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MONOTONICITY OF THE POWER FUNCTIONS
OF SOME TESTS IN GENERAL
MANOVA MODELS!

By YAsuNoRI FuJIKOSHI

Kobe University

In this paper we give further reduction for a general MANOVA prob-
lem, and show that the general MANOVA problem can be treated as the
‘MANOVA problem with the conditional setup. The last result is used
to prove that the power functions of some tests in the general MANOVA
models are monotone increasing functions of each of the noncentrality
parameters, and, in particular, the likelihood-ratio test has the mono-
tonicity property.

1. Introduction. The general MANOVA model which has been introduced by
Potthoff and Roy [5] is the following: Let Y: N X p be a random matrix with
independent rows distributed as N,(+, £) and EY = A4, EA,, where 4,: N X k and
A, g X pare known matrices of ranks k and ¢, respectively, and E is unknown.
The hypothesis to be tested is H,: 4,24, = 0 against H,: 4,EA4, + 0, where
As:u X k, A;: g X v are known matrices of ranks u and v, respectively. It is
assumed that n = N — k — p + ¢ = v. The canonical reduction for this prob-
lem has been obtained by Gleser and Olkin [3] as follows: Z: N X p is a random
matrix with independent rows distributed as N (-, X) and

Zy Zy, Zy |u 0, 6, 0
(1.1) EZ=FE| Z, Z,, Zy |k—u =0, 0, 0
Zy Z, Z, |N—k 0 0o o0

9—v v p—gq
The hypothesis is H,: ©,, = 0; H,: ©,, = 0. The likelihood-ratio test is an in-
creasing function of A = |S,|/|S, 4 S,| (refer to Gleser and Olkin [3]), where
the matrices S, and S, are defined by X’FX and X"HX, respectively, with X" =
(Zi2 Z33),

(1.2) F= [0 0 ] ,
01— Zy(ZZy) 2,
H = (I, —Z(Z55 Zyy) "' Zy (1 + le(Zés VAN AN
X (I, —Z\(Z33 Zy) 7' Z3,)

In this paper we consider the test procedures based on the characteristic roots
of S, S,7*. The power function of any such test depends only on the parameters
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A Ay -+, A, wWhere 2, > 2, > ... =2, are the possibly nonzero roots of
25401,0,, and 1 = min (», v), where

Ty Ly I
(1'3) Z= 221 222 E23 ) Z22.3 = Z22 - Z23 Z:«3_31232 )

Ly Zy I

Zy:(@—v) X (¢g—v) and Z,:v x v. We shall derive that the general
MANOVA problem can be treated as the usual MANOVA problem with the
conditional setup. This result is used to show that the power functions of some
tests are monotone increasing functions of each 2;, and, in particular, A has the
monotonicity property.

2. Further reduction and distribution. Let us consider the transformation,
R o B - il
Zy 2, 0 71JLz, Z,JLo =pplLo 1J1°
where L, M are defined as follows: There exist orthogonal L, M such that
0,25} = LD, M, where
K |

0 0

i ]

Then the rows of Z are independent normal with the same covariance matrix,
r_ [Fu FHJ ,
F2l F22
where I'y, =1, 1, , =T, — ', T';T",, = I. Furthermore

I Pl B L R P vt

where § = I';;'T';;. Under such a transformation, the roots of S,S,~! remain
unchanged, and, in particular, A remains invariant. Thus, one may use the
notation in the canonical reduction, and replace @, and

[222 223]

Z32 233

by D, and T', respectively, if one considers the tests based on the roots of S, S,
In the following we shall do that. Then, given Z,, and Z,,, the rows of X are

independently distributed as N,(-, 7). Noting that F* = F, H* = H and FH =
0, and using (2.2), we have,

THEOREM 1. Given Z, and Z,,,

(i) S, has a central Wishart distribution W (n, I),
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(ii) S, has a noncentral (possibly singular) Wishart distribution W (u, I, A) with
the noncentrality parameter given by

A= ny[l + le(Z;,aZaa)_lZ;a]_lD/zi ’

(iii) S, and S, are independent.
(iv) The distribution of Z,(Zy Z3') ' Z}, is free from any parameter.

Conditionally, the distribution of roots of S, S,~* will involve the roots of A,
given by 9;’s.

3. Monotonicity of power functions. Let ¢ be any test based on the roots ¢, >
€= .-+ =c, of §,8,'. Then we may write the corresponding power and the
conditional power, given Z,; and Z, as f,(D;) and fy(D;| Zy;, Zy), respectively,
where D, = diag (d,, - -+, d,). By using a method similar to that in the proof of
Theorem 1 of Anderson and Das Gupta [1], we have the following:

THEOREM 2. If By(D,|Z, Zy,) increases monotonically in each 6, then By(D;)
increases monotonically in each 2.

Some sufficient conditions for 8,(D,|Z,;, Z;) to have the monotonicity in d;’s
have been obtained by Das Gupta, Anderson and Mudholkar [2]. Therefore,
for example, the test procedures having the following acceptance regions have
the power functions which are monotonically increasing in each 4;:

(1) a=p,
(ii) D@ W, =v, (a’s=0),
where p and v are constants, W, (k = 1, 2, - - -, v) are the sums of all different

products of d,, - - -, d, taken k ata timeand d;, = 1l + ¢; (i = 1,2, ---, ). The
likelihood-ratio test has the acceptance region of the form W, < v which is a
special case of (ii).

Note. Khatri [4] has also discussed the monotonicity of the power functions
of the same tests treated in this paper by deriving a conditional model. However,
his final results on monotonicity depend on random variables, and consequently
are monotone in the conditional sense. There is no mention of the monotonicity
in each A, from his formulation; further reductions are required.

Acknowledgment. The author wishes to express his gratitude to the referee for
some helpful suggestions.

REFERENCES

[11 ANDERsON, T. W. and Das GuUPTA, S. (1964). Monotonicity of the power functions of some
tests of independence between two sets of variates. Ann. Math. Statist. 35 206-208.

[2] Das GUPTA, S., ANDERsON, T. W. and MUDHOLKAR, G. S. (1964). Monotonicity of the
power functions of some tests of the multivariate linear hypothesis. Ann. Math.
Statist. 35 200-205.

[3] GLESER, L. J. and OLKIN, I. (1970). Linear models in multivariate analysis in Essays in
Probability and Statistics. Wiley, New York. 267-292.



MONOTONICITY OF THE POWER FUNCTIONS 391

[4] KHATrI, C. G. (1966). A note on MANOVA model applied to problems in growth curves.
Ann. Inst. Statist. Math. 18 75-86.

[5] PorTHOFF, R. F. and Roy, S. N. (1964). A generalized multivariate analysis of variance
model useful especially for growth curve problems. Biometrika 51 313-326.

DEPARTMENT OF MATHEMATICS
FAcuLTY OF GENERAL EDUCATION
KoBE UNIVERSITY

NADA, KOBE, JAPAN



