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The aim of this note is to reduce a number of assumptions in the recent
paper of W. Bryc by showing that some of them imply the others and to give
alternative, simpler proofs of some of Bryc’s results.

1. Introduction. There exists a considerable literature dealing with stochastic
processes with linear regressions and quadratic second conditional moments (for
references see Chapter 8 in [2]). In one of the recent papers on this subject, Bryc [3]
used orthogonal polynomials to analyze and identify one-dimensional distributions
of such processes.

The aim of this note is to carry out a thorough analysis of the condition defining
first conditional moments in Bryc’s paper ([3], condition (1)). This will make it
possible to omit some of the assumptions from [3] and give an alternative, simpler
proof of a result contained therein.

Let X =(Xi)kez be a square integrable random sequence indexed by the
integers, with nondegenerate covariance matrices and constant first two moments,
that is, EXy; = EXo, EX,% = IEX(% Vk € Z. We will follow Bryc in using the term
random field for X. This suggests expected extensions of the results from [3] to
the case of real random fields, indexed by the elements of Z¢. Proposition 2 may
be seen as a first step in this direction.

For simplicity of notation, we define

Fam i=0Xk 1k <m),

Fom i=0Xy 1k >m),

Foam =0 Xy k#m).

Following Bryc [3], condition (1), we assume that
(L.1) E(Xk|Fur) = L(Xk—1, Xi+1) VkeZ,

where L(x,y) :=a(x + y) + b. There is no loss of generality in assuming that
EXo = 0and EX3 = 1, which implies b = 0.
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2. Results. From now on we assume that X is a square integrable random
field having nondegenerate covariance matrices and constant first two moments.

PROPOSITION 1. [If X satisfies (1.1) then X is L,-stationary.

Proposition 1 is closely related to the following, more general statement, due to
Janzura [4].

PROPOSITION 2. Let X =(Xx)yeza be a square integrable random field such
that for allk € 74,

2.1) E(Xk|Fut) = D aj X

J#0
and axy = a_x. If E(Xx — E(Xk|};gk))2 does not depend on K then X is
Ly-stationary.

Let r := corr(Xp, Xx) denote the correlation coefficients. Some easy conse-
quences of the assumption on determinants of covariance matrices are that |r{| < 1,
| <landr+1— 2r12 > 0. It is also easy to see that a = r{ /(1 + r2) and that
the correlation coefficients satisfy recurrence

(2.2) re(ro+1) =ri(reer + re=1), k>?2.

REMARK 1. Clearly a =0 if and only if r; =0, so a = 0 implies r; = 0 for
k #0by (1.1).

THEOREM 1 ([3], Theorem 3.1(1)). If X satisfies (1.1) and ri # 0, then
0<lal < % and ry, =r¥<|forallk eql.

REMARK 2. The proof of the above theorem shows that the restrictions on
the correlation coefficients in Bryc [3] can be weakened to nondegenerateness of
covariance matrices and to the assumption that ry # 0.

REMARK 3. Kingman [5] showed that the necessary condition for the
existence of L, random variables X, k € Z, satisfying

2.3) E(Xi|Fur) =) arj X,
j#k
is the existence of constants u; > 0 such that u;a;; = u ja;;. Theorem 1 provides

the necessary and sufficient condition in the case (1.1), which is a particular case
of (2.3).

Analysis of a boundary value problem for difference equation (2.2), motivated
by [6], Chapter 15.10, gives an alternative proof of another result of Bryc.
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THEOREM 2 ([3], Theorem 3.1(Gi)). If X satisfies (1.1) then one-sided
regressions are linear,

E(Xk|F<o0) = rrXo, k=1,2,....
3. Proofs.

PROOF OF PROPOSITION 1. Set Rj; :=EX;X;. Obviously R; ; =1 and
R x = Ry, j. Condition (1.1) implies
(3.1 Rix=a(Rj_1x+ Rjy1x)  forj#k.
In the trivial case a = 0 one has Ry =0 for j # k and X is L;-stationary. Now
assume a # 0. Substituting j =n,k=n—1and j =n, k=n+ 1 into (3.1) yields
Ryn—1=a(Rp—1n-1+ Rnt1n-1),

Rn,n—H = a(Rn—l,n—H + Rn+1,n+1)~
Hence R;, ,—1 = Ry n+1 Vn € Z and it does not depend on n. We now proceed by
induction. Assume that (m > 1),
(3.2) Run—m = Rnt1 n—m+1 Vn e
we will prove (3.2) for m + 1. Substituting j =n,k=n—m —1and j =n —m,
k=n+1into (3.1) yields
Rn,n—m—l = a(Rn—l,n—m—l + Rn—i—l,n—m—l)a

Rn—m,n—H = a(Rn—m—l,n—H + Rn—m—i—l,n—l—l)-
Sincen—1—-(n—-m—-D|=n—m+1—-—m+1)|=m, we get R, y_y—1 =
Ry —m.n+1 VY1 € Z by induction assumption (3.2). This proves (3.2) for m 4 1. Thus
R i depends only on the difference |j —k[. [

PROOF OF PROPOSITION 2. We define infinite matrices R and A by the
formulae R(i, ) := EX;Xj, A(i,)) :=aj_j, A(1i,i) ;== —1forli, j € 74, Multiplying
both sides of (2.1) by Xy (u # k) and then taking the expected value yields

Rk, u)=) ajR(k+j, u).
J#0
Substituting w = k + j and using the fact that A(k, k) = —1 shows that product of
matrices A and R has all coefficients equal to zero except for the diagonal. Since

> Ak, w)R(W, k) = E[XiE(Xk| Fa)] = R(k, k) — E[ Xy — E(Xx| F0)1%,
w=£k
we get that (AR)(k, k) = —E(Xx — E(Xk|F.k))?. Let RP, p € Z4, be an infinite
matrix defined by RP(i, j) := R(i+ p, j+ p). Observe that
(ARP)(i,j) = (AR)(i+p.j+p) = (ARG, }))
by the assumption that (AR)(i,1) = —E(Xj — E(Xi|3:;éi))2 does not depend on i.
Since A is nonsingular, the proof is complete. [J
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REMARK 4. The proof of Proposition 1 shows that if X satisfies (1.1) then
E(X; — E(Xk|.77¢k))2 =1 —a(Rkk+1 + Rix—1) (with Ry ; = EX;X; as in the
proof of Proposition 1) does not depend on k.

PROOF OF THEOREM 1. The general solution of (2.2) depends on the sign of
4a% — 1.

Ifa = 1 thenry =k(r; —1)+1 and the only sequence of correlation coefficients
satisfying 2.2)isry=1.lf a = —% then ry = (—DX[1 — k(r; + 1)] and the only
sequence of correlation coefficients satisfying (2.2) is ry = (— k.

If |a| > % then

(3.3) rr = Asinkt + coskr,

where t := arccos %, A = "= We claim that for any initial values rq, 2,

sequence (3.3) is not positive definite. To obtain a contradiction, suppose that
there exist 1,y such that (r;)x defined by (3.3) is positive definite. By the
Carathéodory—Toeplitz theorem ([1], Theorem 5.1.1, or by an easy calculation

0 < E(Xp2x* X0)? = 25 + X702 rexb)),
o0
F(x):= % + Zrkxk,
k=1

defined for |x| < 1, is an analytic function with values in R . Hence for all |x| < 1,

—x24+2Axsint + 1
>0,

- E k Ax"sinkt) =
4+ » (x"coskt 4+ Ax"sinkT) 20— 2xcost 1D =

2 k=1

that is satisfied only if 2Asint = 0, or equivalently 1 + r, — 2r12 = 0, which
contradicts the nondegenerateness of the covariance matrices.
We now turn to the case 0 < |a| < % (the case a = 0 is described in Remark 1).

If0 < |a| < % then
q2—r1 rr—4qi
92 — q1 q2 — q1

where g1 = 2la|) ' (signa — V1 — 4a?), g» = (2]a|) ' (signa + /1 — 4a?). Let
us observe that if a € (0, %) (equivalently r; > 0) then g1 € (0,1) and ¢ > 1.

Hence r1 = ¢ and consequently r; = r{‘ for all k > 1. Analogously, if a € (— %, 0)
(equivalently r; < 0) then g1 < —1 and ¢ € (—1,0). Hence r| = ¢ and ry = r{‘

for all £ > 1, which completes the proof. [J

PROOF OF THEOREM 2. In the trivial case @ = 0, one has that E(X|F<¢) =0
for all k > 1. Now assume a # 0. Theorem 1 implies 0 < |a| < % The solution of
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the boundary value problem
E(X, | F<5, F=p) =a[E(Xp—1 | F<y, For) +E(Xpq1 | Fs, Fo0)],
E(Xs | ?gw ?Zl) = Xy,
E(Xz | 555& 3:21) = Xi,
is
t r r ,t r,S S r
49241 — 424 4,41 — 924
) B | P Py = (BAZBI )y (B
9291 — 4929, 9,97 — 4929,
where g1 and g; are as in the last paragraph of the proof of Theorem 1. Putting
r=k,s=k—u,t=k+1foru,l € Nand k € Z into (3.4) we obtain

95— 4 a4 —q"
E(Xk | Fekous Forrt) = =g Xbou + =iy Xkt
4 — 4 9  —4q

Since

I 1
a4 —q! 0.ac(=3.0] _ ,
Uu— 00 - Db

] ]
7" —qit g1, a € (0, 3)
by Lévy’s downward theorem there exists a.s. a limit
l I
. 9 — 43
L:= lim ——————X;_,
U— 00 q124+1 _ qlll-i-l
and
400
(3.5) E<Xk ‘ ﬂ o (F<k—u, 3‘}k+z)) =ri X + L.
u=1
However,
E|X
ul—oolg, " —q w00 |qy " —qy |

so L =0 a.s. Taking the conditional expectation of both sides of (3.5) with respect
to Fopiq yields E(Xy | Foxrr) =l Xpt.

On the other hand, putting r =k, s =k —[,t =k +u withu,l e Nand k € Z
irllto (3.4) and applying similar arguments as above, one gets E(Xy4; | F<x) =
ri X 4
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