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ON THE SMALL TIME ASYMPTOTICS OF DIFFUSION
PROCESSES ON HILBERT SPACES

By T. S. ZHANG
HiA Norway

In this paper, we establish a small time large deviation principle and
obtain the following small time asymptotics:

lim 2¢log P(Xo € B, X, € C) = —d%(B, C),

for diffusion processes on Hilbert spaces, where d(B, C) is the intrinsic
metric between two subsets B and C associated with the diffusions. The
case of perturbed Ornstein—Uhlenbeck processes is treated separately at
the end of the paper.

1. Introduction. The aim of this paper is to study the small time asymp-
totics of diffusion processes and heat semigroups on Hilbert spaces, which
include solutions of some stochastic evolution equations. Let us start by recall-
ing the basic results in finite dimensions. Let L = %A be one-half of the Lapla-
cian operator on R?. Then we know that the heat kernel is the transition
density of the Brownian motion given by

P,(x,y)= (2771,‘)"1/2 exp(—

where d(x, y) stands for the usual distance on R?. It is clear that the following
small time asymptotics holds:

(1.1) %in32t log P,(x, y) = —d?(x, y).

Much work has been done to extend the above asymptotics to general situ-
ations where the Laplacian is replaced by general elliptic operators, R? is
replaced by some finite-dimensional Riemannian manifolds and d(x, y) is
the corresponding Riemannian distance. The results are quite satisfactory;
see [8], [24] and references therein.

Formula (1.1) is sometimes called the Varadhan identity. We are here con-
cerned with the above asymptotics in infinite-dimensional cases where L will
be the generator of a symmetric diffusion process X,, ¢ > 0 on some Hilbert
space E. Because of the lack of the transition density, the natural replacement
for P,(x, y)in (1.1) is P(X, € B, X, € C), where C, B are two Borel subsets.
The distance d(x, y) between two points x, y is replaced by the distance of
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538 T. S. ZHANG

the two sets C and B. Specifically, we are interested in getting the following
small time asymptotics:

(1.2) lim 2¢log P(X, € B, X, € C) = —d*(B, C).
t—

where d is the appropriate Riemannian distance associated with the diffusion.
To this end, we deal with the upper bound and the lower bound separately.
The upper bound is proved for any two Borel subsets B, C with positive mea-
sures and quite general diffusions with continuous diffusion operators. For
the lower bound, we assume that the diffusion is a solution of a stochastic dif-
ferential equation or a stochastic evolution equation on the Hilbert space. We
first establish a small time large deviation principle for solutions of stochastic
evolution equations of the type

t t t
(1.3) u, = x —/0 Au, ds+/0 b(us)ds+/0 o(u,)dW,.

Then the lower bound follows from the large deviation principle.

In previous works [10] and [11], small time asymptotics (1.2) was obtained
for the standard Ornstein—Uhlenbeck process on classical Wiener space and
general Ornstein—Uhlenbeck processes with unbounded linear drifts that
include solutions of some simple stochastic partial differential equations. In
both cases, the underlying processes are Gaussian. Estimates of the lower
bound rely essentially on the special properties of the Gaussian measures,
which cannot be found in the present general situation. Instead, we adopted
a SDE approach. However, our estimates of the upper bound are similar to
those in [10] and [11]. We also notice the recent preprint [1], where a similar
problem is addressed. However, our approaches are different and our results
cannot cover each other.

Now we discuss the contents of the paper in detail. Section 2 gives the
framework. We introduce the Dirichlet forms and the associated diffusions
we are going to study. In Section 3, we prove a small time large deviation
principle for solutions of stochastic evolution equations. The results are of
independent interest and will also be used later. Our idea is to show that the
solutions of the stochastic evolution equations have the same asymptotics as
the solutions of the corresponding equations without drifts. This is done by
several lemmas. Since both operators and drifts are allowed to be unbounded,
the proofs are quite involved. Both It6 calculus and the factorization method
are used. In Section 4, we prove the asymptotics (1.2) for symmetric diffusions.
The Lyons—Zheng decomposition plays an important role in the upper bound
estimates. The lower bound estimates follow from the large deviation principle.
In Section 5, we study the small time asymptotics of a class of perturbed
Ornstein—Uhlenbeck processes which cannot be covered by previous sections.
The main tool we use is the Girsanov theorem we proved in [4]. Again because
of the unboundness of the drift, careful analysis is carried out. Perturbed
Ornstein—Uhlenbeck processes have been extensively studied in the past years
in connection with quantum field theory. See [2], [3], [4] and [19]. For example,
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it is shown in [2] that the Log—Sobolev inequality holds for the Dirichlet forms
associated with perturbed Ornstein—Uhlenbeck processes.

2. Framework. Let H be a separable Hilbert space and E be another
separable Hilbert space such that H is imbedded in E densely and continu-
ously and the imbedding is Hilbert—Schmidt. Let u be a mean zero Gaussian
measure on (E, Z(E)) with the reproducing kernel space H, where #(E)
denotes the Borel o-field. The (H, E, u) is an abstract Wiener space in the
sense of Gross. More generally, to cover solutions of stochastic evolution equa-
tions, let A be a self-adjoint operator on H satisfying A > cIy, where ¢ > 0
and Iy stands for the identity operator on H. The associated semigroup is
denoted by T, = e~*A. Throughout this paper, we impose the following.

ASSUMPTION 2.1. The semigroup T, = e 4, t > 0, generated by —A, also
extends to a strongly continuous semigroup of bounded linear operators on E.

REMARK 2.2. This assumption is not as strong as it looks. According to
[5], for a given operator A and a Hilbert space H one can always properly
choose E so that the above assumption holds.

Define H, = D(v/A) with inner product (hy, hy)y, = (vAhy, vV Ahy)y.
Then
E' c Hyc HCE densely and continuously.

The inclusion H, C E is also Hilbert—Schmidt.
Introduce

FCF = {u(x) = F(11(x), . L (x)); f e CE(R™), Ly, ... 1, € B, m> 1}.

Given u € 7 Cy’, denote by Vu(x) € H, such that for all £ € H,

0 é’k e—0 &
Define
(2.2) (. v) =3 [ (Vu. Vo), dp.  u.veFC.

It was shown in [3] (see also [19]) that (£°, #C}°) is closable on L%(E, ).
The closure, denoted by (&, D(&)), is a Dirichlet form. The diffusion process
M = (X0, Py, x € E) associated with (&, D(&)) is the Ornstein—
Uhlenbeck process X,, ¢ > 0 on E which solves the following stochastic evo-
lution equation in the weak sense:

(2.3) dX,=dw,— %AXt dt,
where w;, is an E-valued Brownian motion with covariance space H,. A simple

example is the solution of the following SPDE:

du(t,x) . 15%u(t,x) 1
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where H = L%(R, dx), A = (¢%/9x?) — I, w,(x) is a cylinder Brownian motion
on H, = D(~/A) (the Sobolev space of order 1), E is chosen to be a Hilbert
space such that the imbedding H, C E is Hilbert—Schmidt.

To introduce general diffusions, we let Z,( H)) denote the set of all symmet-
ric bounded linear operators on H,. Let A(z) be a strongly continuous map
from E into £,(H,) (i.e., A(z)h is continuous in z for every & € H) such that

(2.5) ey <A(z)<ély,

where ¢ is a positive constant, and I denotes the identity operator on H.
Introduce the quadratic form

2(u,v) = %/E<A(Z)Vu(z), Vv(z)>H0 du, u,vegeEr.

This form is also closable on L2(E, u) because of (2.5). Its closure, denoted by
(2, D(2)), is a Dirichlet form. Let My = (X,;, t >0, Q,, x € E) denote the
diffusion associated with (2, D(2)) (see [17] for the existence). The process
M g is a quite general diffusion with the diffusion operator v A(2) and possibly
very singular drift.

REMARK 2.3. The fact that the measure w is Gaussian is used only in
Section 5. In Section 3, the measure u is not involved. In Section 4, the
Gaussian measure u can be replaced by any Borel measure v that satisfies:

(a) The integration by parts formula,
af

E Jk

where 8, € L%(E, v);

(b) The closure (&, D(&)) is the unique Dirichlet form extending (&7,
FCy). See [19], [20] for examples.

dv:—/E,kadv forany ke E', f ¢ FCY°,

3. A large deviation principle. In this section, we prove a small time
large deviation principle for solutions of a class of stochastic evolution equa-
tions. This corresponds not only to small noise but also small drift perturba-
tion where an unbounded operator A and unbounded drifts are involved. The
results are of their own interest and will also be used later. Let H, E, A, H,
be as in Section 2. Let L,)(H,, H) denote the set of all Hilbert—Schmidt oper-
ators from H into H with the Hilbert—Schmidt norm | - ||2). Let b, o be two
measurable mappings. Assume throughout this section:

(D b: E— E, 0: E — Ly (H,, H) satisfy
|b(x) — b(¥)|g < calx — ¥lE&, [o(x) — (Pl < cilx — ylg-

Sty 6(®)|g < ca +c3lx[g,  supo(x)]@) <M,
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or
(IY The imbedding H — E is a trace class and b: E — E, 0. E - Z(H,)
satisfy
16(x) —0(NE < ealx =y, llo(x) — o ()_m,) < c1lx = Yl&-
(ILy 1b(x)|g < o + c3lx|gs sup [[o()|| sz, < M,

where ¢, ¢y, c3 and M are constants.

REMARK. These assumptions are more than sufficient for the existence and
uniqueness of the corresponding stochastic evolution equation, but they are
necessary for the proof of Lemma 3.4.

Let W,, ¢t > 0 be an E-valued Brownian motion with the reproducing
Hilbert space H defined on some probability space (), 7, P). Given x € E.
Let u, be the unique solution of the stochastic evolution equation

t t t
(3.1) u, = x —[0 Ausds+/0 b(us)ds+/0 o(u,)dW,

In general, u,, t > 0, will not belong to the domain of A and (3.1) is interpreted
in the following sense:

¢ t
(3.2) u, = T,x + /0 T s (b(u,)) ds + /0 T g0 (us) dW,,

where T, = e 4 is the semigroup generated by —A as in Section 2.

The existence of the solution of the above equation under the assumptions
(I), (II) or (I), (IIY is well known (see [17] and [18]). Let ¢ > 0. It is easy to
see that the process u, coincides in law with the solution of the following
equation:

t t
33 uw=T,x+e¢ /0 T yos) (b(u)) ds + £ /0 T yosyo(ul) AW,

Let u? be the law of u? on C([0, 1]— E). Define a functional I(f) on C([0, 1] —
E) by

1
BT R T T
1) = ot {3 [ Vhtorty, e,
where

Iy= [h € C([0, 1] - H,); h(-) is absolutely continuous and such that

£(t) = x + /Ot o(f(s)h(s)ds, 0 <t < 1}.
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THEOREM 3.1. u? satisfies a large deviation principle with the rate function
I(.), that is;

(i) For any closed set F,
limsup elog u™(F) < — 1nf (I(f))

e—0,x,—>x
(i1) For any open set G,
11m1nf slogp, (@)= — llflf I(f).

e—0, x

PrOOF. We prove the theorem for x, = x, n > 1. Slight modifications of
the proof led to the general case. Let v, be the law of the solution v? of the
following stochastic equation:

(3.4) v = x + £/ / o(v°)dW,, t

Then it is known (see, e.g., [7]) that v, satisfies a large deviation principle on
C([0, 1] — E) with rate function I(-). Thus by Theorem 4.2.13 in [9] it suffices
to show that the two families {u,}, {v.} of probability measures are so-called
exponentially equivalent. That is, the following:

PROPOSITION 3.2. For any 6 > 0,

(3.5 hmslog P( sup |u; — vi|g > 6) —00.
—0 0<t<1

PrOOF. Observe that

t
s —ve = (Tgtx—x)+s/0 T o) (B(u8)) ds
(3.6)

¢ t
£ [ (T~ Do) AW+ [ (o(uf) = o(v)dW,

Denote the four terms on the right-hand side respectively by I7, II7, III
and IV{. Since lim,_,, I, = 0, it suffices to establish that for any é > 0,

3.7 lim ¢ log P( sup |Y|; > 6> = —00
e—0 0<t<1
for Y, = II7, III{ and IV?. This will be done in the following lemmas.

Let J denote the Hilbert—Schmidt injection mapping from H to E. If T €
Z/(H), since T = JT as an operator from H to E, we have T' € Ly (H, E)
and [|T'(|2) < l|Jl2)/IT||_s(ar)- In the following, ¢ will denote a generic constant
which may vary from line to line, but is independent of &, ¢, s.

LEMMA 3.3. Let 6 > 0. Then

(3.8) 1inéslog P( sup |II]|g > 8> = —o0.

0<t<1
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Proor. By assumption (II) and the fact that 7', is also a strongly contin-
uous semigroup on E, we have

t
sup |sutlp < clex|p + ce? + [ colug|p ds
0<s<t 0

(3.9)

+ sup
0<t<1

3/2 t
& [ Ty gou)dW,

E

By the Gronwall inequality,

| t |
sup |sufly < <c|ax|E + ce? + sup |s3/2f0 Ts(t,s)a(uj)dWsi )e“.
E

0<s<1 0<t<1|
Thus,
. 1
lim elog P( sup |eul|g > —5)
e—>0 0<s<l1 2
(3.10)
< lim & log P< sup |32 /t T oronyo(uS)dW,| > 13).
T e—0 0<t<1 0 § E 4
Since

1
sup |II7|g < 03(02+/ |uf|Edt>,
0

0<t<1
it follows from (3.10) that

linaslogP( sup |II{|g > 8)

0<t<1

t
< lim glog P< sup 83/2/ To-go(ug)dW,
e—0 0

0<t<1

> %3)
E

However, according to Lemma 5.1 in [6],

| ¢ |
lim zlog P( sup |e3/2/ Ty so(ul)dWy > %8) = —o00.
&> 0<t<1| 0 |E

This ends the proof. O

LEMMA 3.4. Let 6 > 0. Then

(3.11) lir%alog P(sup || > 8) = —o0.

0<t<1

PrROOF. We shall use a factorization method which was adopted in [23].
The method is based on the following identity:

™

t
(3.12) / (t—$)2 (s —r)yds = O<r<t 0<a<1/2

sin(7a)’
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We write
] t t
1 = 5 [0 [ (- s s - 1) e dsotuf) W,
0 r
t pt
—/ /(t—s)""l(s—r)"" ds a(uf)dw,]
RELL ”“[ / Tooo(t —8)* 1Y 5(s) ds — / (t—s)*1Y5(s) ds]
where
Yis) = [ Toeon(s —r) o)) dW,,
Yis)= [ (s=r) o) dW,.
So

sinwa| rt _ R .
I8 = 81/27[/0 T s (t —5)* 1(Y1(s) —Y5(s))ds

t
n fo (Tyesy — D(t = ) 1) Y5(s) ds]
Notice that

Yi(s) = Y5(9) = [ (Tuory = Dls = 1) o) dW,,

(Tuiy = DY56) = [ (Lo = Ds = 1) "o(ui)dW,.

Set 8, = supgs<, |Ts — Il 1z, g)- Then lim,_,,8, = O since the imbedding
H — E is Hilbert—Schmidt. Applying Theorem 4.1 in Chow and Menaldi [6],
we have that for all s <1,

(ZZ
(|Y1(S) Y: (S)|E>d) < 3exp( m>,

. d d?
Ty -1 Yz(S)EEd P\ Y3 (3)|E>8—‘9 <3exp —m )

where c, js is a constant only depending on « and the constant M appearing
in (II). These two inequalities imply that there exists a constant M, indepen-
dent of ¢ such that

1
(3.13) sup E[exp (3 M62|Y;‘(s) g(s)@ﬂ <M.,

0<s<1

P< sup

s<t<1

1 PN
(3.14) sup E[exp (W sup |(Ts(t s) — I)Y2(3)|E)} = M,.

0<s<1 s<t<1
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Let Z¢ = &7 V/2(7/ sin(wa))III¢. By Holder inequality, for m > [1/2a] + 1

sup | Z;[3"
0<t<1
¢ 2m—1
< sup </ (t_s)(a—l)(Zm/Zm—l)ds> 22m—1
0<t<1 \’0
(3.15) )
x sup (/ Y5(8) = Y5(8)| 5 +|(Togr_gy — DY 5(5)| ’”)ds)
<o [ (IV3)- Y5 + sup (T~ DYSOE") ds.
where
2

P = T a—2([1/a] + 1)/2[1/a] + 1

Thus we can find a constant ¢! such that

1
E - VA 2
|:exp <3Ca M‘sspa 0s<1tl£)l| tlE):I

= Z - ( sup |Z7 |E)m

3C Méapa 0<t<1l

3.16 > 1 1 1 m
(3.16) <c Y — [/o {<3C—M(32|Yf(3)—Y§(S)|%)

|
m=0 m:

(T = DY56)) Jas |

1
+ | z—— sup
<3 Co, MO2 s<i<1
< ZciMl,

where the last inequality follows from (3.13) and (3.14). For § > 0, applying
Chebyshev’s inequality and (3.16),

P( sup |III{|p > 6)

0<¢<1

1 2 T 21
- P VA 2 —
(3.17) (3% w2t o, 1Zile > 5 Msgpa<sin<wa>) )

52 T 21
2¢I M =)
= %a leXp< 3¢, Mﬁgpa(sin(m)) s)

This gives

lim log P T 8 li > )
& < = -
m & log <OS<1t1£)1| tle > > S (3Ca M52pa(s1n(ﬂ'a)> ) >

which proves the lemma. O
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LEMMA 3.5. Let 6 > 0. Then

lim ¢log P( sup [IVi|g > 8) = —o0.
e—0 0<t<1

PrOOF. Set X7 = I7+ 117+ III;. For notional convenience, in the following
we use y; to denote I'V7. For any p > 0, introduce stopping times

{ =inf {¢ > 0; | X{| > p}, 5 =inf {¢ > 0; |y7| > 6},

and define ¢,(h) = (p? + |h|%)", h € E, where A > 2 will be chosen later.
Put 7 = 7{ A 75. By It&’s formula,

i) = 0 22 [0, (o) — o () AW
@18) el [h0n 0w, - o(wn D o(us,) - o(or,)) ] ds

t
=p2’\+Mf+/0 gsds,

where M denotes the martingale part and

g0 = be 20007 4300 )" (o ut,0) = 00, ) (0(5,0) ~ 0(07,))
+4AA = D)(0? + 155 13) (55, ® ) (0(ul,,) — o(vE,,)
< (o(ut.,) = (05, |
< 3ec(42 = 20)(p? + |y2. 2N Hul,, — vi.l%.

By the choice of 7,

(3.19) |Sr = VinelT < 2(1X50 1% + Y50 IE) = 200" + Y50 [5)-
Thus,
(3.20) gy < ecdX®d(y5,,).

Taking expectation in (3.18), we get from (3.20) that

¢
E[9(y5,)] < p + ecdd® [ E(ba(y5,)) ds.
By the Gronwall inequality, we have that

E[¢(y5,,)] = p* exp(decr®).
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Consequently,

P( sup |yi|g > 8, sup |X7| < p)(p2+52))‘
1

0<s<1 O<t<

@20 < P(5 <1, 7% > 1)(p + 6

< E[¢(¥5,.,)] < p* exp(4scA?).
Let A = 1/¢. It follows that
p2 1/e 1
P| su °lg > 6, sup |X7| < < <—) ex (4c—).
<05s£1|y e 0§t£1| ! p) p% + 82 p e
Hence,
p?
(3.22) limsup elog P( sup |y:|g > 6, sup |X7| < p> < log (ﬁ> + 4ec.
) 0<s<1 0<t<1 p“+6
On the other hand, Lemmas 3.3, 3.4 imply that for any p > 0,
(3.23) lim sup log P( sup | X7| > p> = —00.
e—0 0<t<1
Combination of (3.22) and (3.23) yields
lim sup ¢log P( sup |IVi|g > 8)

e—0 0<s<1

< (hmsupslogP( sup |yi|g > 6, sup |X7| < p))

e—0 0<s<1 0<t<l1

2
1 & p
\% (hmsupslog P( sup |X7| > p)) <log <m> + 4c.

e—0 0<t<1

Sending p to 0, we get that

lim sup slogP( sup [IV:|g > 6) = —00.

e—0 0<s<1

Combination of Lemmas 3.3, 3.4, 3.5 gives Proposition 3.2, hence Theorem 3.1.
O

As an illustration of the result, we look at the following simple example.
For more sophisticated examples, please see [7].

EXAMPLE 3.6. Let D be a smooth bounded domain in R?. Set H = L?(D).
Let A = —A be the Laplacian operator on H with Dirichlet boundary. Then
H, = H}(D), defined in Section 2, is the Sobolev space of order 1. Take E
to be a Hilbert space such that the imbedding Hi(D) — E is a trace class.
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Theorem 3.1 applies to the solution of the following stochastic partial differ-
ential equation:

Juy(x)

o = Au(x) + o(u () Wi(x),

where W,(x) is a cylindrical Brownian motion on H}(D).

4. The small time asymptotics. Let My =(X,, t >0, @,, x € E) be
the diffusion as in Section 2. Set, for u, v € 7 ¢;°,
(4.1) I'(u, v)(2) = (A(2)Vu(z2), Vv(z))HO.

The intrinsic metric d(x, y) on E x E determined by the Dirichlet form
(2, D(2)) is defined as

(4.2) d(x,y) = sup (u(x) — u(y)).

ues Cy, I'(u, u)<1

From the definition, it is easy to see that d(x, y) < coifand only if x—y € H,,.
Let B be a Borel subset of E. We define d(x, B) = inf{d(x, y); y € B}. For
two Borel subsets B, C with w(B) > 0 and u(C) > 0, let

(4.3) d(B, C) = sup (essinf d(z, C), essinfd(z, B)).
zeB zeC

Set u(x) = d(«x, B). Since d(-, -) is lower semicontinuous on E x E, we see that
u(x) is measurable if B is a union of a sequence of compact sets.

PROPOSITION 4.1. Assume B =, K,, where K, is compact. Then for any
constant ¢ > 0, u,(x) = u(x) Ace D(2) and I'(u,, u,)(z) < 1.
ProoOF. Let h € Hy. Then we see that
|uc(x + h) - uc(x)l
<d(x+h,x)

= sup (v(x + h) — v(x))
veF Cy, I'(v, v)<1

1
= sup [0 (Vu(x + sh), h)HO ds

veF CY, I'(v, v)<1

(4.4)

1
< sup / Vo(x + sh)|, |klg, ds
veFCF, (v, v)<1| 70 0

1 |
—  sup /O | A2 AV (5 + sh)Vo(x + sh)| B, dsi

ve7 CyY, T'(v, v)<1

1
<c sup [(F(0.0)(x + k)" ?|hly, ds < clhlm,.

ve7 Cy, T'(v, v)<1
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By Theorem 2.3 in [19], this implies that v, € D(2). Next, we are going to
prove I'(u,, u)(x) < 1. Since I'(u,, u.)(x) = [AY2(x)Vu(x)|3,, it is enough to
establish

(AY2(x)Vu,(x), h)HO| <|hlg, forall he H,
Observe that
lu (x + sAY2(x)h) — u(x)| < d(x+ sAY2(x)h, x)

< sup (v(x + sAY2(2)h) — v(x))|
ve7 Cy, I'(v, v)<l.

- sup / (Vu(x + tAY2(x)h), A1/2(x)h>H0 dt'
veFCY, I(v,v)<1, | /0

sup [ C(Vo(x + tAV2(2)h),

ve7 Cy, I'(v, v)<1,

IA

AV2(x + tAY2(x)h)h), dt

(4.5)
+  sup [ (Vo(x + A2 (@)h), (AV2()
ve7Cy, I(v,v)<1, | 70
— A2 (x + tAl/z(x)h))h)H0 dt'
< sup [ T(v,0)2(x+ tAV2(x)h) bl g, dt
veF Cy, I(v,v)<1, 70
+ 0/8 ‘(A”Z(x) — AY2(x + tAV2(x)h)R| dt.
0 | H,
Hence,

(A12(2)u (x), By |

du(x)
_ 1/2 _ c
= I(Vuc(x), A (x)h)H0 = I—&Al/Z(x)h'
1/2 _
_ tim (uc(x+sA (x)h) uc(x)>|
s—0 S
1/2 — I
< lim sup U (x +sAY3(x)h) uc(x)I
s—0 S |
. 1 s
< lim sup (—/ |hla, dt)
s—0 S J0

1 s
+ climsup = / '(Al/z(x) — AV2(x + tAY2(x)h))h| dt
0

s—0 S

H,
= |h|H0 >
which proves the proposition. O
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Set
Q) = [ Q.()dp.
E
THEOREM 4.2. Let B, C be two Borel subsets with w(B) > 0, u(C) > 0.
Then
lim sup 2¢tlog Q(X, € B, X, € C) < —d%(B, C).

t—0

PROOF. We proceed as in [10] and [11]. First, note that we can assume B
and C are a union of compact sets. Otherwise, we replace B and C by subsets
that also have the same measures as B and C. Furthermore, we can assume
d(B,C) > 0. Let A be any positive number such that A < d(B, C). Then,
ess inf,.pd(x, C) > A or ess inf, - d(x, B) > A. We assume, for example, the
latter holds. This implies that there exists a Borel set K C C with w(K) =
u(C) such that

(4.6) d(x,B)> A forall x € K.

Now fix an integer n > A. Define u(x) = d(x, B) A n. By Proposition 4.1, we
know u € D(&). Then, by the Lyons—Zheng’s decomposition (see [15], [16]),
under @ the following holds:

@D w(X,) —u(Xo) = gM{ — (M (v(0)) = M{_(v(w))) for0<s=<t,

where M, is an .7, = 0(X,, s < t)-square integrable martingale with
t
(4.8) (M"), = /0 T(u, u)(X,)ds

and v, is the reverse operator such that X (y,(w)) =w(t —s), 0 <s <t
Remarking that u is an invariant measure of the diffusion process, we have

Q(X,eB, X,eC)=Q(X,€cB, X,cK)
= QX)) > A, u(Xy)=0) = Q(u(X,) - u(Xy) > A)
o = Q50 - M (o)) = A
< QUMY > 1)+ QUMY > X)

<4 R ex ( 82> ds
TIEN 2T P 2 ’
where we have used the reversibility of the diffusion and (M%), < ¢ which

follows from (4.8) and I'(u, ©)(z) < 1. Thus we get from (4.9) that
(4.10) limsup 2¢tlog P(X, € B, X, € C) < —A%

t—0
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Letting A — d(B, C), the assertion follows. O

For the lower bound, more assumptions on A(z) are needed. Basically, the
assumption can be formulated as follows.

ASSUMPTION 4.3. The operator function A(z) is smooth enough so that the
diffusion M is a solution of a stochastic differential equation or stochastic
evolution equation on the Hilbert space E with coefficients satisfying (I), (II)
or (Iy, (IY in Section 3. For example, A(z) € C3(E — £,(H,)), A = Iy,.

THEOREM 4.4. Assume assumption 4.3 holds. Let B, C be two Borel subsets
with w(B) > 0, u(C) > 0. If B or C is open, then
lirtniglf2tlog Q(X,€eB, X,eC)>—d*B,0C).
PROOF. Assume, for example, C is open. Let A = d(B, C) and ¢ > 0. Since
ess inf,_ g d(x, C) < A+e¢, there exists a compact subset K ¢ B with u(K) > 0

such that d(x, C) < A+ ¢ on K. For any x € K, applying the large deviation
principle in Theorem 3.1 we have

(4.11) liminf 2tlog @, (X, ()= —d(x, C)? > —(A+e)

t—0 s Xp—>X.

Since C is open, 2¢log P(X7 € C) is lower semicontinuous on [0, 1] x K. Hence
it is lower bounded by (4.11). Applying Fatou’s lemma and Jensen’s inequality,

limig1f2tlog Q(XyeB, X,€0)
t—

> lirtniglf2tlog R(Xye K, X,€C)
= lim iglf 2tlog </ Q. (X, e C),u(dx)) > lim ionf 2tlog(u(K))
- t—

—i—liItILigletlog( (K)/ Q.(X, eC)de))

t—0

> lim inf % [ 21108 Qu(X, € C)u(dx)

,U«(K / liminf 2t log Q.(X, € C)u(dx)

> —(A+¢)?

M(K) /K w(dx) = —(A + )2,

where we have used (4.11) for the last inequality. Since ¢ is arbitrary, the
theorem is proved. O
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5. The perturbed Ornstein—-Uhlenbeck processes. In this section, we
study the small time asymptotics of perturbed Ornstein—Uhlenbeck processes,

(5.1) dX,=dw,— 1AX,dt+b(X,)dt,

where b is a drift of gradient type, but can be very singular and unbounded.

This case cannot be covered by Section 4. We have to adopt a different
approach. The main tool is the Girsanov theorem. First we give the con-
struction of the perturbed process. Let ¢ > 0, ¢ € D(&), Define m(dx) =
©%(x)u(dx). Consider the quadratic form

(5.2) o”g(u, v) = %/E(Vu, VU)HO<p2(x)d,u, u,ve 7Cy;

It is known (see [19] and [20]) that the form ((fg(u, v), 7 Cy’) is closable on
L2(E, m). Its closure (&,, D(&,)) is a Dirichlet form. The associated diffusion
((X¢)i=0> T4, Qi x € E) solves (5.1) with b = V¢ /¢ in the weak sense.

The intrinsic metric d(x, y) associated with the Dirichlet form (&, D(&,))
can be exactly defined as in Section 3 with I' there replaced by I'(u, v)(z) =
(Vu(z), Vu(2)) g, here. Let B be a Borel subset of E; we define d(x, B) =
inf{d(x, y); y € B}. For two Borel subsets B, C with w(B) > 0 and u(C) > 0,
let

(5.3) d(B, C) = sup(essinf d(z, C), essinfd(z, B)).
zeB zeC
Define
Q) = [ Q.()Q*x)du.
E
We first recall some known results.

THEOREM 5.1 [11]. Let B, C be two Borel subsets with w(B) > 0, u(C) > 0.
If B or C is open, then

(5.4) liminf 2¢log P(X, € B, X, € C) = —d*(B, (),

where P is the probability measure corresponding to the Ornstein—Uhlenbeck
process defined in Section 2.

REMARK 5.2. The above theorem is now also contained in Theorem 4.4.

THEOREM 5.3 [4]. The diffusion ((X;)=0, 7, Q., x € E) is given by
(5.5) dQ.|s = exp [M}"¥ — L(M™¢),} dP, |,

where M™¢ stands for the martingale part of Fukushima’s decomposition of
the additive functional In ¢(X,) —In ¢(X ) (see [12]) and

1 HiVe ?
(5.6) (M™%), =/ s (Xy)ds
H,

0

is the bracket.
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We now prepare some preliminary results.

LEMMA 5.4. Let b(x) be a nonnegative measurable function on E. Assume
that there exists a & > 0 such that [, exp(8b(x))du < oc. Then for any M > 0,

t
(5.7) limE[exp (M/ b(XS)ds)} =1,
t—0 0
where E stands for the expectation with respect to P.

PrROOF. By Jensen’s inequality,
t 1 ot
1< E|:exp (M/ b(Xs)ds)] < E[—/ exp(Mtb(Xs))ds}
0 tJo

= %/Ot E[exp(Mtb(X,))]ds = /E exp(Mb(x)) dp,

where we have used the fact that u is an invariant measure of the Ornstein—
Uhlenbeck process.

The assertion now follows by the dominated convergence theorem.

LEMMA 5.5. Let B, C be two Borel subsets with w(B) > 0, w(C) > 0. Let
B,, n > 1 be a sequence of subsets such that B, * B. Then

(5.8) lim d(B,, C) = d(B, C).

Proor. Let L = lim,_, d(B,,C). Clearly, L > d(B,C). Suppose L >
d(B, C). Then essinf, .z d(z,C) < L and essinf,_- d(z, B) < L. This implies
that there exists a subset K C B such that w(K) > 0 and d(x,C) < L for
all x € K. Since u(K N B,) > 0 for big enough n, it follows that essinf, g
d(z,C) < L for big enough n. To show d(B,,,C) < L, we need also to prove
essinf, .~ d(z, B,) < L. Since essinf,.-d(z, B) < L, it holds that u(C N
{x;d(x,B) < L}) > 0.

On the other hand,

Cn{x;d(x,B) < L}=JCn{x;d(x, B,) < L}.

Hence, if n is big enough, w(C N {x;d(x, B,) < L}) > 0 which gives essinf, .
d(z, B,)) < L. Thus we have proved that d(B,,, C) < L for big enough n, which
is a contradiction. The proof is complete. O

Let B be a Borel subset. Define the function u(x) = d(x, B) and set u,(x) =
u(x) A n.

LEMMA 5.6. For any n > 1, we have u, € D(&) and I'(u,,, u,)(z) < 1.
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ProoF. Fix any x € E and h € H(; we have
(5.9 lu,(x + k) —u,(x)] < d(x + h, x) = |thlg,.

This implies that as a function on the real line, u,(x + &) is absolutely contin-
uous and |du,(x + th)/dt| < |h|y, which already gives us the desired result
according to the uniqueness result for D(&) given in [19].

THEOREM 5.7. Let B, C be two Borel subsets with w(B) > 0, u(C) > 0.
Then

(5.10) lim sup 2¢log Q(X, € B, X, € C) < —d?(B, C).

t—0

The proof is the same as that of Theorem 4.2; therefore, we omit it.

THEOREM 5.8. Assume [, exp(8|qu/go|fqo(x)) du < oo for some small & > 0.
Let B, C be two Borel subsets with w(B) > 0, w(C) > 0. If B or C is open, then

(5.11) lim inf 2¢ log Q(X, e B, X,cC)>—-d*B,0).
PROOF. Let us say, for example, that C is open. Set
(5.12) Z,=exp {Mlt“*" -~ %(le)t}

Then, according to Theorem 5.3, d Qx|9; = Z,dP,|4. Choose a sequence
{5,,, n > 1} of positive numbers satisfying 6, | 0. Define B, = B N {x;

¢*(x) > 8,}.
Now, for any n > 1,

Q(X,eB, X,cC)= /E Q.(X, e B, X, € C)p*(x)du
= [ @u[Xo € B. X, € C. ¢*(Xo)ldn
(5.13) =/pr[ztgo2(X0); X, € B, X,eCldu
=5, [ PZs ¢*(Xo) > 8,: Xo € B, X, e Cldp

- 5n/ P,[Z,; X,€B,, X,cCldpu.
E

Hence,
lim inf 2t log Q(X,€ B, X,€0)
t—
(5.14) > lirtniglf 2t[log 8, +log P[Z,; X, € B,, X, € C]]

= limionf2tlog P(Z,; XyeB,, X,eC].
t—
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Since B,, 1 B, applying Lemma 5.5 we see that the theorem follows if we have
proved

(5.15) lirtniglf2tlog P(Z,; X,€B,, X,eC]>—-d*B,,C) foranyn > 1.

Let us now prove (5.15). Drop the index n for simplicity. We may assume
A =d?(B, C) < cc. For any &; > 0, it follows that

P[Z,; X,e B, X, (]
€1 €1
(5.16) 29XP<—§>P(Zt>eXP(—§), X, € B, XteC)

> exp(— %)[P(XO €B, X,eC)— P(Zt < exp(— Z—;))},

where P(Z, < exp(—e&;/2t)) can be further estimated as follows: let a > 0,

(5.17) P(Zt < exp ( - %))
= P(Zt1 > exp (%))

In a V‘P
= p(ewm (et G [13F

R

e 1 Ve 2 1/2
(5.18) fexp(— 1)E|:exp<—2aMtw—2a2/ —‘ (Xs)ds):|
ol @ |u,

2t
2 1/2
x E|:exp ((2a2 —i—a)/t 'El (Xs)ds)]
ol ¢ g,
aal
(5.19) <exp ( — 2—t>Da(t),
where
t VQD 2 1/2
(5.20) D,(t) = E[exp ((2a2+a)/ —' (Xs)dsﬂ
ol ¢ g,

and from (5.18) to (5.19) we used that exp(—2aM "¢ — 2a2 N IVe/el3,(X,)ds)
is a super-martingale.

On the other hand, for any &, > 0, by Theorem 5.1 there is ¢; > 0 such that
if t <y,

(5.21) P(X, < B, X, cC)> exp ( _A "2:‘92)
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Take ag = (A + 2&49)/ 1. It follows from (5.16), (5.19) and (5.21) that if ¢ < ¢4,
P(Z,;X,e B, X, (]

&1 )\—|-82 /\+282
oo zoe( ) [ (-5 - Pawen (25
_ _&a _Ate _ &
_exp< 2t)exp( 97 >|:1 exp( 2t)D“°(t)i|'

By Lemma 5.4, we have that

(5.23) lim [1 —exp ( - E)Dao(t)} —1.

Hence, (5.22) and (5.23) imply that
limi&letlogP[Zt; XoeB,, X,eCl=—-e;—A— &,
t—

Since ¢y, g5 are arbitrary, (5.15) follows; hence the theorem. O
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