+v, v<pu+r, and p < au, for all a > 0. Therefore, by Theorem 3.1,
for f € Loo(K,L(K)),a >0,

T(f)(u +v) = / Fuw a4 v)

:/fw,,d/rl-/fwudV
— [ fudns [ oo =T(P0) + T

and

)(ap) /fau ) —a/faudu—a/fudu_aT ().
Thus, T'(f) is a linear functional and then T'(f) € *. Also, for any p € L(K)

7| = | [ o] < 15l

and hence, ||[T(f)]] < ||flloo- Theorem 3.1 shows that 7" is onto and hence it
is an isometry. On the other hand, by Exercise 1.1 and Example 2.1.4 of [19],
Loo(K, L(K)) with the complex conjugation as an involution, the pointwise mul-
tiplications, and the norm || - ||, is a commutative C*-algebra. Also, the constant
function 1 is as in the identity. It follows that L(K)* is a W*-algebra. Therefore,
L(K) is an F-algebra. O]

In Section 2, Theorem 2.4 indicates that, unlike the group case, the con-
verse of Theorem 2.2 is not true for hypergroups. We restrict our discussion
to ¢-approximate amenability of L(K) and character amenability of L(K)*. In
Theorem 3.5, however, by using Theorem 3.2, we will provide a characterization
of left amenability of the hypergroup K.

Let A(L(K)) be the set of all nonzero multiplicative linear functionals on L(K).
If p € A(L(K)) and X is an arbitrary Banach space, then X can be viewed as
a Banach left L(K)-module by the following actions. For p € L(K),z € X,
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ez = @(u)x. Throughout, by a (¢, L(K))-bimodule X, we mean that X is a
Banach L(K)-bimodule for which the left module action is given by pex = ¢(u)x.
We recall the definitions of ¢-amenability and p-approximate amenability (see

12]).
Definition 3.3. Let K be a hypergroup and ¢ € A(L(K)). Then L(K) is called
w-amenable (resp., approzimately @-amenable) if every derivation D from L(K)

into the dual L(K)-bimodule X* is inner (resp., approximately inner) for all
(¢, L(K))-bimodules X.

Lemma 3.4. Let K be a hypergroup, and let F' € L(K)* and p,v € L(K). Then

(1) (Fyu*xv) = [(F,0, xv)dpu,
(ii) (F,p*v) = [(F,u*d,)dv.

Proof. (i) Let v > 0, and we may assume that C' := supp p is compact. Then

¢ : C — L(K) is defined by ¢(x) = 535 « v and it is continuous. Thus, by [20,

Theorems 3.20, 3.27], we can write [, ¢(z d,u € L(K), that is, [, 0, x vdu(z) €
L(K). On the other hand, for each ¥ € Cy(K)

px (1 //wa;*y du(x) dv(y //wx*y ) dv(y) du(x)
— [ 800 duo)
c
Hence,
= [ 0, xvdu(x).
TEY7 /c * v du(x)
If F e L(K)*, then (see [20, Theorem 3.26])

(F,pu*v) = <F,/C(5;t>k1/du(x)> :/C(F,dx*wdu(:z:).

Finally, if (e,) is a positive approximate identity of norm 1, then

(VF, % eq) = /C<1/F, O * €q) dp(x).

Hence, we have (F, uxv) = [,(F, 0, *v) du(x). We can now release the condition
on v.

(ii) Let p > 0, and we may assume that C' := suppv is compact. Then ¢ :
C — L(K) is defined by ¢(x) = p * 0, and it is continuous. Now, proceeding
exactly as above, we have

<F,u>x<y>:/(F,,u*5x>dl/. O
We now give a characterization of left amenability of a hypergroup.

Theorem 3.5. Let K be a hypergroup, and let ¢ € A(L(K). Then the following
assertions are equivalent.

(i) L(K) is approximately p-amenable.
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(ii) K is left-amenable.
(iii) L(K) is p-amenable.

Proof. (i)=(ii) Let L(K') be approximately ¢-amenable. Then X := L(K) is a
Banach (¢, L(K))-bimodule with the right module action v -y := v * p, for v €
X,u € L(K). Hence X*, with dual module action, is a Banach L(K)-bimodule.
Now, since p € X*,

(o pv) = (p,mov) = (o, 0(wv) = p(u)p,v)

and

(n-o,v) = (p,v-p) = (p,v*p) == p) = eW)e(n) = e(p) (e v),
for p € L(K),v € X. Thus, u- ¢ = ¢(u)¢ = ¢ - u. On the other hand, the
space C is a Banach (p, L(K))-sub-bimodule of X*. So, Y := 2= is a Banach
L(K)-bimodule. Let 6 : X* — Y be the canonical mapping, and let n € X**
with n(¢) = 1. Then, for u € L(K),

(n-n—=n-pp)={p-n9) = (n-pe)= N0 p—_(nun e =0

It follows that g -n —mn - u can be considered as an element of §*(Y™*), where 0* is
the adjoint of 6. Since 0* is injective, we can define D : L(K) — Y™ such that
0*oD(u) = p-n—mn-p It is easy to see D is a bounded derivation on L(K). By
the assumptlon there exists a net (¢,) C Y™ such that

D(,u)zlién((ba~u—u'q§a), (NEL(K))'

Therefore,
i (0" (¢a) - p—p-0°(da))) = Wm((0"(¢a- pp—pi-da)) = 0" (D(1)) = p-n—n-pu.
So, we have

o (07(da) —n) = (07(¢a) — 1) - .
Define n, := (n — 6*(¢,)) € L(K)*™, for all a. Therefore,
<non §0> = <n’ 90> - <0*(¢a)a 90> = <7’L,(,0> - <¢a;€(‘p)> =1-0=1

Also, if n, and p € L(K), then n, - u = p - n,. Hence, we have

<f7na'/jl> = <f7:u'n04> = <f'/1l7na> :(p(ﬂ><f7na>7

for f € L(K)*. On the other hand, by Theorem 3.2, L(K)* is a W*- algebra.
So, if p(u) = 1, then p-ny = ng - pp = ny and p-nl = n’ - p = n’ (see [14,
Theorem 4.1]). Thus, we can assume that n, is self-adjoint. Let n, = nf —n_ be

the orthogonal decomposition of n,. Then n, - =n} - u—n, - p and
Ing - ull + lIng - pll = (nay - 11, 0) + (g - 1, 0) = (ng, - ) + (g - )
:tp(u)<n2,so>+90( )< ) = (nd, ) +(ng, )

= lIna Il + ling Il

Hence, u-nt =nt-p=nt, p-n, =n,-u=mn, (see[21, Theorem 1.14.3], the
Jordan decomposition theorem), and n, n., cannot both be zero . Without loss of
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generality, we assume that n} # 0, for all a. Now, let m, = H 1+” I (lma] = 1),
and let m be a weak™ cluster point of (m,),. It is clear that m is a mean on X*.

Take P (L(K)) :={p € L(K)|p > 0,||p]| = 1}. For f € X* and u € P (L(K)),

we have

(m. ) = T ) = (g ) = lim o o )
_ Jim Hnlﬂl (nt . f) = lim{me, f) = (m, f).

It follows that m is a topologically left-invariant mean on L(K)* because the
linear span of Py(L(K)) is L(K). Now, let m = m|g (B = L(K)*L(K)). Then
we have

for f=gu € B (g€ L(K)*,u € L(K)) and x € K. Hence, m is a left-invariant
mean on B. Thus, K is left-amenable.

(ii)=-(iii) Suppose that m is a left-invariant mean on B. Let v € P;(L(K)) and
f=FueB (FeLK)*,ue L(K)). By Lemma 3.4(ii), we have

(m, f-v)y={(m,(Fu)-v)={(m,F(p*v))

=(m-Fu*xv)y= [{(m-F,uxd,)dv

:/<m,F-(ﬂ*5x)>dy=/<m, (F) - d5)) dv
= /<m,f -0,)) dv = /<m,f> dv = (m, f)v(K) = (m, f).

Now, let py € Pi(L(K)) be fixed. For F' € L(K)*, define f(x) := (F, 6, * o).
It is clear that f € Cy(K) and f - p € Co(K), for p € L(K) (see [16]). So, for all
v € Ball(L(K)) and = € K, we have

fulx) = f(vx6,) /f d(v = 6,)(t) = /(F,(St*,u@d(l/*%)(t)
= (F,v % 0y * o).
Hence, if v € Ball(L(K)) and z,y € K, then
[fo(@) = fo ()] = [(F - v,0, 5 1o — 8, puo))|
= [(F.v % 8y % po — v % 8y o) | < [1F[[160 % o — 0, o

It follows that {f,|v € Ball(L(K))} is equicontinuous, and consequently, f € B
(see [16, Proposition 2]). Now, define M € L(K)** with M(F) = m(f), for any
F € L(K)*. By Lemma 3.4, if v € P{(L(K)), then

fou(@) = fv o) /f A 8.)(0) = [ (B, o dlw « )0

= (F,v* 0 % o) = (F - 1,05 * l1g).
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Therefore, M(F -v) =m(f -v) =m(f) = M(F), for v € L(K) and F € L(K)*.
It follows that L(K) is p-amenable (see [12, Theorem 1.1]).
(iii)=-(i) This implication is trivial. O]

Definition 3.6. Let A be a Banach algebra. Then A is right- (vesp., left-) character-
amenable if for every ¢ € A(A) U {0} and every (p, A)-bimodule (resp., (A4, ¢)-
bimodule) E, every derivation D : A — FE* is inner. Also, A is character-
amenable if it is both left- and right-character-amenable.

Theorem 3.7. Let K be a hypergroup, and let (L(K)**,0) be character-amenable.
Then K s finite.

Proof. Since L(K)™ is left-character-amenable, L(K)*™* has a left bounded
approximate identity (see [10, Corollary 2.5]). By an argument similar to that in
the proof of Theorem 2.8, K is discrete. Thus, L.(K)* = M(K) and L(K)* =
M(K)* = B* = M(K)@ Co(K)* (see [16, Theorem 14]). On the other hand,
the map

0: M(K)®Co(K)" — Co(K)*",  pdmr—m  (me Co(K)", pe M(K))

is an epimorphism. So, by Lemma 2.12 of [10], Cy(K)* is left- and right-character-
amenable. Thus, Co(K)* has a left bounded approximate identity (e,), and a
right bounded approximate identity (ga)a (see [10, Corollary 2.5]). Let e, —> €
and g, — ¢ in weak*-topology o(L(K)**, L(K)*). Now, since (e,) is a left
bounded approximate identity, for each m € Co(K)*t, e O m — e O m in
weak*-topology o(L(K)™,L(K)*) and e, O m — m in the norm topology.
Thus, e is a left identity for Co(K)*. Since (go) is a right bounded approximate
identity, eg, — e in norm. But eg, = ¢., so that eg, — e in norm. Therefore,
e = g is an identity for Cy(K)*. By an argument similar to that in the proof of
Theorem 2.5 of [18], K is compact. It follows that K is finite. O
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