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OCCUPATION DENSITIES FOR SPDEs WITH REFLECTION!'

By LORENZO ZAMBOTTI
Scuola Normale Superiore di Pisa and Universitdt Bielefeld

We consider the solution (u,n) of the white-noise driven stochastic
partial differential equation with reflection on the space interval [0, 1]
introduced by Nualart and Pardoux, where 71 is a reflecting measure on
[0, 00) x (0, 1) which forces the continuous function u, defined on [0, c0) x
[0, 1], to remain nonnegative and 1 has support in the set of zeros of u. First,
we prove that at any fixed time ¢ > 0, the measure 1 ([0, ] x d8) is absolutely
continuous w.r.t. the Lebesgue measure d6 on (0, 1). We characterize the
density as a family of additive functionals of u, and we interpret it as a
renormalized local time at O of (u(z, 0));>¢. Finally, we study the behavior
of n at the boundary of [0, 1]. The main technical novelty is a projection
principle from the Dirichlet space of a Gaussian process, vector-valued
solution of a linear SPDE, to the Dirichlet space of the process u.

1. Introduction. We are concerned with the solution (i, 1) of the stochastic
partial differential equation with reflection of the Nualart—Pardoux type, see [9],
du 13%u  ?*W

. T AT P t,@,
57~ 2302 " arag T109)

(D) u(0,0) = x(0), ut,0)=u(,1)=0,

u >0, dn >0, /udn:O,

where u is a continuous function of (¢,6) € O := [0, +00) x [0, 1], forced
to remain nonnegative by the positive measure n on O := [0, +00) x (0, 1),
x:[0, 11+ [0, 00) and {W(z,0): (¢,0) € O} is a Brownian sheet. We denote by v
the law of a Bessel bridge (eg)o<0,1] of dimension 3 between 0 and 0; see [10].

The main aim of this paper is to prove the following properties of the reflecting
measure 7:

1. For all > 0, the measure ([0, ¢], d6) is absolutely continuous with respect to
the Lebesgue measure d6 on (0, 1),

2 n([0, 1], d6) = n([0,1],0) d6b.
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192 L. ZAMBOTTI

The process (n([0,],0));>0, 6 € (0,1), is an additive functional of u,
increasing only on {¢ : u(¢, 8) = 0}, with Revuz measure

1

2V2763(1 — 6)3

3) v(dx|x () =0).

2. Forallt >0,
3.1 t
@) 10.11,0) = S lim — /0 10,61 (u(s. 0)) ds.

in probability.

3. There exists a family of additive functionals of u, (I°(-, 6))ae[0,00),6€(0,1), Such
that [?(-, 0) increases only on {f:u(t,6) = a} and such that the following
occupation times formula holds for all F' € B, (R):

t o0
%) / F(u(s,0))ds =/ F(a)l“(t,0)da, t>0.
0 0
4. Forall t >0,
(6) ([0,7],0) = ! fim 1, 0)
7’ ’ ’ - 4 al% az L)
in probability.

5. Forallt >0anda € (0, 1),

, a/ @ 2
(7) 18%\/5/0 (1 A g)n([o, 11, d6) =\/;t

and symmetrically,

, ! 1-6 2
®) gggﬁfa (1 A T)n([O, 1],d0) = \/;t,

in probability.

Recall that if B is a linear Brownian motion and (X, L) is the unique continuous
solution of the Skorohod problem

dX =dB+dL, X0)=x=>0, L(0) =0,
X >0, t — L(t) nondecreasing, /Ooo X(@)dL(t) =0,
then it turns out that 2L is the local time of X at O and
©) L=y lim = [ 100X e)ds.

In the infinite-dimensional equation (1), the reflecting term 7 is a random measure
on space-time. In [12], the following decomposition formula was proved:

(10) n(ds, d0) = 8,(5)(dO)n(ds, (0, 1)),
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where §, is the Dirac mass at a € (0, 1) and r(s) € (0, 1), for n(ds, (0, 1))-a.e. s,
is the unique r € (0, 1) such that u(s,r) = 0. This formula was used in [12] to
write equation (1) as the following Skorohod problem in the infinite-dimensional
convex set K of continuous nonnegative x : [0, 1] — [0, 00):

19%u

1
du=—-———=dt+dW + - -dL
u >392 + +2n(u) ,

interpreting the set of x € K¢ having a unique zero in (0, 1) as the boundary of K,
the increasing process ¢t +— L; := 2n([0,¢], (0, 1)) as the local time of u at this
boundary and the measure n(u) = §,(5) as the normal vector field to this boundary
atu(s, ).

On the other hand, the absolute-continuity result (2) suggests an interpretation
of n as sum of reflecting processes ¢ +— n([0,¢],6), each depending only
on (u(t,0));>0 and increasing only on {f:u(t,0) = 0}. Therefore, by (2)
equation (1) can also be interpreted as the following infinite system of one-
dimensional Skorohod problems, parametrized by 6 € (0, 1) and coupled through
the interaction given by the second derivative w.r.t. 6:

(1,0) = (9)+1ft82—”( 6)ds + 20 (1.6 + n((0. 11, 6)
WREI=EITS Jo ae2 BT e T TR LT,
(1) u(t,0)=u(,1)=0,
u>0, n(dt,0) >0, /Oou(z,e)n(dz,e)zo Yo e 0,1),
0

see (49). This interpretation is reminiscent of the result of Funaki and Olla in [6],
where the equilibrium fluctuations around the hydrodynamic limit of a particle
system with reflection on a wall are proved to be governed by the SPDE (1).

By (5), (u(t, 0));>0 admits for all a > 0 alocal time at a, (I (¢, 0));>0. However,
by (6), the reflecting term 7 ([0, -], #) which appears in (11) is not proportional
to 19(-, @), which in fact turns out to be identically 0, and is rather a renormalized
local time. The necessity of such renormalization is linked with the unusual
rescaling of (4). These two properties of 1 seem to be significant differences w.r.t.
the finite-dimensional Skorohod problem:s.

The formulae (7) and (8) give information about the behavior of 1 near the
boundary of [0, 1]. In particular, (7) and (8) prove that for any ¢ > 0 and any initial
condition x, the mass of n on [0, 7] x (0, 1) is infinite. This solves a problem posed
by Nualart and Pardoux in [9]. Notice also that the right-hand sides of (7) and (8)
are independent of the initial condition x.

In [12] it was proved that for all / CC (0, 1), the process ¢ — n([0, ¢] x I),
where 7 is the reflecting term of (1), is an additive functional of u, with Revuz
measure

(12) v(dx|x(6) = 0)d6.

1/ 1
2J1 V2763(1 — 6)3
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At a heuristic level, the information given by the formulae (2), (4) and (6)—(8) are
already contained in (12) and in the properties of the invariant measure v of u: for
instance, if the limit in the right-hand side of (4) exists for all 8 € (0, 1), then, by
the properties of v, the Revuz-measure of the limit is (3) and, therefore, (2) holds
by (12) and by the injectivity of the Revuz-correspondence.

However, the existence of such limit is not implied by the structure of (12)
alone. According to the theory of Dirichlet forms, a sufficient condition for the
convergence of a family of additive functionals of a Markov process, as for
instance in (4), is the convergence in the Dirichlet space of the corresponding
one-potentials; see Chapter 5 of [4]. In our case, this amounts to introduce the
potentials

3o 1
Ug(x)::Z/o e 8—3E[]l[0,8](u(s,0))]ds,

where x : [0, 1]+ [0, 0o) is continuous and u is the corresponding solution of (1),
and to prove that U, has a limit as ¢ — 0 with respect to the Dirichlet form
in L2(v),

s w)i=4 [(Vp.Tw)dv,  gp e W),

where V and (-, -) denote, respectively, the gradient and the canonical scalar
product in H := L%(0, 1). Indeed, as proved in [12], u is the diffusion properly
associated with & in L2(v).

However, due to the strong irregularity of the reflecting measure 7 in (1), a direct
computation of the norm of the gradient of U, seems to be out of reach. In order to
overcome this difficulty, we take advantage of a connection between equation (1)
and the following R3-valued linear SPDE with additive white-noise:

0z3 _ 10%z3 | W3

at 2002 9rd0’
23(1,0) = z3(1,1) =0,

23(0,0) =x(6),

(13)

where ¥ € H? and W3 is the R3-valued Gaussian process whose components are
three independent copies of W. The process z3 is also called the R3-valued random
string (see [5] and [8]) and is the diffusion properly associated with the Dirichlet
form in L2(M3),

N(F.Gi=} [ (FFVG)pdus.  F.GeW' ),

H3

where 3 is the law in H? of a standard R>-valued Brownian bridge, and
VF:H3+— H3 is the gradient of F' in H3; see [1] and [11]. Then, in [12] it was
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noticed that the Dirichlet form & is the image of A3 under the map ®3: H> — H,
®3(y)(@) :=|y(0)|g3, thatis, v is the image u3 under ®3 and

W) ={p e L’(v) 1@ 0 @3 € W' (u3)},
@, V) =N (po®3, Y od3) VYo, e WHi).

This connection involves directly the Dirichlet forms & and A3, but not the
corresponding processes. In particular, it does not imply that u is equal in law
to |z3|. Nevertheless, in this paper we prove that this connection gives a useful
projection principle from W!2(u3) onto W!?(v) and that, in particular, the
convergence in W12 (u3) of the one-potentials of z3

3o
U= /0 e [0 (12305, 0)))]ds.

as ¢ — 0, implies the convergence of the one-potentials U, of u in W'2(v),
and therefore, that (4) holds. Also, the formulae (6)—(8) are proved similarly.
Therefore, precise and nontrivial information about u# can be obtained from the
study of the Gaussian process z3.

We recall that an analogous connection has been proved in [13] to hold between
the R9-valued solution of a linear white-noise driven SPDE, d > 4, and the
solution of a real-valued nonlinear white-noise driven SPDE with a singular drift.

The paper is organized as follows. Section 2 contains the main definitions
and the preliminary results on potentials of the random string in dimension 3.
In Section 3 the occupation densities and the occupation times formula (5) are
obtained for the SPDE with reflection (1). The main results, together with some
corollaries, are then proved in Section 4.

2. The three-dimensional random string. We denote by (g;(0,6'):t > 0,
0,6’ € (0, 1)) the fundamental solution of the heat equation with homogeneous
Dirichlet boundary condition, that is,

9% _ 1%

ot 296%

8:(0,0") = g,(1,0") =0,

80(0, ) =dp,
where 8, is the Dirac mass at a € (0, 1). Moreover, we set H := L?(0, 1) with the
canonical scalar product (-, -) and norm || - ||, Ko :={x € H : x > 0},

Co:=Cp(0,1):={c:[0, 1] — R continuous, c(0) =c(1) =0},

2.2 1,2 1 d?
A:D(A)CH— H, D(A):=W>>NW,7(0, 1), AZZEW’
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and for all Fréchet differentiable F': H > R we denote by VF:H — H the
gradient in H. We set O := [0, 4+00) x (0,1) and O := [0, +0o0) x [0,1]. We
denote by (e’ A),Zo the semigroup generated by A in H, that is,

1
e h(0) :=/ g:(0,0)h(0)db', heH.
0

Let W be a two-parameter Wiener process defined on a complete probability space
(2, F,P), that is, a Gaussian process with zero mean and covariance function

EW(t, OWE,0) =@ At)O NG, (t,0),({,0)e0.

Let W3 := (W;)i:m,g be a R3-valued process, whose components are three
independent copies of W, defined on (2, ¥,P). We denote by F; the o-field
generated by the random variables (W (s, 8): (s, 0) € [0, t] x [0, 1]).

We set for ¥ € H> = L2((0, 1); RY),

t rl o
w3(1,0) = / / g1-5(0,0))Ws(ds. do),
0 JO

23(,0) = 4% (0) + wi(t, 9), Z5(t,%) 1= z3(t, ).

Then z3 is the unique solution of the R3-valued linear SPDE with additive
white-noise (13) above, with ¥ € H3. The process z3 is also called the R3-valued
random string; see [5] and [8]. Recall that the law of Z3(¢, ¥) is the Gaussian mea-
sure N (¢'4%, Q;) on H>, with mean ¢/A¥ and covariance operator Q; : H3+— H3:

(14) 0:h(6) = /Olqt(&@/)ﬁ(@) de’,

forall € [0,00], 0 € (0, 1), h € H?, where

(15) q:(0,0") = /Ot 225(0,0" ds, t €[0,00], 6,60 € (0,1).

Recall that A has complete orthonormal system {e}; of eigenvectors in H,

(16) ex(0) :=~2sin(nk0),  6e€[0,1],  Ae*=-— (”f)zsk, keN.

We denote by (3(9))96[0,1] a three-dimensional standard Brownian bridge and
by w3, the law of B. Recall that w3 is equal to the Gaussian measure N (0, Q)
on H3, Qoo = (—2A)_1, and

17 Goo(0,0) =0 10" —060".
We set also for all 7 € [0, 00), 8,0" € (0, 1),

(18) q' 9,0 Z=/t 825(0,0") ds = qoc(0,0") — q:(6,0").
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Recall that Z3 is the diffusion associated with the Dirichlet form in L?(u3),
N(F.G =} [ (FFVG) pdus,  F.GeW ),
H

where VF:H? +— H? is the gradient of F in H3; see [1] and [11]. For all
f:H?— R bounded and Borel and for all ¥ € H?, we set

P3(t) f(x) :=E[f(Z3(1,%))], t>0,

Rs(1) f(®) 1= /0 et Py() f(T) dt.

Since Z3(t,x) € (Cp)® a.s. for all + > 0 and all ¥ € H>, then R3(1)f is
unambiguously defined also for f: (Co)? — R bounded and Borel.
The main result of this section is the following:

PROPOSITION 1.
1. Forall6 € (0,1),a € R3, the function Ug’a ‘H? - R,

o0 1 tA+ 0) — 2
19) U ::/ el 2exp<——|e *(©) —al )dt,
0 (2mq:(6,6))3/ 2¢,(0,0)
is well defined and belongs to Cp(H? N Wh2(u3). If (a,,6,) — (a,0) €
R3 x (0, 1), then

: On,an 0,a2 770,00 v7rr9.a,2
Qo tim [ (U UL [FUL Y~ FUL P dps =0,

Moreover, (6%/*(1 — 9)3/2U39’a)9€(0’1)’a€R3 is uniformly bounded, that is,

(21) sup  032(1 —0)32 sup UP“ (%) < oc.
0€(0,1), acR3 XeH?3

2. Set y?(x) 1= |¥(0)|/v/0, % € (Co)>. Then T := R3(1)y? converges to /8]
in WI’Z(M3) asd—0orf6 — 1.

PROOF. Let w3 := 4w /3, and recall that w3 is the Lebesgue measure of
{e € R3: || < 1}. If & € R, we denote by A - I the linear application R35a>
r-aeR3

Step 1. Let x € H?3 be fixed. Notice that z3(7,0) has law N(e’AY(Q),q;(Q,
0) - I), where ¢;(6, 6) is defined as in (15). We denote by (G;(a, b):t,a,b > 0)
the fundamental solution of the heat equation on (0, +00) with homogeneous
Dirichlet boundary condition at {0}. By the reflection principle we have the explicit

representation
exp( — —expl——) ).
2wt p 2t p t

Gl(a, b) =
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We set tp :=inf{t > 0:6 + B, € {0, 1}}, 6 € (0, 1). Then we have
80,0 =G(0,0") — E[Jl(z>r9/,9/+3f€/=1)Gz—f9/ ©, D].

Letcop:=1—exp(—1) € (0, 1). Then, forall t > 0 and a > 0,

o <1A2a2><G( ) < 1 <1/\2a>
— a,ad) = — ).
2wt t )= V2t t

For all 6 € [0, 1] we have P(0 4 B, = 1) =6, since
0 =E[0 + By, ]
=0-P(@+ By, =0)+1-PO+ By, =1)
=P+ B, =1).
Let now 6 € [0, 1/2]. Then

t
/0 E[]]-(ZS>‘L’9,9+BT9=1)GZS—TQ(9’ D]ds

[ (51 2))o]

2 O —1)>2 20
R e | (R Gy K

—10", ci:=sup,/—<exp( —= ) < oco.
—Jr ! r>8 -3 P\ g,

Forall > 0 and 6 € [0, 1/2] we obtain

' c1
4:(6.6) z/o st(9,9)ds—ﬁt92

t 02 Cl 2
> ds — —10
2«/ < ) s T

_f<]1(’<92)“[ ”(92“)(29 ﬁ))_tﬁe

(C()I].(t<92)\/r+C()1].(92<[)9 C1t02).

_f

Let #9 := (co/2c1) A (C0/201)2. If t > 19, then ¢;(0,0) > ql()(e, 0).If r <1y, then

A ﬁ( f 1, 2g2) + b )
4:(0,6) — Vilco—e1v/i62) = b(cg — 1) =D

2?(7#1)
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By symmetry, we obtain that there exists Cog > 0 such that for all 6 € (0, 1),
o(1—60)\? 1
(22) (¥) <G ( A 1) £>0.
9:(6,0) 3/4

Step 2. Fix 6 € (0, 1). By (22), U39’a is well defined and in C,(H?). Moreover,
forall x € H?,

93/2(1 _0)3/2U9,a(f)
(o 01— 0) )3/2@( (_—'emw*“'z)d;
274:1(0,0) T 240.0)

0 © (1
<(27T)3/2/0 e (3/4/\1 dt < oo,

so that (21) is proved. Foralle > 0,0 € (0, 1) and a € R3, we set
1 _
fo..0) = ﬂ(\y(@) —al<e)>» y € (Co).
LetX € H3. Then
00 1
Ry(1) £ () = f ™' —P(jws(t,0) + €% (0) —al <¢)dt
’ a)38

—/ a)383 /]1%3 ]l(|a\§g)dV(etA)_C(9) —a,q:;0,0)- I)(da) dt

=/ dte! 3
0 w3E

1 lo — 'A% (0) + al?
23 X / — X ¢X (— ) d()[
@3) (al=e) 218,602 P 24,(.6)

1 [ /oo » 1
= — e ' —
w3e3 J(ja<e) Lo (2mq:(0,60))3/2

L tAS 0 2
xexp(—la ¢7x(6) +al )dt}da
29:(0,0)

1

= [ U @da.
w3E” J(la|<e)

By (22) and the dominated convergence theorem, we have that, for all (8, a) €
(0,1) x R?,

(24) lim R3(1) £, () = UP“X) VX eH?,
£—
uniformly for X in bounded sets of H 3 and by (22),
00 1
25 R:(D) f5 (X)) < / o dt .
( ) | 3( )fe,a(x)l = 0 e (27qu(9, 0))3/2 <0
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Step 3. We want to prove now that U39 @ is in W?(u3): to this aim we shall
prove that R3(1)f98’a converges to Ug’a in W12(113). Recall that !4 (Cy) € C for
all 1 > 0. We define for all ¥ € (Cp)3, a € R3\ {x(6)},

U (F) = — / Ve ) ¥ (%) —a)/V:(0.0))d1
P T e 0.0 .
(26) al?

where ¥ :R? > R3, ¥ (a) _aexp<—7).

By standard estimates on the Green function g, we obtain forall 2 € H3, ¢ > 0 and
0 €(0,1),

! V2 1A(20 - LA Q0/1) —
en ([ wwopar] < T et < T,
so that
o0 —l‘
niﬁlpluea(’c) J W’W(@mx(@)—a)/quwe)\dr

Since B has law u3z = N (0, Qs), then e!4B has law N (0, €4 Qqoe’d) =
N (0, Qoo — Oy). Since |¥| <1,
sup u

CIERC

00 ot T l 12
5/0 W(/RSW/(“/ q:(6,0))]| N(a’CI(Q,@)'I)(dOé)> dt

o e’ q:(0,0) \*
5/0 (%(9,9))211/4{1/\[(Zﬂqt(eﬁ)) "‘”"L2<R3)]}dt

1 1 1 1 0
< dt + / e ' dt,
(q1(8,0))3/4 /0 (9:(0,0))>/4t1/4 (q100,0))> )i
so that by (22), we obtain, for all § € (0, 1/2],

0,a 74

sup ‘u_ (,B)‘ ])1/2 < 00.

sup  sup (E[
IAl=1

acR30€[8,1-4]

Therefore, setting for pu3-a.e. X,

O,a .__ o —t g;(G,-) tA— _
U= /0 e (2n)3/2(ql(9’9))2w((e X(0) —a)/q,0,6))dt
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we have that U%¢ e L2(H?, pu3; H%), and (U%“ ) = UZY in L2(u3), for
all i € H?. Arguing analogously, we have

(B[ U4+ B) — u”(B)I%])

1/2

o0 e—t
(28) <), @@, 0727

(9,9) 3/4
x {1/\[(%) [V (-+a/vaq0,0)) =¥ 2gs “d’

and by (22), we obtain, for all § € (0, 1/2],

(29) lim sup sup (E[JU®+t*(B) — u’*(B)|*])"/* =0
=0 ,cRr30€[s,1-5]

Therefore, for all 6 € (0, 1), we can differentiate under the integral sign in (23) and
obtain

— 1
VRs() fi .= —— / U da i L(H?, pa; H).
w3&” J(le|<e)
Therefore, by (28),

/H ||VR3<1>f;,a — U2 dpus

0,a+«a 0,a
w3‘93 v/(|a<s)./H3 I —ur ” dusda — 0

as ¢ —> 0, R3(1)f98’a converges to U39’a in LZ(M3) and VRg(l)féﬁa converges
to U in L*(H>, u3; H?) as ¢ — 0. Since W'2(u3) is complete, then
U39’“ e Wh2(us), VU?’“ = U in L2(H3, pu3; H3) and R3(1) f§ , converges to
U39’a in W2(u3) as e — 0. Moreover, by (29), for all 6 € (0, 1/2],

(30) lim sup  sup IVR3(1) ff , — VUg’allzdm =0.
40 yeRr3 0els,1-8]/ H? ’

Step 4. We want to prove (20). By the dominated convergence theorem the map
R3 x (0,1) 3 (a,0) — U39’a € LZ(,u3) is continuous. Notice now that

PS50 = [ J5aGIN (AT 0 (dF),

and by standard Gaussian computations we obtain, for all ¢ > 0,

— 1
VPs(1) fi.a(®) = /HS ot L0 -ai=o)[ Q7 ¢ (5T = ¢AMIN (X, 0 (dY).
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Denoting by Tr the trace in H?, by (16) we have, for all t > 0,
1/2
[ 107G — PN s, 0 |
— [Tr[el‘A Qt—lelA]]l/z
= (nk)ze_(”")z’}m

3 Z 1 — e—(mh)%

k=1

2 ,—mt 2 ,—(wk)?t 1/2
5\/5[7” ¢ +/oo mhye ™ dk]
1

] — -7 1 — e— (k)%

1 1 00 k2—(nk)2 1/2
gﬁ[—+—/ Ldk]
1

t 132 1 — e—(@k)?

<C@t* A,
for some constant C > 0. Then we can write
VR (1) f5 (%)
g
(Co)? 0383 1y

(0)—al=<e)

o0
x| [T dreor e G - et mIN e, 00w |
0
and obtain, by the dominated convergence theorem, that the map
0.1) xR? > (0,a) > VR3(1) f§ , € L*(H?, u3: H)

is continuous. Since the locally uniform limit of continuous functions is continu-
ous, (30) yields (20).

Step 5. We prove now the last assertion. By symmetry, it is enough to consider
the case & — 0. Recall that 79 (X) = |[x(0)|/+/0, X € (Cp)>. Then

@) = R3(Hy’(®)

1 o]
= ﬁ/o "’_t/Rs la| NV (e'4%(0), q,(0,0) - I)(da) dt

= /Oooe_t‘/qt(? %) /1&3 o] N(etAY(Q)/Vq,(G,G), I)(doe)dt,
and

_ o0 6,0 _
VF§’<Y>=—/O e",/qr(e )gz<0,->/R3(a—efo<0>/~/qz<9,0>)|a|
x N ('A% (0)/Vq:(0,0), I)(da) dt,
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for all X € (Cp)>. By the Cauchy—Schwarz inequality,
‘ /R (= e"F0) /v, 0,0)) ol N (5(0) /¥ 10, 0), 1)(doe>‘

172
2
< [fR3 la|2 M (0, I)(doe)] UR} o+
Ie’Ax(G)I2
=334 ——
= V33 + q:(0,0)

By (27) we obtain

260 1A% (0)]2
Fr§@I= V3 [T e (1420) 3+ O ar

By the sub-additivity of the square-root, by (22) and since ¢’ (6, 0) < 6(1 —0),
N2 - 1/2
[E(IVTSB)IR)]Y

<[ a1 2) (s )

A2 o

'A% (6)
A/q:1(6,0)

}1/2

t t1/4 $3/4

as 8 — 0. Since u3 is invariant for z3, we have

E(T5(B)) = —=E(IB6)]) =

1
NG
By the Poincaré inequality for A3, see [2], there exists C > 0 such that

E(T§(B) — cs)* 5 E(IVTSBI?) —

as 8 — 0, and since

cop= dm [ ! r? exp(—ir2 )dr
Vo Jo @2ro(l—0))32 20(1 —-0)

2 [ r?
=1-6 —/ r3exp<——)dr

T Jo 2

8 8
=\/1—9\/i—>\/i,

b/ b/

we obtain that Fg converges to 4/8/m in Wh2(u3)as@ — 0. O
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3. Occupation densities. Following [9], we set the following:

DEFINITION 1. A pair (u, n) is said to be a solution of equation (1) with initial
value x € Ko N Co, if:

() {u(t,0):(t,0) € O} is a continuous and adapted process, that is, u(t, 0)
is #;-measurable for all (¢,0) € O, a.s. u(-, -) is continuous on O, u(t, -) € KoN Co
forall r >0, and u (0, -) = x.

(ii) n(dt, d6) is arandom positive measure on @ such that n([0, T'] x [5, 1 —
3]) < 4+oo for all T,6 > 0, and 7 is adapted, that is, n(B) is F;-measurable for
every Borel set B C [0, #] x (0, 1).

(iii)) Forallt >0and h € D(A),

(u(t,-),h) — (x, h) — /t(u(s, ), Ah)ds
(31) 0

1 t 1
=—f h/(Q)W(t,G)dG—I—/ f hO)n(ds,do)  as.
0 0 JO
(iv) foudn=0.

In [9], existence and uniqueness solutions of equation (1) were proved.
We denote by (e(9))sco,1, the 3-Bessel bridge between 0 and 0, see [10], and
by v, the law on K¢ of e. We recall the following result, proved in [12].

THEOREM 1. Let ®3: H3 = L?(0, 1; R?) > Ko, ®3(y)(0) := |y () |gs.

1. The process u is a Strong—Feller Markov process properly associated with the
symmetric Dirichlet form & in L*(v),

8. i=1 [ (Vo.VW)av.  pv W),
0
2. The Dirichlet form & is the image of A3 under the map ®3, that is, v is the
image of (3 under ®3 and

W) ={p e L*(v) 1@ 0 @3 € W' (u3)},

(32) 3 1,2
E(@,¥) =N (po D3, od3) Vo, e Woo(v).

We refer to [4] and [7] for all basic definitions in the theory of Dirichlet forms.
Notice that by point 1 in Theorem 1 and by Theorem IV.5.1 in [7], the Dirichlet
form & is quasi-regular. In particular, by the transfer method stated in VL.2 of [7],
we can apply several results of [4] in our setting.

We recall the definition of an additive functional of the Markov process u. We
denote by (P, :x € Kg) the family the of laws of u on E := C([0, 00); K¢) and
the coordinate process on Kg by: X;: E +— Ko, t >0, X;(e) :=e(¢). By a positive
continuous additive functional (PCAF) in the strict sense of u, we mean a family
of functions A; : E +— RT, t > 0, such that:
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(A1) (Ap)r>0 is adapted to the minimum admissible filtration (N;);>o of u, see
Appendix A.2 in [4].

(A2) There exists a set A € Ny such that P, (A) =1 for all x € Koy, 6;(A) C A
for all + > 0, and for all w € A:f — A;(w) is continuous nondecreasing,
Ag(w)=0and forall¢,s >0,

(33) Apgs () = Asg(@) + A (bs0),
where (65)s>0 is the time-translation semigroup on E.
Two PCAFs in the strict sense A and A are said to be equivalent if
P (Al=A%)=1 V>0, Vx e K.

If A is a linear combination of PCAFs in the strict sense of u, then the Revuz-
measure of A is a Borel signed measure m on Kg such that

1
/¢dM=/ E[f w(xodAt}v(dx) Yo € Cy(Ko).
Ko Ko 0

Moreover, U € D(&) is the one-potential of a PCAF A in the strict sense with
Revuz-measure m if

aWw.o=

K¢

pdm Ve D(&)NCp(Ko),
)

where €1 := & + (-, ) 2(,)- We introduce the following notion of convergence of
positive continuous additive functionals in the strict sense of X.

DEFINITION 2. Let (A,(?)):>0, n € NU {oo}, be a sequence of PCAF’s in the
strict sense of u. We say that A,, converges to A, if:
1. Forall £ > 0 and for all x € Ky N Co,
(34) lim A,(t +¢&) — A,(e) = Axc(t + 8) — Axo(),
n—oo

uniformly for ¢ in compact sets of [0, 00), P,-almost surely.
2. For &-q.e. x € Ko N Co,

(35) lim A, () = Ao (?),
n—oo
uniformly for ¢ in compact sets of [0, 00), IP,.-almost surely.

LEMMA 1. Let (A, (?))r>0, n € NU{oo}, be a sequence of PCAFs in the strict
sense of X, and let U, be the one-potential of A,, n € NU {oo}. If U, - Ux
in D(E), then A, converges to A in the sense of Definition 2.

PROOF. Since U,, - Uy in D(&), by Corollary 5.2.1 in [4], we have point 2
of Definition 2, that is, there exists an &-exceptional set V such that (35) holds for
allx € Ko\ V. By the Strong—Feller property of X, P,-a.s. X; € E\V,forallt >0
and for all x € Ko, and by the additivity property, (34) holds for all x € Ky. U
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REMARK 1. We recall that if (A, 4) is a measurable space, (2, F,P) a
probability space and X, is a sequence of A ® F -measurable random variables,
such that X, (a,-) converges in probability for every a € A, then there exists
a A ® F-measurable random variable X, such that X(a,-) is the limit in
probability of X,,(a, -) for every a € A.

We can now state the main result of this section:

THEOREM 2. Let9 € (0,1),a>0.

1. For all (8,a) € (0,1) x [0, 00), there exists a PCAF in the strict sense of u,
(“(t,0))r>0, such that (1°(-,0))oe(0,1),ae[0,00) iS continuous in the sense of
Definition 2 and jointly measurable, such that for all a > 0,

1 t
1“(:,9):18%5/0 Lg.are)(s,0))ds,  1>0,

in the sense of Definition 2.
2. The Revuz-measure of 1°(-, 0) is

2 a2
\/%QZGXP(—m>U(dX|x(Q):a)’ a>0,

and, in particular, 1°¢,0) = 0. Moreover, 1°(-,0) increases only on {t:
u(t,0) =a}l.
3. The following occupation times formula holds for all 6 € (0, 1),

(36) /Ot F(u(s,0))ds = /Ooo F(a)l“(t,0)da, F e By(R), t > 0.

For an overview on existence of occupation densities see [3].
We set A? = A3+ (., V12043 €1:= &+ (-, ) 2(y- Forall f: H - R bounded
and Borel and for all x € Ko N Cp, we introduce the one-resolvent of u,

RO f(x) = /0 e 'ELLf (X)]d1,

where E, denotes the expectation w.r.t. the law of the solution u# of (1) with initial
value x. The next lemma gives the projection principle from the Dirichlet space
W2 (u3), associated with the Gaussian process z3, to the Dirichlet space wi2()
of the solution u of the SPDE with reflection (1).

LEMMA 2. There exists a unique bounded linear operator I1: Wl’z(u3) —
WL2(), such that forall F, G € Wl’z(u3) and f € w2,
(37) A3(F, f o ®3) = & (T1F, f),

(38) A3((TIF) 0 @3, G) = A3(F, (TIG) o ®3).
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In particular, we have that for all ¢ € L?>(v) and F € W'2(u3),

(39) R(De =T(R3(Dg o @3]),

(40) ITTF e, =< [1F] 53

Finally, T1 is Markovian, that is, I11 = 1 and

(41) FeWh2(us), 0<F<l = O0<IF<I.

PROOF. Let D = {p o ®3:¢0 € W'2(v)} ¢ W'2(u3). Let Wh2(u3) be
endowed with the scalar product Af: then, by (32), D is a closed sub-
space of W12(u3). Therefore, there exists a unique bounded linear projector
I: W12(u3) = D, symmetric with respect to the scalar product A%. For all

F e W1’2(,UV3) we set [1F := f, where f is the unique element of Wl’z(v) such
that f o @3 = [1F. Then (37) and (38) are satisfied by construction. Let now
@, € WH2(v). Then by (32),

&R )= [ ovdv=[ o@nwoddu;
, :
= A} (R3(D[g o @3], ¥ 0 @3) = AT (ITR3(1)[g 0 B3], ¥ 0 P3)
= &1(TMTR3(1)[¢ o P31, V),
which implies (39). Then, since Misa symmetric projector,
ITF g, = ITIF |3 < | F ]l 53+

so that (40) is proved. Notice now that 1 € D, so that obviously IT1 = 1. Moreover,
recall that ITF is characterized by the property

MFed, ANF-TIF,G)=0 VGe.

Let F € W"2(u3) such that F > 0. Since & is a Dirichlet form, then (fIF)_ =
(—ITF) v O still belongs to O, and since A? is a Dirichlet form,

0= A}(F — f1F. (f1F)7) = AY(F. (AF)7) + IAAF) 713, = I1ATF) 7 I,
so that [TF > 0, and (41) follows. [

PROOF OF THEOREM 2. Leta > 0. For all € > 0 we set

1
fEy) = g]l[a,a—i-s](y(@))’ y € Ko N Co.
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By Lemma 2, we have that

R() f* =TI(R3(D[f* o @3])

1
_ _/ ) de
€ J(a<la|<a+e)

1 rate )
= —/ rzdr/ (U™ 32 (dn),
& Ja S?

where #? is the two-dimensional Hausdorff measure, U39 " is the one-potential
in W2 (u3) defined by (19) and IT is the operator defined in Lemma 2. By (20),

0,r-n

the map r — Uj € W'2(u3) is continuous. Let U%% € W!-2(v) be defined by
Ul = a2/2 nwe ™ #2dn),  a=0,
S

By (40) we have that R(1) ¢ converges to U%%in Wh2(v) ase — 0. Foralle > 0
and ¢ € WL2(v) N Cp(Ky), we have

1
&1(R()f2. ¢) = /K Fo0dv = “E[p(©T0are)(€(©))]

where the law of e is v and & = & + (-, ) 2(,). Letting ¢ — 0, we get

1
.U, ) = lim —E[p(e)Ljaate1(e(®))]

2 a?
B S (—7)E[¢<e>|e<9>=a].
2031 -0y ¢ TP\ T2ma "0

By Lemma 2, IT is a Markovian operator and by (21) in Proposition 1, the family
(U39 @™ p e §?) is uniformly bounded in the supremum-norm. Therefore, U%¢ is
bounded, and by (42) U%¢ is the one-potential of a nonnegative finite measure.
By Theorem 5.1.6 in [4], there exists a PCAF (I°(¢, 8));>0 in the strict sense of u,
with one-potential equal to U%¢ and with Revuz-measure given by (42). Notice
now that R(1) f?¢ is the one-potential of the following PCAF in the strict sense
of u,

(42)

1 t
t— —/ Lia,a+e1(u(s, 0))ds, t>0.
€ Jo
Therefore, points 1 and 2 of Theorem 2 are proved by (20), Lemma 1 and

Remark 1. To prove the last assertion of point 2, just notice that the following
PCAF of u,

!
t— / lu(s,0) —all*(ds, 0),
0
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has Revuz-measure
2 2 ( a’
———=a"exp| ————
7631 —0)3 260(1 —6)
To prove point 3 it is enough to notice that the PCAF of u in the left-hand side

of (36) has one-potential R(1) Fy, where Fyp(y) := F(y(0)), y € Ko N Cp, and the
PCAF in the right-hand side has one-potential,

) - |x(0) — alv(dx|x(0) =a) =0.

/oorzF(r)dr/ Ue ") % (dn)
0 S2

_ 0,
- n(/RS F(lahU: da)

=TI(R3(1)[Fp o ®3]) = R(1) Fp.
Since R(1)Fy is bounded, then, arguing like in Theorem 5.1.6 of [4], the two
processes in (36) coincide as PCAF’s in the strict sense. []

4. The reflecting measure n. Recall that n is the reflecting measure on
O =0, o0) x (0, 1) which appears in equation (1). The main result of this section
is the following:

THEOREM 3. Let6 € (0, 1).

1. For all 6 € (0, 1), there exists a PCAF in the strict sense (I(t,0));>0 of u,
such that (I(-,0))ee(0,1) is continuous in the sense of Definition 2 and jointly
measurable, and such that

3 t
=lim — 1
10,0) =lim = [ 1i0.1(u(s,0) ds.

in the sense of Definition 2.
2. The PCAF (I(t,0)):>0 has Revuz-measure

2
—v(d 0) =0),
(1 gy O =0)
and increases only on {t :u(t,0) = 0}.

3. We have
1
1(¢,0) =lim —=1%(¢, 0
(t,0) hm 2 (t,0)

in the sense of Definition 2.
4. For all t = 0 and x € Ko, n([0,1t],d6) is absolutely continuous w.r.t. the
Lebesgue measure d6 and

(43) n([0, ], d6) = Li(z,0) db.
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5. Foralla € (0, 1),

a 0 2
lim\/E/ (1 A —)n([O, t],do) =, —t,
£l0 0 & T

1 _
lim\/g/ (1 A %)nqo, 11.d6) :@t

el0

in the sense of Definition 2.
PROOF. For all ¢ > 0 we set

3
g ()= 8—31[0,81()/(9)), y € Ko N Co.
By Lemma 2, we have that

R(1)g® = TI(R3(1)[g° o ®3])
3

&3 Jalze)
3

€
=5 [ rar szn<U§”'"),}f2(dn).

e da

By Lemma 2, R(1)g® converges in Wl2(w)ase — 0to
U =4xivf?), a=0,

Foralle >0and ¢ € WL2(») N Cp(Kp), we have

3
&1(R()g . ¢) = /K g g dv=SElp(10.(c(0)]

and letting ¢ — 0, we get

3
& U, )= lim —E[p()10,61(e(0))]

2
=z =g Ele@le® =01

Since I is Markovian, by (21), U ? is bounded, and by (44), U 9 is the one-potential
of a nonnegative finite measure. By Theorem 5.1.6 in [4], there exists a PCAF
(I(z, 0)):=0 in the strict sense of u, with one-potential equal to U % and with Revuz-
measure given by (44). Since R(1)g® is the one-potential of the following PCAF
of u,

(44)

3 t
t— 8—3/0 Lio,61(u(s, 0)) ds, 1>0,
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then, points 1 and 2 of Theorem 3 are proved by (20), Lemma 1 and Remark 1. To
prove the last assertion of point 2, just notice that the following PCAF of u,

t— /tu(s, 0)l(ds,0),
0

2
‘/m - x(@)v(dx|x (@) =0)=0.

From the proof of Theorem 2, we know that the one-potential of [¢(-, 8) is

has Revuz-measure

Ut =4? /sz nwe ™ #2dn),  a=0,

Then U%“/a® converges as a — 0 to UY in W!2(v). Since U%“/a? is the one-
potential of [%(-,0)/a®, by Lemma 1, point 3 of Theorem 3 is proved. Let now
I cC (0, 1) be Borel. Notice that the following PCAF in the strict sense of u,

45) te> %/l(r,@)d@
1
has Revuz-measure

(46) v(dx|x () =0)db,

1
), V2n03(1—0)?
and one-potential equal to

1= %fl U’ as.
On the other hand, it was proved in Theorem 7 of [12] that the PCAF in the strict
sense of u,
47) t—=n(0,t] x 1)

has Revuz-measure equal to (46). Therefore, by Theorem 5.1.6 in [4], the two
PCAFs of u in (45) and (47) coincide, and since U is a bounded one-potential
then they coincide as PCAFs in the strict sense. Therefore, point 4 is proved. We
prove now the last assertion. For all ¢ € (0, 1/2), set h,:[0, 1]+ [0, 1]

0
e0) = V(145 )201/210) +40(1 = 0)2112.10) ).
Then &, is concave and continuous on [0, 1], with

1
hy(d6) = —ﬁ&:(dQ) — JVe81[1/2,11(0) db,
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where 8, is the Dirac mass at &. Moreover, h.(0) = h (1) =0 and h, — O
uniformly on [0, 1] as ¢ — 0. By (31) we have then

) 1 t 1/2 2]
(48) glg%<m/0 u(s,e)ds —JE/O <1/\;)n([0, 1], d@)) =0.

Recall the definition of 7¢ given in point 2 of Proposition 1. We set y¢: Ko N
Co — R, y®(x) := x(¢)/+/¢. Then, by Lemma 2 we have that R(1)y® =
IT(R3(1)y?). By point 2 of Proposition 1 and by Lemma 2, we obtain that R(1)y?
converges to \/8/m in W!-2(v). Therefore, by Lemma 1,

1 t 2
Iim —— ,8)ds =,/ —t,
ey Zﬁ./() us, e)ds \ 7

in the sense of Definition 2, and by (48) point 5 is proved. [

COROLLARY 1. Forall x € KyN Cop, a.s. the set
S:={s>0:36 €(0,1),u(s,0) =0}

is dense in R" and has zero Lebesgue measure.

PROOF. By point 5 in Theorem 3, for all x € Ko N Cop, a.s. for all > 0 we
have 7 ([0, ¢] x (0, 1)) = +o0, so that, in particular, n([0, ] x (0, 1)) > 0. By (iv)
in Definition 1 the support of 7 is contained in the set {# = 0}, so that for all # > 0,
there exists s € (0, 1) N S. By the Markov property, for all ¢ € Q and all # > ¢, there
exists s € (¢, 1) N S, which implies the density of S in R™. To prove that S has zero
Lebesgue measure, recall that the law of u(z, -) is absolutely continuous w.r.t. v
for all > 0, and v(x:360 € (0, 1), x(0) = 0) = 0. Then, if #' is the Lebesgue
measure on R,

E,[#'(S)] = /(;OOIEX[ILS(t)]dt = '/OOO]P’(EIQ €(0,1),u(t,0)=0)dr=0. 0

Notice now that, by points 2 and 4 of Theorem 3, equation (1) can be formally
written in the following form:

(t.0) (9)+1/t 82”( ovds+ W o)+ L o)
u(t, =X — —= (5, S o U, - ) )
2 Jo 962 30 1

(49) u(t,0)=u(,1)=0,

o0
u>0, I(dt,0) >0, / u(t,0)l(dt,9) =0 Vo e (0,1),
0

where, as usual, the first line is rigorously defined after taking the scalar product
in H between each term and any & € D(A). Formula (49) allows to interpret
(u(-,0),1(-,0))9e,1) as the solution of a system of one-dimensional Skorohod
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problems, parametrized by 6 € (0, 1). This fact is reminiscent of the result of
Funaki and Olla who proved in [6] that the stationary solution of a certain system
of one-dimensional Skorohod problems converges under a suitable rescaling to the
stationary solution of (1).

Finally, we show that u satisfies a closed formula and that equation (1) is related
to a fully nonlinear equation. Let (w(¢, 8));>0.6¢[0,1] be the stochastic convolution

t el
w(t, ) :=/(;/(;gt_s(9,6’)W(ds,d9/),

solution of

1 [t 02w
w(t, 0
(50) t,6) = 2Jo 962

w(,0)=w(,1)=0.

——(s,0)d +8W(t 0)
s, s+ —(t,
a0

Subtracting the first line of (49) and the first line of (50), we obtain that

“.0) 1 92
= =
2962
is in Llloc((O, 1); C([0, T])) for all T > 0, that is, it admits a measurable version
which is continuous in ¢ for all 8 € (0, 1) and such that the sup-norm in ¢ € [0, T']
is locally integrabile in 6. Then, we can write

/t(u(s, 0) —w(s,0))ds

2

u(t,0)=x0)+ wlt, 9)+1 0

! 1
>392 / (u—w)(s,0)ds + Zl(t’ 0),

(51) u(t,0)=u(,1)=0,

o0
u>0, I(dt,0) >0, / u(t,0)l(dt,0) =0 Vo e(0,1),
0

where every term is now well defined and continuous in ¢, and we can apply
Skorohod’s lemma (see Lemma VI1.2.1 in [10]) for fixed 6 € (0, 1), obtaining

(52) l(t 0) —sup[ (x(@) + w(s,0)+ 2892/ (u — w)(r, 9)dr>] v 0,

sS<t

forall >0, 6 € (0, 1). Therefore, we have the following:

COROLLARY 2. Forall x € Ky N Co, a.s. u satisfies the closed formula

2

u(t,0) =x(0)+ w(t, 9)-1-1 0

t

(u(s, 0) —w(s, 9)) ds
902

(53) 2 00 /

2

+ sup[ (x(G) +w(s, )+ ; 8862 /S(u(r, 0) — w(r, 9))dr)} v

s<t
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forallt > 0,0 €(0,1). In particular, v, defined by

v(t,0) = '/Ol(u(s, 0) —w(s,0))ds,

is a solution of the following fully nonlinear equation:

o _18% o [ ((9)+ 6.0)+ 120 9))}v0
_——= —— X Su —| X ws, ——= (S, )
54y {or = 2002 ot 2962

v(0,)=0, v 0)=v(,1)=0,

unique in 'V := {v':0 — R continuous: dv'/dt continuous, 3°v'/36° €
L}.((0,1); C([0, T) for all T > 0}.

The uniqueness of solutions of equation (54) in V is a consequence of the
pathwise uniqueness of solutions of equation (1), proved in [9]: indeed, if v’ € V
is a solution of (54), then setting

/

, av
u'(t,0):= E(I’ 0) + w(t,0),

2.7
n'(dt, dO) = dt{ig’[_ <x(9) +w(s, 0) + %%(s, 9))] v o} a0

and repeating the above arguments backwards, we obtain that (u’, n") is a weak
solution of (1), so that #’ = u and, therefore, v/ = v.

Notice that, by point 5 in Theorem 3, by (43)-(54) and by the continuity of
dv/dt on O, then, for all ¢ > 0, 82v/892(t, 2 is not in L'(0, 1), so that by the
uniqueness a C12(0) solution of (54) does not exist.
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