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HOLOMORPHIC DIFFUSIONS AND BOUNDARY
BEHAVIOR OF HARMONIC FUNCTIONS

BY ZHEN-QING CHEN, RICHARD DURRETT! AND GANG MA
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We study a family of differential operators {L“, « > 0} in the unit ball
D of C™ with n > 2 that generalize the classical Laplacian, @ = 0, and the
conformal Laplacian, « = 1/2 (that is, the Laplace—Beltrami operator for
Bergman metric in D). Using the diffusion processes associated with these
(degenerate) differential operators, the boundary behavior of L“-harmonic
functions is studied in a unified way for 0 < « < 1/2. More specifically,
we show that a bounded L“-harmonic function in D has boundary limits
in approaching regions at almost every boundary point and the boundary
approaching region increases from the Stolz cone to the Koranyi admissible
region as « runs from 0 to 1/2. A local version for this Fatou-type result is
also established.

1. Introduction. Let D be the unit ball in R™. It is well known that
every bounded harmonic function « in D has a nontangential limit at almost
every boundary point. To state this precisely, define for £ € 9D and B8 > 0 the
Stolz cone with opening B and vertex ¢:

I() = {z € D: |z — & < B(L — |2}

The classical result asserts that for every bounded harmonic function « in the
unit ball D, IimFB(g)gzégu(z) exists for a.e. ¢ € dD. This can also be proved
probabilistically by running a Brownian motion in R?" (see, e.g., [3] for the
case of D being the upper half space of R™). This nontangential convergence
result in fact holds for any domain in R™ with Lipschitz smooth boundary (see
[1] for a probabilistic proof of this result).

When D is the unit ball in C"® with n > 2 and f is a bounded holomorphic
function in D, more is true. Let w -z = > ; w;; denote the inner product in
C™" between two vectors w, z € C", and define for ¢ € 4D and B € (0, 1) the
admissible region with opening B and vertex &:

(&) ={ze D [€- (2~ )| < B~ |2]) and |z — £ < B(1 —|2])"?},

which is the intersection of a wedge [¢ - (z — £)| < B(1 — |z|) with a paraboloid
|z — €| < B(1 — |z)¥?. Koranyi [9] showed that for any bounded holomorphic
function fin D, lim,, .. ., f(2) exists for a.e. £ € 4D.

Received March 1996.

1Research supported in part by the National Science Foundation.

AMS 1991 subiject classifications. Primary 60J45, 31B25; secondary 60J60, 31B10.

Key words and phrases. Holomorphic diffusions, conditional process, hitting probability, har-
monic measure, martingale, holomorphic and L-harmonic functions, boundary limit, approaching
region, Harnack inequality.

1103



1104 Z.-Q. CHEN, R. DURRETT AND G. MA

The key to Koranyi's analysis is that f is harmonic for the invariant Lapla-
cian,

(1.1) A=4(1—2°) 3 (83— 2;21)9;0n,
j k=1

where § ;, is Kronecker's delta with ., =1 and 6, =0 if j # k, and

1 J . Jd - 1 J . d
(1.2) dj= 5 —1 , dp = = +1
2 07.7(:2]'_1 &xzj 2 [9.7C2k_1 07x2k

when z = (2q,...,2,) = (xq +ixy,..., %5, 1 + iX,,). The name invariant
comes from the fact that A is invariant under the automorphisms of the unit
ball (see [7] or Section 2.2 of [11]). Another special property of A is that it
is the Laplace—Beltrami operator corresponding to the Bergman metric in D,
under which D has constant negative curvature.

Holomorphic functions are harmonic for the ordinary Laplacian A as well,
but identifying C* with R?* and using the results quoted in the first paragraph
of this section lead only to nontangential convergence, a weaker result than
Koranyi’s admissible limits. Given this, it is natural, if somewhat optimistic, to
ask if we can find another operator which will allow us to get better results.
To explain what we have in mind, note that a holomorphic function f has
Lf =0 whenever

n

(1.3) L=} a;(2);d,

i, j=1

since by definition we have d,f = 0 for 1 < k < n. A diffusion process Z, with
a generator of this form is called a holomorphic diffusion, since if 7 is the exit
time from D and f is a holomorphic function f, then f(Z,), ¢ < 7, is a local
martingale and, furthermore, a time change of a complex Brownian motion. In
this connection, we would like to mention that Fukushima and Okada [4] used
suitably chosen holomorphic diffusions (and the associated Dirichlet forms) to
prove five properties of plurisubharmonic functions.

To motivate the class of operators we will consider, note that if Z is the
diffusion process corresponding to (1—|z|?)~2A/2, which we will call the (time-
changed) invariant Brownian motion in D, then up to the exit time = from the
ball (which turns out to be 7 < 00) we have dZ, = o(Z,)dB, where B is a
2n-dimensional Brownian motion in R?* = C" and ¢ is a 2n x 2n real matrix
given by

1 I, 0 P
(14) U(Z) = |Z| (Pa Q) 0 (1 _ |Z|2)71/212 i |Z| Q/ 5

where I, denotes the & x k real identity matrix. Here the superscript prime
denotes the matrix transpose and we make the identification

(15) zZ = (xl, xz,...,xzn_l, xZn)/ and iz= (_xZ,xl,..., _xZn, xZn_l)/,
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P is the 2n x 2 real matrix (z, iz) and @ is a 2n x (2n—2) real matrix such that
|z|7X(P, @) is a 2n x 2n orthonormal matrix. We set o(0) = I,,, the 2n x 2n
real identity matrix. At a point z in D \ {0}, the process Z oscillates with
magnitude 1 along the complex direction Cz and along the space of complex
dimension n — 1 which is perpendicular to Cz; it oscillates with magnitude
(1 — |2|?)"Y/2. Note that if we multiply the oscillations by 1 — |z|2, then we
get the dimensions of the admissible region .o/;(§) (with 1 — |z| replaced by
1-[2%).

Consider now the family of diffusion processes Z* in D for « > 0, given by
dz¢ = o,(Z%)dB,, where

) I, 0 P
a8 0@=lE( S ey ) o)

Since each entry of o,(2) is a C* function in D, the diffusion process Z¢ exists
up to the exit time 7 from D. It is easy to see that Z2 = lim,,, Z§ exists almost
surely and takes value in ¢D. The infinitesimal generator of Z* is

2 n 1—(1—|zP)%  _\. .
1.7 L= —— S, ———~— 17 ~3.19.4
o (1 [P E:l( * A

and therefore every pluriharmonic function in D (that is, the real part of
some holomorphic function in D) is an L“-harmonic function. However, the
space of L*-harmonic functions is larger than that of pluriharmonic functions.
Forelli’'s theorem (see page 63 of [11]) asserts that if « defined in D satisfies u €
C>({0}) as well as the differential equation "7 ,_, z,2,d,0,u(z) = 0 for z € D,
then u is pluriharmonic in D. So by (1.7), if u Is A-harmonic and L“-harmonic
for some « > 0, then u is pluriharmonic. Generalizing the classical results for
the Laplacian A and the invariant Laplacian A, we have the following theorem.

THEOREM 1.1. For every bounded real-valued L®-harmonic function u in
the unit ball D in C* (n > 2) with 0 < « < 1/2 and for every 8 > 0,
Iim%a(g)azﬁg u(z) = (&) exists for a.e. ¢ € 9D, where

A5 () ={zeD: ¢ (z— &) < B(L—|z]) and |z — & < B(1 — |z])"*}.

Furthermore, u can be recovered from its boundary value ¢ by u(z) =
E [¢(Z7)]-

Note that for each fixed opening 8 > 0, the approaching region o7 (&)
increases from the Stolz cone I'z(§) to the admissible region .o7;(¢) as a runs
from O to 1/2. We believe that when « > 1/2, Theorem 1 holds with 1 — «
replaced by 1/2. It is clear that 1 — o cannot be correct in that case since for
a > 1/2 the region 75 (&) no longer fits inside the ball. To explain why we
think the answer is 1/2 for « > 1/2 and why we have difficulty proving this,
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consider the two-dimensional analogue

a1 —x\ (1 0 S ¥ %2
(18) O'a(Z)—IZ| <x2 X, )(0 (1_|Z|2)a)|z| <_x2 xl).

Using Itd's formula it is easy to see that the radial and angular parts are given
by

dR,=dB} + (1 - R?)"*R;'dt,

d, = (1— R?)™*dB?,

where the B! and B? are two independent Brownian motions. If we let Ry =
1—re, 6, = 01~ and we consider

X?=(1-R,2)/e and Y:=0,./e"",

then using 1- R,,. = 1—{1—eX}}? ~ 2¢X{ and Brownian scaling e 1 dB! ,
dB: we have
dX®~ e dBL, + e (26 X5) (1 + e X?) L2 dt

te?
~ dB! 4 72 (2X8) " dt,
dY?® ~ e 192 X?)*dB?, ~ (2X?)*dB?,

te?

where ~ denotes “approximate equality.” When « < 1/2 the drift in d X7 con-
verges to 0, but when « > 1/2 it explodes. In the latter case, to get a sensible
limit we let Ry =1 — re, 6, = 6£/? and we consider

X{=(1-Ryuz)/e and Yi =0,/

This time e 1dB!,, = 0, so

te2e
dX;~ e 'dBa + & (20 X() P (L+ e X)) Nt de ~ (2X7) P d,
dY:~ e 22 X5)“dB2 ... ~ (2X5) " dB?

and in the limit the first component becomes deterministic. This degeneration
kills our proof of the Harnack inequality in Section 4.

In spite of our failure to prove results for « > 1/2, Theorem 1 gives one
more indication why the invariant Laplacian is well suited for the study of
holomorphic functions in the ball. It would be interesting to investigate other
regions in C" as well. Stein [12] showed that bounded holomorphic functions
in a bounded C2-smooth domain in C* (n > 2) have admissible limits at almost
every boundary point. However, this is only optimal for strongly pseudocon-
vex domains (see [6]). A simple example is provided by the “flat” upper half
space H = {z: Rez; > 0}, where bounded holomorphic functions have unre-
stricted limits at almost every boundary point. This indicates that the nature
of boundary limits depends on the geometry of the boundary near the point in
question. For a list of known results in this direction, see page 72 of [10]. It
would be interesting to have a probabilistic approach to those results. How-
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ever, we have not been able to overcome the problem of proving the existence
of exit densities for the very singular diffusion processes involved.

In the discussion above we have restricted our discussion to bounded func-
tions to keep attention focussed on the shape of the approach region. Koranyi
[9] proved his results for A-harmonic functions that are in the Hardy space
HP with 1 < p < oco. By working harder we could prove the convergence in
Theorem 1 in this generality or by using ideas from Section 5.3 of [3] we could
extend the result to the Nevanlinna class (defined in Section 5.6 of [11]). See
[2] for related work on the comparison of HP space and martingale H” space
on the Hermitian hyperbolic space. To show that we can treat unbounded u,
we will prove the following theorem.

THEOREM 1.2 (Local Fatou-type theorem). Let 0 < a < 1/2. For an L*-
harmonic function v in D, ¢ € D and B > 0, define o75'(§) = MZ(f) N{z e

D: Re(z-¢) > 0} and let N3(¢) = SUP /() lu(z)|. Let F = {& € dD: Nj(§) <
oo for some B > 0}. Then Iim‘p/g(g)szﬁ§ u(z) exists for every B > 0 and a.e.
¢EeF.

As we will see from Theorem 4.1(i) and Corollary 4.2 below, if N4(§) < oo
for some B > 0, then Ng(¢) < oo for all B > 0. Thus the set F' in Theorem 1.2
can also be expressed as {& € dD: Nj(§) < oo for all g > 0}.

The rest of the paper is organized as follows. Holomorphic diffusion Z¢
and some of its key estimates are studied in Section 2 for « > 0. Unitary
invariance of L* and Z* are discussed in Section 3 for a > 0. Section 4 contains
the Harnack inequality and uniform continuity for nonnegative L“-harmonic
functions near the boundary of D, where « is restricted to the closed interval
[0, 1/2]. Estimates of the exit density functions and hitting probabilities of Z¢
are given in Section 5, with the proof of the existence and minimality of the
exit density function hidden away in an Appendix. Finally, Section 6 presents
the proofs for Theorems 1.1 and 1.2.

Throughout the remainder of this paper, D denotes the unit ball in C" with
n>2and1l=(1,0,...,0,0) € R?. In the sequel, when no confusion may be
caused, we will suppress the super- and subscript « from L¢, Z¢, o/, o,, and
so forth. The notation “=" stands for “be defined as.”

2. Holomorphic diffusions. In this section, « € [0, co) and we will de-
rive some key estimates for the holomorphic diffusions, which are important
for our later development.

For « > O, let o, be the matrix defined by (1.6). Since each entry of o,
is C*-smooth in D, for any given 2n-dimensional real Brownian motion in
C" = R?", the stochastic differential equation

dZ} = o(Z})dB;
has a unique strong solution. This process Z¢ has continuous sample paths

and its lifetime is denoted by 7*. As we mentioned at the end of the last
section, we will suppress « from Z¢, o, and 7* in the sequel.
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For r > 0, let D, denote the ball in C* = R?" of radius r centered at
the origin. When r = 1, we simply denote D; by D. For 0 < r < 1, define
7, = inf{t > 0: |Z,| = r}. Clearly the lifetime 7 for process Z¢ is given by
lim,,;, 7. Since each component of {Z_; 0 < r < 1} is a bounded martingale,
lim,., Z exists almost surely and takes values in ¢D. The limit lim,, Z
will be denoted as Z, in the sequel.

The generator of Z is

52

=5 Z (0-0- )L](Z)

lJl &x&x

where z = (24, ...,2,) = (¥, + i%y, ..., Xy, 1 + ix,,). Since |z| X(P, Q) is a
2n x 2n orthonormal matrix,

-1 0 -1 P
o@o(@ =P\ ¢ ey, )

= |2|2(PP'+ (1~ 2)7**QQ)
(2.1) = |2|2(PP' + (1 — |2|*)"**(|2|*I,, — PP"))
= |2172((2 = [2) 22?0 + (1 — (1 — |2*)">*) PP")

_ _ 2\2«

T APy 22
If we use the notion d; and J,, defined in (1.2), then the generator of Z is given
by
2 ” 1-(1- |z _ -
(2.2) L=—-—— <8~ - 2.7, |9,d,.
(1—|z[2)2 j’%;l Jk EE J<k )95%k

We record the following observation as a lemma.

LEMMA 2.1. For z = (xq, X5, ..., X2,) IN D,

2n
Z xixj(o'a'/)ij(z) = |2|2-

i, j=1
PROOF.
2n
Z xixj(a-a-/)ij(z) = (%1, X2, -5 %2,)0(2)0(2) (X1, X2, - - -, X2)
i J
|2|
(I21,0,....,0)( 2 ° °
=(|z|,0,...,
0 (1—I[z3)21,,, :
0

= |2|%. |
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THEOREM 2.2. Let R = |Z]| be the radial process of Z. Then for ¢ < 7,

t n—1 t
(23) Rt:RO+Wt+/0mdS+E/OFSdS

t t n-1
2 2 _
(2.4) Rt_R0+2/ORSdWS+2fO(1_R§)2ads+2t,
where W is a one-dimensional Brownian motion.
PROOF. Let r(2)=|z|=(X%" x?)Y/2. Then dr/dx; = x;/r and °r/dx; dx ;=

8;;/r —x;x;/r3. Let 7, = {t > 0:|Z,| > r} and denote the coordinate processes
in R?" of Z by X, 1 <i < 2n. By Itd’s formula, for 0 < r < 1,

&M—m+2/

InT, X(l) 2n

> 0y(2,)dB
s j= 1
AT, 2n 2n Xgl) ng)
03] (S gteruz) - ¥ a2 ) ds

i,j=1 s
= RO + WtAT, + A‘t/\Tr'

By Lemma 2.1,
2n inr, /20 Xgi)g..(z) 2
w — 2 YrTSA ) 4
We, =2 | (55 as

_ Z/W S X0 XD g (Z.)0,(Z0)ds
R2 0ij kj

Slkl

ATy 1 ) 5 ()
=[5 X XXV (00)u(Z,) ds
S i,k=1
=tAT,.

Thus W is a one-dimensional Brownian motion up to time 7 = lim,,; 7,. For
1<k<n,let Z® = (X@-D X2h) Then

taT, 2n taT, 2n X(l)X(J)

Ao =5 [ Y% <aoLxZ>ds— > X TRz ds
i,J S

tAT, 1 n 1—(1- R2)% 1 a1

e o (e qu) Eﬂ R,

_ AT, 1 9 2a AT, 1
=/, R R G zf

AT, n—1 1 pint 1
=/0 —Rs(l—R§)2“d8+§/0 7
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This proves (2.3) since 7 = lim,,; 7,. Formula (2.4) follows from (2.3) and I1t0’s
formula. O

COROLLARY 2.3. For z € D, we have
1—z? 1-—]zJ?

T e 2\—2a <
(2.5) E[/O R;'(1-R?) ds]sm and E.[7]< —

ProOOF. The proof follows directly from (2.3), by first evaluating at 7, for
r € (0,1) and then letting r 1 1. O

LEMMA 2.4. Let X be a one-dimensional diffusion on I = (r, r,) satisfying
dX,=b(X,)dt+a(X,)dW,, where b: I - R and a: I — R are continuous
functions with a(x) > 0 for x € I, and W is Brownian motion on R. Suppose
that g is a bounded continuous function on I. Then

E, [ [ g(Xs)ds} - [(e6ady.  wel

Here ¢ is the exit time of X from I (that is, { = |imsir1,rTr2 inf{t >0: X, ¢
(s,r)}) and
e VN SR
2 gtr) = o) P Dy >
G b - o) .
G -d) 1
200 = o(r) PO Oy Y
where

f)=exp(- [ i de) and o0 = [ F(s)ds,

x a2(t)

PrROOF. This is a classical result. See, for example, Exercise 5.39 on
page 352 of [8]. O

For Z=(X®,X®, .. XCVy letY =X@and V=(X®, X, . Xy,

THEOREM 2.5. For 0 <& <v < 1/2, we have

Vl—2a _ 81—201 82—201
2(n — 1)( e+ >,
08 o v o < 1-2a 2(1-a)
: (V1=¢,0) TAT 155 = forO<a< 1/2,

g, fora>1/2,
and

8n A
@ Bl e (2 () -2) oo
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Proor. (i) By Itd's formula,

E(«/l—e, 0)[|VTATm|2]
= E(«/l—s, 0)[|V0|2]

2.8 NV 20 1- RY™
(2.8) +2E(m,o)[/o (1-R?»™2 (n—l %Wﬁ ds

TAT 1=y
< 2(n - 1)E /.0 [/0 (1— R%)2 ds].

By Theorem 2.2, R? is the solution for the following stochastic differential
equation

dX,=2/X, th+2< 1)dt, O<t<r.

-1
(1-X,)>
Applying Lemma 2.4 to the radial process R? on the interval (1 — v, 1), we
have from (2.8) that

1 _
(2.9) EisollVorr 2] < /H H G(1— &, t)dt,
where
dp(l—e)—p(1—v)
2 S gty (D~ 6O gz,
ifl-ec<t<l,
R BTE VS TCR
250 a1y PO~ =) s,
ifl-v<t<l-—eg,

with f(¢) = exp(— flt_g((n —1)/(1—s)** + 1)s~1ds). Note that f(¢) is a de-
creasing functionin ¢ € (1 —»,1). Thusfor 1 —e < ¢ < 1,
1 f(s) __1-t

f(t) 4~ 2(1—¢)’

G(l—e, t) < 2/

Whenl-v<t<1-—g¢g,

1 £ £
G(l—S,t)le_emdSE 2— (1—1})

In summary, when 0 < e <v < 1/2,
1—¢t ifl—e<t<l,
(2.10) G(l—e¢,t) <

e, fl-v<t<l-—e
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For 0 < a < 1/2, it follows from (2.9) that

E(\/E, 0)[|V7’A‘rm|2]
/1—9 2(n—1) 1 2(n-1)

<

—  Z edt - 7
1y (L—g)e® Tl (1—t)2a

_ Z(n’ - 1) €/ 1 24 1-2« 2("’ - 1) 22«
= 1-2a e S o €
V172a _ 817201 827201
=2 -1 .
(n )< 1-2a 8+2(1—a)>

When « > 1/2, by (2.8) and Corollary 2.3, we have

(1—¢t)dt

&
EizollVi, P]<2(n-1) 1)
(i) The proof of (2.7) is more demanding. By Itd's formula and (2.1),

E(«/E, 0)[|YTATJE|2]

TAT 1 ,
~Erno| [ (00)al2) ds|
TAT 1=, 2
ZE(JE,O)[[O (1—35) 2
211 _(1— R2)«
(2.11) y <1_ 1 (1R2Rs) ((Xgl))2+(X§z>)2)> ds}

SN 1-(1-R?)%
=Bl [ (1 a1V @

1 TAT 1 |V |2
< Eisomrras]+ 1, Bz [/0 (1—Roy= Isgg)za ds]

By Lemma 2.4 and (2.10),

1
EimoltAtas] = /1_V G(l—¢, t)dt

< /1:Sadt+/;(1—t)dt

(2.12) 2
=Ww—¢e)e+ >
&2
=rve— E
Let

e |V
a=Eueolf] G ]
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and
V= sup |V
0<s<TAT /1=
Then
TAT 15
A <E .0 [(v*)2 fo (1 Ry 2 ds}
(2.13)

ATV

< \/E(\/ﬁ, ol(V*)*] \/E(m, 0)[</o

By Doob’s inequality,

(1— R2)-2« dsﬂ.

4],

* 4
E(yi=.ol(V)1 = (3) Eyim.o[| Venr e
while by Itd's formula,

‘]

TAT 1 2n ,
~Eurol [ (VS o2
=3

E(«/l—e, 0)[| VT/\T@

2n . .
(2.14) +2 ) X(s”XE”(w/)ij(Zs)) ds]
i,j=3
s 2|V 1-(1— R2p
<ol (T )
wym 2n|V?
= Ewcnol | wp )

In the first inequality above, we used the fact that by (2.1), for z =
(%1, X9, ..., %5,) €D,

2n 2\2a
1 1 (1 |)
() — 2 LU —02)™ 4
3w (o0e) = g (0 = 2w
of?
T 1—|z[2’

where v = (x3, %4, ..., X3,) . Thus

e s 2n |V, [2 4\
nd s _
(2.15) B iy o[(V7) ]s<§) Ewn,o)[/o mds]—zn@ A

Letp,=R2and T =7 T,i=,- By Theorem 2.2, p is a strong Markov process
and T is a stopping time of p. By Corollary 2.3, for0 <r < 1,

B[ @-p)ds] = o=t
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Hence
s
()]
= 2B, [ [ @-p) ([ - poar) ds)
e1) =2k [[ - p) B, [[ @ -p) P de]as]

1 S
<2By [ [ gy e as]

52E18/( —p) sl)dS}

< 2 2
“n-12°

Now by (2.13), (2.15) and (2.16), we have

2
A< (‘—1> V2nA V2e
3 n—-1

and, therefore,

4
(2.17) A< (g) (ni—”l)z &2.

By (2.11), (2.12) and (2.17), for 0 < & < v < 1/2,

2 4
2 P 8n 4 1\ ,
E(E,O)[lymrm| ]§V8—7+2A=V8+(m (5) —5)8-
This completes the proof of Theorem 2.5. O
Letting v = 2¢ in Theorem 2.5, we get the following corollary.

COROLLARY 2.6. Fora>0and 0 < ¢ < 1/4,

(218) E(«/ﬁ, O)[|V7/\T@|2] = Ca 82¢(a)
and
(2.19) E .01 rr 2] < Ce? fora =0,
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where ¢(a) = max {1l — «, 1/2},

217201_1 1
2(n—-1
(n )< 1-2a " 2(1-a)

1, fora>1/2,

3 8n  [4\*
C=-+——=1=) .
2 o (3)
LEMMA 2.7. (i) For 0 <& <v <1, P = o(7 > 7y17,) < &/v. In particu-

lar, P(«/E,O)(T > T@) < 1/2.
(ii) For 0 < & <1, Pyis.0(X5) <0) < &/(2(n — 1)(1 - ¢)).

C =

[¢3

), forO<a<1/2,

and

ProOOF. (i) By Theorem 2.2,
l-e= E(m,O)[RS]
< E i, 0)[R3mm]
= P(«/ﬁ,o)(T <7yi5) + (L =v)P i 0)(T > /i)

=1- P im0(7> 7yi5) + (L= 0P iz 0)(7 > Tyis)-

Thus P(m’ 0)(7 > T/1,) < &/v.
(if) For 0 < & < 1,

Pis.0(XP <0)

2n T .
= P(«/E,O)<Z/O Uij(Zs)ng < —/1-— g>
Jj=1

1 r 2n T . 2
< E i (Z,)dB]
“1_¢ ( 18,0)_(;/0 Ulj( s) s) ]

1 ran .. )
et PO NG MEATH

1 (1
i) /o (1 — R2)2a

RZ

S

§ (1 EEETCE e (X(z))2)> ds}

1 o
= 1_8E<V18’°>[/o (1— R2)= ds}

=

&
2(n—1)(1-¢e)
The last inequality comes from Corollary 2.3. O
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THEOREM 2.8. For a > 0, there is a constant B = B(«) > 1 such that
P is.0(XM >0, |Y,|<Beand|V,| < Be*@) > 1
for any 0 < ¢ < 1/4, where ¢(a) = max{1l — «a, 1/2}.

PrROOF. Note that
P is.0(X"M >0, |Y,|<Bzand |V,| < Bs#®)
> P is.0(Y.| <Beand |V,| < Be?®) — P 1= (XD <0)
> P(yizs.0)([Yonrvizsl < Beand |V, i5,| < Be*)
- P(JE,O)(T > Tyi2e) — P(JE,O)(X(fl) <0)
> 1= P 0|V nrvizel 2 Be) = Pyie o) (IVonrvizel = Be?)
— Pryizs.0)(7 > 7yim2) — Pryize, 0 (X < 0)

_ E(«/lfs, 0)[|YTAT\/172€|2] _ E(«/lfs, O)[|V7/\T«/1728|2]

>1
= B2 g2 B2 g26(e)

- Pz, 0)(7 > T/i5) — P 1=, o)(X(rl) <0),
which by Corollary 2.6, Lemma 2.7 and the assumption of 0 < ¢ < 1/4,

c+¢C, £ 1
> 1 — — R —
- B? 2(n—-1)(1-¢) 2
>1 c,+C 1
-2 B? 6(n—1)

Therefore if we choose B = B(a) = ,/6(C, + C), where constants C, and C
are as in Corollary 2.6, then

Piso(XP>0,|Y,|<Beand |V, <Be®®) >3 -1 -1=1.

More specifically, B(«) can be taken as
222« _ ] 1 3 8n  (4\*
8./2(n—1 S+ — (=
‘/—\/ (n )( 1-2a +2(1—a)>+2+(n—1)2 (3)
1
B(a)= f0r05a<§,
5 8n  (4\* 1
8,/ z+—= | = f —. 0
\/_\/2+(n_1)2(3>, or > 2

THEOREM 2.9. Suppose that « > 0. For 0 <y <1 and 0 < é < ¢(«), where
¢(a) = max{l — a, 1/2}, we have

Iiﬂ? P isoXP >0, Y, |<&and|V,| <& =1
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PROOF. Let0 < e <v<1/2. Then
Plis.0(XP >0, |V, <e”and |V,| < )
> Pis0)(|Y.l <& and |V, | < &) — P i 0)(X™ <0)
> Piyizo)|Yomvisl <&’ and |V 4] < &)
— Pi=,0)(7 > 7y15) — Pt 0 (XY < 0)
(2.20) z1- P(«/E, 0)(|Ymﬂ/ﬁ| z 87) - P(JE, 0)(|VMTJ1TV| = 85)
— P07 > Ty15) — P(\/E,O)(Xgl) <0)

E(v 1-¢,0) [ | Y’T/\’T«/ 1-v |2] E(\/ 1-¢,0) [| VTA’T«/ 1-v |2]
- £27 - £20

>1

— Piyizs,0)(7 > 7yi5) — Pyize,0(X® <0).

Now let v = P with0 < 1 — 8 < min{l — vy, ¢(a) — 8}. When 0 < a < 1/2, by
Theorem 2.5 and Lemma 2.7, (2.20) is bounded below by

e (6 ()

1+B(1-22)—26 _ ,2—20—25 2-2a-26
(2.21) —2(n-1)( % £ + 2
1-2a 2(1-a)
g5
2(n—1)(1-¢)

When a > 1/2, by Theorem 2.5 and Lemma 2.7 again, (2.20) is bounded below
by

(2.22) - <81+M i ((nzi—nn2 <%)4 - %) 8227)
g &
2(n—1)(1-¢)

Theorem 2.9 now follows from (2.20)—(2.22) by passing ¢ | 0. O

3. Unitary invariance. In this section, « € [0, o). Let C = (cj)nxn
be an unitary complex matrix in C" whose entries are c,; = ay; + i, 1 <
k, j < n, where «;; and B,; are real numbers. Then with z; = x,, 1 +ix,;,
j=12,...,n,

n n
Z Crj%j = Z(akj + inj) (x2j71 + ixzj)

J=1

~
[y

n
(@pi%pj_1 — Brj%aj) +1 D (BriXo 1 + agixs).
1 j=1

-

J



1118 Z.-Q. CHEN, R. DURRETT AND G. MA

Thus, under the identification of C* with R?" through (1.5), the unitary matrix
C in C" is identified with an orthogonal matrix

a;y B o —Pr2 o o, P,
Bur @ Bz @ 0 P ag,
. =P o =P - 0wy —Boy
(3.1) O=|Ba an P an - By oy
a1 —Bnr 2 —Bpz o Gy B
Bri  @n1 Ba2z @2 Ban Qg

in R?". That is, under the identification (1.5),

X1
21 X2
C =
Zn Xon-1
Xon
Clearly, if
X1 Y1
X2 Y2
3.2) ) : = : >
Xon—1 Yon-1
Xop Yon
then
—X2 )
X1 Y1
(3.3) ) : =
—Xopn —Yon
X2n-1 Yon-1

Hence the operator L is invariant under the mapping ®; that is, for any smooth
function f in D,

L(fo®) = (Lf)°d.
In fact, if let Z= ®d(Z), then

(3.9) dZ,=o(Z,)dB,  t<r,
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where B = ®o B, which is a Brownian motion in R?*. Therefore, for0 <r <1
and A cdD,,

(3.5) P.Z, € A) = Pyy(Z, € B(A)), zeD.

In particular, this implies the following proposition.

PROPOSITION 3.1.  Under P, the distribution of Z_ is a uniform distribu-
tion on gD, for 0 < r < 1; the distribution of Z_ is (o,(dx))/(0,.(4D,)), where
o, is the Lebesgue surface measure on dD,.

4. Harnack inequality and uniform continuity. In this section, we
assume that 0 < @ < 1/2. For y > 0 and ¢ > 0, define
4.1 I(g)={z=(x1,%,...,%,) €dD: x>0,
4.1
|x2| <7é, |(x3’ R x2n)| < 78170[}’

and for 0 < r < 1, define

rl(e) = {z eD: |zl =r, ; e Iy(s)}.
THEOREM 4.1. (i) For any given constant y > 0O, there are constants A =
Ma, y) > 0 and gy = gy(a, y) € (0, min{1/4, 1/(4y?)}) such that for 0 < ¢ < &,

sup  u(z)< A inf u(z),
zev1l-el,(e) zeV1-¢l, (&)

for any L-harmonic function z > 0 in D.
(ii) For any given & > O, there is yy = yo(a, 8) > 0 such that for 0 < ¢ <
go(a,y) and 0 < y < 1y,

Oscvlfaly(e) u= 8””’”007
Were 05,11 (o)t = SUP,. =31, oy [4(2) — ()] aND ]l = SUP.cp (2.

PrROOF. For y > 0, let

3
U:Uy(s)z{z:(xl,xz,...,xZn)’eD: xy >0, 1—78<|z|2<1—§,
lx,] < 2ye, and [(x3, ..., %5,)| < 2781“}
and
5 3
K:Ky(a)z{z:(xl,xz,...,xZn)’eD: x>0, 1—TE§|2|2§1—§,

%] < ye, and |(x3, ..., x5,)| < 781-01}‘
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We observe that v1-el,(¢) ¢ K Cc U and U,s) ¢ D when & <

min{1/4, (2y)2}. On U = U,(e), we introduce the following transforma-
tionT =T,:

(U, Up, Usgy ooy Uny) =T, (%1, X9, X3y 205 X2y,)

(1= 2| x, x5 X2, )
& ’ e 4 gl-«a ’ gl-e
Then
2xq 2x, 2x3 2x,,
e & P> &
1
0 - 0 .. 0
&
NUq, Upy Usgy ooy Uspy,) _ 0 0 1 0
é)(xl, xz, X3,...,xZn) 81*0/
1
0 0 0 Ta

Notice that T, (U) = {(uq,uy, Us, ..., Uy, ) |uql < 1/2, |u,|] < 2y and
(s, ..., ugn)l < 2y} and T (K) = {(uq, up, us, ..., Uz,): |ug| < 1/4, |ug| < vy
and |(us, ..., us,)| < vy} Let

a(2) = (a;j(2))2nx2n = ((607);j(2))2nx20-

Under the new coordinates (uq, uy, Us, ..., Us,),

2n 072
L(z) = a;:(z
(2) X; ii( )&xﬁx'
i, j=1 i J
% ( % ( )&uk aul> 32 +1 2”( no Ju, ) J
= aij Z2)—— —_ JRS—
(4 2) B 1=1\i, j=1 &xi &xj &uk&ul & k=1 \i, j=1 o7xl- o7xj o7uk
' 2n (22 ()7 (?ul> 72 1( 2 5242 ) P
= aij V4 _— —_ - —_—
i1 \i o1 dx; dx ;) dudu; € et dx; dx ;) du,
i(% ()&ukﬁul) 7 2(2” ()) J
— aij V4 o - all Z Y
Bl \i o1 dx; dx; ) dupdu; e\, Ju,
Thus

b, 1=1 i, j=1 07xi ﬁxj &uk (?ul
(4.3)
2n 2 J
= Z akl(TsZ) _Bl(Tsz)_

P duy du, Juq
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Note that on U,

2n
Bi(T,2) = 28( 5 aii<z>)
(4.4) i=1

2(n-1) 2+2a 1-2a
:28<m+2)§2+ (n—l)s +48,

which is uniformly bounded for & € (0, 1/4). We now show that (ay;)2,x2n
is uniformly bounded and elliptic on U. For any unit vector § = (&, &, &3,
., &,) INR? and z e U, let

_ INuy, Up, Uz, ...y Upy,)
(X1, Xy X3y very Xop)

that is, ny = —2x,&1/e, My = —2x,&1 /e + £5/e, M3 = —2x3&1 /8 + E3/177, ...
and m,, = —2x,,&1 /6 + &5,/ Let P, = (n-2)z/|z|? be the projection of q
to the complex line Cz:

1 2|212¢,  x.¢ 2n g £0\?
|Pzn|2=—2[(—%+ﬂ+2 . )

|z] P i gl
(4.5) n %162 " Xn: (x2n-1é2e — Xanban-1) |
& o 81—:1
42|28 x5E5
= 82 + |Z|282 +A(8, z, g),
where
1 (26, 2 x;€; 2 1 2 (xop_180k — Xop€0-1) 2
A = ZJcJ =
(8, z, g) |Z|2< s +J§; gl-a + |Z|2 kZ::Z gl—a
(4.6)

4 x nox € 2x nox —x
_é( 2§2+Z ii{>+ zfzz 2h-182k — Xon€an-1-

1-«a
& & h=2 &

j=3
It follows from the definition of U,

10y

&

4.7) |A(e, z, £)| <57 +

for £ > 0, z € U and unit vector £ € R?". On the other hand,
2n
2 2
n|* = Z U,
j=1

AzP8 & 2§ 4xyby 2 Axpéy
- 2 +82+J_§;’82(1—a) o ‘|‘Z s2-a &

2
& & r—3
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Thus
m— P> = >~ P
_y & gleP-d
= g2(l—a) g2 |z)2
(4.8) iy 2 4y
B < 822 ; +I§;’: szkak>§1 - A(S’ 2, g)
2n 52, §2 |z|2 _ 52
= J 52 1
- ]szs £2(1-a) + &2 |2 + B(s, 2, §),
where
1 xpé, 2 xE;)°
B JE) = ——
(&, 2,§) L (( — jZ:=3_‘91_a
(49) + < Xn: (ka—lé:Zk — x2k§2k—1))2)
2 8l—a

_ 2x,6, i Xor-162k — X2r2k-1
& = gl-a :

Thus for 0 < ¢ < %, z € U and unit vector & € R?",

(4.10) |B(s, z, £)| < 22v2.
Since
2n 2n 2
z— P
> ap(T.2) &6 =6 Y a;(2)mm,; = &*|Pmf* + & | z;l|2a
k, =1 ij=1 (1-1z%)

and for z € U, &/2 < 1 — |z|> < 3g/2, it follows from (4.5)—(4.10) that for
O<e<1/4,

33 2 2n
- = e< ) au(T,2) &)

k,1=1

<4+45y2&% 4 (10y + 44)/2) e.

1

10272
&% — <10y + Y )
(4.11) 5

Thus there is a constant ey = gy(a, v) € (0, min{1/4, 1/(4y?)}), depending on
v only, such that for e € (0, &),
2n
3< Y au(T.2) &6, <5  VEeR™with [§ =1
k=1
forany z € U = U, (¢). That s, (a;)2,x2, is uniformly elliptic and bounded on
T.(U). Thus by (4.3) and (4.4), {¢’L, 0 < & < &o(a, ¥)}, under the coordinates
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(uq, Us, ..., Usy,) IN T (U), is a family of uniformly elliptic and bounded dif-
ferential operators. It follows from Corollary 9.25 of [5] that any nonnegative
L-harmonic function on D has Harnack inequality

sup u(z) <A inf u(2)
zeK,(¢) zeK, (&)

with constant A = A(«, y) > 0 independent of u and ¢ € (0, gy). For 0 < y <
1/2, let
F. (&) = T;l({(ub Up, Ug, 5 Upy ) [Uly <y, |Us| <,
and |(LL3, sy u2n)| < Y})a
that is,
F () ={z=(x1,%5,...,%5,) € D: 2y >0,
l-s—vys<l|zP <l—s+vs, |25 <7vs,
and |(x3, ..., x5,)| < y&' *}.

Then by Corollary 9.24 of [5], the following Holder estimate holds for any
nonnegative L-harmonic function u on D:

0SCp (o) U < A1(27)" 0SCp, (s U, 0<y<i,

where A, and r > 0 are constants independent of &, y and u. The theorem is
thus proved by noting that v1 — el ,(e) C K () F,(e). O

REMARK 1. When a > 1/2, the above argument in the proof of Theorem
4.1 breaks down, since I,(¢) is no longer a relatively compact subset of D and
£?L is not uniformly elliptic and bounded in U(s). However, we conjecture
that Theorem 4.1 still holds for a« > 1/2 with 1 — « in the definition (4.1) of
I.(e) be replaced by 1/2.

COROLLARY 4.2. By the unitary invariance of L, Theorem 4.1 holds on
®(v1 - el,(e)) for any orthogonal transformation of the form (3.1). O

5. Exit density and hitting probabilities. In this section, a € [0, c0)
unless otherwise specified, as in Theorems 5.5-5.7 and Corollaries 5.6-5.8,
where a € [0, 1/2]. Let A(z, &), z € D, ¢ € dD, denote the exit density
function of the holomorphic diffusion Z, with respect to the Lebesgue surface
measure o on ¢D (or equivalently, the Poisson kernel for L in D); that is, &
is such a function that for any continuous function ¢ on dD,

E[$(Z))= [ #(&)h(z. &) do ().

For each fixed & € dD, hy(z) = h(z, £) is a minimal C*-smooth L-harmonic
function in z € D and h € C(D x dD). The existence of A(z, ¢) as well as its
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aforementioned properties are shown in the Appendix. By the unitary invari-
ance (3.5), we have

(6.1 h(z, &) = h(D(2), (£))

for any orthogonal transformation & of (3.1). From Proposition 3.1, we see
that

(5.2) (0, &) = (;D) geaD.

LEMMA 5.1. Let 7, be the first exit time of Z from D,. Forze D,0<r <1
and A € .7, , let

(5.3) P{A) = E [MZ,, §); Al/h(z, §).

Then (5.3) uniquely defines a probability measure Pion 7. = = 0(Uo<r<1%7,)s
the o-algebra generated by Uy_,.1 7, .

ProoF. For 0 < s < r < 1, since h(z, &) is a bounded L-harmonic for
ze D, ., where0 < e < 1—r, then by the optional stopping theorem, we have

E.[MZ.,&); Al/Mz, &) = E.[MZ,, £); Al/h(z,§), Aed;

That is, the definitions of P% in (5.3)on 7, ,0 < r < 1, are consistent and there-
fore P; is o-additive on Uo<r<1 77, - Then by the Carathéodory extension the-
orem, P% in (5.3) uniquely defines a probability measure on o(Up,.1 ;). O

REMARK 2. We will show in Corollary 5.8 below that under P, {Z,, 0 <
t < 7} is the process conditioned to exit D at &.

LEMMA 5.2. Let A € 7. and z € D. Let g(¢) = P§(A). Then g(Z,) =
P,(A|Z,).

PROOF. The proof is the same as that for (4) in Section 3.2 of [3]. O

LEMMA 5.3. If w is a bounded L-harmonic function in D, then
Pg(lim,Tl u(Z, ) exists) = 1 for each z € D and for a.e. £ € dD.

PROOF. Let A = {lim,; u(Z, ) exists} and g(¢) = P5(A). Since A € 7, it
follows from Lemma 5.2 that g(Z,) = P,(A|Z,). Hence
E.[8(Z,)] = E.[P.(A|Z;)]=P,(A)=1,

where the last equality holds since {Z, , 7, }o-,.1 is abounded P,-martingale.
Combining

[, 8O O o(de) = B.g(Z,) =1
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with the fact that g(¢) <1 and [, h(z, £) o(df) = 1 yields g(¢§) = 1 a.e. on
dD. O

DEFINITION 5.1. An event A € 7 is said to be shift invariant if for any

stopping time T' < 7, 0}1(A) = A P,-as for all z € D, where 6 is the shifting
operator on the sample space such that Z 06, = Z, , for 0 <t < 7(w) — s.

LEMMA 5.4 (0-1 law). Let A € %, be a shift invariant event. Then z —
Pg(A) is a constant function which is either O or 1.

Proor. With the fact that the exit density functions {A(z, &), ¢ € dD}
are minimal L-harmonic functions in z € D and with the establishment of
representation of a nonnegative L-harmonic u < A(-, £) in terms of A(-, £) in
Theorems A.4 and A.5 in the Appendix, the rest of the proof is the same as
that in Section 3.5 of [3]. O

THEOREM 5.5. For 0 < a <1/2 and B > 0, the exit density function A(z, &)
of Z = Z* from D has the estimate

h(z,1) = Ay(1 = |2)" 120D 2 e oz5(1)  with |22 > 1 — gg(a, B),

where gy(a, B) is the constant in Theorem 4.1(1) and A, = A(e, B) > O is a
constant independent of z.

Proor. Without loss of generality, we may assume that 8 > B, where B
is the constant in Theorem 2.8. For z € /(1) with |z> > 1 — gy(a, B), let
e =1—|z|? Note that 0 < & < 1/4 and B2¢ < 1/4. By Theorem 2.8 and the
mean value theorem,

(5.4) % <p= h(\/l —e1, f)(r(df) = h(\/ 1-e¢1, 7])0'(13(8))

I(e)

for some n € Ig(e). Let ¥ be the reflection transformation with respect to the
complex line Cw with w = (n 4+ 1)/|n + 1|; that is,

(5.5) Y()=(z-ww—-(z2—(z-ww)=2(z-w)w — z, zeC".

The transformation ¥ is a unitary transformation of C” such that ¥(n) =1
and V(1) = 7. Observe that

(56) O'(I,y(s)) = Cn‘yzn_lgl+2(n_1)(1_a) for '}’81_“ < 1’

where ¢, is a constant independent of y. Note that /(1) N {w € D: lw|? =
1-e} C v/1— elg(e). Thus by Theorem 4.1(1), the unitary invariance property
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(5.1) and (5.4), we have that for z € .o/3(1) with |z]* > 1 — gy(a, B),
h(z,1) = A*h(V1—en, 1)
= A h(VI—eW(n), W(1))
=1 h(«/: 1, n)

1
> Br o(Ip(e)) ™
— (Gan)—lB—(Zn—l)8—1—2(n—1)(1—0z)
— )\1(1 _ |2|2)—1—2(n—l)(l—a),

where A = A(a, B) is the constant in Theorem 4.1(1) and A; = (6¢c,A)"*B~(?*~1 >
0 which is independent of z. O

For ¢ € 9D, let ® be an orthogonal transformation of (3.1) such that (1) =
. Then o/;(§) = ®o/p(1) for B > 0. By the unitary invariance (5.1), we have

COROLLARY 5.6. For 0 < @ < 1/2 and ¢ € 4D, the exit density function
h(z, &) of Z = Z* has the estimate
h(z, €) = M(1 = |2) 120Dz e ogy(§)  with |27 > 1 — go(a, B),

where A, is the constant in Theorem 5.5. O
Recall that I,(e) is an open subset of D defined by (4.1).

THEOREM 5.7. Suppose that 0 < « < 1/2. For a sequence of points {z;,; k£ >
1} in o/(€) with z, — ¢ € dD as k — oo, let @, be an orthogonal trans-
formation of (3.1) such that ®,(1) = z,/|z,]. For vy > 0O, let R, = R,(y) =
|2 @1 (1, (1 —|24]?)), for k> 1. Then

Pi(Z,, 0 <t <7, hits infinitely many R) = 1, zeD.

PrOOF. Let 7, be the first hitting time of {z: |z| = |z,|} by Z. Then by the
definition (5.3) of Pg, Proposition 3.1 and (5.2),

pr = P5(Z, hits R, for ¢ < 1)
= Eo[MZ.,, €); Z,, € R;]/h(0,0)
1

= 4Dy, #(@D) I, "> ) (42

where gy, is the Lebesgue surface measure on 4D, . A simple calculation
shows that R, C o7 (£), where B; = max{B + 2y, jﬁy(ﬁ +1+/4y2+1)}
Applying Corollaries 4.2 and 5.6 to the L-harmonic function A(-, £) on R, we
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obtain that for some constants A = A(a,y) > 0 and A, = A4(a, B1) > 0O,
1 1
—h R
B O'k((?D‘Zk‘)O'(O’)D) A (zk’ f)a-k( k)
1
=
)\a'k((?D|Zk|)o((9D)

p

)\1(1 _ |2k|2)7172(n71)(17a) Cn72n71(1 _ |Zk|2)1+2(n71)(17a)

anl,yZn—l
T AzpPrto(9D)?

where constant c,, in the second inequality is the one in (5.6). It follows from
Fatou’s lemma and the 0-1 law of Lemma 5.4 that

P§< N U4z, hits Rk}) = 1. 0

m>1k>m
COROLLARY 5.8. Suppose that 0 < « < 1/2. For each ¢ € 9D, we have

Pi(ItiTr?thf) =1, zeD.

PrOOF. Let A = {lim,,, Z, exists and lim,, Z, € 4D}, which is a measur-
able event in .7,.. Applying Lemma 5.3 to the holomorphic function u(z) = z,
we have that for a.e. ¢ € dD, P§(A) = 1 for all z € D. It follows from the
unitary invariance of Z [see, in particular, (3.4)] that P§(A) = ngg(A) for
any orthogonal transformation ® in R?* of the form (3.1). Therefore for each
£ e dD, P§(A) =1 for all z € D and Corollary 5.8 is proved in view of Theo-
rem5.7. O

6. Proof of Theorems 1.1 and 1.2. Now we are in the position to prove
the main results of this paper. In this section, « € [0, 1/2]. Keep in mind that
throughout this section the super- and subscript « are suppressed from the
ones that appeared in the statement of Theorems 1.1 and 1.2.

PROOF OF THEOREM 1.1. From Lemma 5.3, lim,; u(Z, ) exists P¢ almost
surely for every z € D and a.e. { € dD. Let (¢) = lim; u(Z, ) under Pg. We
show that lim,, ()., ;u(2) = ¥(£).

Let b = lim SUP o, (£)52 ¢ u(z). By the uniform continuity property of Corol-
lary 4.2, for any 6 > 0, there exists 0 < y < 1/2 and g, = &y(a, y) so that
for all 0 < ¢ < g, and every orthogonal transformation ® of form (3.1),
0SC/T—sa(1,(s)) U < O. LeL 2} € Ap(§)sothat z, — £as k — ooand u(z,) > b—95
for all k. Let @, be an orthogonal transformation of the form (3.1) such that
®,(1) = z;/|z;]. Then u > b — 25 on /1 —¢,®,(I,(¢)) for all k such that
e, =1 — |z, < &. Since Z, hits infinitely many /1 — £, P, (1, ()) under Pt
by Theorem 5.7, (£) = lim,, u(Z,) > b — 26 Pt-as. After letting 6 | 0, we
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get

(&) = b= limsup u(z), Pi- as.
Ag(§)32—~§&

Applying this to —u, we see that

&
P(§) < Q;I(r?)lnf u(z), Pt-as.

Consequently, (¢) is not random and equals lim_, (f)azﬁgu(z) for a.e. £ € dD.

To show the probabilistic representation of u in ‘terms of its boundary data
¥, let 7, = 7,,,. Since u is a bounded L-harmonic function in D, by the optional
stopping theorem we see that {Z, , 7, }-1 is @ bounded martingale under
P, and therefore u(z) = E,[u(Z,,)] for ze D. Let A = {limy u(Z,) =

(Z )}. Note that P"E(A) 1 for a.e. ¢ € dD and every z € D, because
Pt (Z, = &) = 1by Corollary 5.8. Thus it follows from Lemma 5.2 that P,(A) =
b Pﬁ(A)h(z, §)o(dé) =1.Thatis, lim,_,  u(Z, )= y(Z,), P,-as.forall z
D. Now passing k — oo inu(z) = E [u(Z,,)] yields that u(z) = E,[¢(Z,)]. O

We are now going to prove a local version of Theorem 1.1. We begin with
two lemmas. For ¢ € dD, define If,(s) = ®I (&), where ® is any orthogonal
transformation in R?" of the form (3.1) such that ®(1) = ¢. This definition
is well defined since, as can be seen from (3.2) and (3.3), V1,(e) = I,(¢) for
any orthogonal transformation ¥ of (3.1) with ¥(1) = 1. In fact Iy(s) can be
explicitly written down:

Ig(s) = {77 €dD: Re(n-€&) >0, |[Im(n-§&)| < ye,

6.1
64 and |n — (n- £)¢| < ye'™}.

LEMMA 6.1. For k > Supy .1z |u(2)|, let Ff; = {£ € dD: Ng(¢€) < k}. Set
DO_Dl/Z U UfeFk MB(f) Then fOl' B > B\/4B2 +1 and AN D \ Do, we
have ¢D \ Fk S I p(€), where B is the constant in Theorem 2.8, £ = z/|z| and
e=1—|z%

PrOOF. Note that y € dD, [ —&| = |z—n|—|z—¢&| = |z— 7| — ¢ and
[(€=m)él = |(n—&ml = [(z=m)nl = |(z— &)l = |(z—n)n| —&. Thus for n € F,
since z ¢ 73(n), either Re(né) = |z| 7' Re(z¢) <0or|n—¢l > (8- el or
(¢ —m)€| > (B — 1)e. However, an easy calculation shows that
I(e) € {n € 9D: Re(ng) > 0, |(§ — n)é| < BV4B2 +1¢

and |n — &| < 2B}
C {n € D: Re(né) >0, |(é —n)é| < BV4B? +1¢
and |n — & < BY4B2 + 1577},

since B > 1. Thus for g > Bv4BZ+ 1+ 1, we have F% N I5(¢) = &; that is,
dD\ F% > Iy(e). O

(6.2)
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LEMMA 6.2. Let k, Fj; and D, be as in Lemma 6.1 with 8 > Bv4B? + 1+1.
Let 7, = inf{t > 0: Z, € D\ D,}. Then for z € D\ D,, P,(Z, ¢ F* g) =
6PZ(TO < 7).

ProOF. Note that D, is an open set since each .9/;3(5) is open. By the
continuity of Z inside D, Z, € dDyN D on [ry < 7]. Thus by the strong
Markov property of Z, Theorem 2.8 and unitary invariance property (3.5),

P,(Z, ¢F)_P(Z gZFB, To < T)
= EZ[PZ.,O(ZT <4 FB; Ty < ’T)]

> %PZ(’TO <T). O

ProoF oF THEOREM 1.2. Let &, Fk and D, be as in Lemma 6.1 with 8 >
BV4B?+1+ 1 and 7 = inf{t > 0 Z, € D\ Dgy}. Note that by Theorem
4.1(1) and Corollary 4.2, F = {¢£ € dD: N“(g) < oo for all y > 0} and therefore
F=U%, Fk Let A ={lim,,u(Z,) eX|sts} which is a shift invariant event
in %.0n A denote the limit of u(Z )asr 1 1byn. It follows from Theorem
5.7 that |n| < & Pi-ae. on A for f ¢ F. Since the L-harmonic function u is
bounded on Dg by k, {u(Z, ., ), F7,ar,» 0 <1 <1} is a bounded martingale
and therefore lim,;, u(Z, ., ) exists almost surely. Thus [r, = 7] C A P,-a.e
and lim.,,u(Z, ,.) = n P,-as. on [ty = 7] for z € D, while on [r, < 7],
lim, .z u(Z, A;,) = u(Z, ). Therefore for z € Dy,

u(z) = limu(Zs,.,)
E.[u(Z.); 70 < 7]+ E[n; 70 =7]
= E.[u(Z,); o<+ E.[n; Z, e Fgl—E.[n; Z, € Fj, 79 <]
= uq(2) + uys(2) + uz(2).

(6.3)

Since » and Z, e F% are both Z-measurable and shift invariant, u,
is a bounded L-harmonic function on D and therefore by Theorem 1.1,
Iim_g,ﬁ(g)az_>§ u,(z) exists for a.e. ¢ € dD. On the other hand, for i = 1,3,
|u;(z)| < kP,(1y < 7). From Lemma 6.2, we have

ui(2)] < 6k E.[1,ppi(Z,)]-

For z € D, let v(z) = 6kE2[u(1aD\F§(Z7))], which is a bounded L-harmonic

function in D. Therefore by Theorem 1.1 there is a bounded function ¢ defined
on ¢D such that

%(LI)YBTLEU(Z) =y(§), ae §edD,

whereas ¢(§) is also the limit of v(Z,) under PSas r 1 1 as is seen
in the proof of Theorem 1.1. By the martingale convergence theorem,
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lim.,v(Z,) = 6k 1(9D\F§(Z ) P,-as. and therefore it follows from Lemma
5.3 that I|m nv(Z,) = 6k1r,D\Fk(§) Pi-as. for ae. &£ € 9D. This says that
P(&) =6k 1{9D\Fk(§) for a.e. ¢. Hence we have for i = 1,3,

6.4 lim u,(z)=0 for o-ae. ¢e FX.

(6.4) imui(2) ¢ F}

Therefore (6.3) |mpI|es that lim,, ()5, ¢u(2) exists for o-a.e. £ € Fk and hence
forae. ée F=;,F; O

APPENDIX

In this Appendix, « € [0, o0), and L* and Z* are simply denoted as L and
Z. We will show the existence of an exit density function h.(z) = h(z, ) for
the diffusion Z (or equivalently, the Poisson kernel for L) in D as well as its
minimal and continuity properties.

Letus denote 9D by S. For 0 < r < 1, we identify D, with rS. The diffusion
matrix oo’, as can be seen from (2.1), has C*-smooth entries on D, and its
smallest eigenvalue is 1 and the largest eigenvalue on D, is (1 — r2)~2*. This
warrants the existence of an exit density function 4,.(z) (with respect to the
Lebesgue surface measure o, on dD,) of Z starting at z € D, and exit dD,
at ré. Function £,.(z) is a nonnegative C*-smooth L-harmonic function in
z € D, for each ¢ € S and is continuous on S as a function of ¢ for each fixed
z. Thus h,(z) is a continuous function in (z, £) € D x S. We show below that
the sequence of continuous functions {A,.(z); r € (ry, 1)} is equicontinuous
in D, x S forany ry > r.

LEMMA A.1. The function h,.(2) is equicontinuous in (z, §) on D, x S for
r e (ry, 1) where ry > rg.

PROOF. Let z,w € D, and ¢ n € S. By the unitary invariance of
h,¢(z) [see (3.5)], we may assume that ¢ and n are in the complex plane
spanned by z; and z, axes in C%; that is, the coordinates of ¢ and 7
in R?" are (&, &,,&;,&,,0,...,0) and (nq, M2, M3, M4, 0, ...,0). For such
&= (515 52’ 537 §4s 0,..., O)/ €S, let

& & & & 00 00
& & & & 00 00
—& & & —& 00 00
—& —& & & 00 00
(A1) ®;=| 0 0 0 0 10 0 0|,
o 0 0 0 01 0 0
o 0 0 0 00O 10
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which is an orthogonal transformation in R?* of the form (3.1) and maps ¢ to
1. By the unitary invariance (3.5) and the mean value theorem, we have

re(2) = g ()] = [hra (De(2)) = hya (D, (10)
(A.2) = ((sup | 7 ha(2)])[@e(2) = D, ().

zeD,,
Since @, and ®, are of the form (A.1),

|g(2) = (w)] < |e(2) — Pe(w)] + [P (w) — P, (w)]

(A.3)
<|z—w|+2|¢&— 7|

For 0 < r < 1 and a differentiable function u on D,, define

Ju(z)
[l p, = sup sup|(r —|z) "2,
1<k<2n zeD, oxy,
' Pu(z) |
[U]* = sup sup'(r— |Z|)2—|_
2,D, 1<k,1<2n zeD,I oxy, dx; I

Then by (4.17)", (6.82) and (6.14) of [5], there are constants A, > 0 and A; > 0
depending on r; but independent of r € (r,, 1) such that

(r1—=ro) sup | v hyq(2)| < [Aa]i

zeD,,

(A.4) <Az suUp h,q(2) +[hls p,,

xcsD,1

< A, sup h,q1(2) + Az sup h,q(2).

zeD,1 zeD,l
Note that by Proposition 3.1, £,,(0) = r~?*»~D¢(S)~1. Thus applying the Har-
nack inequality (cf. Corollary 9.25 of [5]) for the uniformly elliptic and bounded
operator L on D, , we have sup,, _,_; SUP.ep,, h,1(2) < oco. This, combined with

(A.2)—(A.4), completes the proof for this lemma. O

By the Arzela—Ascoli theorem and a diagonal selecting procedure,
{h:1(2): 0 < r < 1} has a subsequence {%,,,(2): & > 1} with r, + 1 con-
verging uniformly on each D, xS, 0 < ro < 1, as & — oo. Denote the
limiting function as A.(z), which is nonnegative. Clearly h(z) is continuous
in D, xS, hence in D x S. It follows from the following lemma that %.(z) is
a C*°-smooth L-harmonic function in z € D for each fixed ¢ € S.

LEMMA A.2. If {u,;k = 1} is a sequence of L-harmonic functions in D,,
0 < r < 1, and is uniformly convergent to a function uz on D,, then u is C*-
smooth and L-harmonic in D,.
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ProoF. Foranyr, €(0,r)andze D, ,

u(z) = lim uy(z) = lim E.[uy(Z,, )] = B.[u(Z, )] = [ _u(m)h,(2)a,(dn).
oo —00 ry
Thus u is C*-smooth and L-harmonic in D, and hence in D,. O

THEOREM A.3. The function A.(z) obtained above is the exit density func-
tion of Z from D starting at z € D.

PrROOF. By Dynkin's 7r-A theorem, it suffices to show that for any open set
U in S with o(0U) =0, P(Z, € U) = [; he(z) o(dé) holds for any z € D,
where JU is the boundary of U in S. Using the unitary invariance (3.5) for
r =1and Theorem 2.9, we have lim,,; P,.(Z, e U) = 1y(¢) forall £ e S\dU.
Thus by the strong Markov property of Z in D and the dominated convergence
theorem,

P(Z,eU)= Irlm E.[P; (Z.€U)]

= Iipf i P.i(Z, e U)h,(2)r* 1 o(d§)

= | 10(h(2) o(de).

This proves the theorem. O

We now proceed to show the minimal L-harmonicity of 2,(z) in D for each
& € S. The first step is to establish a representation theorem for nonnegative
L-harmonic functions in terms of {h;; ¢ € S}.

THEOREM A.4. Ifu > 0is L-harmonic in D, then there exists a nonnegative
measure w on S such that u(z) = [ h(2) du(¢) for all z € D.

ProOOF. The proof essentially imitates (2) in Section 3.5 of [3] for the clas-
sical harmonic functions and the Poisson kernel. For 0 < r < 1, let u, be the
measure on S that has the density function u(r¢) with respect to the Lebesgue
surface measure o on S. By Proposition 3.1, we have for0 < r < 1,

w(8) = [(u(ré)o(de)=r @V [ u(n)o,(dn)
= 7(8) Eolu(Z,,)] = u(0) o(8).

Therefore we can use the Helly selection theorem to get a subsequence
{K,,; k > 1} that converges weakly on the unit sphere S to a measure u
as r, 1 1. According to Lemma A.1, we may and do assume that A, .(z)
converges uniformly in (z, §) € D, x S to hy(z) foreach 0 <r < 1.

For z € D, let rj, be such that z € D,,. Then

u(2) = Blu(Z, )] = [ u(ri&) by, o(2) 0(d8) = [ By, (2 dpy,.
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Since

tim ‘ [ st i, — [ e(2) dul

< fim [ |, e(2) — he(2)] sy, + lim ‘ [ he@dp, - [ hg(zm'
< P hy,e(2) — he(2)] lim g, (S)+0
£eS k— o0

-0,

we have u(z) = [ghs(2)dp. O

THEOREM A.5. The exit density functions {A,; ¢ € S} constructed above are
minimal L-harmonic functions in D in the sense that if u is L-harmonic in
D and 0 < u(z) < hg (z) for some &, € S and all z € D, then there exists a
constant c such that u(z) = chg (z) for all z € D.

ProoFr. Without loss of generality, we may assume that £, =1. By Theorem
A.4, there is a nonnegative measure u on S such that u(z)= [q ho(2) du(z)
for z € D. We show that w concentrates at point 1. For this, let u, (d¢) =
u(rpé)o(dé) be the sequence of measures on S in the proof of Theorem A.4
that converges weakly to u. For 0 < e < 1,let J, = {n € S: [p — 1| < &}. Since
S\ J, is an open subset of S,

p(S\J,) < liminf p, (S\J,)

(A5) = liminf [ u(r,€) o(dé)

k—o0
<timinf [ , M) o(ds).

For ¢ € S\{-1}, let ¥, be the reflection map of C" with respect to the complex
line Cw as defined by (5.5), where w = (£ + 1)/|€ + 1|. That is, W,(2) =
2(z-w)w—zfor ze C". If ¢ = —1, define ¥_,(2) = —z. In summary, for £ € S,
WV, is a unitary transformation of C* such that W,(¢) = 1 and W,(1) = {. Thus
by the unitary invariance (5.1), the last term in (A.5) equals

liminf [ ) (Ve(rad)) o(dé) = liminf [S , henid) o(dd)

k—o00

= liminf P,,,(Z, € S\ J.)
= 0.

The last equality comes from Theorem 2.9. This shows that u(S\ J,) = 0 for
any ¢ € (0, 1) and therefore u is a measure on S with mass concentrated at
point 1. Hence u(z) = [ hs(2)u(d€) = u({1})hy(2). This proves the minimal-
ity of 2, and therefore of 4, for any § € S. O
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