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ABSTRACT. In this article, we study Toeplitz operators with nonnegative sym-
bols on the Asz-weighted harmonic Bergman space. We characterize the bound-
edness, compactness, and invertibility of Toeplitz operators with nonnegative
symbols on this space.

1. Introduction and preliminaries

For 1 < p < oo, a nonnegative integrable function w on the unit disk D, let
LP(w) denote the Banach space with norm

1 fllzrw) == (/D|f(z)|pw(z) dA(z))’l’.

The weighted harmonic (resp., analytic) Bergman space L} (w) (resp., L2(w)) is
the subspace of LP(w) which consists of harmonic (resp., analytic) functions on
D. The goal of this article is to provide a framework to study operator proper-
ties (boundedness, compactness, Schatten classes, and invertibility) of Toeplitz
operators with nonnegative symbols on L? (w).

Weighted analytic function spaces and their Toeplitz operators have captured
people’s attention for a long time. It is now well known (see [25]) that several
results on unweighted Bergman spaces can be extended to the standard weighted
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Bergman space L2(w,), where wy(z) = (1 + a)(1 — |2]*)* and —1 < a < oco.
Peldez and Réttya [20], [21] recently characterized the bounded and Schatten-
class Toeplitz operators (induced by a positive Borel measure) on a weighted
Bergman space where the Welght is a radial function satisfying the doubling prop-
erty f s)ds < C f L W s)ds. The first results of nonradial weighted Bergman

spaces are due to Lueckmg [15], who investigated the structure of weighted
Bergman spaces with Békollé-Bonami weights. Based on Luecking’s representa-
tion and duality theorems in [15], Chacén [2] and Constantin [5], [6] studied the
boundedness and compactness of Toeplitz operators on certain weighted Bergman
spaces. In [18], Mitkovski and Wick established a reproducing kernel thesis for
operators on Bergman-type spaces, and their definitions include weighted versions
of Bergman spaces on more complicated domains.

We will be primarily interested in the weighted harmonic Bergman space L? (w).
Our choice of the weight w is motivated by the characterization of the bound-
edness of P, acting on L?(w), where P, is the unweighted harmonic Bergman
(orthogonal) projection from L?(dA) to L (dA). Tt is well known that L?(dA) is
a reproducing kernel Hilbert space and that

1
Pf(z /f (1= )\Z) + TENE 1| dA(N).

The harmonic Bergman projection Py is a Calderén—Zygmund operator on the
homogeneous space (D, d,dA), where d is the Euclidean distance and dA is the
Lebesgue measure on D, normalized so that the measure of I is 1. (For the
definitions of Calderén-Zygmund operators and homogeneous spaces, we refer
the reader to [1].)

The most successful understanding of the (one) weight theory for Calderén—
Zygmund operators was spurred by Muckenhoupt’s work in the 1970s (see [19]),
which led to the A, weight and developments of the weighted inequality. We will
restrict our attention to the As weight on (D, d, dA).

Let 0 <w € L'(D,dA). Tt is called a Muckenhoupt Ay weight if

[B(a, 7)lw|B(a, 7)|w-

(w4, == aeﬁ;ggd Blar)P < 400,
where
Bla,r)={z€D:d(a,z) = |z —a| <r},
’B(a,rﬂw :/ w(z) dA(z),
B(a,r)
and | - | is the normalized Lebesgue measure on D.

It follows from the remarkable A theorem (see [1], [10]) that Py, is bounded from
L*(w) to L}(w) provided w is a Muckenhoupt Ay weight. As mentioned above, we
will focus on the weighted harmonic Bergman space L? (w) with w € Ay. Little is
known about this natural function space. However, we will show in Section 2 that
L?(w) is a reproducing kernel Hilbert space with the reproducing kernel K“(\);
that is, f(2) = (f, K¥)12(w) for all fin L} (w).
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For a positive finite Borel measure v on D, we densely define the Toeplitz
operator T,, on L?(w) by

T,f(2) = (T f, K 1300 = / FVEEN dv(y) (2 € D).

For a bounded function ¢, using the integral representation for the projection
operator (from L?(w) to L?(w)), we can express the Toeplitz operator T, (on
L (w)) as follows:

Tsof(Z)Z/Df(A)K‘;’(A)w(A)w(A) dA(A) (2 € D).

Although we follow Luecking’s methods in [15] and [14] for weighted Bergman
spaces, some new difficulties have arisen in the study of the space L?(w) and its
operators. For instance, harmonic functions do not share many powerful proper-
ties with analytic functions. One can easily use the Cauchy formula to estimate
the local values of analytic functions. However, because of the tedious remain-
der, the harmonic version of Cauchy’s formula (known as the Cauchy—Pompeiu
formula) is not valid now. We instead must rely on some known estimates of har-
monic functions. In addition, just as with weighted Bergman spaces, one cannot
write down an explicit formula for the reproducing kernel of L?(w). To overcome
this obstacle, we will use the reproducing kernel for the unweighted space L? to
help us study the representation theory of L?(w). However, the properties of the
reproducing kernel for L? are much more complicated than those of the Bergman
space L2.

Using some properties of harmonic functions and A weights, we establish two
different atomic decompositions for functions in L?(w) (Theorems 2.6 and 2.13),
which extend the representation theorems in [15] to the harmonic case.

In Section 3, we characterize the boundedness, compactness, and Schatten p
class of Toeplitz operators T, on L?(w) by means of the Berezin transform and
Carleson measures. We are pleased to mention here that Miao [16] has obtained
characterizations for Toeplitz operators with nonnegative symbols to be bounded,
compact, and in Schatten classes on the unweighted harmonic Bergman space L3 .

Section 4 of this article is devoted to studying the invertibility of Toeplitz
operators on the standard weighted harmonic Bergman space L? (w,). Somewhat
surprising to us were the results, which illustrate that the invertibility of Toeplitz
operators on L? can imply a reverse Carleson inequality for L3 (w,) (see Theo-
rems 4.2 and 4.4). Based on this inequality, we generalize the result on the invert-
ibility of Bergman—Toeplitz operators with nonnegative symbols (see [24]) to the
case of L?(w,). As a consequence, we obtain a relationship of the invertibility
between Toeplitz operators on L2(w,) and L?(w,) (see Corollary 4.7).

Finally, in Section 5 we establish a reverse Carleson inequality for L?(w) with
w € Aj. Indeed, we obtain a sufficient condition for yo dA to be a reverse Carleson
measure for L?(w), where G is a measurable set in D (see Theorem 5.1), which
extends Theorem 3.9 for the weighted (analytic) Bergman space in [15] to the
harmonic setting.
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Throughout the article, positive constants will be denoted by C,Cy, C,...,
which may depend on some fixed numbers and change at each occurrence.

2. The space L?(w) and its representation

In this section, we present some elementary structures of L? (w) with w € Ay. To
study the harmonic Bergman spaces, we need the following important properties
of harmonic functions.

Lemma 2.1 ([11, Theorem 1}). Suppose that f is a harmonic function on the
disk D and 0 < p < oo. There ezists a positive constant C' = C(p) such that for
every ball B(a,r) ={2z€D:|z—a| <7} inD,

p C p
0P < Fay / e aae)

In particular, if p > 1, then the constant C' = 1. Using this result one can get the
following useful inequalities easily. Given 0 < p < oo and 0 < r < 1, there exist
positive constants Cy = C1(p) and Cy = Cy(p) such that

P & . 1
|f<a)‘ < (1 — 7’)2 |D(CL, T)| D(a,r

)‘f(z)‘pdA(z) (a € D)

and

Cy . 1
(1 =72 |D(a,r)|"*
. 0
for all f harmonic on D, where Of = 8—];.

Remark 2.2. From the above inequalities, it is easy to show that point evaluations
are bounded linear functionals on L?(w) with w € Aj,. As a consequence, L7 (w)
is a reproducing kernel Hilbert space.

0f(a)]” <

/D( )}f(z)‘pdA(z) (a € D)

Remark 2.3. Tt is not clear whether L? (w) is complete for a general weight. How-
ever, if p is an analytic polynomial on D and w(z) = [p(2)]?, Douglas and Wang
8] showed that L2(w) is complete, and their proof heavily depends on some par-
ticular properties of polynomials.

It is clear that L?(w) coincides with its dual space with respect to the L*(w)
inner product. The next result illustrates that the dual space of L? (w) can be iden-
tified with L?(w™') via the unweighted inner product, which generalizes Lueck-
ing’s result for L2(w) (see [15, Theorem 2.1]) to L?(w).

Lemma 2.4. Suppose that w is an Ay weight. Then the dual space of L?(w) can
be identified with L3 (w™"). The pairing is given by

(f.g) = / £(2)9(2) dA(2).

Consequently, there exists a bounded, bijective, and linear operator F
LI (w™) — (L} (w))* such that

F (f)(g) = <977>L2(dA)
for f € Li(w™) and g € L} (w).
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Proof. Let w be an A, weight. Recall that the orthogonal projection P, :
L*(dA) — L2(dA) is a Calderén-Zygmund operator on (D, d,dA). Then P, is
bounded on both L?(w) and L?(w™?!). Thus for each f € L*(w) and g € L?(w™1),
we have

(Buf,g9) = (f. Prg)-
Noting that each f € L?(w) (or f € L?(w™")) has the form

f(z) = Z anz" + Z bp2",
n=0 n=1

we obtain
Pt = [ TR dA)
D
lim f()\)[ L ! 1] dA(\)
= 1 — —
s—>1- Jop (1=2XA)2%  (1—Az2)?
= f(2)
for z € D. Then the rest of this proof is exactly the same as the proof of Theo-
rem 2.1 in [15]. We omit the details. O

Let a € D and 0 < r < 1. A pseudohyperbolic disk D(a,r) is defined by

<o}
We will frequently use the following property of A; weights on pseudohyperbolic
disks. For the sake of completeness, we include a proof of this fact as follows.

zZ—a

D(a,r) = {z eD:p(z,a) =

1—az

Lemma 2.5. Let 0 <r <1 and z € D. If { € D(z,r), then we have

’D(z,r)‘w < S[w]AQ‘D(§,T)‘ )

w

Proof. Observe that D(z,7) C D(&,2r). Now it suffices to show the following
doubling inequality:

|D(&,2r)| < 8[w]a,|D(E,7)|, (£ eD).
Since w is an Ay weight, we have

‘D(éa QT)‘W‘D(éa 27’)‘0.)—1
|D(&, 2r)[?

< [W]Az'

Recall that a pseudohyperbolic disk D(z,7) is a Euclidean disk with center and
radius given by
1—r? 1— 2|2

I e %: —————————— .
1—r2|z|22’ 1—172z]2

¢
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Combining the above with the Cauchy-Schwarz inequality gives

P D&, 2r)?

*[D(E, 2r) |

IDENP D20

D) [D(E T
1- e y?

1—4T2|§|2>

|D(¢,2r)|, < [w]

< W]

§4[M]A2’D(5’r>‘w'(

< 8[w]A2’D(£,T)

w’

where the last inequality follows from r < i. This completes the proof. OJ

We now turn to the representation theory of the space L?(w). These results
and their proof strategies are motivated by Luecking’s work on weighted Bergman
spaces (see [15], [14]).

Before studying the representation theory of L?(w), we need to recall the con-
cept of an e-lattice in the unit disk. Let € € (0, 1). A sequence {a, }22; in the unit
disk is called an e-lattice in the pseudohyperbolic metric if

e D=J7, D(ay,€) and

o inf, 4, |fo=tm| >

1—anam

<
5
Now we are ready to state the atomic decomposition for L? (w).

Theorem 2.6. Let w be an Ay weight. Then there is an e-lattice {a,}5, such
that for each f € L3 (w) we have

1) = en(1 = |an®)’| Dlan, €)]* Ra, ()

n=1
for some sequence {c,} in (*(N), where

1 1
B ==yt 0—ee

is the reproducing kernel for L3 at A € D.

Remark 2.7. Lemma 2.2 in [4] gives the following estimate of the module of R):
there exists an ¢ € (0, %] such that if 0 < r < rg, then
3 3
—2——= < |R\(2)| £ — 5
a=ppe < POl T
for all z € D(A,r). In the rest of this paper, we will use ry to denote the constant
in this remark.

To prove Theorem 2.6, we need to establish harmonic versions of Luecking’s
Theorem 4.1 in [15] and Theorem 3.12 in [14].
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Theorem 2.8. Let w be an Ay weight. Then there exists an e-lattice {a,}22, for
some 0 < € < %6 such that

- 2
> | f (@) |D(an, )|, = 1£ 1172
n=1
for all f in Li(w). That is, there exist two positive constants Cy and Cy such that
- 2
Cillfl72) < D | flan)[ | Dlan, ©)], < Coll fll72
n=1

for all f in L3(w).

Once Theorem 2.8 is established, we can quickly present the proof of Theo-
rem 2.6 as follows.

Proof of Theorem 2.6. Since both w and w™! are A, weights, it follows from The-

orem 2.8 that we can choose € € (0, 1z) and an e-lattice {a,}22; such that

lgl1Z2(-r) = Z|g<an>\2|D<an,e>|w,l.

n=1

By the Cauchy—Schwarz inequality and the definition of A, weight,
2 2
|D(an, €)|” < !D(an,e)’w | D(an, €)1 < [w]a,|D(an, €)|™.

Therefore,

lglZz oy = Zlg an)|* (1 = lan?)*| D(an €)]

This implies that the linear operator L : L?(w™!) — ¢*(Z) defined by

L (9) = {g(an) (1 = |aa)"|D(an. €)] 2},

is bounded below, and its range is closed. It follows from the closed range theorem
that L * is surjective.
From the proof of Lemma 2.4, we have

9(an) = (g, Ran>L2(dA) (*)
for each g € L7 (w™!) and every n > 1. Let {c¢,}°22; € ¢*(N). Using (), we obtain

_1
I_>|< {Cn} ch an 1_ ’an’ ) ‘D(an’€>‘w2’

which gives the desired result. This completes the proof of Theorem 2.6. O

We now turn to the proof of Theorem 2.8. Let 0 < € < —, and let {a,}>, C D

be an e-lattice. Define a measure u = u. on D by

= >0 G| )

16’

, (2.1)

w
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where 9,, is the Dirac measure concentrated at a,. Indeed, the conclusion of
Theorem 2.6 tells us that p is both a Carleson and reverse Carleson measure for
L?(w). First, we establish a sufficient condition for a general (positive) measure
to be the L} (w)-Carleson measure, where 0 < p < o0.

Proposition 2.9. Suppose that v is a positive Borel measure on ID. If there exist
an 0 <r <rg and a constant C' > 0 independent of z € D such that

v(D(z,1)) < C|D(2,7)],

for all z € D, then v is a Carleson measure for L} (w) (0 < p < 00); that is, there
is a positive constant C, such that

/D FEI du=) < Gl I,

for f € LY (w). Consequently, p is a Carleson measure for L} (w), that is; there is
an absolute constant C' > 0 such that

LV o) = S 150 0o ) < Uy

for all f in L3(w).
Proof. Fix an r < ry. By Lemma 2.1, we obtain

b
2

£(2)] s%[m )\f(é)!gdA(é) (z € D),

where 0 < p < oo and C' = C(p,r). The Cauchy-Schwarz inequality and the A,
condition give us that

fD(z,r) |f()[Pw (&) dA(E)

|f<Z)} < C [w]./b |D(Z,7")|w

Integrating the above over the unit disk gives

/D F()[P du(z) < © / / D) |2 O (€)X (2) dAE) du(2),

where the constant C' depends only on p and r. Noting that £ € D(z,7), we have
by Lemma 2.5 that

|D(z,7“)’w > C’|D(§,7")’w

for some absolute constant C'. Therefore,
/ F@f avz) < C / / D) [£E) w@)xnen (=) dAE) dv()
D D JD
< [ [IDEn| O wl€)xpien () du(:) dAG).
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Now our hypothesis on v gives

[ i <c [Ipenvpen) ot
< /D F()] (&) dA(©),

where the constant C} > 0 is independent of f € L (w).
For the second conclusion of this proposition, it is sufficient to show that the

inequality
u(D(a, i)) < C/D(a l)w(z) dA(z) (aeD)

holds for some absolute constant C' > 0. Indeed, by the definition of i, we have

()= 2 [, e 2 e

plan,a)<;i plan,a)<jz

If p(a,a,) < %, then for each z € D(ay, £), we have

e 1 1
< n n < - - <3,

€ 1
D(an7) < D(a3)
a 1 C a2
1

for every n > 1 provided that p(a,a,) < ;.
Since D(ay, §) N D(an, §) = @ for n # m, we obtain

U Do) e n(e)

plan,a)<j

u(p(a3)) = [P(w3)], = olp(e.3)

for every a € D, where the constant C' > 0 (independent of a) comes from
Lemma 2.5. This completes the proof of Proposition 2.9. 0

to obtain

and

w

In order to finish the proof of Theorem 2.8, we need to show that there is

an € € (0,15) such that 4 = p is a reverse Carleson measure for L} (w). More

precisely, we will prove the following proposition.

Proposition 2.10. There exists an € € (0, 116) such that

/D FPdu(z) = 3| Fan) | Dian O], > Cll 12

for all f in L} (w), where C' > 0 is an absolute constant.
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The rest of this section is devoted to the proof of the above reverse Carleson
inequality. To do so, we need to prove the following two lemmas related to har-
monic functions, which extend the results in [15] and [14] for weighted Bergman
spaces to the present situation.

Lemma 2.11. Let f be a harmonic function onD, and let € € (0, z5). Then there

exists a constant Cy > 0 (independent of z, €, and f) such that

1£(2) = F(0)] < Cre / (V)] dA()

D(0,4)

when |z| < €. As a consequence, there exists a constant Cy > 0 (independent of
z, €, and f) such that

Fw) - FE)f < -

BET / o T a0y
when & € D(w, €).

Proof. Observe that

£(2) - £(0) = /01 %[f(tz)] it — /01 IV f(t2) - ] dt
for |z| < € < 5. Thus we have
|f(z) = f(0)] < E@‘W@‘ - 2]
Recall that
VP =2(10f1>+10f1) = 2(10f° + |0F)
< [V2(jof| + 1071)]",

where 0f = %. By Lemma 2.1, there is an absolute constant C' > 0 such that

2\/_C 11— (116)2|€|2
9501 < 2 (i) e, V]840

Note that || < e < 5. If A € D(€, %), then

1 - 1
N < el + g5l =3¢l < 5

to get D(&, 15) € D(0, 1) and
VAOI<C [ ]
D(0,3)
for all || < ¢, where the constant C} is independent of z, £, and e. Therefore,
7 = 1O < swplVr© A < il | 150l daey

for |z| < e with € € (0, 15). This proves the first part of the lemma.



818 Z. WANG and X. ZHAO

Let ¢ be the Mobius map. Then foypg is harmonic on . By changing variables,
we have that

036
1D, DI Jb
for some absolute constant C's > 0. The Cauchnychwarz inequality gives
< Gilwlae 2
£leele)) = FOF < 22 [ ) Puydan

| ( 74)|w D(¢,1)

Let w = @¢(2). We have |p¢(w)| = |2| < € and
Coe?

£@) = FOF < et [ 1F P A
|D(&, )| D¢
if € € D(w,€), as desired. O

Lemma 2.12. Let f be a harmonic function, and let € € (0,1;). Let pu be the

measure defined in (2.1). Then there exists a constant C > 0 (independent of €)
such that

/D / N5 O|DE A |F(2) — FOwl2) dAR) du(€) < CE |2,

for all f € L?(w), where
h

| f(e(2) — f(&)] <

| F(N)|dA(N)

Xe(2,€) = {1 V€ Do)

0 otherwise.

Proof. By Lemma 2.11, we have

PR LZ)

062 (Z,f)W(Z)
_ N dAN) ) =F——.

< (BT o O 0 2409) 55T

Integrating over z € D on both sides gives
(Z) Cé? 2
(2, dA(z) < ——— dA.
[ xe9116) = 1O e 446 < e [ P

Now integrating with respect to du(€) and noting that

XD(&,%)()‘) XD(A %)(f)

we have

/ |D( 5’4 o /D(g )| <>\)’ w(A) dA(X) dp(§)
- CEQ/D< DM(A’—‘*i(?dﬂ(ﬁ))}f(A)IQw(A) dAN).
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Since A € D(¢, %), Lemma 2.5 tells us that there is an absolute constant C

such that . .
(e )], zep(n )],
Thus we obtain ©
XD\ 1) § _ M(D(Aa l))
o dp(§) < CTH——
p | D&, 7)]w DA, 1)l

By Lemma 2.9, we have

o((3) [ (x5)

for some constant C; > 0 (independent of €), completing the proof. OJ

1
<y

w

Now we are ready to prove the reverse Carleson inequality in Proposition 2.10.

Proof of Proposition 2.10. Recall that p satisfies the condition

o(p(a 7)) = cfp(e )

for all a € D. Applying Lemma 2.12 to € € (0, %), we have

6(275) _ 2wz - : € 2
[ [ St - rofue ane ane)]” < cel o,

The triangle inequality gives

w

I— J S C€||f||L2(w),

where
1

=[] ﬁmz)\%@ 4A(:) dyu(©)]”

1= ([ [ 2ES oo da) )]

For the first integral I, we note that for each z € D,

(2,€) B du(§) p(D(z,¢€))
/ Dl ol ©) = /DW) DE L - DL

and

where (] is an absolute constant.
Since D = | J.2, D(an, €), we can select D(a;,€) such that z € D(a;,€) for each
z € D. Applying Lemma 2.5, we get

w(D(z,¢€)) :Z(San(D(Z,E)) /D( S)u;dA

2 D(aj, i) ‘w 2 CQ‘D(CZ]‘,E)’W Z Cg‘D(Z, €)|w’

where Cy and C3 are absolute positive constants. Therefore, we have

xd2,8) dp(€) > C

p [D(§ )l
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for some absolute constant C' > 0, to obtain
1> Cllflle2)

For the second integral J, we observe that

/D Yol E)w(2) dA(2) = [D(E, 6)|..

- (/le(é‘)fdu(é))é-

Cll sl = ([ FOF au©)” <17 < Cel ez

to get

Thus we have

Equivalently,
(@ =l < ([ 17O aute)

for each 0 < e < 1—16.

Since C, C are both independent of €, we can choose

OD<e< {10 }
€ < ity 750 56070

such that

{2 (C—C/}f )2 du(©)

Recalling the definition of u, we conclude that

4 < 4 <
112 < §;|f<an>|2\z>(an, 2| < & 2@ 1D,

This completes the proof. O
The proof of Theorem 2.6 implies the following result immediately.

Theorem 2.13. Suppose that w satisfies the Ay condition. Then there is an
e-lattice {a,}°, C D such that each f € L2(w) has the form

=3 K2 (2)| D, o)
n=1

for some sequence {c,} in (*(N), where K¢ is the reproducing kernel for Lj(w).
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Proof. We consider the linear map S : L?(w) — ¢*(N):
S f = {f(a)|D(an,)|2},~,
Propositions 2.9 and 2.10 imply that S* : ¢*(N) — L?(w) is surjective and that

(S* (e Hpoe <chKw I\ Dlan 31,

for {c,} € (*(N) and f € L}(w). Therefore,

[e.9]

1
S*({ea})(2) = Y enKZ (2)| D(an, €)|2.
n=1
This completes the proof of this theorem. O

3. Boundedness and compactness of T, on L?(w)

Recall that the Toeplitz operator T, initially defined on a dense subspace of
L?(w) is given by

- [I0RER @) (:eD),

In this section, we will characterize the boundedness and compactness of T, on
L?(w) via the Berezin transform and Carleson measures for L? (w). First, we define
the Berezin transform v of v as

TR || /‘R I av(x

1 |
R.() = TSRSV

is the reproducing kernel for L?. The first main result of this section is Theo-
rem 3.1.

v(z) =

where

Theorem 3.1. Let v be a positive finite Borel measure on D, and let w be an Asy
weight. The following conditions are equivalent:

(1) T, extends to a bounded linear operator on L3 (w);

(2) v is a Carleson measure for L2 (w);

(3) there exist an 0 <1 <1y and a constant C > 0 independent of z € D such
that

v(D(z,1)) < C|D(2,7)],

for all z € D;
(4) the Berezin transform v is bounded.

To prove Theorem 3.1, we need the following useful lemma.
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Lemma 3.2. Let w € Ay. If 0 < r < rg, then there is a constant C = C(r) such
that

DO 2 DOV
21—yt = Ml < O3
for all A € D.

Proof. Let A € D. By Remark 2.7, there exists an 7y € (0,1] such that if

4
0 <r <ry. Then
1 3
2 < R,\(Z) < -
Aoy S Bl g

for all z € D(A,r). It follows that for each r € (0, ro], we have
2
IRl = [ R dAe)
D(\,r)
1/ w(z) ID(A,7)]|w
> — —— = —dA(z) = — .
T Y (o A T Yy
Now we turn to the proof of the other inequality. Using
lz= A <r(L—|A]) <r[l=2zX (z,AeD),
we have
SAr)={zeD:|z=A <r(1—|A)} € DO\ 7).
Thus, we have by Lemma 2.1 in [6] that
1S 7)o 1S )L (D7)
4 4 < G 4
(1 —1A) (1—=1A) (1 —1A)

for some positive constants C; = C1(r) and Cy = Cy(r), where K)(z2) = —=

Ci < KAz < O

is the reproducing kernel for L? at A. Recalling that
Ri(z) = 2Re(K(2)) — 1,
we have
AC|D(\, 1) |w
(1 —AD?
Consequently, to complete the proof we only need to show that there is a
constant C5 depending only on r such that

[DOA, 7)o
(1 —[AD*

for every A € D. Indeed, we may assume that ||w||;1 = 1. Then it is easy to see
that

IRAlI72 ) < + 2f|w][ 1

|wl[zr < Cs

C(1—|A\)* < [DOA 7))

for some constant C' = C(r). Thus we have

C(1= )" < DO )] < DO - w7 I,
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to get
[ D7)
g = G,
(1 —[A])?*
which completes the proof of Lemma 3.2. O

Now we are ready to prove Theorem 3.1.

Proof of Theorem 5.1. We will show that (4) = (3) = (2) = (1) = (4).
(4) = (3): Note that there exists an r € (0, 7] such that
5 3
2 < Rz()\) < —
A= < WS T

for A € D(z,r). From the definition of 7, there is a constant C' > 0 such that

1 2 ~
W/D( RO ) <3 < 0
ZI1 L2 (w) z,r

for all z € D. Combining these with Lemma 3.2 gives us that
v(D(z,r)) < O‘D(Z,T)LJ (z € D)

for some positive constant C' = C(r).

Proposition 2.9 gives (3) = (2), so we only need to show that (2) = (1).
Assume that v is a Carleson measure. By condition (2) and Lemma 3.2, we obtain
condition (3). Now Proposition 2.9 implies that v is also a Carleson measure for
L}(w). Then for f,g—two functions harmonic on a neighborhood of D (which,
by Theorem 2.6, are dense in L?(w))—we have

(Tf,9)] < /D\f(Z)g(Z)\ dv(z) < Ol fgllerwy < Clifllzellgl 2@,

to get that T, is bounded.
(1) = (4): Suppose that T}, is bounded on L?(w). We consider the partial sum

oy = N t,K¥, where N > 1, {t,} are complex numbers, and {a,} C D.

an?

Direct calculations show that

lonllz2w) < Cllon 2w

for some constant C' > 0. This implies that if limy_, ||onx — g/ £2() = 0 for some
g € L} (w), then
li

N'_I}100<f; on)2w) = (f: 9) 120
for every f € L?(w). Applying Theorem 2.13, we obtain
(T f,9) t2(w) = (f+ 9) L2
for every f,g € L?(w). In particular, we have
<TVRZ7 R2>L2(w) - <RZ7 RZ>L2(V) = g(z)HRZ”%Q(w)

to get v(z) < ||T,|| for all z € D. The proof of Theorem 3.1 is now complete. [J
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From the above theorem, it is natural to characterize the compactness of T,
via the vanishing Carleson measure. In fact, we will characterize the compact
Toeplitz operator with positive measure as the symbol via not only the vanishing
Carleson measure (for the As-weighted harmonic Bergman space) but also the
Berezin transform.

Theorem 3.3. Let v be a positive finite Borel measure on D, and let w € As.
The following conditions are equivalent:

(1) T, is compact on L3 (w).

(2) v is a vanishing Carleson measure for L} (w); that is,

v(D(z,7))
R TP

for some r € (0,1).
(3) The Berezin transform satisfies that limy,_,,- v(z) = 0.

Proof. We will show that (2) = (1) = (3) = (2).
(2) = (1): To prove (1), we only need to show that the inclusion operator
i: L?(w) — L*(v) is compact; that is,

i [ (5, ) -

whenever || f, | 12 = 0 (n = 00), where {f,}72, is a bounded sequence in L} (w)
which converges to zero uniformly on each compact subset of .

From the proof of Proposition 2.9, there exists a positive constant C' = C(r)
such that

/len(Z)}QdV(Z) SC/ID(f,T)!;V(D(f,T))\fn(f)IQw(f) dA(€)

_C /|<s />s |D ‘fn &) dA©)

where s € (0,1). Using the assumption in condition (2), we can choose an sy €
(0,1) to make the second integral as small as we like. Fix sq. It is easy to show
that the first integral converges to zero, since f, — 0 (n — oo) uniformly on
compact subsets. This proves (2) = (1).

(1) = (3): Observe that

) R. R,
o) = (T, ’ )i
el TRl /o

So, it is sufficient to show that

R,
(o)

converges to zero weakly in L?(w) as

L2(w)

||Rz ||L2(w)

|z| = 17. Noting that is a unit vector in L?(w), we only need to show

= ||
that it converges to zero unlformly on compact subsets of D as |z| — 17. Observe
that Lemma 3.2 implies that there exists a positive constant C' = C(rg) such that

2
’RZ—W < c\RZ(A)f/ wtdA.
1R [l 22 w) D(z70)
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Now we conclude that —H o
disk |\| < s < 1, since |D(z,79)| — 0 as |z| — 17, and that w™! € L!(dA).
(3) = (2): By the definition of 7 and Lemma 3.2, there exists a constant
C = C(rg) > 0 such that

converges to zero uniformly (as |z| — 17) on each
@)

~ (D(z o))
v(z R.( dv(
&= TR " [R>S
Thus we have limj.|_,;- Té?;i;ﬁl) = 0 if lim,_,;- 7(2) = 0, to complete the proof.

OJ

In the rest of this section, we will consider the special class of compact Toeplitz
operators. We will give a characterization of v for 7, to be in the Schatten class
SP (p > 1). The following theorem is the third main result in Section 3.

Theorem 3.4. Let v be a positive finite Borel measure on D, and let w € As.
Then for 1 <p < oo, T, € S if and only if

> (Totara) <+

where ({a,}5°,€) is the e-lattice obtained by Theorem 2.0.

In order to prove the above result, we need one more lemma, which is a straight-
forward consequence of Lemmas 2.1 and 3.2.

Lemma 3.5. Let w € Ay and 0 < r < ry. There exists a constant C = C(r) > 0
such that
Ct<K¥z |D 2T ‘ <C

for z € D, where K is the reproducing kernel for L3 (w).

Proof. Note that K¥(\) = || K¥|175,, for each A € D. Applying Lemma 2.1 to the
function K¥(z), we get a constant C' depending only on 7 such that

|K5(2)] < D(z,7)e  |D(z7)]e

Taking A = z, we get the inequality on the right-hand side in Lemma 3.5.
For the reverse inequality, note that for each z € D,

12
(T=1[z0)2 = (1= [2*)?

—1=R.(2) = (R., KY) 12(w)

1
[ D(z, 1)
SR o) - 182 2wy < CF—1g - VA2 (2),
(w) (w) (1 — |z!)2
where the constant C' comes from Lemma 3.2. This finishes the proof. OJ

We are ready to prove Theorem 3.4. The method of its proof is quite standard.
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Proof of Theorem 3./. Suppose that >~ (ﬁ)p < 4o00. We consider the

e-lattice {a,}22, given by Theorem 2.6. Recall that ¢ < ry (see the proof of
Proposition 2.10). For an arbitrary orthonormal basis {e,}2, of L?(w), we have

i:I(Tuemen) =§: / len ()| dv(z) = /D K¥(z) dv(z)
A e

(an, e)

<(JZ/W |D(z,€)|" dv(2),

where the constant C' comes from Lemma 3.5. Note that p(z,a,) < € for every
n > 1. By Lemma 2.5 and its proof, we can choose a constant C; = Cy(€) such

that
< D(ay, €))
(T, en, en) < Cy Dol
2 > e
This shows that T, € S*.

On the other hand, if sup,, | jg( (n, )6‘)) < 400, then by the proof Theorem 7.4
in [25] (or the proof of (3) = (2) in Theorem 3.1), we deduce that 7, is bounded
on L?(w); that is, T, € 8. Now applying the interpolation theorem for the
Schatten classes (see [25, Theorem 2.6] if needed), we obtain that 7, € SP for

each p € (1,+00) if

Z(u(f()() D) < voe

Conversely, we assume that 7, € SP for 1 < p < oco. We recall by Theorem 2.6
that each f € L?(w) has the form

0o
1

£ = 3 el = fanl)*Ru, ()] Dlan, )]

n=1

= Z Crhn(2)

where {c,}°°, € (*(N). The Cauchy-Schwarz inequality shows that

171 < (Dcnr) (Z e R LN )

7’L7
Since € < rg, we have by Lemma 3.2 that

”f”%?(w) < OZ |C’Vl|2a
n=1

where the constant C' > 0 depends only on e.
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Fix an orthonormal basis {e,}°°, for L?(w), and define a linear operator A
on L?(w) by

A <nz:1 cnen> = nz:lcnhn

Then A is a bounded surjective linear operator on L? (w). Thus A * is well defined
on L?(w) and A*T,A € 87, so that

S THATA e e0) 12| < +oo.

n=1

On the other hand,

NE

D> A T,Acn en) 2| =

n=1

(TA en, A en) 2|

i
I

M8 HME% ||M8

\<T Ry hn) 12| (by the definition of A)

/|h ) du(2))"
( /D@mg) (=) v (2))

v
I

n

Recalling that

o = (Ll Re ()P
|D(an, €)l.
we have by Lemma 3.2 that
2 1
I, >
[fn()]" 2 4 D(an, )

for each n > 1 if p(z,a,) < € < rg. Therefore,

> . = (D(ay. )\
S A TA e 2473 ()

This completes the proof of Theorem 3.4. 0

4. Invertibility of Toeplitz operators on L7 (w,)

A fundamental and interesting problem is to determine when a Toeplitz oper-
ator is invertible on the Hardy or Bergman space (see [7]). In this section, we
study the invertibility problem of Toeplitz operators on the standard weighted
harmonic Bergman space L3 (w,) with w, = (1 + a)(1 — |2[*)*, a > —1. Recall
that the reproducing kernel for L?(w,) is given by

RN =KXAN)+K2(A)—1 (z,AeD),
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where )
K{(N) = ———
Z ( ) (1 _ E)\)Q—i-a
is the reproducing kernel for the weighted Bergman space L2(w,) (see [22] if
needed).

For the (unweighted) Bergman space setting, the second author and Zheng
provided a necessary and sufficient condition for the Toeplitz operators with non-
negative symbols to be invertible on L? (see [24]). The main tool used in [24] is
Luecking’s result in [12, Main Theorem]| on the reverse Carleson measure for the
Bergman space, which also holds for the harmonic Bergman space. More precisely,
Luecking established the following results.

Lemma 4.1 ([13, Theorem 1]). Suppose that G is a measurable subset of D. Then
the following are equivalent.
(i) There ezists a 6 € (0,1) such that

IGNK|>46DnN K|

for every ball K whose center lies on JD.
(ii) x¢ dA is a reverse Carleson measure for L3 (w,). That is, there is a constant
C > 0 such that

/D |£(2)]"walz) dA(2) < C /G £ (2)]"walz) dA(2)

for all f € L3 (wa)-

Motivated by the ideas and techniques used in [24], we are able to characterize
the invertibility of the Toeplitz operator T, (¢ > 0) on L3 (w,) in terms of the
reverse Carleson measure and the Berezin transform.

Theorem 4.2. Let o > 0 be in L™= (w,). The following conditions are equivalent.
(1) The Toeplitz operator T, is invertible on L} (w,).
(2) The Berezin transform ¢ is invertible in L>°(w,), where

_ 1 )
7:) = [ @I ale ) () 4A0)
2 L2 (wq) YD
and ,
B2 sy = RE() = ooz — 1

ICEDE
(3) There exists r > 0 such that xgdA is a reverse Carleson measure for
L3 (w,), where G :={z €D : ¢(z) >r}.
(4) There exists a constant C' > 0 such that

/D 1£(2) 202 )wa(2) dA(z) > C / 1£(2)[Pwa(z) dA(2)

for [ € L3 (w,).

Before giving the proof of the main theorem of this section, we need another
lemma, which was proved in [13, Lemma 3], [17, Theorem 9], and [23, Theorem C].
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Lemma 4.3. Suppose that the ball K has radius 0 < t < 1 and center u =
(1,0) € R?. Let f be the harmonic function

FO) = £ == VIFaRE V) (1 |22) 7,

where zg = (1 — st)u, 0 < s < 1. Then for each € > 0, there exist s = s(€) and a
positive constant C' = C(€) (independent of K ) such that

/B\K\f(k)f(l C AT AR < ¢

and

2 o GNKI\B
| 1roP =y aam < e([Fo)

ﬁ_{l if0 < a < oo,

1—% if —1<a<0,

where

and 7 is a number in (1,—1) if =1 < a < 0.
Now we are ready to prove Theorem 4.2.

Proof of Theorem 4.2. We will show that (1) = (2) = (3) = (4) = (1). Without
loss of generality, we may assume that 0 < ¢ < 1.

(1) = (2): This is trivial.

(2) = (3): Suppose that ¢ is bounded below by some positive constant J. By
Lemma 4.1, it is sufficient to show that there exists a ¢’ € (0, 1) such that

IGNK|>§DNK]|

for all balls K whose centers lie on 0D.

Since w, dA is a rotation-invariant measure, we may assume without loss of
generality that K has its center at the point (1,0). It is also clear that we only
need to prove the inequality for a sufficiently small radius ¢, say, ¢ < 1. Now we
consider the subset

o
G:{)\E]D:gp()\)>1}.
For each z € D,

5 < 3(z) = W / V)| REO)Pwa(N) dA()

|!Ra|rL2 ) / /D\G PN RE(N)[ wa(X) dA(N)
<(1- |Z|2)2+a/GSD(A)!R?(A)\Z%(A) dA(N) + -

Let L, be the following integral:

1 PNT
L. = m/&m PO BRI [P (X) dA(N).
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Then for each z € D, we have

HRC“II / /G\K (V)| RSN walA) dA(N)
Z% - |Z| M /G—/G\K>90(A)|R?(A)\2wa(x) dA(N)

L.=

> %5 - %(1 — |z2)*e /G\Kgo(A){Rgu)f%(A) dA(N)
2 3@6 - %(1 =) /G\K\Rj()\)fwa()\) dA(\) (using 0 < o < 1).

For the 6 above, Lemma 4.3 guarantees that we can select zg € D to define a
function f (as the one in Lemma 4.3), which satisfies the following three inequal-
ities:

L,>320 1(1 _ |z0\2)2+a/ B2 () Pwa(A) dA(N)
s 2 e
351

=5 g [ O aaey,
[ 1= ) aam < 5,
G\K

and

[P - aan < e(logy’

where the constant C' depends only on § and a. Therefore,

TLa (-1l [ RO () dA0)
:/ (1= AP)* dA)

|IGN K|
SCQDQKO

Now we get (3) by Lemma 4.1.
(3) = (4): Observe that

/D|f|2gowadA>r/G|f|2wadA2 %/D|f|2wadA,

where the last inequality follows from the definition of the reverse Carleson mea-
sure.

(4) = (1): Using the same arguments as in the proof of Corollary 3 in [12], we
obtain that ||I — T,|| < 1, which implies that T, is invertible on L?(w,). This
completes the whole proof of Theorem 4.2. O
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Let T, denote the Toeplitz operator with symbol ¢ on the weighted Bergman
space L?(w,). Combining the main result in [12] and the techniques used in the
proof of Theorem 4.2, we can generalize Theorem 3.2 in [24] to the case of standard
weighted Bergman spaces.

Theorem 4.4. Let ¢ > 0 be in L*°(w,). Then the following are equivalent.
(1) The Toeplitz operator T, is invertible on L2(w,).
(2) The Berezin transform @ is invertible in L*°(w,), where

PO 1 o2
26 = g [ POIRE e a0

(3) There exists v > 0 such that xgdA is a reverse Carleson measure for
L3 (wy), where G :={z €D : p(z) >r}.
(4) There ezists a 6 € (0,1) such that

IGNK|>46DNK|

for every ball K whose center lies on OD.
(5) There exists a constant C' > 0 such that

/D £ (2)] (2)walz) dA(z) > C /D |£(2) [ wal2) dA(2)

for f € L3 (wy).

Proof. From the proof of Theorem 4.2, it is sufficient to show that one can replace
the harmonic function f defined in Lemma 4.3 by a suitable analytic function g.
Indeed, we construct the desired function g as follows. Suppose that K has radius
0 <t <1 and center u = (1,0) € R%. Define
24a
g(A) =Va+1K2 (A (1 —|z/*) 2,
where zp = (1 — st)u, 0 < s < 1. Then it is not hard to check that both inequal-

ities in Lemma 4.3 hold for g. Now the rest of the proof follows exactly that of
Theorem 4.2. OJ

Note that T, > 0 on L?(w,) does not imply that ¢ > 0. In view of this fact
and the above theorem, it is natural to ask the following question.

Question 4.5. Is T, invertible on the weighted Bergman space L2(w,) if T, > 0
and the Berezin transform @ is invertible in L>(w,)?

To study the above question, we only need to consider the case of @« = 0 in
L?(w,), that is, the classical Bergman space L2. We give a negative answer to
Question 4.5 by the following proposition.

Proposition 4.6. Let o(z) = |z|*+alz|+b (2 € D). There exist a and b such that
the Bergman Toeplitz operator T, > 0 and the Berezin transform @ is invertible
in L>®(D), but T, is not invertible on L2.
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Proof. Let a = —1.51 and b = %. By Proposition 3.4 in [24], the eigenvalues of
T, are given by
_2n+2 2n + 2

— > 0).
2n+4+a2n—|—3+ (n_ )

n

Then it is easy to check that Ay = 0, and so T, is not invertible on L2. Moreover,
one can show that T, is positive since

min \, = \y = 0.
n>0

It remains only to prove that ¢ is bounded below. Using the calculations in
Proposition 3.4 of [24] again, we obtain

Bz) = [2- - “;ﬂ log(1 - 2?)]

L iy S
2000~ 22 225 81— 2] T 700
=F(z) (z=|z]€]0,1]).

Now one can show
9
inf (z) > min F(z) > —— >0
inf P(=) 2 min Fle) 2 3555
by adopting some techniques from the proof of Proposition 3.4 in [24]. However,
this inequality implies that @ is invertible in L>°(D). O

Based on Theorem 4.4, we can establish a relationship of the invertibility
between Toeplitz operators (with nonnegative symbols) on L2(w,) and L3 (w,).

Corollary 4.7. Let ¢ be a nonnegative bounded measurable function on . The
following four conditions are equivalent:

(1) T, is invertible on L2(w,);

(2) T, is invertible on L} (w,);

(3) @ is invertible in L™ (wy);

(4) @ is invertible in L™ (w,).

5. A reverse Carleson inequality for L?(w)

In the previous section, we studied the invertibility problem of Toeplitz opera-
tors via reverse Carleson measures for the standard weighted harmonic Bergman
spaces. In this section, we establish a sufficient condition for ys dA to be a reverse
Carleson measure for L?(w), where w € Ay and G is a measurable subset in D.

Fora € D, 0 < r < 1, recall that

S(a,r)={z€D:|z—a|<r(l—]a])}.

The main result in this section is Theorem 5.1, which is a harmonic version of
Theorem 3.9 in [15].
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Theorem 5.1. Suppose that G C D and that w satisfies the Ay condition. If
there ezist 0 € (0,1) and r € (0, 1) such that for all a € D,

then there ezists a positive constant C' = C(r,d) such that

/\f ()Fu(x)aAE) < € [ 1FE)Puz) dAC)
for all f € L (w)

To prove the above theorem, we will adopt some ideas and techniques from
[15]. First, we need to introduce a new (weight) function w* and discuss some
properties of w*. In the rest of this section, we use r and § to denote the numbers
provided in Theorem 5.1.

Now we define a positive function w* on the open unit disk as follows:

PPN (A
w(z)— r() |S(Z,7")|

It is clear that w* € L'(dA), and so w* is a weight. Moreover, w* has the following
important property.

Lemma 5.2. Let z € D. Then there exist constants Cy and Cy depending only
on r such that

Ciw*(a) < w*(z) < Cow*(a)
for all a € S(z,r). Consequently, we have

/D |;z’a2)|xs(a,r)(z) dA(a) < Csw*(z) (2 €D),

where C3 = Cs3(r) is a constant.

Proof. By Lemma 2.2 in [0], there exists a positive constant C' depending only
on r such that

CcS(a,r) S(z,r) L, < C5(a, )|
(a,7)|,

Moreover, it is well known that |S (z, )| is equ1valent to |S(a,r)| (with constants
independent of a and z) if a € S(z,r). This gives the first conclusion of the
lemma. Based on this result, we have

/D ’;u(’;(’ar)ﬂ XS(ar)(2) dA(a) < C/D %Xg(w)(z) dA(a) (using z € S(a,r))

o [8(a, )y Pen () 44

B w*(2)
_O/D’S(CL, XDzT()dA()

_ w*<z> )
N C/D(z,r) 1S(a,r)| dA(a)
< Caw*(2),
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where the second inequality follows from S(a,r) C D(a,r), and C3 depends only
on 7, as desired. O

Another property of w* is given by the following inequality, which will be used
to estimate the integral of | f|*w over the subset G.

Lemma 5.3. Let w be an As weight. Then there exists a constant C' > 0 depend-
g only on r such that

1172 < ClFIZ 2000
for all f € L2(w).

Proof. Using the definition of w*, we have

sy = [ 1£G) P () dce

- [ s o

We next deal with the bracketed expression. Observing that

r

5<§,m> Cl{zeD:|z—¢ <r(l1—|z])},

we obtain

/\f QXS - |)dA(z)=/{ FEE ac

zeD:|z—&|<r(1—|z|} |S(Z, T)l

()P
Z/ 150 A

é2(1+
2dA
S |/%) (=) dA(2)
1S(& 575!
2dA . (I+r)
ga 2(14_7« |/§2(1+> |f| i| |S(€,’f‘)|
> 16\f

where the second inequality follows from z € S(¢, 50 ’; ) and the last inequality
follows form the subharmonicity of |f|? (see Lemma 2. ) Thus we get

C
et 2 15 [ 1760 Pt€) dA©) = Tl

to complete the proof of Lemma 5.3. |

In order to finish the proof of the main theorem in this section, the following
two key lemmas are also needed.
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Proposition 5.4. Let G be the subset which satisfies the assumption in Theo-
rem 5.1. Forn € (0,1), we define a subset F' as the following:

F:={zeD:w(z) >nw*(2)}.
Then one can choose 1 (depending only on ¢ and r) sufficiently small such that
|FnS(a,r)| > (1 - g)‘S(a,rﬂ
and
|GNS(a,r)NF| > g!S(a,r)’
for all a € D.

Proof. First, we claim that for each ¢’ € (0, 1), there exists ' = /(') > 0 such
that
Hz € S(a,r):w(z) < n’w*(a)}‘ < 5"S(a,r)|
for all @ € D.
Indeed, for each x € (0,1) and a € D, we have

HzES(a,r): ) < kw( }|

</
{zeS(a,r):w(z)<kw*(a)} (,U(Z)
<[S(a, )], < Wla|S(a,r)[* - |S(a,r)

to obtain
[{z € S(a,r): w(z) < rw*(a)}]| < (w]ar)|S(a,r)|

for all a € D and x € (0, 1). By this inequality, we can choose any 0 < n’ <

[W]AQ

to finish the proof of the claim.
Lemma 5.2 guarantees that there is a constant C' = C(r) such that

{z€S(a,r):w(z) <Crw*(z)} C{z€S(ar) :wz) <Tw(a)} (aeD)

for every 7 € (0,1). By the claim and its proof, there exists a 7 = 7(§) < %

e such
that

{z € S(ar) wz) <tw(a)}] < —‘S(a,r)} (a €D).
Therefore, we can take n = 77(5, r) = C1 < 1 such that

[{z € S(a,r):w(z) <nw(z)}| < —}S(a,r)| (a € D).
We define the subset F' by the 1 chosen above, so that
)
|[FNnS(a,r)| = |{z € S(a,r) :w(z) > (2)}| > (1—5)‘3(@7‘)‘
for all a € D.

By the assumption
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we have
8|S(a, )| < |G N S(a,r)
=|[GNnS(a,r)NF]U[GNS(a,r)N(D\ F)]]
<|GNS(a,r)NF|+[S(a,r)N(D\ F)|
=|GNS(a,r)NF|+|S(a,r)| —|S(a,r) N F|
o
<|GNnS(a,r)NF|+|S(a,r)| - (1 — §>‘S(a,r)|,
to obtain
|GNS(a,r)NF|> g!S(a,r)‘
for all a € D, as desired. O

Lemma 5.5. If Gy is a measurable subset of D that satisfies
|Gon S(a,r)| > 6o|S(a,r)| (aeD)

for some &y > 0, then there exists a constant C' = C(do,7) > 0 such that

/D f(2)[w(2) dA(z) < C /G |£(2)[w*(2) dA(z)

for all f € L(w*).

Because the proof of the above lemma is long and requires a number of technical
lemmas, we will prove it at the end of this section. With this lemma, we are going
to prove Theorem 5.1.

Proof of Theorem 5.1. By Proposition 5.4 and Lemma 5.5, we have

/|f )| <(Jl/ |£(2)[2w (2) dA(2) < Cory /|f|2wdA

for all f € L?(w*), where C is a constant depending only on r and where 1 =
n(d,7) < 11is chosen by Proposition 5.4.
From Lemma 5.3, it is clear that

/D 1£(2)]"w(2) dA(z) < O™ /G |£(2)]"w(z2) dA(2)

for all f € L?(w), which gives the desired inequality in Theorem 5.1. O

Now we turn to the proof of Lemma 5.5. Before giving the proof, we need to
introduce some notation and prove three technical lemmas.
Let 0 <6 < % We define the subset

Ey(a) = Ep(f,a) := {z € S(a,r): ‘f(z)‘ > Q‘f(a)u
and the operator

Byf(a) = !

|Eo(a)| EMJ 2)[7dA(z) (a € D).
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Clearly,
1
S (a,m)\Eg(a)| S(a,r)\Eg(a)

1
[Eo(@)] JEq(a)

[f2dA < 6] f(a)|* < fI?dA,

and thus we have
2
Bof(a |Sar ‘/M ()P dA(z) (a D).

For e € (0,1), we consider the following two subsets, which will be very useful
in establishing our main result. Define

A=A ={aeD:|f(o) < m S(M)|f(z)\2dA(z)}

and
B=B.:={aeD:|f(a)]" <&Byf(a)}.

The following inequality gives a useful estimate for the Lebesgue measure of
the set {z € S(a,r) : |f(2)| > 0|f(a)|}, where f is a harmonic function.

Lemma 5.6. Fiz e € (0,1). For any &' € (0,1), there exists 6 € (0,3) such that
5/
{z € Sa,m) : [£(2)] > 0@} > (1= 5 ) IS(a. )]
for every f harmonic on D, satisfying
2 e / 2
a)|” > ——— 2)|"dA(z) (a € D).
S@F > gy [ [fOFaAG) @)

Proof. See the proof of Lemma 2 in [13]. O

The next lemma provides an estimate for the integral of |f|?w* over the set
A, which can be proved easily by combining the definition of A and the second
conclusion of Lemma 5.2.

Lemma 5.7. Let € € (0,1). Then there ezists a constant C' (independent of €)

such that
/|f )[w(2) dA(z <(Je/\f )[Fw(2) dA(2)

The proof of Lemma 5.5 requires the following inequality.

for all f € L (w

Lemma 5.8. Let € € (0,1). Then there ezists a constant C = C(r) such that

/|f \ 2)dA(z <Ce/]f | A(z)

for all f € L3 (w*
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Proof. Observe that

sz*szz: zzw*szz 22w 2)dA(z
J17G)Per ) aace) /wm )2 (2) ()+/B\A!f( )|
< [P aac) + NP eaac)

Based on Lemma 5.7, it is sufficient to show that the following inequality holds
for some constant C' = C(r):

J::/B\A\ 2)|["w*(2) dA(= <Oe/|f )[*w*(2) dA(2).

Recall that for each a € B, we have

@ < gy [ FEOF 4

From the above inequality, we have
J = / | f(a)]"w* (a) dA(a)
B\A

< [ i da@) ) aac

EQ/H)‘f(Z)’2</B\Aw (G)X|SE;;E ()T) dA(a)) dA(z).

The last inequality follows from the fact that Ey(a) C S(a,r).
To finish the proof of this lemma, we need to verify the following claim.

Claim. There is a positive constant C' = C'(r) such that
|Eg(a)| > Ce|S(a,r)| or |Eg(a)| > C|S(a,r)|

for each a ¢ A.
If the above claim is true, then we get

wHa XS(a,T)(Z) a ~1, W a XS(a,r) ( )
/B\A O Eya] @ =C /B\A @15, A

Using Lemma 5.2 again, we have
XS'(ar)( ) %
w =~ dA(a) < Chw*(2),
[ @ a4 < (o)
where the constant C'; depends only on 7. From the definition of J, we obtain
J < Ce [ f(2)]'w*(z) dA(z)
D
(r)

for some positive constant C' = C'(r
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Now we verify the claim. For each a ¢ A, we have

1@ > i / UCIRZC

S fw’f () dAz).

Using a change of variables, z = a 4+ r(1 — |a|)A, gives
2 2
F@]* > e/\f(a+r(1— lal)A) [ dA(N).
D
Let g(A\) = f(a+r(1 — |a|])A). Then g is also harmonic on I and
2 2
9(0)° > e/D\g(A)} JAN).
Applying Lemma 2.11 to g, we get a constant Cy = Cy(r) such that
9~ 9)] < Glel [ o] dAW) < Colel [ Jglda
D(0,%) D
whenever |z| < {z. The Cauchy-Schwarz inequality gives that
2 2 1
92) = 9(0)] < Coll ([ [a) 4AN)” < CoeH[g(0)] -

provided that |z| < 5.

If
. r e%
2| < mm{E’Q_CO}’

then

0

|9(2)] > |9(0)] = |g(2) — g(0)] > @
Since 0 < 0 < %, we have
(1 e
|g(z)‘ > 9|9(0)| for |z| < m1n{1—6, 2_00}

This means that

B(0,52) € {zeD: |g(=)] > 09(0)]}
B(0.57) € =€ Jg(2)] > g 0)]}.

839
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On the other hand, observe that

\&mﬂ:/ 1A(2)
{z€S(a,r):|f(2)[>0f(a)[}

= dA(z)
{lramap I<T(2)>01f (@)1}

|S(a,r / dA(N)
{AI <Ll (atr(1=]al)N)[>0]f(a)]}

— |S(a,r)| / dAN)
{IA<L:[g(N)[>019(0) [}
= |S(a,7“)| . H)\ ebh: |g(/\)| > 0’9(0)’”,
to obtain

[Ey(a)| > (=) [8(ar)

or

|E9 | ‘S a r)}

46’2

This gives the proof of the claim, and the proof of Lemma 5.8 is completed.

We are now ready to prove Lemma 5.5

Proof of Lemma 5.5. Suppose that |GoNS(a,r)| > 60| S(a,r)|. From Lemmas 5.7
and 5.8, we can choose e small enough so that

/D‘f(z)|2w*(z) dA(z) < Q/D\B|f(z)|2w 2)dA(z

On the other hand, if a ¢ B, then

[F(@)]* > By f(a) (2)|? dA(2)

’S&?”‘ ar)

For the &y above, we apply Lemma 5.6 to choose a 6 € (0, ) such that
Hzeﬂmmzﬁgﬂ>eﬁmﬂﬂ>(1—§Nsmmﬂ
Since |Gy N S(a,r)| > 60| S(a,r)|, we have
0
|{z € S(a,r) NGy : ‘f(z)‘ > 0}f(a)‘}| > EO‘S(a,r)‘
to get

1 2 625, ,
1S(a,7)| /S(ammo\f(Z)! dA(z) > —=[f(@)]" (a ¢ B).
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Multiplying the above inequality by w*(a) and integrating over D\ B gives

625, ) 2 w*(a) 2
—_— dA _— dAdA
2 ]D)\Bw (a)lf(a)’ (a) = /]D)\B |S(a7 7“)| /S(a,r)ﬁGg ‘fl (a)

2 W*(a) S(a,r (Z)
= L Tt i) 4

<c /G 1£(2) [P (2) dA(2),

where the last inequality follows from Lemma 5.2 and where C' depends only on r.

Therefore,
/|f )2 (2) dA(z /\f )2 () dA(2)

for all f € L?(w*), to complete the proof of Lemma 5.5. O
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