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DARLING-ERDOS THEOREM FOR SELF-NORMALIZED SUMS!

BY MIKLOS CSORGO, BARBARA SZYSZKOWICZ AND QIYING WANG

Carleton University, Carleton University and Carleton University and Australian
National University

Let X, X1, X,... be ii.d. nondegenerate random variables, S, =
27:1 X and V2= 27:1 X?. We investigate the asymptotic behavior in
distribution of the maximum of self-normalized sums, maxj << Sk/ Vi, and
the law of the iterated logarithm for self-normalized sums, S,/V,, when
X belongs to the domain of attraction of the normal law. In this context,
we establish a Darling—Erd&s-type theorem as well as an Erd&s—Feller—
Kolmogorov—Petrovski-type test for self-normalized sums.

1. Introduction and main results. Let X, X, X»,... be a sequence of
nondegenerate i.i.d. random variables and put S, = Z;le X j for their partial sums,
n > 1. Darling and Erd6s (1956) proved the following remarkable limit theorem
for the maximum of the standardized sums.

RESULT A. IfEX =0and E|X|3 < 00, then, for everyt € R,
(1) lim P{a(n) max S¢/(ovVk) <t + b(n)} =exp(—e™ ),
n—oo lfkgn

where 0% = EX?, a(n) = (2loglogn)'/? and

b(n) =2loglogn + %logloglogn — %log(47t).

We assume throughout that log x = log(max{e, x}).

Darling and Erd&s (1956) actually established Result A for independent random
variables that are not necessarily identically distributed. Several extensions have
relaxed their third-moment condition in the i.i.d. case. Oodaira (1976) and
Shorack (1979) independently showed that (1) holds when an absolute moment
of order 2 + § is finite for some § > 0. Einmahl (1989) and Einmahl and Mason
(1989) proved that the Darling—Erd&s theorem holds for i.i.d. random variables
whenever

(2) EX*I(x|>x) = o((loglogx)™")  asx — o0.
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DARLING-ERDOS THEOREM 677

Einmahl (1989) showed the condition (2) to also be necessary in the i.i.d. case.
Einmahl (1989) also concluded that if only EX = 0 and EX? < oo are assumed,
then o+/k in Result A needs to be replaced by the less natural By as in his theorem
that follows.

RESULT B. IfEX:OandEX2<oo, then, for everyt € R,
3) lim P{a(n) max Sg/Br <t+ b(n)} =exp(—e™ "),
n—o00 1<k<n

where By =31 EX*I(1x|< /7/(loglog /)*)-

For an extension of the Darling—Erdds theorem to stable law, we refer to
Bertoin (1998). In this paper, we show that Results A and B can be merged
into one result via the use of the natural random normalizer. Furthermore, in this
context even the second-moment condition is not required anymore, for it is seen
below that a Darling—Erd&s-type theorem for self-normalized sums holds true if
only X belongs to the domain of attraction of the normal law under some weak
additional conditions.

Write Vn2 = ?:1 X? and [(x) = EXZI(‘XEX). The following is our main
theorem.

THEOREM 1. Suppose that EX = 0 and [(x) is a slowly varying function
at 00, satisfying [(x?) < Cl(x) for some C > 0. Then, for every t € R, we have

4) Jim_ P{a(n) [max S/ Vi <t+ b(n)} =exp(—e ).

The proof of Theorem 1 is based on an extension of the truncation techniques of
Feller (1946) and Theorem 1 of Einmahl and Mason (1989) for the maximum of
normalized sums of bounded independent random variables. Utilizing this method,
we also succeed in refining the self-normalized law of the iterated logarithm (LIL).
In fact, we obtain the following Erd8s—Feller—Kolmogorov—Petrovski (EFKP)-
type test for self-normalized sums [cf. Petrovski (1935), Erdés (1942) and
Feller (1943, 1946)].

THEOREM 2. Suppose that EX = 0 and [(x) is a slowly varying function
at oo, satisfying 1(x%) < Cl(x) for some C > 0. Then

5 P(S,>V,¢,, io)=0 or =1
accordingly as
o0 ¢ 2
(6) J(p) = Z e=0/? <00 or =00,
n=1 n

where ¢, is a nondecreasing sequence of positive numbers.
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REMARK 1. Giné, Gotze and Mason (1997) showed that S,/ V, — 9 N (0, 1)
if and only if £X = 0 and X belongs to the domain of attraction of the normal law.
The latter condition is well known to be equivalent to /(x) being a slowly varying
function at co. Based on these facts and the corresponding Darling—Erd&s theorem
in the classical case, that is, that one has (1) in the i.i.d. case if and only if (2) is
obtained [cf. Einmahl (1989)], it is not likely that the condition alone that /(x) is
a slowly varying function at oo is sufficient for establishing (4). We note also that
1(x?) < Cl(x) is a weak enough assumption, which is satisfied by a large class of
slowly varying functions such as (loglogx)® and (log x)*, for example, for some
0 < o < 0o. However, it remains an open problem to find a necessary condition
for establishing (4).

REMARK 2. The EFKP-type test for self-normalized sums was first derived
by Griffin and Kuelbs (1991) in case X is symmetric with EX? < co. The
symmetricity condition was later eliminated by Wang (1999). Theorem 2 shows
that the EFKP-type test for self-normalized sums continues to hold true without
assuming the existence of the second moment. This amounts to an essential
improvement of the previous results.

REMARK 3. In the past decades, self-normalized sums S,/ V,, have been stud-
ied by many researchers. Among them, Giné, G6tze and Mason (1997) proved that
the tails of S,/ V,, are uniformly sub-Gaussian when the sequence is stochastically
bounded. Bentkus and Gotze (1996) obtained Berry—Esseen inequalities for self-
normalized sums. Wang and Jing (1999) derived exponential nonuniform Berry—
Esseen bounds. Shao (1997) showed that no moment conditions are needed for a
self-normalized large-deviation result for P(S,/V,, > x./n). For a survey of recent
developments in this area, we refer to Shao (1998).

In the next section, we prove the main results. Throughout the paper, we shall
use A to denote an absolute positive constant whose value may differ at each
occurrence.

2. Proofs of the main results. We start with some notation and first prove

six lemmas, preliminaries to the proofs of the main results. Put b = inf {x > 1
I(x) >0} and

I(s loglogn)*
nn=inf{s:szb+1,(_2)§%},
s n
Furthermore, we let
Zi=Xjl(x;1>n)> Yj=X;Ix;1<n)) Yi=Y; - EY;,

n n
Sy=YY:  Br=) EY?
j=1 j=1
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Since /(x) is a nondecreasing function, slowly varying at oo, it follows that

(7 P(IX|>x)=o(l(x)/x*) and E|X|[(x|=x) = o(l(x)/x),

®) n,—>o00 and nl(n,) = nﬁ(log logn)4 for every large enough n
and, under the condition that /(x%) < CI(x) for some C > 0, we also have
Q) Iy < l(nz) <Cln) < Al(ny) forn <k < n3/% and n large enough,
as well as
n
B,% ~ Z EYj2 ~nl(n,) ~ n%(loglogn)“.
j=1

Consequently, under their respective conditions, we may assume without loss of
generality that (8) and (9) hold for n > 1, as well as that

(10) B,% =nl(n,) = 77%(10g10gn)4 forn > 1.

It will be seen that these assumptions will not affect the proofs of the main results,
which are based on the following six lemmas.

LEMMA 1. We have

P(1X| = n(loglogk)?) < oo,

WE

1D

,\N
Il
=

(12)

WE

——P(X|> .
(loglogh)b (IX] = mk) <00

k=1

PROOF. Write 7; = n;(loglog j)3. It follows in terms of (8) and (9) that,
fork > 1,

© 1 & 1
;{ ‘rjzlogj B ik Jjl(n;)(log j)(loglog j)?
A 1372
(13) > i
[(ne) (log k) (log log k)2 =
A Ak

S ———
~ Im)(loglogk)? 7

By using (13) and noting that 7; | < j? for j large enough, we get

o0 o
YP(X|=1) =) kP(t <|X| < Trs1)
j=1 k=1
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& k
=Y 7P (< |X]| <) 3
k

k=1

00 0 1

SAZTkZP(TkE|X|<Tk+1)Z 7 ;
= kT log j
i 1

< AZ EXZI(\X|<1 )

= 2 +1
o log j
& 1

<A

< OQ.
=} Jlog j(loglog j)?

This proves (11). Similarly, we obtain that
o

2

& PUXIZ )
j=1

(loglog j

k

Pk < |X| <mig1) Y (loglog j)~°
j=1

=

K

e =

k

A

A

k
niP (i < |X| < Met1)

k k

Il
—_

2

1

; 1rjzlogj

IA
S

2
EX“I(x1<n; 1)

3 1

1
< OoQ.
=} Jjlog j(loglog j)?

A

A

The proof of Lemma 1 is now complete. [

LEMMA 2. We have

(14) > (Zj| + E|Z;]) <5B,(loglogn)*  a.s.
j=1

PROOF. Let t; = Bjloglogj and Z; = X;jlin;<|x;|<r))- By using (11)
and (10), we get

Y P(Zj#ZH =) P(X|=71))
j=1 j=1
= Z P(1X| > n;(loglog j)*) < oo.

o0
j=1
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Recalling (7) and (10), on the other hand, it can be easily shown that, for
n sufficiently large,

n n
Y EIZj|< )Y EIZj|
=1 =1
n n
<nE|X|(xjzn,) + Y D EIX ey <1xX1<n0)
j=1k=

n
<nE[X|(x|zn) + D KEIX|It_ <X |<n0
k=1

<nE|X(x|>n,) +1(n,) max

I<k=n nj—1
<2B,(loglog n)z.
So, we only need to prove that
n
(15) T, =Y (1Zj| — E|Z}]) < By(loglogn)®  a.s.

j=1
Write Z; = |Z¥| — E|Z}|. Then, for 1 < j < 2K+

|Zj| <2ttt < ATy,
2k+l
Z E(Z)Z < 2k+21( 2 :

)= Tok+1) < To /64 for k sufficiently large,
j=1

_ 7 \2
EeBZilmk <14 % <1+ A27F
T

2k

Therefore, by Kolmogorov’s inequality, for k sufficiently large,

P< max T,,/B,l(loglogn)2 > 1)

2k§n§2k+

IA

P( max TnZ‘L'zkIng)

2k§n§2k+l

(16)

A

2P <T2k+l > %‘EZk logk>

2k+1 _
2 exp(—2logk) H Ed%imk < Ak2,
j=1

IA

Thus, (15) follows from the Borel-Cantelli lemma. This also completes the proof
of Lemma 2. [J
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LEMMA 3. ForanyO<n<1/2and @ > 1, there exist 0 <§ < 1, xg > 1 and
no such that, for any n > ng and xo < x < 8./n,

(17) P( max Si/ Vi zx) <o

n<k<6n

PROOF. See Remark 4.2 of Shao (1997) with an obvious modification. [

LEMMA 4. We have that

k
(18) P(Sk > Viy/loglogk, Z |Zj| > Bi/loglogk, i.o.) =0,
j=1
k
(19) P(Sk > Viy/loglogk, Y E|Z;j| > Bi/loglogk, i.o.) =0,
j=1
k
(20) P(S;: > By,/loglogk, Y |1Z;| > Bi/loglogk, i.o.) =0,
j=1
k
(21) P(S,t > By/loglogk, Y E|Z;| > Bi/loglogk, i.o.) =0.
j=1
PROOF. We first prove (18). Put
mg =min{n: B,% > 2k_1/(10gk)8}, ng =min{n: B,% > 2k}.

Also, we write

nip—1

n
Fk: U {SnEVn,/IOglOgn, ZlZ]|ZBn/log10gn}’
j=1

n=nj_|

ng—1 np—1

Gi= U 1z1#0,  He= [ [Su= Valoglogn},

j=mg n=nj_i

nk—l n

Re= | {lejliBn/logIOgn, Z;=0, j=mk,...,nk—1},
n=nig—1 U j=1

Using B,%k ~ 2871/ (log k)®, B,%k ~2F and Lemma 2, if ny_; <n <ny — 1, then

mg
Z |Zj| < B, (loglogmy)? < %B,,/loglogn a.s.
j=1



DARLING-ERDOS THEOREM 683

Hence, P (Rg,1.0.) = 0. Since F; C (G N Hi) U Ry, to prove (18), on account of
the Borel-Cantelli lemma, one only needs to show that

(22) > P(GrN Hy) < oc.
k=1

Define S,(,j) =S, — X, and Vn(j) = (Vn2 — ij.)l/z. Noting that, for any s, € R,
c>0andx > 1,

x\/c-l—tzz\/(xz—1)c—i—t2+c-i-(xz—1)t2

> \/(x2 —De+12+2t/(x2 = 1)c
=1+ (x> = 1),

{s+t2ch+t2}C{sz(xz—l)l/z\/Z}.
Hence, for any 1 < j <n,
(23) {Sy = Va/loglogn, Z; #0} € {S})) = (loglogn — D'/?V,), Z; #0}.

Recalling that B,% = nl(n,), it is easy to see that ny > Ony_; for some 6 > 1
and k sufficiently large. Thus, it follows from (23), the independence of X ; and
Lemma 3 that

we have

ng—1 ngp—1
P(GkNH) < Y P( U {Sh= Vavloglogn, Z; 750})

j=my n=nj_|

ng—1 ni—1
<>y P(zﬁémp( U {S}/@V,ff&/loglogn—l})
j n=nk—1

24) r=m
- , Dy > 1
< Z P(Z; #0)P<nk-lr§r;a§xnk_15n /v =1 logk)

Jj=mx
np—1
<k~ 1/10 Z P(X|>n;) for k sufficiently large.
J=ng
Write k1 (j) = max{k:ny < j} and kp(j) = max{k:my < j}. Using B,% =nl(n,)

again, it can be easily shown that k2(j) < k1(j) + Aloglog j for some constant
A > 0, and, hence, for j large enough,

ka(j)
Z k=110 < (10g j)=1/20,
k=ky(j)
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This, together with (12) and (24), implies that

np—1
ZP(GkﬂHk)<Zk VIO P(XI = 1))
k=1 k=1 Jj=mk
00 ka(j)
Z (IX|=n;) > k110
Jj=1 k=k1(j)
o
< P(X|>n; .
< g loglog 6 (1X|=n;) <o0

This completes the proof of (18).
We next prove (19). Let Ny = {k: Z;?ZI E|Z;| < %B,,/loglogn forall ny_1 <
n <ng}and N = N — N;. Using (12), we have

ni—1
K110 < 4
k§2 kgv: \ % 1 n(loglogn)3

> 1

n
<A _ E|Z
- ng:l n By (loglogn)? J; 12

1
<A E|\Z;
Z | | Z ’13/211/2(77 )(log logn)z

ad 1

<A ; - E|X|I X
2:1 J12112(n ;) (loglog j)? ,Z‘; Ore=IX < 41)

. k' P ap

<A
B ; IV/2(ny) (loglog k)2

P(ni < |X| < nks1)

I/\

loglogk)6 P (i < | X[ < Mi1)

5 e

I/\

P(|X|>n) < oo.

— (loglog k)6

Therefore, similarly to the proof of (24),

o0
ZP( {S > V,,/loglogn, ZElZ | > B, /loglogn})
k=1

ng—1
<> P( U {Sn=> Vn«/loglogn}>

keNy n=nj_i

nkl

n=nj—1
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logk)

N —

< Z P( max Sn/Vn >

ng_1<n<np—1
keN, k=1 ==k

< Z k110 <o
k€N2

and hence (19) follows from the Borel-Cantelli lemma.
We next prove (20) and (21). Since, forany 1 < j <n,

{8y > By/loglogn, Z; #0} € {S; — Y} = (loglogn — 1)'/?B,,, Z; 0},

by tracking the proof of (18) and (19), it is clear that (20) and (21) will follow if
we can prove that

(25) P( max  Sy/B,> % logk) < AkS for some 0 < § < %

ng_1<n=<ng—1

Recalling |Y*| <2n; < 4By, /(logk)? for 1 < j <ny,if |t| < < g+/logk, we get

%13 ,I1Y71/Bn
_6B3E|Y| = 2E|Y|

2
Ee[Yj/Bnk _ 1 Ey*z
232

6B;

This implies that, for all |¢| < %\/%,

. 1412 L+
2Bnk ank

Therefore, by using B,%k ~ 2K and Kolmogorov’s inequality, we obtain

S* 1
P( max — logk)

ng—1<n<ny—1 2

A

1
P( max Sy > -By, logk)

ng_1<n<np—1 4

IA

1
2P (S:k > ank logk)

1Yy

<26xp(——,/10g )H Eexp( )
t 1+12
SZexp(—g,/logk+ > )

for all |t] < %N/logk. Now (25) follows by choosing ¢ = %N/logk. This also
completes the proof of Lemma 4. [J




686 M. CSORGO, B. SZYSZKOWICZ AND Q. WANG

LEMMA 5. We have that, for all t € R,

(26) nll)rréo P{a(n) [max Sy/Br <t+ b(n)} =exp(—e ™).

PROOF. It follows from (10) that
27) Y| <2n; <¢;B;/(loglog B})*?,

where £; — 0 as j — o0. By using Theorem 1 of Einmahl and Mason (1989) and
the method of its proof, we get, for all r € R,

P <a(B,%) max. Sy/Br <t+ b(B,%)) =exp(—e ).

On the other hand, loglog B,% =loglogn + o(1) by (10) again. Therefore,
SIBr—b
a(n) jmax Sy B (n)

_am)
a(B2)

a(n)
a(B})

<a(B ) max Si/Bx — b(By )) b(B ) —b(n)

_(1+ o<1>)<a<3,,> max S{/Bi— b(B)) +o(D).

The assertion (26) immediately follows by an application of the continuous
mapping theorem. [J

LEMMA 6. Let X, j > 1, be independent normal random variables with
EX;=0and EX? <oo. Let S, =37 X; and 52 = 1 EX?. Assume that
there exist positive constants o, B1 and B such that

Bin®h(n) < s2 < Bon®h(n) for n sufficiently large,

— Pp =

where h(x) is a slowly varying function at co. Then

(28) P(S, = sp¢n, i.0)=0 or =1
according as
o0 ¢ 5
(29) T =) e 2 <00 or =00,
n=1 n

where ¢, is a nondecreasing sequence of positive numbers.

PROOF. We may assume that 2log, n < ¢,2l <3log,n [cf., e.g., Bai (1989),
Lemma 1]. Let 6 be an integer satisfying 8160 > 4f,. Since h(x) is a slowly
varying function at 0o, it can be easily shown that

(30) sng < Asgk, sgk < %sgkﬂ for k sufficiently large
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and (29) is correspondingly equivalent to

o0
31 Zlogl/zkexp(—%qﬁgk) <00 Oor =00.
k=1
Put
an = Sp¢p and by = s, /Pp.

It is well known that, for x > 0,

@ el )en(5)s-ews ool
—| - ex — d(x expl —— ).
27 \x X3 P72 )= TV 2nx ™2
Noting that S, /s, is a standard normal random variable, from (30)—(32) we easily
obtain: if J(¢) < oo, then

Z min[1, (a,+1 — an)/bp]1P(Sy > spdn)

n=1
gk+1
(33) <A Z Z (ant1 — an)exp(——¢ )
n=0k
<A Z Skt logl/zkexp<——¢9k> < 00;
=1 Sok

if J(¢) = o0, then

Z min([1, (ay4+1 — a,)/bnlP(Sy = $nn)

n=1

9k+l
(34) oAy ! Y @i =) exp(~302)
k 1Sgk+1

> A Z w logl/zkexp(——¢9k+1> 0.
k=1 Sgk+1

On the other hand, by using (32) and again that S, /s, is a standard normal random
variable, it is easily seen that, for fixed u < v,
P(S, >a, +byu)

(35) 1 < lim =e' " < 0.
n—oo P(S, > a, + b,v)

Therefore, via (33)—(35), Lemma 6 follows immediately from Theorem 2 of Feller
(1970). O

We are now ready to prove the main results.
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PROOF OF THEOREM 1. Write K,, = exp(log!/3 n),

k
= {k: 1zl < Bk/loglogk},

j=1

k
Q= {k: Z E|Zj| < Bk/loglogk}
j=1

and Q = {k: K, <k <n}NQNQ,. Recalling (27), we obtain from Theorem 3.1
in Shao (1995) that limsup,,_, ., Si/(2B2loglogn)!/? =1 a.s. Thus,

*
(36) 1;1/}2(” S/ Bk 5\/210g10gKn 5\/2/310g10gn a.s.
for n sufficiently large. Since b(n) > a(n)/2loglogn, using (20), (21) and (36),
it is easy to see that

*
By — — .S.
a(n)r]géagSk/ r —bn) > —o0 a.s

Similarly, using (18), (19) and
(37) limsup S,/(2V2loglogn)!/? =1 as.

n—oo

[cf. Griffin and Kuelbs (1989)], we get

a(n)ymax S/ Vy —b(n) -» —oo a.s.
k¢Q

These facts combined with Lemma 7 of Einmahl (1989) and Lemma 5, together
imply that Theorem 1 will follow if we can prove

S*
38 L,= =Tk =o 8.
(38) n a(n)max XV T B, =o(1) a.s
Recalling (12), we get
o0 N2
(loglog j)
S 28I EX* xn
Jj=1 J )
o0
(loglog j)
= Z EX* I(nk<\X|<ﬂk+1) Z 2712
] — J1(j)
(39) ~ I=
<A) %P(nk < |1X] = Miet1)
i—; (loglogk)
0
<A) P(|1X| = m) < oo.

(loglog k)©

»
Il

1
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Thus, via the Borel-Cantelli lemma and the Kronecker lemma, we easily obtain

loglogk
g ot Z(Y2 —EY) >0  as,
Bk j=1
and hence,
loglogk k 2 >
Y- —EY:
keQ  B? jz::l( J /)
(40)
loglogk
< max 0808 EYZ) —0 a.s.
Ky<k<n Bk

On the other hand, if k£ € €2, then loglogk > % loglogn and

k k 2

(41) Z(z§+<E|Zj|>2)s<Z|Zj|+E|Zj|) <36(By/loglogn)”.

j=1 j=1
Combining (37), (40), (41) and EX = 0, it can be easily shown that

L, <a(n)max
"= ()keQ

il S"‘+ (ymax - 3251+ 12,0
— - — max — ; ;
Vi Bx RS By = ! !

v2_ g2
[Skl Vi — By| —12

< —= 1+ 6(ogl
a(n)m max VB (Ve ¥ BO) + 6(loglogn)

1
<2(loglogn)mas§B— X:EY*2 + 6(loglogn)~1/?
k j=1
loglogk
< 6max—= 8 Z(Y2 —EY?)
ke Bk =

1 k
+ 2(loglogn) rkneaé F Z (|Zj|2 + (E|Zj|)2) + 6(loglogn)_1/2
il

—0 a.s. asn — oo.

This proves (38) and, hence, the proof of Theorem 1 is complete. []

PROOF OF THEOREM 2. In terms of (39), by using Theorem 4.1 of Shao
(1995) with b,, = n, and H, = B, /+/loglogn, we get that there exists a sequence

of independent normal random variables {W;, j > 1}, W; 2 N, E Y;‘z), such that

n n
42) Z Yy — Z W;=o0(B,/+/loglogn) a.s.
j=1 j=1
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As before, we assume without loss of generality that
2logyn < > <3logyn

[cf., e.g., Bai (1989), Lemma 1]. Put U, = Z’}Zl W;. Recalling (38) and (42), it is
clear that if Z';Zl |Z;| < B,/loglogn and Z';Zl E|Z;| < B,/loglogn, then

Sn Un _ Sn Sy ‘lS;f—Un|
Vo Byl |Vyw By By
1
< Z(loglogn)_l/2 a.s.

Thus, by using Lemma 4, one concludes easily that
P(Sp = Vyp, i.0.)
< P(Uy = Bu(¢n +1/¢0), i.0)

n
+ P(Sn > Vy+/loglogn, Z |Zj| > By,/loglogn, i.o.)

(43) =

n
+ P(Sn > Vy+/loglogn, Z E|Z;| > B,/loglogn, i.o.)
j=1
= P(Un = By(y + 1/8n), i.0.)
and

< P(Sy > V(o + 1/¢y), i.0.)

n
+ P(U,, > Bugn, »_1Z;| > B,/loglogn, i.o.)
j=1

n
+ P(Un > B,¢n, Z E|Zj| > B,/loglogn, i.o.)
i=1
(44) -
= P(Sn > Va(én + 1/¢n), 1-0-)

n
+ P(S;lk > By+/loglogn, Z |Zj| = B,/loglogn, i.o.)

j=1

+ P(S;lk > By+/loglogn, Z E|Z;| = B,/loglogn, i.o.)
j=1
= P(Sy = Va($n + 1/n). i0).
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Since, for any fixed real constant D, replacing ¢, by ¢, + D /¢, does not change
the convergence of the series (6), Theorem 2 follows immediately from (43), (44)
and Lemma 6. []
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