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ON THE INVARIANCE OF NONINFORMATIVE PRIORS
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Jeffreys’ prior, one of the widely used noninformative priors, remains
invariant under reparameterization, but does not perform satisfactorily in
the presence of nuisance parameters. To overcome this deficiency, recently
various noninformative priors have been proposed in the literature.

This article explores the invariance (or lack thereof) of some of these
noninformative priors including the reference prior of Berger and
Bernardo, the reverse reference prior of J. K. Ghosh and the probability-
matching prior of Peers and Stein under reparameterization. Berger and
Bernardo’s m-group ordered reference prior is shown to remain invariant
under a special type of reparameterization. The reverse reference prior of
J. K. Ghosh is shown not to remain invariant under reparameterization.
However, the probability-matching prior is shown to remain invariant
under any reparameterization. Also for spherically symmetric distribu-
tions, certain noninformative priors are derived using the principle of
group invariance.

1. Introduction. Bayesian analysis with noninformative priors is very
common when little or no prior information is available. One of the most
widely used noninformative priors, introduced by Laplace (1812), is a uniform
(possibly improper) distribution over the parameter space. However, a uni-
form prior lacks invariance under reparameterization since a uniform distri-
bution for one parameterization will not yield, on transformation, another
uniform distribution unless the transformation is linear. For example, a
uniform prior for the standard deviation o will not transform into a uniform
prior for the variance o 2. This lack of invariance of the uniform prior often
translates into significant variation in the resulting posteriors. To overcome
this difficulty, Jeffreys (1961) proposed his prior which, up to a proportional-
ity constant, is given by the square root of the determinant of Fisher’s
information matrix. Jeffreys’ prior remains invariant under any one-to-one
reparameterization. Despite its success in one-parameter problems, Jeffreys’
prior often runs into serious difficulties in multiparameter problems when
only a subset or one or more suitable parametric function(s) of the parameter
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vector 0(p X 1) are of inferential interest and the remaining are nuisance
parameters. For example, in the Neyman—Scott problem, Jeffreys’ prior
produces an inconsistent Bayes estimator (under squared error loss) of the
error variance [Berger and Bernardo (1992a)], in the multinomial problem it
lacks marginalization over “nuisance” cell probabilities [Berger and Bernardo
(1992b)] and in estimating the sum of squares of a large number of indepen-
dent normal means with a common variance, it leads to an unsatisfactory
posterior, often referred to as Stein’s paradox [Stein (1959); Bernardo (1979)].

To overcome these deficiencies of Jeffreys’ prior, Berger and Bernardo
(1989) expounded the reference prior approach of Bernardo (1979) for deriv-
ing noninformative priors in multiparameter situations by dividing 6 into
parameters of interest and nuisance parameters. This approach not only
eliminates the need for an hoc modifications of Jeffreys’ prior as suggested by
Jeffreys himself in multiparameter problems, it also results in Jeffreys’ prior
when the whole parameter vector is of interest (both in the one- and multipa-
rameter situations). The idea was further extended and generalized in a
series of articles by Berger and Bernardo (1992a—-c), who suggested splitting
the parameter vector into multiple groups (not necessarily two) according to
their order of inferential importance and prescribed a general algorithm for
the construction of reference priors.

Welch and Peers (1963), Peers (1965) and Stein (1985) sought to derive
noninformative priors when a real-valued parametric function #(#) is of
interest by requiring the frequentist coverage probability of the posterior
credible region of £(0) for a sample of size n to match with the nominal level
with a remainder of O(n~1). As shown by Peers (1965) and Stein (1985), such
a prior is obtained by solving a differential equation [see (3.2) in Section 3].
Henceforth, this differential equation will be referred to as the matching
equation, and a prior satisfying such an equation will be referred to as a
matching prior. Tibshirani (1989) carried this idea further in deriving nonin-
formative priors for £(0) by using “orthogonal parameterization” in the sense
of Cox and Reid (1987). However, in general, orthogonal parameterization is
not needed, as shown by examples in Datta and Ghosh (1995a).

Some recent contributions for the construction of noninformative priors
other than those of Berger and Bernardo (1992a, b) are due to Berger (1992),
Ghosh and Mukerjee (1992), Clarke and Wasserman (1992), Clarke and Sun
(1993) and Mukerjee and Dey (1993). Mukerjee and Dey (1993) proposed a
prior by matching the frequentist coverage probability of the posterior credi-
ble interval of ¢; (the parameter of interest) with the nominal level up to
o(n~!) when the orthogonal nuisance parameter i, also contains a single
component. This requirement often completely specifies the matching prior by
determining the arbitrary component depending on i, alone [see Tibshirani
(1989)]. Also a notion of reverse reference prior, attributed to J. K. Ghosh,
came up in Berger’s (1992) discussion of Ghosh and Mukerjee (1992). Reverse
reference priors are obtained by simply interchanging the roles of the param-
eters of interest and of the nuisance parameters in the algorithm of Berger
and Bernardo (1989, 1992a, b). Such priors satisfy the matching criterion
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under orthogonal parameterization, but need not necessarily be probability-
matching priors otherwise [cf. Datta and Ghosh (1995a)].

It is well known that Jeffreys’ prior remains invariant under one-to-one
reparameterization. In this article, we will explore the invariance of various
other noninformative priors under reparameterization. In particular, in Sec-
tion 2.2, we establish that the m-group reference prior of Berger and Bernardo
(1992a, b) remains invariant under certain one-to-one transformations. This
fact is stated without proof in Berger and Bernardo (1992a) when there are
only two groups of parameter vectors, but is not established analytically in
the general case. Also, in Section 2.3, we have shown by an example that
reverse reference priors do not necessarily remain invariant under similar
one-to-one transformations.

In Section 3, it is shown that probability-matching priors remain invariant
under one-to-one transformations. By “invariance” it is meant that if m,(6),
the pdf of 6, is a probability-matching prior for the parameter of interest #(6),
and ¢ is a one-to-one transformation of 6, then the transformed prior ()
obtained from m,(6) by change of variables will also be a probability-match-
ing prior for 7(y) = #(8) under the ¢y parameterization. Next in Section 4, it
is shown that the information tradeoff prior of Clarke and Wasserman (1992)
remains invariant with respect to the choice of nuisance parameters and any
one-to-one transformation of the parameter (possibly vector-valued) of inter-
est. However, we have shown by examples that priors of Ghosh and Mukerjee
(1992) and of Clarke and Sun (1993) do not typically remain invariant under
reparameterization.

In Section 5, based on the principle of group invariance, we provide a new
motivation for generating a class of noninformative priors in some problems
pertaining to spherically symmetric distributions. Similar group invariance
ideas are used to generate noninformative priors in two other examples
involving the general location-scale family and the exponential regression
model of Cox and Reid (1987). As we shall see, often in these examples, the
resulting priors agree with some of the priors mentioned earlier.

2. Invariance of reference priors.

2.1. Notations and the algorithm. We will follow the notations of Berger
and Bernardo (1992a, b) and introduce some additional notations needed for
development of our results. Suppose p(x|6) is the pdf of a random variable X
(real- or vector-valued), where § € ® C R? is the unknown parameter. We
also assume that the Fisher information matrix for 6, denoted by I,, is
positive definite. We use the subscript 6 to indicate that I, is the information
matrix corresponding to the parameterization 6.

We also assume that the 0, are separated into m groups of sizes nq,...,n
and that these groups are given by

61 = (615, 6,),
0(2) = (0N1+1""’ HNZ),..., g(m) = (eNm71+1,..., Gp),

m
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where N; = ©/_n, for j = 1,..., m. Also we define, for j = 1,...,m,

0= (), 05))s Oy = (0G+1y0--5 Om))

with 6, = 0 and 0, _,,; = ¢, an empty set. For n; X n; matrix I,,;, we write

the information matrix in partitioned form as
I, = ((Ieij))i=1 ..... m,j=1,....,m"
Also we write for j=1,...,m — 1,

o[JJ] ((IOLk))l 1,..., =1,..., j»
Ie[i\w’ = ((Ieik))izl ,,,,, Jok=j+1,...,m>»

~JlJjl ((IOLk))l =j+1,..., m,k=1,..., I

ij’

~Jil = ((Ieik))i=j+1 ..... m,k=j+1,...,m>»
Ai\~j = (Iei,j+1""719im)'

For n; X n; matrix A;;, write S =1 in partitioned form S =

(A D o e, . Define S; to be the N; X N; upper left corner of S,
with S, =S and H St Then the matrlces hoj, defined to be the lower
right n; X n; corner of H for j =1,...,m, are the central quantities in
deriving the reference prior for the group ordering {61)s - -+ Oy} following the
algorithm of Berger and Bernardo (1992a, b). In fact, the algorithm involves
only Ihejl, where |h9j| = determinant of h(,j. The above definition of hoj
depends heavily on the inversion of the matrices I, and S.. The following
lemma shows that one can express |h9j| as the ratio of II(,[ o1 1]I to IIB[ le.

LEMMA 2.1. With the notations introduced earlier,

I . 1.
(2.1) |hy;l = o=l forj=1,....,m,
| 19[ ~JJl |
where we interpret |1y _ 11 = 1.

Proor. Since H,, = I{,, Rom = Lymm = Iyp < m—1,m—1)- Thus (2.1) follows for
j=m.For j=1,...,m —1, We can write, using the inversion formula for
partitioned matrices [Rao (1973), Exercise 2.7, page 33], that

1 _ —
H;=S; Lotin = Logji~ J]IO[~JJ]IG[ ~ il
and, consequently,
- - T
h0j - Iij - AJ\ JIO[~JJ]A [~J*

Now using the result from Rao [(1973), Exercise 2.5, page 32] and the

definition of A;_; and I we get |h9j| = IIG[Nj,Lj,l]I/IIG[ij]I and the

lemma follows. O

~Jir
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Lemma 2.1 is extremely useful in proving Theorem 2.1, which establishes
the invariance of the reference prior for {6,,),..., 6, under reparameteriza-
tion in the regular case.

We now outline the algorithm of Berger and Bernardo (1992a, b), which is
used to derive the ordered group reference prior in the regular case. Let
®'c®, I=1,2,..., denote the compacts to be chosen for 6. Define for
Jj=0,1,...,m—1,

0'(6.1) = {0+ 1) (671 O+ 1) O~ j1y) € O for some 6 _ ;. 1y}

Let 1(y € Q) denote the indicator function that equals 1 if y € Q and 0
otherwise. Following Berger and Bernardo (1992a, b), we define

T (01~ (- 11O~ 1) = T (OO~ 17)
(2.2) ~ |h9m|1/21(9(m) € 0'(6,,,_17))

1/2
fe(m)E@l(o[m—u)'hem' de(m)

For j=m — 1,...,1, define successively
(0~ - 1l 0~ 1)
(23) _ 0 - 10))exp{1/2E,,[ (loglhy )10, ] 1 (6, € ©'(01;-1)))
Jo,ye 00,1 eXP{1/2EéJ[(1°g|hej|)|9[11]} d o,
where Eéj(-) denotes the expectation w.r.t. the pdf =, ; (6, . 16, ;).

Then the reference prior for 0 is given by

(0
(2.4) m(0) = lim %

>

where 0* € O so that 7/,(8*) > 0 for all L.

2.2. Main result on invariance. We now establish the invariance of the

reference prior for {6,),..., )} under reparameterization in the regular
case. We consider the transformation = £(6) of the form
(2:5) Uy = k1(00) - ¥y = £i(017) 55 Yimy = B 0my)

where y;, is the n-component. Define iy ;, = (¢y),..., ¥;) and k;;(6 ;) =
(k1(61)), ..., k(0 ;1). We assume that i ;; = k;,(, ;) is a one-to-one function
of 0 ; for j =1,...,m. This is equivalent to assuming that for fixed 6;_;,
¥, 18 a one-to-one function of 6, for j = 1,..., m. Define for i = 1,...,m,
J=1,...,m, the n; X n, matrix M;; = diy;/0;,. Then the Jacobian of trans-
formation matrix from 6 to ¢ is given by

a4
M= i ((Mi)i 1, e
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OBSERVATION 1. Since M;; = 0 for j < i, M is an upper triangular matrix.

Denoting the absolute value of the determinant of M by || M|, the Jacobian
of transformation from 6 to ¢ is [[M| = ITL,|IM;,|l. We assume ||M]| > 0 so
that the Jacobian is nonsingular. This is equivalent to || M f j|| > 0, so that the
Jacobian of transformation from 6, to ¢, for fixed 6,;_;; is also nonsingu-
lar for j = 1,..., m.

OBSERVATION 2. We observe that M;; depends only on 6 ; (or equiva-
lently on ¢ j]) and does not depend on 6, _ (or equivalently on ¥; - j;, where
¥ - ;7 is defined as before).

Let I, denote the information matrix for a new parameterization . By
routine calculations it can be checked that

(2.6) I,=M (M)

Defining Ill,[ <l and M[ ~jj] @s in Section 2.1, it can be easily checked from
(2.6) and Observation 1 that
_ _ T
M1 (M) -

(2.7) Ly~ iy = Mo~ i

Defining the n; X n; matrix h,; as before for ¢, it can be easily checked from

(2.7), by using Lemma 2.1 and the upper triangularity of M, _;; that, for

j=1,...,m,

(28) |h¢,j| = |ij|_2|hgj|-

Let O, the parameter space of 6, be mapped under the transformation

¥ = k(0) onto the parameter space of ¢, which is given by
V={y:¢y=k(0),0< 0} =Fk(0).

Let W' denote the compacts for ¢ induced by the transformation, that is,
Wi={y:y=k(0), 0 0"} =Ek(0).

Define

V(1) = {05 (B Y10 Y e ay) € W for some gy ;).
Suppose Wllfl(w) denotes the proper prior of s, defined on ¥’ and derived by
following the algorithm of Section 2.1 using I, the information matrix of ¢.
We establish in Theorem 2.1 below the invariance of reference prior under
the transformation in (2.5). By “invariance” we mean that 7, (#) can also be
obtained from m,(6#) by using (2.5) and the usual Jacobian method. The key
step to this result is achieved by the following theorem.

THEOREM 2.1. Consider the ordered group {6, ..., 6,,} and the transfor-
mation = k(0) given by (2.5). Then wl,fl(gb) can be obtained from m)(0) by
transformation, that is,

(2.9) ma() = Well(k_l(‘l’))”MHJ,

where k() denotes the inverse transformation of = k(9).
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REMARK 2.1. From (2.4) and (2.9), the relation between the reference prior
of ¢ and the reference prior of 6 can be obtained as

o (0) = i ) (R ())IMI
' e (W) I (R ()M

(k1 () IIMI ™!
M0

(2.10)

b

where * € ¥ is such that 7/,(k~1(y*)) > 0 for all [, and M, = M evaluated
at .

Proor oF THEOREM 2.1. We prove the theorem when there are m = 2
groups and the general m can be handled similarly by using complex
notations, tedious bookkeeping, Lemma 2.1 and (2.8).

For m = 2 from (2.2) and (2.3),

(0 - 1)) 0 )exp{1/2E}, [loglhy,16,4,] }1( 64, € ©(6yo)))
Jog, < 015 €XP{1/ 2y [loglhyyl167y]} dbs)

_ Ih"2|1/21(0(2) < ®Z(0[1]))

- fs(z)e®l(9[11)|h92|1/2 d0(2)

X eXp{1/2E‘§1[1°g|h91“6[11]}1(9<1) < ®l(9[01))
Jo, € 0400 exp{l/ZEél[loglhmlle[ll]} doy,

7Tel1( 0) =

(2.11)

Now we note that:

@ 1065, € O, N84, € O'(6,)) = 16 € O) = Wy € ¥') = 1(y,, €
qfl(w[l]))l((p{lée qu(lp[lol)z), where ¢ = £(6).

(i) |hgyl"? = 7yl / (1Ml by (2.8) andif?r fixed 6, 65, = g, is a one-
to-one transformation with Jacobian [|[My,|l” . Then

1/2 1/2
|hgol"* dBg) = f Iyol* Ay,
Vi) € ¥ (W)

O2)€ 0101
where Yy} = &;1,(61) = k(6.
(iii) Since M, is a function of only 6,

Eé1[10g|h91”9[1]] = E51[2 logl M1l + 10g|h4,1||9[1]]

(2.12) !
= 2]0g||M11|| + E91[10g|hl,,1||9[1]] .
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Now
1/2
. fe(z)e®l(a[1])(10g|h¢,1|)|h92| / de(z)
E91[10g|h¢1||0[1]] = 3
fe(z) e @l(e[ll)lhez| d9(2)

(2.13) _ Sy ‘qu])(log'hdfl')'hw|1/2 diiz)

12
Sy e Wil Byal ™ dils

= E;,[loglhy 1]

[as in (ii)]

By (2.12) and (2.13),

exp{1/2Ej},[loglhyyll0y,]} = 1My, llexp{1/2E}, [loglh,,llv,] }-
(iv) Therefore,

exp{1/2E},[(log|hy)6,,,]} d6y,

601y € ©'(Brop)

= / ||M11||9XP{1/2E¢Z,1[10g(|h¢1|)|¢[1] = k[1](9[11)]} db,

01y € ©'(010)

-

z//(l)e\pl(l/l[o]) eXp{l/ZEtél[(10g|h¢1|)|¢/[1]]> dlll(l)

The first equality follows by (iii) and since i, = #;; = k;;(6;;), and the
second equality follows since the transformation i, = i;; = k(;)(6;)) is one-
to-one with Jacobian || M 11|I71. Then by (2.11) and ()—-@v),

77011(k_1(¢)) = | Ml ||Mz2||77¢,11(¢)
= [IM I, (w)
s my(b) = IMI7 wy(k ().
Hence (2.9) is established and the proof is complete. O

REMARK 2.2. For m = 2, if we call 6,, as the parameter of interest and
62y as the nuisance parameter, then Theorem 2.1 implies that the reference
prior remains invariant with regard to the choice of nuisance parameters.

REMARK 2.3. It is true that different reference priors may result under
different choices of compact sets [cf. Berger and Bernardo (1989), page 205].
However, the invariance property of reference priors in the setup of Theorem
2.1 continues to hold in the sense that once a reference prior is found with a
particular choice of compact sets, a reference prior under reparameterization
is obtainable using the usual Jacobian formula.

2.3. Noninvariance of reverse reference priors. In this section we consider
an example to show that the reverse reference prior does not remain invari-
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ant even under one-to-one transformation of the parameter of interest. We
consider the estimation of the product of two normal means of Berger and
Bernardo (1989). Let X; and X, be two independent normal random vari-
ables with unit variances and means u, (> 0) and u, (> 0), respectively. The
parameter of interest is 6; = u, u,. Berger and Bernardo (1989) considered
the parameterization 6, = u, u, and 60, = /uy/u,, and they derived the
information matrix

02 + 652 0,(1 — 65%)
46, 2

0y(1 — 65*)
2

(2.14) I,=
6,(1+ 65*)

The reverse reference prior mgz(0,, 0,) is

(2.15) mrr( 61, 05) o 6777(1 + 63)71/2'

The above prior may be obtained by following the usual algorithm of Berger
and Bernardo (1989) for the ordered group {6,, #;} and using rectangular
compacts either for (6,, 6,) or for (u;, u,). For the orthogonal parameteriza-
tion ¢, = 2u, uy, and ¢, = uZ — u? considered by Tibshirani (1989) and also
by Datta and Ghosh (1995a), the information matrix is

(2.16) I,=1/4(42 + ¢3) "L,

The reverse reference prior for (i, ,) parameterization, derived by Datta
and Ghosh (1995a), is

9 g\ —1/4
(2.17) mrr(P1s W) = (¥F + ¥3) .
Note that the transformation between ¢ and 6 is given by ; = 26, and
Wy = 0,(02 — 0,2), and the transformed prior of 0, wkz(0) from mgrp(y) is
given by

80, )1/2

(218)  wp(6y,60,) = ——
2

(1+ 65
= 46./? o2

2

02 + 0;2\"?
46,

It follows easily from (2.15) and (2.18) that the reverse reference prior does
not remain invariant. However, the invariance of the usual reference prior
follows from Theorem 2.1.

3. Invariance of probability-matching priors. Suppose X,..., X,
are iid d-component random vectors with density p(x|6), where 0=
(6,,...,6,). We denote (X, ..., X,) = Z. Inferences are sought concerning a

real-valued parametric function #(6) which is twice continuously differen-



150 G. S. DATTA AND M. GHOSH

tiable. Suppose we seek a prior 7(6) so that

Pe[\/;{t(a) —t(0)) ]

<u
Vo
_p | Ple®) —t(9))
i Vb
for all u, where 6 is the posterior mode or maximum likelihood estimator of 6
and b denotes the asymptotic posterior variance of Vn (£(6) — t(6)) up to
0,(n~1). In the above, P,(-) refers to the probability distribution of Z under
P_(:|Z) is the posterior probability distribution of # under 7. Priors satisfying

(3.1) are referred to as probability-matching priors. It is shown in Datta and
Ghosh (1995b) that (3.1) holds if and only if

Py paly 1(0) V,(0)
(3.2) Ela_ga{ VYT (0) I, 1 () V,(6)

(3.1)
z

<u

+ Op(n_l)

77(0)} =0,
where

P p) r
V() = (a—elt(e),...,ﬁt(()))

and p, is the ath unit column p-vector. Equation (3.2) will be referred to as
the probability-matching equation and is similar to Stein’s (1985) equation
(3.8). Probability-matching priors are extensively discussed in the literature
in various contexts by Peers (1965), Stein (1985), Berger and Bernardo
(1989), Tibshirani (1989), Ghosh and Mukerjee (1992) and Datta and Ghosh
(1995b), just to name a few.

We denote any prior satisfying differential equation (3.2) by m,(#). Con-
sider a one-to-one transformation = (¢, ..., ¥,)" = (k(6), ..., k,(0)" with
nonsingular Jacobian of transformation matrix given by J(§ — ) =
(a;/36,)); j-1.... , = M (say). Suppose under this transformation the para-
metric function £(6) is changed to 7(¢) and the information matrix for s is
I, (). We also denote the Jacobian of inverse transformation G.e., ¢ — 6)
matrix by J(¢ — 0) = ((36,/9¢;)); ;j_,.... , = N (say).

Let m,(0), a prior density for 6, satisfy (3.2) when #(6) is the parameter of
interest. By change of variables, 7-r¢,(1/1), the density for ¢ is given by

m () = m(R ()M

(k™ ()N

In the following theorem we show that prior density Wlp(g[i) is a probability-
matching prior for s when 7(¢) is the parameter of interest.

(3.3)

THEOREM 3.1. A prior density m,(0) will be probability-matching for t(6)
if and only if the prior density m,(i) given in (3.3) is probability-matching for
().
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Proor. We will show that 7,(0) satisfies (3.2) if and only if 7, (i) satisfies
LA ps L, (W) V(%)
(34) YT m () | =
p=1 VY I () V()
It is easy to check that V.(¢) = N V,(6) and M = N~'. Then by (2.6),
LY (4) V() = MTI; ' (6) V,(6),

3.5
(35) VI L () V(9) =V (0) ;1 () V,(6).
Define I, '(6) V,(8) = (uy(0),..., u,(6)". Then piI, () V (¢) =
X2 1u(0)Xdy/ 06,). Consequently, by (3.3),
Lo el () Vi(¥) (%)
b1 W \ VI L () V()
L (0)m(0) N
=X X ( Y ) —=IN
(3.6) B=1;=1j‘f’ﬁ \/VT((H))I (1()0)%(0)
u;(0)m(o d [ Iy
— ||V
+B§1J§1 VY (0) L1 (0) Vi(0) 5%(‘99')” ”

u;(0)m(6) M5 7 N
p-1j-1 VI (0) 1,1 (0)V.(0) 96 9

Now, after some simplification, first term on the rhs of (3.6) equals
151 (0) Vi (0) (6)

\/VT(G)I 10)v,(0)

and third term on the rhs of (3.6) equals

D u;(0)m(6) d

- — 5”1\7”-

i1 VVI(0) 1 (0)V.(6) %

First assume that |[N| > 0. Then ||N|| = |N|. Since M = N7 !,

(3.7) INII Z

(3.8)

9 L, 0
—IINll= - IM|"* —|M|
20, a9,

(3.9) 0 5 5 (o,

S Fe P

a=1 B=1 0] 076“

by using Lemma A.4.5 of Anderson [(1984), page 598], where

a0,
Cqp = cofactor of (a, B)th element of M = |M|—¢
B
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Using c,; in (3.9), we get

d P9y, 96,
(3.10) —|N|= —IN| Z Y -
36, = 96,08,

From (3.8)—(3.10), third term on the rhs of (3.6) equals

u;(0)m(0) Z i a%pﬁ ﬁ

LV (0) L1 (6) V,(6) am1 pm1 90; 06,

(3.11) —IN| Z

Now for j=1,...,p, using Y5_(d/d)Nd/00,) = Lh_XE_1(0%)/
6, 30,X(96,/ 3s3), second term on the rhs of (3.6) equals

u;(0)m(6) 2 i 9%y 96,

L VVE(O) L, (0)V(0) g1 as1 9. 99, iy

(3.12) IN| Z

By (3.6), (3.7), (3.11), (3.12) and using d%Jj;/ 96, 96, = %5,/ 9, 96, for all «, B
and j, the lhs of (3.6) equals

|2 ( pfL, 1 (0) V,(0) 9(9))'

VVI(6)1,1(0) V,(6)
Hence, the lhs of (3.4) will be zero if and only if

pFI; 1 (6) V,(6) ~
W(e)[ 1(0) V,(0) “(0)) -

The same equation results when |N| < 0. Hence a prior density m,(6) is
probability-matching for ¢#(6) if and only if 7, () in (3.3) is probability-match-
ing for 7(y). O

b 9
Z

4. Invariance of tradeoff priors. This section addresses the invari-
ance (or lack thereof) of some of the other noninformative priors that are
proposed in the literature. First we show that the prior of Ghosh and
Mukerjee (1992) does not remain invariant under different choices of the
orthogonal nuisance parameter. Suppose 6(2 X 1) is orthogonal with informa-
tion matrix 1(0) = diag(l, ,, I, ,,) and 6, is the parameter of interest. Then

Tam (01, 05) = Iel{af

For the one-to-one transformation ¢, = ~2,(6;) and ¢, = h,(6,), the informa-
tion matrix is I(y) = diag({#y(0,)} 21, , ,{W'5(6,)} 21, , ) and, consequently,
e (P, ¥y) = Ih’l(Hl)I_II(,ll{,f and the transformed prior for (6, 6,) is
7 (01, 05) = [R5(0,)I1)% # 6a(0;, 05) unless |75(6,)] = 1. Also, the prior of
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Clarke and Sun (1993) is the inverse of the determinant of the Fisher
information matrix, and does not remain invariant under reparameterization.

The tradeoff prior of Clarke and Wasserman (1992) possesses the invari-
ance property under transformation of the type used in Theorem 2.1 with
m = 2. We shall prove this in the special two-parameter case when 6, is the
parameter of interest and 6, is the nuisance parameter. The general case can
be proved along the same lines with slightly more complex notations.

First note that the information tradeoff prior of Clarke and Wasserman
(1992) is given by

@ 1/2
1011/1(22 )(01’ 02)|IH(01’ 02)'

1/(a+1) "
(/T325 (61, 05)|1,(65, 6)| )

(4.1) m,(0;,0;)
1/2 do,

Consider now the one-to-one transformation ; = k,(6,) and ¢, = ky(6,, 6,)
from (0., 0,) to (i, ¥,), where k() is also a one-to-one function. Let
mI(,, ¥,) denote the distribution of (i, ,) derived from ,(6,, 6,) using
the usual Jacobian technique. Also, let m (i, ;) denote the information
tradeoff prior using the information matrix I, for (1, ). The invariance
result is established by proving the following theorem.

THEOREM 4.1. 77 (i, ) = m, (Y, tby) for all (g, y).

Proor. Write 7, (6, 0,) = p,,(0,10,)p,.(0;), where

1/2
1911/1(22 )(91,92)“ (91,92”
B 1/2

JL{G (01, 02)]1,(04,0,) 7" doy”

(4-2) p@a(62|01) =

a/(a+1)
[ JLHEO(6y, 05)1,(65, 65)]' d92] e
(43) pﬂa(ol) = 1/ 1/2 a/(a+1) :
I 130, 05)11,(0,0,) /% o, | de,
Then
(9u1 du,
(4.4) WaT(‘l’h ;) poa(u2(‘l’17 o) [y ( ¢’1))p0a(u1( ‘!’1)) W ’
2

where (0, = u,(y), 6, = u,(y, ;) denotes the inverse transformation. Use
the facts

(4.5) | |I|(au1)2(au2)2 I (au1)21
. 0 I o, Fe > 011.2 o, Y11.2-
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Then, after simplification,
Poa(u2(1, ¥2) Uy (1))
(4.6) L0, ) |2, (0, wz)l”zwuz/awlr1
JLE (s i) [ 1y (o o) [ g

Poa(u1(¥1))
@) ool I G )| L, )|
P L s )7 )
Combining (4.4), (4.6), (4.7) and (4.1),
g (W1, ) = (W1, p). o

1/2 ]a/(a+1)

1/2

di

5. Noninformative priors for spherically symmetric distributions.
The noninformative priors, for example, the reference priors of Berger and
Bernardo, Ghosh and Mukerjee, Clarke and Sun and Clarke and Wasserman
considered in the previous sections, are derived based on the maximization of
certain divergence functions. In this section, using the principle of group
invariance, we derive noninformative priors for certain parametric functions
in spherically symmetric distributions. In many cases the priors derived in
this way coincide with reference prior or some of the others priors mentioned
earlier.

Suppose X = (X;,..., Xp)T has a spherically symmetric distribution with
a pdf

Fx o) = (x—M)U2(x—M) ,

where u = (puq,..., ,up)T € R? and o > 0. We denote the spherically symmet-
ric distribution of X by X ~ S,(u, 0*I,). The information matrix for (u, o)
is given by

5.1 I(w, o) =02 diag(c,I,,c,),
1°p 2

where

=4 ul[fo(uTu)l fol ) d

and

i |,
Co =pr ml fo(u LL) du.

We now derive group invariant priors for certain parameters of interest.

p +2ulu
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ExampLE 5.1. We consider deriving noninformative priors when ¢, =
()2 /o is the parameter of interest. Note that the estimation problem
remains invariant under the orthogonal transformation (u, o) — (v,7) =
(Qu, o) for orthogonal Q(p X p) as well as under the scale transformation
(v,7) = (cp, co) for scalar ¢ > 0. Any reasonable prior w(u, o) for (u, o)
should also be a reasonable prior for (v, 7). This requirement leads to the
following two conditions on 7:

(5.2) m(p, o) =7(Q, o);

(5.3) m(wn,0) =m(p/c,o/c)e P L

Simple algebraic manipulations yield

(5.4) 7(p,0) =k(pp/c?)o? !

for an arbitrary nonnegative function k(:). Using the polar transformation
(u, o) to (r,0,7), where 0 = (64,..., Gp_l)T and o = 7, we obtain

(5.5) m(r,0,7) =k(r?/r*)r P rP P sy,

where s; =sin 6;, i = 1,..., p — 2. Note that ¢, = r /7. Transforming further
(r,0,7) to (g, by, ) by by =1r/7, by = 7, 0 = 0, we get from (5.5),

(5.6) (P, Yy, 0) = k(ll,lz) Pl tsP 2 Sy g

We now investigate the condition of k(:) under which the prior given in (5.6)
is a probability-matching prior. First observe that the information matrix
[under the (¢, ¢,, 6) parameterization] is given by

(5.7) I(, 0) = block diagonal(1,, I,),
where
c c
I,= 45 15 19201% ,
Cihyhy by t ey
I, =c i} diag(l,sf,sfsg,...,sfsg 312,,2).

Comparing (3.2) and (5.6) we find k(x) = (c;x + cy) /2x~ (P~ 1/2 and the
resulting probability-matching prior is given by #(i,, iy, 0) = (¢, +
cy) /2y 'sP 72 - s, ,. It can be checked that this prior is also the reference
prior for the grouping {i;, §,, 6} and a matching prior for 6, , due to
Tibshirani (1989). When p = 2, 60, is one-to-one with u,/u,, the parameter
of interest in the Fieller-Creasy problem and the resulting prior 7 (i, 5,
6,) = (¢, + c,) /%, 1 will be a matching prior of 6,. However, in general,
this will not be a matching prior for any of the components 6,,..., 6,_,.
REMARK 5.1. Suppose o is known and we want to derive a noninforma-
tive prior for w = (uq, ..., ,up)T when the parameter of interest is ¢ = Y7_; u?.
This example was considered by Bernardo (1979) and Stein (1985) under
normality. For any p X p orthogonal matrix @, Y = @X is again spherically
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symmetric with location parameter » = @ u. Since u’u = v7v, any reasonable
prior 7( u) for estimating u’u should also be reasonable for estimating v7v.
Since the transformation u to v is orthogonal, any reasonable prior 7( u) for
1 should be invariant under orthogonal transformation. This is equivalent to
() = k(u’w) for some nonnegative function %(-). The information matrix is
ICp) = o-‘zcllp. Note that 2(x) = 1 corresponds to the Jeffreys prior for w. If
we require 7w(u) to be a matching prior for ¢, then solving again the
differential equation (3.2), we get k(x) = x (1’2 resulting in the prior
m(w) = (TP, u?)~ P~ Y/2 which was also derived by Stein (1985). Using a
polar transformation, one gets from the above prior of u the prior of  given
by m, () = ¢~ '/?, which is obtained by Bernardo [(1979), page 125] as the
reference prior for .

REMARK 5.2. Suppose p =1 in Example 5.1. Then the parameter of
interest is | ul|/o. Note that ¢ = |ul/o, ¢, = ¢ and the matching prior is
w(Py, Py) = (e b + co) /%4, L. Under normality, ¢, = 1, ¢, = 2 and the re-
sulting prior is identical to the reference prior of Bernardo (1979). See also
Tibshirani (1989).

EXAMPLE 5.2. In this example, we assume o2 is known and p = 2. We

want to derive the noninformative prior when the parameter of interest is
W e = i, (say). Note that X is equivalent to Y = (?), where Y, = (X, +
1

X,)/ V2 and Y, = (X, — X,)/ V2 and Y is spherically symmetric with loca-
tion parameter 6 = (0,,6,) with 6, = (u; + wy)/V2 and 6, = (u, —
wy)/ V2. The estimation of 6,0, = (u? — u2)/2 = ¢, (say) is equivalent to
the estimation of ;. Also since the information matrices of (w,, u,) and
(64, 0,) are identical, it is natural to expect that any reasonable prior for
(pq, o) when iy = p; p, is the parameter of interest should also be reason-
able when i, = (u? — u2)/2 is the parameter of interest. Indeed, since any

with
Ay a

a?+ai=1, X ~S,(u, c2l,) is equivalent to W = QX ~ S,(v, 02I,), where
v = (v, vy))" = Qu. Also it should be noted that v,v, as well as (v? — v2)/2
is a linear function of ; and i,. Due to this observation, any reasonable
prior for (u;, uy) to estimate w, u, should also be reasonable to estimate
v vy. This means that since the transformation u to v is orthogonal, the
prior w(uq, py), say, should remain invariant under orthogonal transforma-
tion. This is equivalent to 7(u,, uy) = k(u3 + u3) for some nonnegative
function £(-). If we require 7( u,, uy) to be a matching prior for ; = uq po,
then solving the differential equation (3.2), we get k(x) = Vx, giving Stein’s
prior (u2 + u2)/?2 for (u,, u,), which is also the reference prior derived by
Berger and Bernardo (1989) [also Datta and Ghosh (1995a)]. Note that the
choice k(x) =1 produces the Jeffreys prior for (u,, u,), which is not a
matching prior.

2 X 2 orthogonal matrix of rotation is representable as @ = | “* %2
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The group invariance structure for deriving a noninformative prior need
not be confined to spherically symmetric distributions alone. We provide
below two examples where the group invariance structure is exploited to find
noninformative priors for parameters of certain nonspherically symmetric
distributions.

ExamPLE 5.3. Suppose X has location-scale pdf o 'f((x — w)/o ), where
(w, 0) € (—ow,©) X (0,%) and [ is differentiable in its argument. We want to
derive a noninformative prior for estimating u/o. Note that for any ¢ > 0,
Y = cX has a location-scale pdf with parameters cu and co. Let 6 = (6,
0,) =(pu, o) and ¢ = (¢;, ¢y) = (cu, co). Then the estimation of ¢(6) =
0,/0, = /o is equivalent to the estimation of (¢). Also since the informa-
tion matrix of ¢ is a scalar multiple of that of 0, it is expected that any
reasonable prior m,(6,, 0,) for 6 for estimating (6) should also be reason-
able for ¢ for estimating (). That means that if 7,(¢$;, ¢,) denotes such a
prior for ¢, we should have

(5.8) my(Uy, Ug) = my(Uy, uy)

for all u, and u,. However, since ¢ = c0, by transformation we get
u; ug) 1

(5.9) Wd)(ul,uz) =7T9(7,7)C—2

for all ¢ > 0. Combining (5.8) and (5.9) we get m,(u,, u,) = u;2k(u,/u,) for
some nonnegative function k(-). We choose k(-) by satisfying (3.2) for ().
The information matrix of 6 can be found to be

Cq

(5.10) 1(0) = 922[01 03},
C3
where

v = [[F(x)/F()]* (%) dx, ey = [[1+2f'(x)/f(x)]*f(x) dx
and

ey = [x[ /(%) /f(2)]* () dx.

Once again solving (3.2), we obtain k(x) = (¢, + 2c3x + ¢;x2) /2. The re-
sulting prior is given by

_ -1/2
(04, 05) = 021(02022 + 2¢50,0, + claf)

which is also the reference prior of Berger and Bernardo in this situation.
This example generalizes the example of Remark 5.2 and is considered by
Mukerjee and Dey (1993) in estimating u and o. For a symmetric pdf f(x),
¢3 = 0, and if further f(x) is normal, then ¢, = 2 and ¢; = 1.
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ExaMPLE 5.4. We consider a version of the exponential regression model
of Cox and Reid (1987) discussed by Mukerjee and Dey (1993). Suppose
(X;,..., X,) have the joint pdf

p
f(xy,...,%,;0)= ]_[1 [0;1 exp( — 0, z;)exp{—x,;0;" exp(—lei)}],
el

Xpperes X, >0, —0< 0, <, 0,>0, p>2, z,,..., 2, are constants not all
equal satisfying Y7_,z; = 0. Define y, = Y.P_,z?2. Here 6, is the parameter of
interest and 6, is a nuisance parameter. From Mukerjee and Dey (1993) the
information matrix of 0 is given by I(6) = diag(y,, pf;?). Here Jeffreys’
prior, the usual reference prior and the reverse reference prior are all
identical and equal to

(5.11) 75(0;,05) = mg(6;,05) = mrg(6;,0,) = 65"

Now consider the group of scale transformations y;, = cx;,, i = 1,..., p. Then
(01, 65) = (by, ¢y) = (61, ¢6,). The information matrix of ¢ = (P, ¢y) is
I(¢) = diag(y,, p/$2), which has structure the same as that of 6. Hence, any
reasonable prior for (6,, 6,) to estimate 6, should also be a reasonable prior
for (¢, ¢,) to estimate ¢;. Proceeding as in Example 5.3, any such prior
(61, 6,) should be of the form

(5.12) m (01, 05) :k(01)‘951

for some arbitrary nonnegative function %k(-). Since 6; and 6, are orthogonal,
if we want to choose £(-) such that m,(6,, 0,) is a matching prior for 6, then
it follows from Tibshirani (1989) that 2(x) = 1. The resulting prior is same as
that given by (5.11).

REMARK 5.3. Since 6; and 6, are orthogonal, the prior given by (5.11) is
also a matching prior when 6, is the parameter of interest.

REMARK 5.4. Example 5.4 reduces to the estimation of the ratio of two
exponential means with p = 2. In this case z;, = —z, =z (say) and u, =
0, exp(—6,2) and w, = 0,' exp(6,2). Define ¢; = u,/pu, = exp(226,) and
Wy = puq my = 05%; ¥, is the parameter of interest and i, is nuisance. The
prior for (i, ,) obtained from m,(6,, 6,) = 6,' by variable transformation is
(g, ) o iy Wy 223/ = (Y h,) 1. This prior was obtained by Mukerjee
and Dey (1993).
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