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ECCENTRIC BEHAVIORS OF THE BROWNIAN SHEET
ALONG LINES

BY ROBERT C. DALANG' AND T. MOUNTFORD?
Ecole Polytechnique Fédérale and University of California, Los Angeles

Distinct excursion intervals of a Brownian motion (that correspond to a
fixed level) have no common endpoints. What is the situation for distinct ex-
cursion sets of a Brownian sheet? These sets are termed Brownian bubbles
in the literature, and this paper examines how bubbles from fixed or ran-
dom levels come into contact with each other, by examining whether or not
the Brownian sheet restricted to a specific type of curve can have a point of
increase. At random levels, we show that points of increase can occur along
horizontal lines, while at fixed levels, such a point of increase can occur at the
corner of a broken line segment with a right-angle. In addition, the Hausdorff
dimension of the set of points with this last property is shown to be 1/2 a.s.

1. Introduction. The Brownian sheet is a centered, continuous Gaussian
process (W(t), t € Ri) indexed by the positive quadrant in the plane, with
covariance given by

E(W(s1,s0)W(t1, 1)) = (s1 A1) (s2 ABp).

It is one of the natural extensions of Brownian motion to higher dimensional time.

In this paper, we study behaviors of excursions of the Brownian sheet and of the
sets in the non-negative quadrant on which these excursions occur. These behaviors
have been the subject of several papers in recent years [4, 5, 10, 16]. Given a level
g € R, the complement of the level set {r : W(¢) = g} is a random open set, the
components of which we call Brownian bubbles, following [5], or g-bubbles if
the level ¢ is to be specified. A component of {t : W(¢) > ¢} will be termed an
upwards bubble, and a componentof {t : W(¢) < q} a downwards bubble. Upwards
or downwards is the direction of the bubble.

These bubbles are natural analogues of excursion intervals from level g of
Brownian motion. Unlike the beautiful excursion theory available for Brownian
motion [8, 19, 20], there is no such theory for the Brownian sheet. One difficulty,
that also makes the problem challenging, is that the boundary of a bubble is a very
complicated random set (in contrast to an excursion interval), and distinct bubbles
may share common boundary points [16, 4]. For instance, in [4], it was shown that
it is possible to travel within a bubble along a monotone curve until reaching the
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boundary of the bubble, and then, continuing along this curve, to immediately enter
another distinct bubble of opposite direction. More precisely, for any g € R, with
positive probability, there exists a (random) monotone curve y: [—1, 1] — [1, 212
such that W(y (—u)) <qg < W(y(u)),for0 <u < 1.

In this paper, we consider the possibility of travelling horizontally or vertically
within a bubble to a boundary point, and then, from this boundary point, travelling
horizontally or vertically and immediately entering a distinct bubble. Concretely,
we ask:

1. are there horizontal line segments [t] — &, ] 4+ h] X {t2} such that [#; — A, ;[ X
{2} and ]t1, t; + h] x {f,} are in distinct g-bubbles, for fixed or random ¢ ?

2. are there “broken line segments” ({1} % 1t2, 1> + h]) U (It1, 11 + k] x {£2}) such
that {t;}x ]t2, to + h] and ]#1, t; + k] x {t»} are in distinct g-bubbles, for fixed
or random ¢?

These questions are of interest independently of considerations regarding the
geometry of bubbles. Indeed, it is a celebrated classical result of Dvoretsky, Erd6s
and Kakutani [7] (see also [2]) that Brownian motion has no point of increase,
where a point of increase of (B(u), u > 0) is a time u > 0 such that for some
e >0,

B(u—h)<Bu)<Bu-+h), O0<h<e.

In the case of the Brownian sheet, for each t, > 0, t; — W(t1, 12) is a (speed 1)
Brownian motion, so a.s., there is no 7 such that [t; — &, t;[ x{fz} and t1, 1 + k] x
{t»} lie in distinct bubbles of opposite direction, even at random levels. This
naturally raises the question of whether this might occur for some random #,,
possibly with the additional requirement that W (#1, #) take some fixed value q.
Because the Ornstein—Uhlenbeck process (U,, v > 0) on Wiener space can be
represented using the Brownian sheet as follows: U, (u) = eV 2W (u, e¥) [13, 151,
this question is the same as asking whether the Ornstein—Uhlenbeck process on
Wiener space hits the set of paths with points of increase. Our first result answers
this question in the affirmative.

THEOREM 1. Fix h > 0. With positive probability, there exists (t1, 1) € [2, 3)?
such that

(1.1) Wity —u,t) < W(t, ) < Wty +u, tr), O<u<h.

From this “positive probability” result, one can easily deduce an a.s. result: there
exist a.s. random (#1, #) and & > O such that (1.1) holds. These results imply that
at random levels, one can pass from a downwards bubble to an upwards bubble
along horizontal line segments.

Given this result, one could ask whether a similar result is possible with the
additional request that W (¢1, o) = ¢g. Our approach does not allow us to answer



THE BROWNIAN SHEET: ECCENTRIC BEHAVIORS 295

this question (see Remark 8). However, we can answer the question negatively if
both bubbles are required to have the same direction.

THEOREM 2. Fix g € R. With probability one, there is no (t1,1) € R%r such
that W (t1, tr) = q and for some h > 0,

[t1 —h, i x{r2} and t,t; +h] x {2}

belong to distinct q-bubbles with the same direction.

Another natural question is whether at some random level, one can pass from
some bubble to a distinct bubble of the same direction while moving along a
horizontal line segment. For any fixed t, #; — W(#1, ) has countably many
local maxima and minima, but it can be shown that a.s., none of these correspond
to passing between distinct bubbles of the same direction. In a future paper, the
authors plan to show that this is possible for random #,.

With regard to question 2 concerning broken line segments, we shall prove the
following result.

THEOREM 3. Fix g € R and h > 0. With positive probability, there exist
uncountably many points (t1, ) € [2, 31% such that

(1.2) W(t,th+u) <g <W(t +u,t), O<u<h
land, of course, W (t1, t2) = q by continuity].

As for Theorem 1, it is possible to deduce an a.s. statement from Theorem 3.
The estimates used in the proof of Theorem 3 enable us to show in addition that
the Hausdorff dimension of the set of points with the property (1.2) is 1/2: see
Theorem 9. On the other hand, there are a small number of such points with an
additional property as described in the following theorem.

THEOREM 4. Fix g € R. With positive probability, there exists (t1,t2) €
2, 3]2 such that for 0 <u < 1,

W, th+u)<qg<W(t+u,tp) and Wt —u,t)>q.

For a point (¢1, #2) as in the conclusion of this theorem, ¢ is a local minimum of
s1 — W(s1, t2), this local minimum occurs at ¢; and (¢, f2) is the lower extremity
of a vertical segment that is contained in a downwards g-bubble. In other words,
W has a point of increase along the broken line with corner at (#1, #3).

The result of Theorem 3 raises the question of whether it is possible to fix the
value of #; and find some random #, so that (#1, #2) has property (1.2). We prove that
this is not possible even if the level g is allowed to be random. For convenience, we
consider broken lines going up and then to the right, rather than, as in Theorem 3,
lines going down and to the right. By time inversion properties of the Brownian
sheet (see [23], Chapter 1), it is sufficient to consider one case only.
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THEOREM 5. Fix t| > 0. Almost surely, there do not exist ty > 0 and h > 0
such that

Wt1, (o —u)v0)<W(t, ) <W(t +u,b) forallO <u <h.
In the next section, we state the main estimates (Lemma 6) and use these to
prove Theorems 1 and 3. We also prove Theorem 5. Section 3 is concerned with

Hausdorff dimensions. In Section 4, we give the proof of the estimates in Lemma 6.
Finally, in Section 5, we prove Theorems 4 and 2.

2. Points of increase. Throughout this paper, g € R is fixed. For 4 > 0, define
g(u) =u*

(3/4 could be replaced by any number greater than 1/2), and for t = (¢, 1) € R%r
and n € N, define Wg" = (Wg" (), u > 0), W;;" = (W[;" (v), v>0) and W;" =
(Wi’"(u}, O<u<mt— 2_2"), where

We" () =Wt + 272" +u, ) — Wt +272", 1),
W5 ) = Wt 4+ 272" 4 v) — W(t, 0+ 272,
Wy ) =Wt — 272" —u, ) — W(t — 272", 1)

(“L” for “left,” “R” for “right” and “U” for “up”).
For each ¢ € [2, 3]?, define events Fy(z,n), Fr(t,n), Fy(t,n) and Fr (¢, n) by

Fo(t,n) ={W (1 +27", 1) €]g +27", ¢ + 27",
Wt n+27") elg =274 g =277,
Wt =27 n)elg 27" g =27},

Fr(t,n) = {Wlte’”(-) hits 1 before hitting the graph of g(-) — 27"
and Wg"(u) > g(u) —27", 0<u <1},

Fy(t,n) = {W{]’”(-) hits —1 before the graph of — g(-) +27",
and W;"(v) < —g(v) +27", 0<v <1},

Fr(t,n) = {W;" () hits —1 before the graph of — g(-) +27"
and W, (u) < —g(u) +27", 0<u <1},

and finally,
FB8(t,n) = Fy(t,n) N Fo(t,n) N Fr(t,n),  F¥(t,n) = Fp(t,n) N Fr(t,n)

(“B” for “broken line” and “H” for “horizontal line”).
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Let D, be the set of points in [2, 3]? for which both coordinates are dyadic
rationals of order 2n. For i, j € {0, ..., n}, let E; ; be the set of couples (s, ) of
elements of Dy, such that

2=20=i+D) < g — | <2720 and 27207 FD < gy — py| < 27200,
Finally, we consider the (partial) order < on Ri defined by
s=(s1,8) <t=(f1,) <= syt ands; <t.
We also write s <t if 51 < ] and 57 < 1.
LEMMA 6. Given g € R, there exist constants K > 0, ¢ > 0 and C > 0 such
that for all large n e N and t € Dy,:

(@) P(Fi(t,n))>K2™", forie{0,R,U,L};
(b) P(FB(t,n))> K23 and P(FH (¢,n)) > K272,
(c) forall (s,t) € E; j withs <t ort>s,

P(FB(s,n)n FB(1,n)) < Cc27Cntit (=i A27J);
(d) forall (s,t) € E; j,
P(FH(s,n)n FH(z,n)) < C27" 2 (exp(—c(j — )2~ ") A 1).

REMARK 7. (a) If s, € [2,3]? but neither s < ¢ nor ¢ < s, then it follows
from the definition that FB(s,n) N FB(r,n) = @. Indeed, if s; < #; and 52 > 13,
for instance, then W (¢1, s2) > g on FB(s,n), while W(t1, s2) < g on FB(t,n).

(b) Note the difference in the exponent of the first 2 on the right-hand sides of
(c) and (d). A factor similar to the last exponential factor on the right-hand side of
(d) could be included on the right-hand side of (c), to yield

P(FB(s,nyn FB(t,n))
< C 27 CmHED 7 A2y exp(—c(n — )27 ") —c(n — j)2~ D),
This extra exponential factor is crucial in the proof of Theorem 1 (horizontal lines)

but is not needed in the proof of Theorem 3 (broken lines).

Assuming this lemma, we now prove Theorems 3 and 1. The method used in
the proofs is known as the “second-moment argument.”

PROOF OF THEOREM 3. We first show that with positive probability, there
exists t € Dy, such that (1.2) holds. This will in particular allow the reader to
compare this proof with the proof of Theorem 1 below. Let X, (w) be the number
of elements 7 € D»,, such that w € FB(z, n). We shall show that

2.1) E(X,)>K?2" and E(X2)<8C2%.
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Indeed, applying Lemma 6(b), we see that

EX)) =Y P(FE(t.m)=(@")?K2"=K2".

teDy,

Moreover, noticing that the cardinality of E; ; is bounded by (22122222 we can
apply Lemma 6(c) to get

EXH= > P(FP(s.,mnF(t n)

s,t€Dyy,

n n
< Z Z Z C2—(3n+i+j)(2—i A 2—])

i=0j=0 (S,l)EEiJ

n n
<C2'y > 2T A7)

i=0 j=0

noi
<202 32/

i=0 j=0
<8C 2",

This proves the inequalities in (2.1).
‘We now conclude from (2.1) that £ (X,%) < (SC/KZ) E(X,)? and an application

of the Cauchy—Schwarz inequality to the right-hand side yields P{X, > 0} > g—cz
By Fatou’s lemma,

2
P(lim sup{X, > 0}) > limsup P{X, > 0} > K— > 0.
n—o0 n—oo 8C
Let G = limsup,,_, ,.{X» > 0} and fix w € G. There is a sequence n; 1 oo such
that X, (w) > 0 for all k, that is, there exists a sequence (+®y ¢ [2, 3]% such that
w e FB® np) for all k (note in passing that (+®)Y is totally ordered for < by
Remark 7(a)). By taking a subsequence, we can assume that (X)) converges to

re2,3]. By construction, W(f) =g andforO <u < 1,

Q) (k)

Wt +u,tn)—q =kl_i)n;o W(" +u,t)’)—q=> kl_i)n;og(u — 27y — QM

=g(u) >0,

and similarly, W(#,t 4+ u) — g < 0. This proves that on G, there exists a
point (1, 1) € [2, 3]% such that property (1.2) holds. Building on the arguments
just developped, we shall show in Theorem 9 that with positive probability, the
Hausdorff dimension of the set of points with property (1.2) is 1/2, which implies
that there are uncountably many such points. This proves Theorem 3. [J
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PROOF OF THEOREM 1. Let X, (w) be this time the number of elements
t € D, such that w € FX (¢, n). We shall show that

(2.2) E(X,)> K2 and E(X2)<C(444c)2".
Indeed, applying Lemma 6(b),
EXy) =Y P(F"(tn)=@" K27 =K2™
teDy,
Moreover, by Lemma 6(d) and the bound on the cardinality of E; ;,
EXpH= > P(F'(s,mynF" @t n))

s,t€Dyy,

<3N > 2 exp(—c(j — )27 ") A L)

i=0j=0(s,1)€E;

n n
<C22 Yy 2% (exp(—c(j — )27 ") A1),
i=0 j=0

We split the sum into two parts, according as i > j or i < j. When i > j, the last
factor equals 1 and the first part of the sum becomes

2222]<22221 <4. 22}1

i=0j=0

When i < j, the exponential plays a crucial role and the second part of the sum
becomes

n n j—1
Z Z 2% exp(—c(j — )27 =9 Z ZZJexp —c(j —i)27"D)
i=0j=i+l1 j=1i=0

n J
= Z 22 Zexp(—ci2_("_j)).
J=1 =1

The sum over i is geometric, equal to

exp(—c2~ 7)) —exp(—c(j + 1)270~ f>>
1 —exp(—c2—=0)

Because the numerator is < 1 and the denominator is > ¢ 2~®~/)~! we conclude
that

n
E(X})<C2™ (4 2 ey 2. 2"—J'+1> < C(4+4002".
Jj=0
This proves the inequalities in (2.2). The remainder of the proof is similar to the
end of the proof of Theorem 3 and is therefore omitted. [J
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REMARK 8. One could attempt to use the same method to prove existence of
points of increase along horizontal lines at a fixed level ¢, say. In this case, one
would define

Ff (t,n) = Fp(t,n) 0 Fy(z,n) N FR(t, n).
As in Lemma 6(b), we would check that
P(Ff (t,n))>K273",
and as in Lemma 6(c), for all (s, ?) € E; ;,
P(Ff (s,n)n Ffl(t,n))
< C 27027 A 27y exp(—c(n — )27 ") —c(n — j)2==),

Letting X,,(w) be the number of elements ¢ € D,, such that w € FOH (t,n), the
reader may check that one gets, as in the proof of Theorem 1, that

E(X,)>K2" and E(X;)<C'2""logn.

One cannot conclude from these bounds that E (X,,)? JE(X %) is bounded below, so
the “second-moment argument” with these estimates fails.

PROOF OF THEOREM 5. The scaling properties of the Brownian sheet imply
that (sq, s2) = W(s111, s2)/+/11 is again a Brownian sheet, and therefore it suffices
to prove the theorem in the case where f; = 1. Similarly, (s1, s2) = /v W (1, 52/v)
is a Brownian sheet, and therefore it suffices to show that for all # > 0, P(F) =0,
where

Fr={3n>1.W{,(t—u)v0)<W(t,n) <WEH +u,tn), Yuecl0,h]}.

For k € N, let Fj, ; be defined in the same way as Fj,, but with the additional
restriction that #, € [1 + kh, 1 4+ (k 4+ 1)h]. It will even suffice to prove that
P(Fypx)=0,forallh>0and k eN.

Fix h > 0 and k € N. Then Fj, x C Gy, x, where

23) Gpr=1Fwel0,h]: WA, 1+kh+v)= sup W, 1+kh+u)

0<u<v
2.4) and Wl 4u,1+kh+v)—W{,1+kh+v)>0, Yue [O,h]}.

Note that the set D of all v € [0, h] with property (2.3) has the same law as
the zero set of a Brownian motion ([19], Chapter VI, Theorem 2.3). As such,
its Hausdorff measure with respect to the function ¢ + (2¢loglog(1/ N2 is
finite a.s. (see [18, 22]), and in particular, its Hausdorff measure with respect
to the function /7 is zero a.s. Therefore, for any & > 0, we can cover D by a
sequence (/;) of (random) intervals such that } il jll/ 2 < ¢ a.s. Note that the
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I; are measurable relative to the sigma-field generated by the process W (I, -). In
addition,

(2.5) Gui C U Hp k. js
J

where
Hypj={Fvelj: Wl +u,l+kh+v)—W({A,1+kh+v)>0, Yue[0,h]}.
Fix j. We shall show that there is a constant K such that
(2.6) P(Hpi jIW(1, ) <K|[;|V?* as.
Indeed, if I; = [uz,v2] and Bp i j(u) = W +u,1 + kh +uz) — W(,1 +
kh + uy), then

Wl+u,l+kh+v)—WA,1+kh+v)

= Bk, j (1) + A1 14ulx 1 +khtus, 1+kh+0] W,
where for 57 <t and s, < 1y,
Aisy i 1x 152,00 W = W (1, 1) — W(s1, 1) — W(ty, 52) + W(s1, $2),

and so

Hp . j C { inf Bp g j(u)+ sup AN 14 ulx 14k s 1+ kb0 W > 0}.
O=u<h 0<u<h,uy<v<v,

By the independent increments and scaling properties of the Brownian sheet, the

event on the right-hand side has the same conditional probability given W (1, -) as

{«/Z\/l +kh+us inf B +vVhva—us  sup  W(u,v) zo},

0<u<l, 0<v<l

where B(-) is a standard Brownian motion and W is an independent Brownian
sheet. The probability of this event is bounded by

/ P{O<in£1 B(u) > —x+s/vy — uz}
2.7) g
xP{ sup W(u,v)e[x,x—l—dx]}.

0<u<l, O0<v<l

From the reflection principle, P{infy<,<; B(u) > —a}=P{|B(1)| < o} <2¢(0)a,
where ¢(-) is the standard N (0, 1) density function, and therefore, the expression
in (2.7) is bounded by

C|Ij|1/2E< sup W(u,v}).

0<u<l, 0<v<l

The expectation is finite by [17], Lemma 1.2, and so (2.6) is proved.
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From (2.5) and (2.6), we conclude that

P(Gnp) < E(Z P(Hpxj | W(, ->)) < KE(Z |1,~|1/2) <Ke,

J J

and as ¢ > 0 is arbitrary, this implies that P (G, x) = 0. This completes the proof
of Theorem 5. [

3. Hausdorff dimensions.

THEOREM 9. Fix g € R and h > 0. With probability one, the Hausdorff
dimension of

{(t,0) eRL W, ta+u) <qg < Wt +u,12), 0<u <h)
is equal to 1/2.

PROOF. Given the estimates of Lemma 6, this proof goes along the same
lines as that of [16], Proposition 2.1. We first prove that the Hausdorff dimension
is < 1/2. By scaling properties of the Brownian sheet, it suffices to consider the
case h = 1. We can also replace { by £ N[2, 3]%. For s € D»,, define squares

3.1 In(s) = [s1, 81 +272"] x [s2, 52 +27%"]
and events
Fu(s)={3te L (s): Wi, +u)<qg<W(t +u,tr), 0<u<1}.
We shall show below that there is K > 0 such that
(3.2) P(F,(s)) < Kn3273" for all large n € N and s € Dy,,.

Assuming this, we now prove the theorem. Notice that for eachn € N and w € €,
{I,(s) : s € Dy, and w € F,(s)} is a (random) covering of { N [2, 312, and for
o >0,

E( 3 (diamln(s))“>5 Yo 27D PR, (s)

S€EDy,: we Fy(s) s€Dy,
< K24n 2—2ann3 2—3ﬂ
— Kn3 2(1—2a)n
For o > 1/2, we conclude from Fatou’s lemma that

. . . o

1}111_1>10r<1)f Z (diamI,(s))” =0 a.s.,
s€Dy,:weFy(s)

and therefore the Hausdorff dimension of 4 N [2,3]% is < « a.s., for all @ > 1 /2,

and thus is < 1/2 a.s.
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We now prove (3.2). Let
Wru) = W(s1 +u,s2) — W(st, 52), Wi () = W(st, 52 +v) — W(s1, 52),
and define
Gu(s) = {IW(s) =gl <n27"} N Gu(s),
where
Gu(s) = {Wiu) > —n27" and W5, (u) < n27"t 0<u < %}
Then F, (s) \ G, (s) is contained in

(Fu(s) N{IW(s) — gl =n27"})
(3.3) ~
U (Fu(s) N{IW(s) — gl <n27"} N Gu(s)°).

On F,(s), there is ¢ € I,,(s) such that W(¢) = g, and therefore the first term in the
union is contained in

(3.4) sup |[W () — W(s)| > n2_”},

tel,(s)

and the probability of this event is bounded by K e—en’ by [17], Lemma 1.3.
On {|W(s) —q| <n27"} N G,(s), there is u € ]0, 1/2] such that either
W(si+u,s) <qg+n2™" — n2 "l — qg—n27",
or W(s1, s2 +u) > g +n27". Therefore, the second term in (3.3) is contained in

(3.5) { sup sup  |W(sy+u,s2+v)— W(sy+u,s2)| > n2_”}
0<u<1/2 O<p<2—2n

(3.6) U{ sup sup |[W(sy+u,s0+v)— W(si,s2+v)| >n2_”}.
O<u<2—2n O<v<1/2

Scaling properties of the Brownian sheet imply that the probability of this event is
not greater than

ZP{ sup  sup |[W(u,v)| > n} < 2Ke~"
3<u<7/2 O<v<l

by [17], Lemma 1.3. We have therefore shown that there is K > 0 such that for
all n,

P(Fu(s)\ Gu(s)) < Ke ™"

We now estimate P(F,(s) N G,(s)). This is of course not greater than
P(G,(s)), and by the independent increments property of the Brownian sheet,
this is bounded by

P{IW(s) —q| <n27"} - (Kn27"H2 < K'n3 273",
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In conclusion, for large n,
P(Fn(s)) = P(Fn(s) \ Gn(s)) + P(Fn(s) N Gn(s))
5 K”l3 2—3}1’

and (3.2) is proved.

We now prove that the Hausdorff dimension of { is > 1/2. Let B,(w) = {t €
Do, :w e FB(t,n)}. We begin by showing that for « < 1/2, there is p > 0 and
k < oo such that for all n € N,

1
P{———Y, k> p,
{card(Bn)2 "= }_p
where

1
ls — |

Yo= >

s,t€By,

sF#t

First, observe that card B, = X,,, where X,, is defined in the proof of Theorem 3,
and using (2.1) and the definition of the E; ;, we see that

1 2" P{s € B,, t € B}
E(Xn)2 (Yn) < Z Z Z (2—2(n—i+1) A 2_2(n—j+1))a :

i=0j=0(s,H)€E; ;

Now s € B, and t € B, if and only if FB(s,n) N FB(t,n) occurs, so by Lem-
ma 6(c), this is bounded by

22n 221 22] 2—(3n+l+j) =i ADJ 22(n—1) v 22(n—]) o
e > Z ( )( )
i=0j=0
8C 2( 1+2a)n Z Z 2(1 2a)j

i=0j=0

< é 2(—1+2a)n 2(1—2a)n
=C

(the last inequality uses the fact that « < 1/2). Using the elementary inequality
P{X>AEX)}>(1— A)ZE(X)Z/E(XZ) for a non-negative random variable X
(see, e.g., [9], page 8), we conclude from (2.1) that there is ¢ > 0 (not depending
on n) such that P{X, > cE(X,)} > ¢, and from the above that there is L < o0
such that
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Therefore, P{Y, < Lc™2X2} > ¢/2. Set F = limsup,_, ,,{¥, < Lc~2X2}. By
Fatou’s lemma, P(F) > c¢/2,and on F,

;Yn < L2
(card B,)?

occurs for infinitely many n. Because all limits of sequences (¢,), with ¢, € B,
for all n, belong to 4 N [2, 312, we conclude following [12] (Chapter II, Section 3,
pages 160—162) that on F, the capacitary dimension of 4 N [2, 3]?, therefore its
Hausdorff dimension by Frostman’s Lemma (Kahane [9], Chapter 3, Section 3), is
at least .

In fact, ¢ actually depends on ¢, through the constants in Lemma 6(a) and (c).
However, inspection of the proof of these two statements in Lemma 6 (given in the
next section) shows that the constant in (c) of this Lemma does not depend on ¢,
and for ¢ in a bounded interval, the constant in (a) can be chosen independently
of g. Writing {, instead of { to emphasize the dependence on ¢, notice that
scaling properties of the Brownian sheet imply that P{dim(J, N [2k, 3k1%) > o) >
P{dim(d4/r N[2, 31%) > a} > ¢/2 for all k € N*. We conclude from the zero-one
law of Orey and Pruitt [17] that P{dimJ, > a}=1. U

REMARK 10. Fix g € R and h > 0, and let { be as in Theorem 9. Observe
that any pair {s, ¢} of points in 4 such that max(|s; —#1], |s2 — f2]) < h must satisfy
either s < t or t < s. Indeed, if for instance, s; > #; and sp < 1o, then (s1, 1p)
would satisfy W (sy, t2) < g (because s € 4) and W(s, ) > g (because t € {), a
contradiction.

As mentioned at the end of the proof of Theorem 3, an obvious consequence of
Theorem 9 is that J is uncountable and therefore cannot consist only of isolated
points. If R is a square with sides of length % that contains an infinite subset { g
of f, then by the above, 4 r must be totally ordered for < and is therefore contained
in a monotone curve. It might be tempting to conjecture that 4 contains a monotone
curve, but this is not the case. Indeed, any such curve would be contained in the
level set {¢ : W(¢) = g}, but this is not possible by [3], Theorem 1: any Jordan arc
in the level set must be nowhere differentiable, whereas a monotone curve has a
tangent at many points. In fact, the discussion above, along with [3], Theorem 3,
implies that { is an uncountable but totally disconnected set.

REMARK 11. The same arguments as in the proof of the upper-bound in
Theorem 9 show that for 4 > 0, the Hausdorff dimension of the set
B = {(l‘l, ) € R%_ W —u, ) <W(t,0) <Wt+u,t), O<u< h}

is < 1. However, the bound in Lemma 6(d) is not sufficient to yield a lower bound
on the Hausdorff dimension of this set.
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4. Proof of Lemma 6. (a) Fix t € D,,. We first show that there is K > 0 such
that P(Fo(t,n)) > K27". Let

Zi=W(t =272, 1), Zy=W(t;, ) — W(t; — 272" 1),
Zy=W(t +272 ) — W(t1, ), Za=W(t1,to+272") — W(t1, ).

Because of the independence of increments of the Brownian sheet over disjoint
rectangles, Z1, Z»>, Z3 and Z4 are independent Gaussian random variables, and

Fot,n)={Z1+Zy+ Zz elg +27", g + 27",
Zi+Zy+Zyelg—2"" g 27" Zyelg 27" g 27"}

Let X1, X3, X3 and X4 be independent standard N (0, 1) random variables, and set
arn = ((t1 — 2720 . 15)1/2 Then (Z,, Z», Z3, Z4) has the same law as

(@ n X1, 27"V0 X0, 27"/ X3, 27" /11 Xy),
and therefore
P(Fo(t,n)) > Play o X1 + 27"V (X2 + X3) €lg +27", ¢ + 27",
X1 +27" (Vo Xo+V/H Xs) €lg — 27" g 27",
aaX1€lg—27"" g —27", X e[-1,11}.

Because 1 < a; , < 3, we use independence and the fact that the standard Gaussian
density is bounded below over the interval [—5, 5] to see that this is bounded below
by

(q_z_”)/at.n 1 n

/ dxy le(xl)/ dxy fx,(x2) ko> K 27",
(g=27"tY /o -1

where fx, (resp. fx,) denotes the density function of X (resp. X»). For i €

{R,U, L}, P(F;(t,n)) is bounded below by

P{B hits % before the graph of %(g(-) —-2™"
and B, > 1(g(u) —27"), 0<u <1},

where B = (B,) is a standard Brownian motion. This probability is > K 27" by
Lemma 12 below.

(b) By the independent increments property of W, Fy(t,n), Fp(t,n) and
Fgr(t,n) are independent and similarly, Fr(¢t,n) and Fg(¢,n) are independent.
Therefore, P(FB(t,n)) > K273 and P(FH(t,n)) > K 272" by (a).

(c) Observe that for (s, 1) € E; j with s <1,

FB(s,mynFB, n)
4.1 _ 3
C Fo(s,n) N Fy(s,t,n) N Fr(s,t,n) N Fo(t,n) N Fy(t,n) N Fr(t,n),
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where

- o
Fy(s.t,m)= {Wivfn(u)f—g(u)-i-f", O<u<-2 2s2},

s .
FR(S,t,n)={W}g”(u)zg(u)_z—n’ 0O<u<d 2S1}‘

Notice that Fy;(¢,n) and Fg(t, n) are independent of each other and of the other
events in (4.1), and the probability of each is bounded by P{B(u) > —27",
0 <u < 1}, where (B(u)) is a standard Brownian motion, therefore, from the
reflection principle, by C 27" [19], Chapter III, Section 3.

Let F(t1,1) =0 (W(s1, $2), 51 <t1, 52 <) and set

t
Yi= W(Sl, 2t 2>,
2
t
Y, = W(s1 + 1,S2> — W(s1, $2),

Y3=W( +27", 1) — Y —Ya.
The event Fy(z, n) is contained in the event
(Wi +27" ) elg +27", g +27"1).
This event can be written
[Y3€lg+27" =Y = Yo, g+ 27" — ¥ — 1y},

and therefore its conditional probability given F (s1, (s2 +1)/2) V F ((s1 +11)/2,
t2) is bounded above by the (unconditional) probability that Y3 lie in some given
interval of length 27". Because (s,1) € E; j, Var Y3 > (2720=1) 2_2(”_1))/8,
and so this probability is < C(27" A 277). The remaining three events Fy(s, n),
FU (s,t,n) and FR(S, t, n) are independent,

P(Fo(s,n)) < P{W(s;1+272",s) €lg+27", g +27" [} <Cc 2™
and
P(Fy(s,t,n)) < P{Bu)<2™", 0 <u <2720/ < Cc 27,
P(Fr(s,t,n)) < P{Bu) > —27", 0 <u <2720+ < C 2~

(we have again used the reflection principle, along with Brownian scaling). Putting
together the bounds above, we conclude that

P(FB(s,nm)n FB(t,n)) <C 273271277 271 A27)),

which is the estimate in (c).
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(d) Fix (s,1) € E; ; such that s < ¢ (the other relative positions of s and ¢ are
bounded similarly). Define

A t —
FR<s,z,n>={W;’”<u>zg<u>—2—", O<u<- 2“},

. o
FL(I’S’”):{WZ’H(M)S—S(M)+2_", O<u<- 2S1},

Gr(t,s,n) = {Wg" () hits 1 before —27",
Wg"(t1 — s1 + ) hits 1 before —27"}.
Observe that
FH(s,myn FH(t,n) € Fr(s,n) N Fr(s,t,n) N FL(t,5,n) N GR(t,s,n),

and that the first three events on the right-hand side are mutually independent.
Considerations in the proof of (c) show that

P(Fp(s,n))<C27™", P(Fg(s,t,n))<C27", P(Fp(t,s,n))<C27".
Let

H(s,t,n) = Fr(s,n) N Fr(s,t,n) N EL(t,s,n) N {(Wg" (11 —s1) > =27"}.
Then P(H(s,t,n)) < C27"2 and therefore the conclusion will follow if we
prove that
(42)  P(Gr(t,s,n)|H(s,t,n)) < K27"(exp(—c(j — )27 "Dy A 1),
When j <, the right-hand side is equal to 27". Because

Gr(t,s,n) C {WIZQ’"(-) hits 1 before —27"}

and the event on the right-hand side is independent of H (s, ¢, n) and its probability
is < 27", inequality (4.2) is satisfied in this case.
Assume now that i < j. Set

s1+1nh
2

Y=W(l‘1,S2)—W( +2_2n,52>7

A t t
Y:E(YlWi’"(u), O<u< lzsl):j_zwzn@; ! _2—2n>,
2

Z=Wg"(t —s1)

_ Wlsg’n<SI + 1

) +V 4+ =Y)+ (Wt +272,50) — W(t1, 52)).

Then
Gr(t,s,n) = {Wg" hits 1 before —27", Wl(gtl’sz)’n(-) + Z hits 1 before —27"}.



THE BROWNIAN SHEET: ECCENTRIC BEHAVIORS 309

Notice that (W" (), W,(;"SZ)’"(-)) is in dependent of o (H (s, t,n)) V o(Z), and
therefore, for each z, the event

G(t,s,n; z) = {Wg" () hits 1 before —27",
WI(JI’SZ)’"() hits I — z before —z —27"}

is independent of o (H (s, t,n)) V o (Z). It follows that

+00
(4.3) P(Gg(t,s,n)|H(s,t,n)) =/27n P(G(t,s,n;2)) fz1H(s.t.0)(2) dz,
where f7|nH(s,:,n) denotes the conditional density of Z given H(s,t,n). Let
G'(t,s,n; z) be defined as G(t,s,n;z) but with 1 — z replaced by 1/2. For
z<1/2, G(t,s,n;z) C G'(t,s,n; z), and P(G'(z,s,n;z)) is a non-decreasing
function of z, which is therefore bounded by P(G'(z,s,n; z vV 27")).

Given H (s, t,n), the law of W;Q’"((sl + t1)/2) is that of a standard Brownian

motion at time sé/ 2 (t1 —s1)/2 conditioned not to have hit —27" and the law of Y is

also, but at time tzl/z(tl —s1)/2.Because Y — Yis independent of H (s, t, n), its law
given H (s, t, n) is still normal, with mean O and variance sy(1 — s2/12) (1 —s1)/2.
It follows therefore from Lemmas 14 and 15 below that the conditional density
of 2"~% Z given H (s, t, n) is bounded by

Y0 =K (P v De /2,
where K is a constant that does not depend on n, i or j, and therefore the

conditional probability in (4.3) is no greater than

+00 ,

(4.4) / PG (1, 5.3 2~ Dx) v 27)) ¥ (x) dx.
_2—1

Let ko = sup, > x1/227% Then the integral in (4.4) can be split into two integrals,

the first over x < (n — i)l/z/(16k0), the second over x > (n — i)l/z/(16k0). By

Lemma 13 below, the first integral is bounded by

too —(n—i) —n\ 27" 15
[ () Y (x) dx

o 2—(i—j+1)
i ine2— =) oo i)
(4.5) =271 (212 /@/ (v 2THRT ISy (x) dix
_2—!
<Ko 2—c(j—i)2_(”_f)/\/s_2’
while the second integral is bounded by

+00 ‘
/ P{Wg"(-) hits 1 before —27"} ¢ (x)dx < K27 "e~"=1/C,
(n—i)!/2/(16k)
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For ¢ < 1/C, the right-hand side is less than or equal to
(4.6) K 27" exp(—c(n — )27 "7,
We observe that

2—c(n—i)2*<"*f> < 2—c(j—i)2*<"*f>

and, from (4.4), (4.5) and (4.6), we conclude that (4.2) holds with i < j. This
completes the proof of Lemma 6. [J

LEMMA 12. Fix a > 1/2 and « > 0. Set go(u) = u* and let B = (B,
u > 0) be a standard Brownian motion started at zero. There is a constant ¢ > 0
[c = c(a, k)] such that for all 0 < e < 1,

P{B hits k before the graph of k(g4 (-) — &)
4.7
and B, > k(go(u) —¢), 0<u <1} >ce.

PROOF. Because x > 0 is fixed, we assume to simplify the notations that « =1
and we write g(u) instead of g, (u). Define

e =influ >0: B, =1o0or B, < g(u) — ¢},

which is a stopping time relative to the natural filtration (¥,) of B. The probability
in (4.7) is bounded below by

P({te <1, B, =1}N{B, > gu) —¢, . <u <1})

> E<1{rg§1/2, B=1)P{Bu>gu)—¢e, T <u <t + ll?rg})

1

On {t; < 5, By, = 1}, the conditional probability is bounded below by

P{14+B,>gG+u), 0<u<1},

which is a positive number that does not depend on ¢. It is therefore sufficient to
show that

P{r. <3, B, =1}>ce.
Set o, =inf{u > 0: B, € {—¢, 1}}. Then 7, <o, and B,, =1 on {B;, = 1}.
Therefore,

P{t, <%, B, =1}=P{r, <3, B;,=1|Bs, =1} P{B,, = 1}.

The second factor is equal to ¢ ([19], Chapter II, Proposition 3.8), while according
to Williams’ path decomposition theorem ([19], Chapter VI, Proposition 3.13(iv)),
the first is equal to

Pe{pite < %» Xu>8gW), 0 <u < piyel,
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where (x,, u > 0) is (under P;) a Bessel(3) process started at ¢ and pj4, =
inf{u > 0: x, = 1 4 ¢}. This probability is bounded below by

Pe{p2 <3, xu>8W), O<u<p} = Pofp2 <%, xu>gw), 0<u<pa}.

Because o > %, according to a result of M. Motoo [14], g(-) is a lower escape
function for the Bessel(3) process started at O (see also [11], Example 5.4.7), and
therefore this last probability is a positive number that does not depend on ¢. This
completes the proof. [J

LEMMA 13. There are K > 0 and ¢ > 0 such that: for all s,t € [2, 31% with
s1<t,s2 <t andty —sy <1/2,forall large n and x € [27",1/16],
P{Wg" (") hits 1 before —27", Wl(g”’sz)’n(') hits 1 before —x — 27"}
X )C«/fz—n/\/ﬁ

< K2_”(7
B 1 — s

PROOF. Fix s,1 € [2,3]?. The law of (Wlte’n(-), Wl(etl’sz)’n(-)) is the same as
that of

(/52 B1, /52 B1 + /12 — 52 B2),
where (B1, B>) is a standard planar Brownian motion started at the origin. Let
D(n,x)={(b1,b2) € R?:—x —27" < /s2by <1,
27" < J53bi + B —s2by < 1),

Then D(n, x) is a parallelogram (see Figure 1), with one vertex at the point

/= (—x —27" X )
NGIEVCE YA
Let L be the union of the two boundary segments of D(n, x) that meet at /, and

L5 the union of the other two boundary segments. The probability in the statement
of the lemma is bounded above by

(4.8) P(O,O){(Bl, By) exits D(n, x) via Lz}.

The Euclidean distance from [ to the origin is bounded by

x+27" x 27" th — 5 X 3x
+ =|(1+—)—F—+1 =
NAY) N2 Y X NAY) \/l‘z — 85 «/l‘z — 85

(we have used the fact that 27" < x), while the distance from I to

J_<1 —2—"—1>
IRAW N
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by
1+z+2™"
V2 — 52
1 b
Vite — So 2
z
\/tQ — S9
— -2 1 by
Vi — 82 V2
_2*". _ ‘l J
Vs | \
b

F1G. 1. The set D(n, x).

is bounded below by

1(1 +2_”+1>>1 1
NAWCIEN I AN e

We now restate the problem in a new coordinate system with origin at 0’ =
and coordinate axes in the directions

b’:(l ﬂ) b’:(ﬁ 1)_
! ’«/tz—SZ ’ 2 ./tz—SQ’
The probability in (4.8) is bounded above by

(49) P(3x/\/ﬁ,2*"){(B1’ B2) exits D/ via L/Z}’
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where
/_ AN 2. / / 1 / 1 }
D {(bl,bz) eR*: 0 </t —s2b] +/s2b) < 7 0<b)< 7
and L), is the union of the two boundary segments of D’ that do not contain the
origin (of the new coordinate system).

If the first constraint in the definition of D" were not present, the probability in
(4.9) would reduce to a hitting probability for real Brownian motion. In order to
evaluate the influence of the constraint 0 < /f, — 52 b} + /52 b5, we use a method
first developed by Spitzer [21] (whose results were later significantly extended
in [6] and [1]) to study moments of escape times from cones, rather than the
probability of exiting a truncated cone through a specific subset of the boundary, as
is required here. We identify R? with the complex plane C and consider the image
of D’ under the transformation v,: C — C defined by

Yo (z) =277,

where « €10, 77/2[ is defined by tanor = /12 — 52//52. Under this transformation,
which is conformal in D', (Bj, By) becomes a time-changed Brownian motion
(Bg,, t >0) [19], Chapter V, Section 2, Theorem 2.5.

The image of D’ under ¥, contains the rectangle

3 () [ Al
R=|—, | — x [0, —=|.
2°2\th — 52 2/3
Let S = (3x/y/fr —52,27") and §" = ¥ (5). If §" = (b}, b}), we estimate b| and

b’2 as follows. Let (r, 6) be the polar coordinates of S, and note that r sinf =27"
and

3x _ 4x
F<— 27 < .
VNI — 82 VNI — 82

The polar coordinates of S’ are

(0, 7o)
T —x

Use the elementary inequality 1/(1 — x) < 1 4 2x to see that the b)-coordinate
of § is

T—o <c 2—}’!,,,20[/]‘[.

S
4.10) /) sin( 9) < (r sin@) r?/™

sin @

The b -coordinate of S satisfies

4x

T /(T —a)
) (m=)
T - B 1 — s

0<b] < r”/(”_“)cos(



314 R. C. DALANG AND T. MOUNTFORD

The distance of S’ to the left boundary segment of R is therefore at least 1/2. The
distance to the right boundary segment is at least

1/ 143x 7/ 4\
5(«/&—52) _(«/tz—S2>

1/ 143x \™WT= 4x T
= (——= 1-2 :
(=) ()

The last factor is > 1/2 because x < 1/16, while the preceding factor is > 1.
Therefore, this distance is > 1/4. Finally, the distance of S’ to the top boundary
segment of R is at least 1/4. Therefore, the probability, starting from S/, that the
motion (B,) exits R though its upper, left or right boundary segments, which is
the same as for planar Brownian motion started at S’, is bounded by a constant
times the distance of S’ to the lower boundary segment of R. By (4.10), this means
that the probability in (4.9) is

<K 2_"( * )20‘/”
B 1 — s '

Because o = arctan(y/t2 — s2/4/s2) and arctanx < x for x > 0, we get the
inequality stated in the lemma with c =2/7. O

LEMMA 14. Fix K; > 0,n; e N*, ¢ > 0 and let X;, i = 1,2, be independent
random variables with density bounded by K;(|x|" v 1) exp(—x2 /c). Then there
is a constant K such that the density of X1 + X is bounded by K (|x|"17"2 v 1)
exp(—x?/(2¢)).

PROOF. Notice that P{X| + X, € dz} is equal to
/dx Fx, ) fx, (2 —x) §K1K2/ dx (x| v e~ (|7 — x| v Tye~G97/e.
R R

Elementary algebra shows that this equals

20 —z/2)* 22
=227 2 )
c 2c
For fixed z, use the change of variables y = x — z/2 to see that this equals

Klee_Zz/(zc)/ dy (‘y + = Vv 1>e—2y2/c
R

z|I™ Z
v - —
2 )(’y 2
1/2 ni ny
§K1ng_22/(2c)<£) E (‘ Sy 4+ = \/1)(‘ [Sy_ % \/1) ,
2 2 2 2 2

where Y is a N (0, 1) random variable. For n; € N and n, € N, one can develop the
powers using Newton’s rule, to see that the expectation is bounded by

K(|z]" ™ v 1). O

Klee_Zz/C/ dx (|x|" v 1)(Jz —x|["> Vv 1) exp(
R

na
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LEMMA 15. Let B be a standard Brownian motion. There is K > 0 such that,
for all 0 < ¢ < 1, the conditional density of B(1) given that B has not hit —¢
during the time interval [0, 1] is bounded by K (|x| Vv 1) exp(—x2/2).

PROOF. Let ¢ be the density of a N (0, 1) random variable. By the reflection
principle, for x > —e,

P{B(1) € [x, x +dx] | B has not hit —e} = ((Z(If{)—_s(i(xB—(i_lii)Oa;x

1 — exp(—2xe — 2¢?)
5 dx
22 9(n)dy

From the elementary inequality 1 —e™ < x, we see that the numerator is bounded
above by

=@(x)

2xe + 262 =2e(x +¢) <2e(x + 1) <de(|x| v 1),
while the denominator is bounded below by 2¢(—1)e, therefore the fraction is
bounded above by K (|x| v 1), with K =2/¢(—1). U

5. Other properties. We shall now prove Theorem 4. The proof relies on the
following lemma.

LEMMA 16. Fix g € R, and set
Fot,n) ={W(t +272" n)elg +27", ¢ +27",
Wt n+27") elg =27 g —27",
Wt -2 n)elg+27" g +27",
Wt n) elg —27"" g 27",
W(ti,h—2"2") elg+27", g +27""}
and
Frt,n)={W;"(u)>gu)—27", 0<u<1}.
There exist a constant K| > 0 such that for all large n and t = (¢, 1) € [2, 312,

P(FL(t,n) N Fy(t,n) N Fo(t,n) N Fr(t,n)) > K1 27,

PROOF. By the independent increments property of the Brownian sheet,
Fy(t,n), Fr(t,n) and F7(t,n) N Fy(t, n) are independent. Moreover, P (Fy (¢, n))
> K 27" and P(Fg(t,n)) > K 27" by Lemma 6(a), so we only need to show that
P(FL(t,n) N Fo(t,n)) > C272",
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Recall that F(#1,1) = o(W(s1,52), 51 <11, s <t) and let G(t1,n) =
o (W(s1, 1), s1 < 11). Recall that Wg(-) and W}, () are defined in the proof of
Theorem 9, and define the events

Fi={Wn-2""n)elg+27",q+27"],
={W(t1, ) elg—27" g —27"]},

Wt —2"") elg+27", g +27"+]},
Wt 1) + W™ €lg +27", g + 27"},
W(t,0) + WL elg—27" g —27"}.

F
F3
Fy
Fs

{
{
{
{

Then
Fo(t,n)=F,N---N Fs.
Notice that
P(Fs|F (1)) = P{2"(q = W()) + Z €]1-2. ~1[| W(n)},

where Z is N(0, 1) and independent of ¥ (¢). On F,, 1 <2"(qg — W(t)) <2,
so on F», this conditional probability is bounded below by P{Z € I}, where
I C[—1, 1] is some interval an length 1. In other words, on F>,

P(Fs5|F (1)) = o(1),

where ¢(-) is the N (0, 1) density function.
Notice also that F; and Fs5 are conditionally independent given ¥ (¢), and
reasoning as above, we find that on F>,

P(F4|F (1) = o(4).

Observe now that
—2n
l‘ —
Wt -2 =2——
1)
where Y is N (0, 1) and independent of §(¢). Because W restricted to ([0, #1] X
{r) U {11} x [0, 12]) is a Markov process (it is a Brownian motion as one moves
to the right along the horizontal segment, and then a Brownian bridge as one
continues down the vertical segment),

P(F3]§(1)

th — —2n\ 1/2
W) + (tlti) 27y,
2

—n

t2_2—2n 1/2
—Pl2" (g — W)+ W(z)+<z1t7> Ye]l,Z[‘W(t)},
2

1)
so on F7, this is bounded below by P{Y € I}, where I C [1, 5] is a fixed interval
of length 1. In other words, on F>,

P(F319@1) = ¢(5).
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Also, reasoning as above, we conclude that on F1,
P(F2l§(t — 272", 1)) > ¢1 > 0.
Putting together the estimates above yields a positive constant ¢ such that
P(Fp(t,n) N Fy(t,n)) > EP(FL(t,n) N Fy),

and so we must show that there is ¢ > 0 such that P(FL (t,n) N F1)>c272",

Notice that WZ’”(-) is a Brownian motion with speed contained in [2, 3], and
set #H =0 (W, " (), 0 <u <1). Let 0, = inf{u > 0: W;" () = g(u) — 27"},
so that Fy(t,n) = {0, > 1}, and let Y| = W(t; — 272" — 1, 1), Yo = —W,"(1).
Notice that {0, > 1} € #, Y, is Jf-measurable, and F| ={Y| €]g + 27" — 1>,
q+27"" —1,[}). Let G = {W,"(1) € [1,2]}. Because Y; is normal with
variance in [1, 6] and Y] is independent of #, it follows that on G N {0, > 1},
P(F1|#) > c127", where ¢1 > 0 (c; depends on g but not on n or ¢), and 27" is
the length of the interval in the definition of Fj.

Set T = inf{u > O:Wz’”(u) =3/2}. On {0, > 1,7 > 1}, G occurs, and by the
strong Markov property at 7, there is 1 > ¢ > 0 such that

P(GN{o,>1,t<1})=crPloy>1, 1 <1} > Plo, > 1,7 <1}.
We can now write
P(FL (t,n)N F) > P(Fy NGN{oy>1}>c27"P(GN{oy, > 1}).
The last probability is equal to
Plo,>1,t>1}+ P(GN{o,>1,T<1})
>Plo,>1,t>1}+cPlo, > 1,1 <1}>cPlo, > 1} > 327"

by Lemmma 12. Lemma 16 is proved. [

PROOF OF THEOREM 4. Set
F(t,n) = Fr(t,n) N Fy(t,n) N Fo(t,n) N Fr(t,n)

and let X, (w) be the number of elements ¢t € Dy, such that w € F(¢,n). From
Lemma 16, we conclude that

EX))= Y P(F(t.n)> @)K 27" =K.

teDy,

Notice that for s,t € Dy, with s #£1t, F(s,n) N F(t,n) = &. Indeed, if s1 < #;
and 52 < fp, then w € F(s,n) implies W(s1, ) < g while w € F(¢,n) implies
W(si1,1) > q. If s1 <t and sp > 1o, then w € F(s,n) implies W(t, s2) > g
while w € F(t,n) implies W (t1, s2) < gq.If sy =t and s» < 1, then w € F(s, n)
implies W (s, + 272y < q while w € F(t,n) implies W(s1, 1 — 272y > q.
If 51 <t and 52 = 7, then w € F (s, n) implies W (1, s2) > g while w € F(¢,n)
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implies W (¢1, s2) < ¢g. Since s and ¢ can be interchanged, this shows that F (s, n) N
F(t,n) =@, when s # t. Therefore

P{X, >0} = P( U F(t,n)) = Y P(F(t,n))=E(X,)> K >0.
teDy, te Dy,

The remainder of the proof is similar to the end of the proof of Theorem 3 and is

therefore omitted. [

We now prove Theorem 2. The proof of this theorem uses the following lemma.

LEMMA 17. Let B = (By) be a standard Brownian motion, and for each
x >0, set T, = inf{lu > 0: B, = x}. Given ¢ > 0, there are positive constants
K and C such that for all large n, the event “there is x € [n> 27", n=%] such that
7, <nx% and inf, <, B(u) > —Kx” has probability at least 1 — C p—n(=e)

PROOF. Fork=0,1,...,[n(1 —¢&/2)], set

t® = inf{u >0:B, € (—Kn?27"k p2 2_"+k}}.

Observe that
1
6.1 Po{B hits — Kn?2™" before n?2™"} = ——,
K+1
K+2
(5.2)  P_gp2p-nik{B hits — Kn? 27"+ pefore n? 27+ = T—:—Z
and
P{r® > p00-2+2ky < P{ sup |B@)| < Kn? 2—n+k}
O<u<n62-2n+2%
K
(5.3) =P sup |B(u)| <—
O<u<l n
<Ce ",

Notice that the complement of the event described in the lemma is contained in

[n(1-¢/2)]
m ({T(k) > n6 2—2n+2k} U {Bf(k) — _an 2—n+k})
k=0

[n(1—¢/2)] [n(1—e/2)]
- ( ﬂ {B,w = —Knb 2_”+k}> U ( U {tx > n® 2_2"+2k}>.

k=0 k=0



THE BROWNIAN SHEET: ECCENTRIC BEHAVIORS 319

By (5.3), the second term has probability bounded by Cne_c”z, while by (5.1),
(5.2) and the strong Markov property, the probability of the first term is bounded
by

1K +2\"Y17e2
K (21{ + 2)
provided K is large enough. This proves the lemma. [

< 2—}’!(1—8)

PROOF OF THEOREM 2. In view of scaling properties of the Brownian sheet,
it is sufficient to show that there does not exist (¢1, 2) € [2, 3]* such that:

i) W, n)=gq;
(i) Wt +u,n)>q,0<u<l;
(i) Wt —u, ) >q,0<u <1,
(iv) (1 — 1,1) and (¢t + 1, t2) belong to distinct components of L (g).

For s = (s1,52) € Doy, let F,(s) be the event just described but with the
additional requirement (¢1, ») € I,,(s), where I,,(s) is defined in (3.1). It suffices
to show that supscp, P(F(s,n)) = 0(2=*). Fori € {L, R}, let

ti(n) =inf{u > 0: W/ (u) = n—3),
and set
Gu(s) ={IW(s) —ql =n27"} N {Wg(u) > —n27", 0<u <1}
MW @)= —n2™", 0<u<1}N{tr®) VL (n) <n™?}.
Then
P(Fu(s)) < P(Fu(s) N Gu(s)) + P(Fu(s) \ Gu(s)).

Observe that the second term on the right-hand side is bounded by the sum of four
terms:

(5.4) P(Fu(s) N{IW(s)| > n27"}),

(5.5) P(F,(s) N {Wx(-) hits — n27" before time 1}),
(5.6) P(F,(s) N {W; (-) hits — n27" before time 1}),
(5.7) Plrr(n) vV 1.(n) > n~ ).

By (i), the probability in (5.4) is bounded by the probability in (3.4), therefore by
Ke=en’, Similarly, the probability in (5.5) is bounded by the probability of the
event in (3.5), therefore by K e‘“”z, and a similar bound holds for (5.6). Finally,
(5.7) is bounded by

—4 1 —cn?
2P{tg(n) >n""} = P43 sup |B(u)|<—; <Ke .
0<u<l n

It therefore only remains to show that P (F,,(s) N G,(s)) = 0(27m).
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Fix ¢ > 0 and choose K > 0 and C > 0 so that the event H (n, k) described in
Lemma 17 has probability at least 1 — C27"(1=8) For i € {U, D}, set

H;(n)= {Elx € [n22_”, n_4] : r)’; < nzxz, inf W (u) > —Kx}.
U<t;

Here, 7! is defined in the same way as 7, in Lemma 17, but with B replaced by
w 1= ().82)

l
Note that Hy (n) is independent of Hp(n) and G,(s), and Hp(n) is “essen-
tially” independent of G, (s). Therefore, by Lemma 17,

P(Gu(s) N Hy(m)° N Hp(n)) < (n27")> (C27"179)? =02,
It remains now to show that

P(F,(s) N G,(s) N Hy(n)) = 0(2™*")
and
P(F,(s) N Gu(s) N Hp(n)) = 0(2™*).

We only examine the first probability, as the other is “similar.”

Let xy(n) be the smallest x € [n227", n~*] that guarantees the occurence of
Hy(n), and set ty(n) = )Z] n)- Note that 77 (n) is a stopping time relative to
Wy (). Let I' be the union of the three segments

Ly ={s1 — ()} x [s2, 52 + ()],
Iy =[s1 —7e(n), s1 + ()] X {s2 + (M)},
I3 ={s1 + tr(m)} X [s2, 52 + Tw(n)],
and notice that on F,(s) N G, (s) N Hy(n), W|r hits 0. Define
n(u, v) = Ajs) —1; (n),51—11 () +ul xs2,50+v] W
and observe that on F,,(s) N G, (s) N Hy (n), for (t1, ) €'y,
W(t1.12) = W(s) + W (t.(5) + W' 2 (1 — 57)
> (g —n2"")+n"> = Kxy(n)
>q—n2""4+n3—Kn™*
>q+ %n3
for large n, and therefore W|r, > 0. On the same event, for (71, 1) € I'2,
W(t1, 1) = W) + Wi o g (111 = s11) + W' T2 (2 ()
+n(t1 —s1 +1.(n), Ty ()
> (q —n27") —n27" +xy () +n(t — 51+ 1.(n), Ty ()

> q — 3xy(n) +n(ty — s1 + (), Tw (n)),
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for n large, while for (¢1, 1) € ',

W (b1, 12) = W(s) + Wi(zr(m) + WG 02 (1 — 59)
+n(tr(n) + 1L (n), 12 — s2)
>qg—nm2""+n — Kxyn) + n(tr(n) + to(n), tr — s2)
>qg—n2""+ n—Knt+ n(rR(n) +1r(n), tp — sz)
>q— %n_3 + n(tr(n) + 11.(0), 12 — 52).
It follows that P (F,(s) N G, (s) N Hy(n)) is bounded by the sum of two terms:
{ oo s T, Ty () < _%XU(”)a
tr(n) Vrr(n) <n”*, ty(n) < n“’}

172

5P{(2n_4)1/2(n2X%](n)) sup W(r) > %xU(n)}

t€[0,1]2

1
= P{ sup W() > —n}
1e[0,112 2V2

2
S e—cn

and

1
P{ inf n(tr(n) + to(n), 1 — $2) < —En_3,

sp<tr<sr+ty(n)

RV TL() <, Ty(n) < n—6}

1
< P{(2n_4)1/2(n_6)1/2 sup W() > —n_3}
t€l0,1]2 2

1
=P{ sup W(r) > nz}
1€[0,172 272

< e~

This completes the proof of the theorem. [
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