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STOCHASTIC SUB-ADDITIVITY APPROACH TO THE
CONDITIONAL LARGE DEVIATION PRINCIPLE

By Znurv1 CHI
University of Chicago

Given two Polish spaces Ay and Ay, let p: Ay x Ay — R? be a
bounded measurable function. Let X = {X,:n>1}and Y ={Y,:n > 1}
be two independent stationary processes on A and AY, respectively. The
article studies the large deviation principle (LDP) for n~! Yho1p(Xp, Yy,
conditional on X. Based on a stochastic version of approximate sub-
additivity, it is shown that if Y satisfies certain mixing condition, then
for almost all random realization x of X, the laws of n~! Yhoip(xp, Yy)
satisfy the conditional LDP with a non-random convex rate function. Con-
ditions for the rate function to be non-trivial (that is, not 0/cc function)
are also given.

1. Introduction. This article aims to establish the conditional large de-
viation principle (LDP) for the partial sums of R?—valued functions of general
processes. Given two Polish spaces Ay and Ay, that is, metrizable complete
separable topological spaces, suppose X = {X,;n € Z} and Y = {Y,;n €
Z} are two independent stationary processes taking values in (A%(’ Fx%) and
(A%, ), respectively. Let P = dist(X) and @ = dist(Y"). For the process X,
denote by o(X}) the o—field generated by X; = (X, ..., X ;) and likewise for
Y. Given a bounded measurable function p : Ay x Ay — R?, we are interested
in the LDP of

1 n
(1.1 pn(x1, Y1) = =3 p(xp, Yy),
o

given a random realization x = {x,;n € Z} of X. Because x is fixed in the
partial sum once it is chosen randomly, the conditional LDP of the partial sum
sometimes is referred to as the “quenched” LDP.

Our interest in the quenched LDP for p, (X7, Y]) largely comes from the
asymptotics of waiting times between stationary processes, which are impor-
tant to data compression based on string matching [10, 9, 8, 11]. When p is a
bounded real valued non-negative function, p, (x7, y7) is termed the distortion
between x| € A% and y} € Ay. In lossy data compression, y = {y,;n > 1} is
taken as a randomly generated code book, and x7 is encoded as the smallest %
such that the distortion between x7 and yZ’Lk_l is no more than a given value.
It was established in several places [7, 11, 4] that if the distortion is restricted
to be less than D, then using a code book randomly generated from Y, the
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compression rate for the initial segment of length n of a random realization
of X is asymptotically equal to the P-a.s. limit of

1
(1.2) —log @Y : p,(X7, YY) < D}.

The P-a.s. limit of (1.2) was first studied in [11, 8], with A x and Ay finite, and
Y either an i.i.d. process or an irreducible Markov chain. The large deviations
approach to (1.2) was initiated by Dembo and Kontoyiannis [4]. Assuming A x
and Ay to be general Polish spaces and Y an i.i.d. process, they proved the P—
almost sure convergence of (1.2) to a limit in terms of D. The main gradient
in their proof was the standard change of measure combined with the cen-
tral limit theorem. With different methods, similar results were established
in [12]. In [3], the P—almost sure convergence of (1.2) was generalized to the
case where Y is ¢—mixing. The method there was to divide X into disjoint
blocks, and, by y—mixing, treat the blocks as vector-valued independent ran-
dom variables, making it possible to apply change of measure and the central
limit theorem to establish the limit.

We will study the conditional LDP of p, (X7, Y1) under a more general mix-
ing condition for Y, namely condition (S) (see Definition 1). The implication
of condition (S) to LDP was first studied in [2]. We combine the asymptotic
value method of Bryc (1990) and Gértner-Ellis theorem to approach the LDP.
Specifically, the asymptotic value method is used for the lower bound of the
LDP, while Gartner-Ellis theorem is used for the upper bound.

The key to the conditional LDP for p, (X7, Y1) by the above combined meth-
ods is a stochastic version of Hammersley’s approximate sub-additivity [6]. The
following result on “stochastic approximate sub-additivity” is the basis for the
other results in this article.

THEOREM 1. Let T be an ergodic measure-preserving transformation on a
probability space (O, 7, P). Let h,, : O — R, n > 1 be a sequence of measurable
functions satisfying two conditions:

(i) There exists a non-decreasing sequence A(n) > 0 with

o A(k)
(1.3
] k(k+1) 1)
such that
(1.4) hpim(®) < hy(o)+ b, (T"w)+ A(n + m), P-a.s.

(ii) A, € L{(P), n > 1 and
hy (@) = hy(Tw)

(1.5) lim - =0, P-a.s.

Then lim,,_,  E[h,(w)/n] exists and

(1.6) lim sup 2~ ”( ) = lim E [M} , P-as.
n— o0 n—>00 n

where E is expectation under P.
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Most part of the conditional LDP can be proved without assuming inde-

pendence between processes. To see this, let (Q, 7,v) = (A§ X A%, I

¥ X
Iy, P x ). Denoting by w a generic element of (), then v = (x, y), with
x ={x,:neZ)ec A% and y = {y, : n € Z} € A%. Regard p as a function
Q — RY, such that p(w) = p(x;, y;). Denote by T the shift operator, which
maps o to o = («/,y'), with x/, = x,,.1, ¥, = ¥,11, » € Z. T is not only
measure-preserving, but also one-to-one, and 7! is measurable as well. Also,
regarding X as a measurable function Q — A% such that X(w) = x, the
o-algebra generated by X, denoted o(X), is a sub-algebra of . and is closed
under T and T!. Finally, T is ergodic on (Q, o(X), »).

To take into account the randomness involved in the conditional LDP, con-
dition (S) used here is modified from the original one in [2] (see Definition
2). It still consists of two parts, one is condition (S_), the other one condi-
tion (S, ). Using Theorem 1, we can prove the following statement which only
needs (S_).

THEOREM 2. Let T be a one-to-one measure-preserving transformation on
a probability space (Q, 7, P), and assume T~! is measurable. Given # C F,
suppose for any B € #, T(B), T"Y(B) € % and T is ergodic on %. Let p : Q —
R? be a bounded measurable function. Denote

pa(0)= = 3 p(TH0).
k=1

If the process {p o T" : n € Z} satisfies condition (S_) uniformly, conditional
on A, then for any continuous, bounded above, concave function f : R® — R,

1
(1.7) As=lim E [— log E [e”f(p"('))|%”
n—o00 n
exists and
1
(1.8) liminf — log E [e"f@n(-))w] =A;,  Pas.
n—oo n
Consequently, for A € R?,
1
(1.9) AQN) = lim E [—ng [e"“”’"(')>|%ﬂ
n—o00 n
exists.

By Bryc’s inverse Varadhan lemma, Theorem 2 suggests that if the laws of
p,, conditional on & satisfy a conditional LDP, then the associated rate function
should be I(u) = supsec){f (%) — As}. This however can not be proved by
directly applying the asymptotic value method, because (1.8) only asserts the
existence of lim inf of n~!log E[e™ (?»()|#]. Despite this, we can first establish
a weaker result. Denote by C,(R?) the space of bounded continuous functions
on R?,
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THEOREM 3. Let p,(du|w) 2 w,(du | #)(w) be the regular version of the
conditional probability measure on R? induced by p,. If for any continuous,
bounded above, concave function f : R® — R, the following limits exist:

: 1 ny(u
(1.10) Ap=lim E [;log{/e f( ),un(du|w)]]
and
1
NP nf(w) _ o -
(1.11) hrILT_l)lol;)lf - log {/e ,u,n(du|w)} = Ay, P-a.s.;

then there exists a sequence n; and Z C Q with P(Z) =0, such that for o ¢ Z
and f € Cy(R?),

(1.12) A; = lim 1 1og [/e"ifwmni E(du|w)]

1—>00 n’i

exists, directly leading to

(1.13) Ap=lim E [i log {/e""f(”)lini(duw)}] .

1—00 n;

Finally,

(1.14) liminf = log {/e”f(“)un(dum)} >A;, [ eCyRY), 0 ¢ Z.
n

n—oo

REMARK. Regular versions of the conditional probability measures
w,(du|w) always exist if u, are defined on the Borel o-algebra of R? ([1],
pages 77-80). Also, because p is bounded, the support of w,, n > 1, is uni-
formly bounded.

By Theorem 3, we can get a constant lower bound for the P—almost sure
first order asymptotic of u,,(G|w), with G open, hence proving the lower bound
of the conditional LDP for p,,.

COROLLARY 1. Let

(1.15) I(u)= sup {f(u)—Ar}.
feCy(R?)

If (1.14) holds, then

1
(1.16)  liminf Elogun(G|w) > —I(u), wdZ,GcR?open, ucG.

Turning to the upper bound for the conditional LDP of p,, because of the
absence of a limit for (1.11), it is not clear how to modify the argument of
the asymptotic value method to get a constant upper bound in terms of I. To
get around this difficulty, we adopt the convexity argument of Gartner-Ellis
theorem, which requires condition (S.).
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THEOREM 4. Fix T, % and p as in Theorem 2. Assume the process {poT" :
n € Z} satisfies condition (S ) uniformly, conditional on %. Then A()) defined
by (1.9) exists for all A € R?. In addition, there is a set Z C Q with P(Z) =0,
such that

1
(1.17) limsup - log E [e”<)"p"(')>|%’] (0)=A(\), w¢Z, AeRe
n

n—oo

The proof for Theorem 4 follows closely the one for Theorem 2 and also uses
the stochastic approximate sub-additivity. By the argument of Gartner-Ellis
theorem we have:

COROLLARY 2. With u,(du|w) defined as in Corollary 1, suppose there is
Z C Q with P(Z) =0, such that

lim sup = log {/enwmn(dmw)} =A)), AreRY wgZ.
n

n—oo

Then for any compact set F C R?,

(1.18) lim sup llog sy (Flo) < — inlt; {A*(u)}, w¢Z,
n—oo I ue
where A*(u) = sup,re{(A, u) — A(A)} is the Fenchel-Legendre transform of
A(X).

Returning back to the original problem, that is, the quenched LDP for
po(X71,YT), we see that since p is bounded, given random realization x of
X, the laws for p,(x7,Y?}), n > 1, are exponentially tight. Therefore, (1.18)
holds for arbitrary closed set F. To complete the proof of the quenched LDP
for p,,, we finally need to demonstrate A* = I. By Varadhan’s integral lemma,
it is enough to show that I is convex. Because the convexity of I requires some
extra work than the non-stochastic case, we present it as a theorem.

THEOREM 5.  Let w,(du|x), x € A%, be the conditional probability mea-
sures induced by p,(x7?, Y7) on R If Y satisfies condition (S_), then I defined
by (1.15) is a convex good rate function, and hence I = A*.

Combining the above results, we get:

PROPOSITION 1.  Suppose X and Y are two independent stationary pro-
cesses on A§ and A%, respectively. Let X be ergodic and Y satisfy condition
(S). Then given bounded measurable function p : Ax x Ay — R?, for almost
all random realization x € A% of X, p,(x7,Y?7}) given by (1.1) satisfies the
LDP with good rate function I = A* with

(1.19) AQ) = lim %EX [1og Ey [e)"’"(XY’Y?)]].
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The following diagram summarizes the steps to prove the quenched LDP
for p,(x7,Y?"), for Y satisfying condition (S). Main ingredients of the proof
are indicated by numbers in boxes.

1
liminf = log Q{Y : p,(X?,Y") € G}
—> n—o00 n

> —I(u) VYu € G open, P-a.s. Quenched
LDP for

I=A" the Laws of
pn(XT,YT)

lim sup + log Q{Y : p, (X", ¥") € F}

n—soco N

(S-)

(S5)

< —inf A*(x), F compact, P-a.s.
ueF

1. Stochastic approximate sub-additivity; 2. Bryc’s asymptotic value method;
3. Separability of C(I'), for any compact I' ¢ R?; 4. Gértner-Ellis theorem;
5. Boundedness of p = exponential tightness.

The rate function A* in Proposition 1 can also be given in terms of relative
entropy (Corollary 4, [7]; Proposition 1, [4]; Property 1, [12]). Also, follow-
ing the argument in [2], the conditional LDP for the empirical measures of
{p(X,,Y,):n € Z} could be proved without much difficulty.

Next we consider the functional property of the convex rate function I.
As mentioned earlier, I is a good rate function. In order to see whether the
quenched LDP gives any interesting information, we would like to investigate
whether I is non-trivial, that is, not a 0/co function. When Y is ii.d. and X
is an arbitrary stationary process, it is easy to demonstrate that under some
minimal conditions, I is non-trivial. To get such rate function when Y only
satisfies condition (S_), we shall consider the case where X be is an i.i.d.
process. For simplicity, let p be R—valued. It is not hard to see that if either
AN(0+) < A'(c0) 2 lim, ., A'(A+) or A'(0—) > A'(—o0) = lim, ,_ ., A'(A-),
then I = A* is non-trivial.

To get the local property of A at 0, consider the “mean” process {p(Y ,,);n >
1}, where p(y) = Ex[p(X1, y)], y € Ay. Because Y satisfies condition (S_),
so does {p(Y,);n > 1}, implying it satisfies the LDP with good rate function

i=1

(1.20) A(N) = lim % log Ey |:exp {)\ Xn: ﬁ(Yi)}:|

It turns out that A < A and the two functions have the same local property at
0 (Proposition 2). This leads to the following:
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THEOREM 6. Fix X,Y and p as in Proposition 1. Let X be an i.i.d. process
and p be an R-valued function. Denote P, = dist(X,) and @, = dist(Y ).

Suppose that @ —almost surely, the P—measure of the set of discontinuity
points of fy (x) 2 p(x,Y;) is 0. Define A by (1.20) and A by (1.19). If A* is
non-trivial, then A* is also non-trivial.

When A* is trivial, we need to further exploit the assumption that X is
i.i.d. Consider the case where the mean process {p(Y ,);n > 1} is zero. Then
A’(0) = 0 and it is enough to check whether A’(c0) > 0 or A’'(—o0) < 0. It can
be shown that given n > 1 and J C {1,2,...,n},

Ex |:10gEY |:exp {iP(Xi, Yi)}:|:| > Ex |:10gEY |:exp {ZP(XL', Yi)}:|:| .
i=1 ied

The right hand side suggests that one may remove dependence structure from
Y and uncover some of its independence structure. Indeed, if there is J C N
with non-zero asymptotic density, that is, lim|J N {1,2,...,n}|/n > 0, such
that Y,,i € J are only weakly dependent, then by the above inequality, it
is possible to get non-trivial rate function for p, (X7, Y?). The existence of
such J will be formulated as condition (A) (Definition 3). Since the condition
does not require weak dependence for blocks of elements of Y it is not too
restrictive. In particular, if Y satisfies condition (S_) and Ay is finite, then
Y satisfies Condition (A). We thus can show:

THEOREM 7. Given X, Y and p as in Theorem 6, suppose p(y) =
Ex[p(X1,y)], ¥ € Ay, is a constant a. Assume Ay is finite and, without
loss of generality, Pr{Y, =y} > 0, y € Ay. If Y satisfies condition (S_) and

(1.21) Ex [m}gx p(X,Y;)— m}n p(Xq, Yl)] > 0,

then A*(x), with A()X) given by (1.18), is non-trivial.

Besides Theorem 7, the case where p is not constant will also be considered
in Section 7.

The remaining part of the article proceeds as follows. In Section 2 we prove
Theorem 1. In Section 3 we prove Theorem 2, Theorem 3 and their implications
on the lower bound of the LDP for p,. In Section 4, we prove Theorem 4 and
its implications on the upper bound of the quenched LDP for p,. Convexity of
the rate function of the LDP is proved in Section 5. Theorem 6 is proved in
Section 6. In Section 7, we discuss condition (A) and prove Theorem 7.

2. Stochastic approximate sub-additivity. In this section, we prove
Theorem 1. First note a simple property of A(n) satisfying (1.3):

(2.1) lim M =0.

n—oo n
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Indeed, for any n > 1, since A(%) is non-decreasing and non-negative, by (1.3)
of Theorem 1,

_A(m) _ S A

0=—, _kgk(kﬂ)f

— A(k)
; v

k=n

ProOF OF THEOREM 1. Since A, € L;(P) and T is measure-preserving,
from (1.4),

E[hy,p] < E[h,)+ E[h,,] + A(n +m),  m, neN,

Then Hammersley’s approximate sub-additivity lemma implies that E[h,/n]
converges [2].

To show (1.6), there is Z C Q with P(Z) = 0, such that (1.4) is satisfied by
w ¢ Z and all m, n > 1. Enlarge Z to U3 (T~*Z’, with Z' = Z U{|h;| = oo, for
some k > 1}, so that if w ¢ Z, then T"w ¢ Z and |h,(w)| < o0, n > 1. Given
k > N, define a sequence D(n) by

D(1) =0, D(2%)=2D(2Y)+A(2k), s=1,
{ D2 +7)=D(2°)+ D(r) + A(2' +r)k), r=1,...,2 1.

We show by induction

n—1
(2.2) hop(@) < Y k(T ) + D(n), P-as.

=0

When n = 1, (2.2) is obvious. Suppose (2.2) holds for 2/, [ < m —1. Let n = 2™.
By the induction hypothesis, for v ¢ Z,

(@) < npya(@) + (T2 0) + A(nk)

am-1_1
< Y h(T*w)+ DE™ 1)
Jj=0
om-1_1 )
+ Y Ry (T2 Dk y) 4 D(2™1) + A(2™ k)
j=0
2m_1 )
= hy(T#*w) + D(2™).
Jj=0

So (2.2) is proved when n is a dyadic integer.
On the other hand, assume (2.2) holds for all n < 2™. If 2™ < n < 2m+L
then n = 2™ + r, with 1 < r < 2™ — 1. By the induction hypothesis and what
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has been proved for dyadic integers,

(@) < hg(@) + hgnp(T™ ) + A(nk)

r—1 2m—1
<Y h(T*0)+D(r)+ Y. k(T w) + D(2™) + A(nk)
Jj=0 Jj=0
n—1 )
=Y h(T"w) + D(n),
Jj=0

proving (2.2). |
Given o ¢ Z and s =0,..., k — 1, by (2.2), hyp(T*0) < X725 k(T 0) +
D(n) and hence

k-1 n—1k-1
Tk 2 il T70) = Lo 55 by 20
(2.3) N D)
: n
- J _— 7
= Tnk EO (T ) + =5

Let n — oo. Because h;, € L{(P), by (1.5) and the assumption that T is
ergodic,

E[hk] . D(n)
m S nk A +11£Ln_)sogp 7 P-a.s.

Forr=1,..., k-1,
Bojsr(@) < Bp(@) + iy (T" @) + A(nk + 7).

Divide both sides by nk +r and let n — oc. By (2.1), (nk+r) 'A(nk+r) — 0.
By (2.4) and the assumption that T' is measure-preserving, it is easy to get

(2.4)

Pnpir _ E[A(T"@)] | . D(n) _ E[h] .. D(n)
li nitr 1 = 1 —.
Oy e Y EESP Tk
Thus
E D
limsup —* < lim Elh] + lim inf lim sup ﬂ, P-as.
n—o00 n k— o0 k—o00 n—o00 nk
We next show
D(n)
lim li =0.
oo el Tk

By the assumption, A(n) is non-decreasing and non-negative, then

D(2") B n—1 A(2jk) B n—1 ; 2711 1
21k _Jgo 27k 2ZA(2 k) Lgk i(i+1)
n—12/+1k—1 A(l) o0 A(L)

SPl L WD S PHi+D

Jj=0 i=2ik
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It is easy to see that D(r) is increasing. Then for 1 < r < 2" — 1, (2" 4+
r)"1D(2"+r) < 27" D(2"1). It then follows that [D(n)/nk] < 4372, [A(1)/L(1+
1)]. Let n, # — oo to complete the proof.

Thus we have

(2.5) lim suph— < lim Elhi]

n—soo N~ k—oo k-’

P-a.s.

Integrate both sides of (2.5). By Fatou’s lemma,

. E[h] . h, . E[h]
B i il iy
which implies equality holds P—almost surely in (2.5), hence completing the
proof. O

COROLLARY 3. Let h, satisfy all the conditions in Theorem 1, except (1.5)
being replaced by

h —h, (T
(2.6) lim sup | 2(@) = n(T@)| _ o
n—oo we n
Then for any r > 0,
lnr)
2.7 lim sup M < lim E [M} , P-a.s.
n—>00 n n—o00 n
where |t] is the largest integer < t.
PROOF. Apply (2.3) to T w to get
11 k+|rn]—-1 11 nk—1+|rn] ) D(n)
—— h,, (T® - h(TY —.
kEnk Z nk( w)iknk Z k( w)+ nk

s=|rn] Jj=lrn]
By the same argument for Theorem 1 and (2.6),
lim sup[%, (T w)/n] < [Ehy(w)/k] + limsup[ D(n)/nk], P-as.

The remaining part of the proof is identical to Theorem 1. O

3. Condition (S) and the lower bound of the conditional LDP. In
this section, we apply Bryc’s asymptotic value method to get a constant lower
bound for the LDP of p,(X7, Y}]) conditional on X, given that Y satisfies
condition (S).

DEFINITION 1. Let Y be a stationary stochastic process defined on
(AT, Fy, Q). The process is said to satisfy condition (S) if for every C > 0,
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there is a non-decreasing sequence £(%) € N satisfying (1.3), such that
(8-): sup|Q(A)Q(B) ~ QAN B):
Aco(¥h).Beo(Yiin") kheN| e,
(S,): sup|Q(ANB) — "™ Q(A)Q(B):

Aea(Yh),Beo(Yiiim") kheN| e

To get the conditional LDP without assuming independence between X and
Y, we introduce the following version of condition (S).

DEFINITION 2. Let U = {U,;n € Z} be an R%-valued stationary process
defined on probability space (Q, 7, P). Given o—algebra # C &, U is said to
satisfy condition (S_) [respectively, (S, ), (S)] uniformly, conditional on £, if
for every C > 0, there is a non-decreasing sequence ¢(k) € N satisfying (1.3),
such that condition (S_) [respcetively, (S, ), (S)] in Definition 1 is satisfied
P-almost surely, with @ replaced by P(-|%).

We shall need several inequalities from [2]. They are quoted below for com-
pleteness.

LEMMA 1. Fix two o—fields & and <. If sup{P(A)P(B) — aP(AN B) :
A e 7,B e £} < b, then for non-negative random variables W € L*®(%),
Z € L*(¥),

EW)E(Z) — aE(WZ) < b|W| [ Z] -

If sup{P(ANB) —aP(A)P(B): A e %, Be £} <b, then for non-negative
random variables W € L*(%), Z € L>(¥),

E(WZ) — aE(W)E(Z) < b|W| [ Z] -
PROOF OF THEOREM 2. We follow the proof for Theorem 6.4.4 in [5]. Be-
cause p is bounded, we can assume for some D > 0, p(w) € Bp, w € (), where

B is the ball with center 0 and radius D. Given a continuous, bounded above,
concave function f, there is K > 0, such that

lf(w)—fI<Klu-vl, -K=<f(u)<K, u,veBp.
Fix C = 2K + 2 and a sequence {(n) satisfying condition (S_) corresponding

to C. For brevity, in the remaining part of the proof, denote

J
N=n+m, ¢=4N), S@,jiw)=) p(Trtw).
k=i
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Then
‘S(l, N;w)—[S(1,n;0)+S(n+1+¢, N+€;w)]|

n+t N+¢
< X |p(T*o)|+ Y |p(T*w)| <2Dt.
k=n+1 k=N+1

Let u = N71S(1, N;w) and v = N7Y[S(1,n;w) + S(n+ 1+ ¢, N + {; w)]. By
|f(u) — f(v)| < K|u — v| and the concavity of f,

Nf(%S(l,N;w)) > Nf(%[S(l,n;w)+S(n+1+Z,N+£;w)]>—ZKDZ
> nf(%S(l,n;w))+mf(%S(n+l+£,N+£;w)) —2KDX.

Take exponential, then expectation conditional on # of both ends of the
above formula. Since P(-|4) satisfies (S_) almost surely, applying Lemma 1
to Z=nf(n"'S(1,n;-)) and W = mf(m~1S(n +1+¢, N + ¢;-)) yields

E[eN(x8LN) 5]

(3.1) > e—(2KD+1)¢ [E[enf(%S(l,n;-)) E E[emf(%S(n+€+1,N+Z;-))|%] _ e CN } , P-as.

Similarly, by
1 1

mf ES(n +24+ 1, N+ w)|>mf ES(n +1,N;w) | —2KD¢,
we get
(32) E[emf(%S(n+€+l,N+Z;~))|@] > e—ZKDKE[emf(%S(n-i—l,N;.))|%], P-as.
Combining (3.1) and (3.2) then gives

E[eN(xSN:))| g
> g~ (4KD+1)t {E[enf(%S(l,n;))|%]E[emf(%8(n+l,N;-))|e@]_e—CN+2KDZ}’ P-as.

Write M = 4KD + 1. Because |f(u)| < K, the product of the two conditional
expectations on the right hand side is larger than e XV, Whereas by ¢/N — 0,
e CN+2KDL — o~(2K+2)N+2KDt — (o=2KN) Therefore, for N large enough,

E [eNf(%S(l,N;))L@] >l Mg [enf(%su,n;.»@]

3.3

33 xE [emf(%s(”“’lv;‘)”.@] , P-as.

Given g € L{(Q, P), B € 4, since T(B) € % and T and T~ ! are measure-
preserving,

| BlgoT\#=[ goT=[ g=[ Elgl#]=[ Elgl#lcT,
B B T(B) T(B) B
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leading to E[go T|#](w) = E[g|#4)(T »), P-a.s. Therefore by S(n+1, N; ) =
S(1, m; T"w), (3.3) yields

E [eNf(ﬁS(l,N;))L@] (0) = e ME [enf(%su,n;.»@] (@)
xE [emf(%s(l’m;')”@] (T"w), P-as.
Take a = log 2 and

(3.4) h,(0) = —log E[e 50D | z)(w).

Then it is easy to see h, satisfies (1.5) and, letting A(n) = M{¢(n) + a, for N
large enough,

hy(w) < h,(0)+ h,(T"w)+ A(N), P-a.s.
Applying Theorem 1 to A&, then proves (1.8). O

We now turn to Theorem 3. For convenience, in the remaining part of
this section as well as the following sections, we will use the following semi-
standard notation,

1
_ nf(u)
A(f,w,n) = nlog{/e ,un(du|w)}.
We need the following simple result.

LEMMA 2. Let {f,} be a sequence of bounded measurable functions with
|fal < M, n > 1, for some constant. If for some constant a, Ep[f,] - a and

o P
liminf,_,  f, = a, P-a.s., then f, — a, as n — oo.

ProOF. Letting g, =inf{f, : & > n},itisseen |g,| < M and lim,_, g, =
a, P-a.s. Then Ep[f, —g,] — 0. Since f, — g, > 0, this implies f,, — g, —> 0,

P
and hence f, — a. O

PrOOF OF THEOREM 3. Because p is bounded, the support of u,, n > 1, is
uniformly bounded as well. Suppose supp(u,) C I' for some convex compact
set I'. Then C,(R%) can be replaced by C(I'). Fix §, | 0, n(® = {nf’} c N
increasing, and f € C(I'). By Lemmas 4.4.8 and 4.4.9 of [5], the set of all con-
tinuous, bounded above, concave functions on R? is well-separating and there
is a finite set 4 of such functions, such that sup, . |f(«) —maxg., g(u)| < 84,
sup,cpe () < supyr f(u), g € £;. Let h(u) =max{g(u): g € £ }. Then

1
— E ng(u)
lignez})f {A(g, w,n)} < A(h, 0, n) < n log {gEJI/e M”(du|@)(w)} ‘

For each g € #, it is easy to see that A(g, -, n) are uniformly bounded func-
tions on ). Then combining Lemma 2 and formulae (1.10) and (1.11), it is seen
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that there is n(1) = {ngzl)} c n9, such that lim, ,  A(g, o, n?) =A,, P-as,
for g € 4. Therefore,

(3.5) Ay = lim A(h, 0, nt") =max{A,},  P-as.
i—00 geHh
It is easy to check that
(3.6) IA(f, @,7) = A(g, 0, n)| < | — gl £ max|f(x) - g(®)], f, g € C(T).

Because ||f — &| < 6,
. 1) . 1)
limsup A(f, w,n;,") <8, + A}lm A(h,w,n;,")

k—o00

< 25, + liminf A(f w,ny)),  Pas.

Repeating the above argument, we obtain nested sequences n® > M 5 Tt
nt) = {nge])}, such that lim sup,_, . A(f, o, ngj)) <28 +liminf, ,  A(f, o, nﬁj)),

P-a.s. Then by the diagonal argument, (1.12) holds for the sequence n;, = n§f> .

To show that P—almost surely, (1.12)—(1.14) hold simultaneous for all f €
C(I"), note that by (3.6), {A(, w,n) : w € Q, n € N} as a family of functions on
C(TI') is equi-continuous under the norm ||| . In addition, what has been shown
is that given any sequence {n,} C N, for f € C(I'), there is a subsequence
{n},} c {n;} such that (1.12) holds. Because C(I") is separable, by the diagonal
argument, there is a sequence {n,} such that with probability 1, (1.12) holds
for all f € C(T").

To prove (1.14), given f € C(I') and & > 0, find a finite set .¢ in the same
way as to find & given 8. Let A(u) = max{g(u) : g € £}. Given w, from

max {A(g,w,n): g€ £} <Ah, w,n)
and

max {liminfaszi) l<i=< K} < liminfmax{agf) :1<i <K}, P e R,
n—00 n— oo

it is not hard to show that

} = max {hmian(g, o, n)} <liminf A(h, w,n),  P-as.

max {A
gesd n—oo

gesd g

On the other hand, by (3.5), Aj, = max{A,:g € &}. Therefore, liminf,_, ., A(h,
w,n) >N, By ||f=h|| <8, A(h, 0,n) < A(f, w,n)+8 and A, > A, -8, giving

Ap <26+ lir{gio%fA(f’ w,n), P-as.

Because § is arbitrary, (1.14) is proved for each fixed f. Now use the separa-
bility of C(I'), continuity of the map f — A, on C(I'), and the equi-continuity
of {A(,w,n) : w € Q,n € N} as a family of functions defined on C(I'), to
complete the proof of (1.14). O
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Now we can prove the lower bound for the quenched LDP in terms of I for
pu(XT, YT).

PROOF OF COROLLARY 1. This again follows the proof of Lemma 4.4.6 in
[5]. First of all, I is lower semi-continuous, because it is the supremum of
continuous functions. In addition, since the support of w, is in I', I is a good
rate function. Given open set G and u, € G, let f : R? — [0, 1] be continuous,
such that f(uy) =1 and f(u) =0, for all « ¢ G. Given m > 0, define f,,(v) =
m(f(z)—1). Then for all w ¢ Z,

[, (o) £ e () + 1, (Glo) = € + 1y (Glo).
By fm € Cb(Rd) and fm(uo) = O»

1 1
max {liminf —log ., (G|w), —m} > lim inf —log {/ e”fm(”)p,n(du|w)}
n—oo n n—oo n Rd

> Ap, = =[Fm(wo) = Ar, ]

>— sup {f(ug) = As} =—I(up).
feCy(RE)

Finally, let m — oo to complete the proof. O

From the proofs of Theorems 2 and 3, we can demonstrate the following two
corollaries, which will be used in proving the convexity of the rate function I.

COROLLARY 4. Under the same conditions as in Theorem 2, there is a
sequence n; and Z C Q, with P(Z) = 0, such that for o ¢ Z, f € C,(R?) and
re[0,1),

3.7 }g?o ﬁ log E [exp {(1 = )1 f (pn,— | rn, ) (N} 18] (T w) = A,

In addition, for any f € Cp(R?),

(3.8) liminf 1;’1 log E [exp {(1 = r)nf (pr_rny (N} 12] (T M w) = Ay

1=

PRrROOF. Given r > 0, and continuous, bounded above, concave function
f, because (2.6) is satisfied by A, defined by (3.4), applying Corollary 3 to
h, (T w) gives

1
liminf a—n log E [exp {(1 — r)nf (po_|rn) (D} 2] (T M 0) = A, P-a.s.
n—o00 —r)n
Because the set of rational numbers is dense in [0, 1), and C,(R?) is separable,
by the same argument for Theorem 3 we can find a sequence n; and a null
set Z, such that for w ¢ Z, (3.7) holds for any f € C,(R%) and r € [0, 1).
Inequality (3.8) follows from (3.7) and the argument for (1.14). O
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COROLLARY 5. Under the same conditions as in Theorem 2, there is a set
Z C Quwith P(Z) =0, such that

1

>—1I(u), r€[0,1), ueGcRlopen, w¢Z

This corollary can be proved in the same way as Theorem 3, and we omit the
detail.

4. The upper bound of the conditional LDP.

PrOOF OF THEOREM 4. The proof is almost identical to that of Theorem 2.
Given A € R?, let f(u) = (A, u). Then f is a continuous, convex function. Set
constants K, D, C and functions S(i, j; w) as in Theorem 2, and fix sequence
£ correspondingly. Because {p o T" : n € Z} satisfies condition (S ) uniformly,
conditional on %, by S(1, N;w) < S(1,n;0)+S(r+1+¢, N+, 0)+2KD¢,

E[eS(l,N;-)lw] < o2KD+1)t {E[es(l,n;-)|w] + E[eS(n+Z+1,N+Z;<)|w] +e—CN}
and by S(n+¢+1, N+ {,w)<S(n+1, N;w)+2KD¢,
E[eS(n+Z+1,N+Z;~)|w] < e2KDlE[eS(n+1,N;~)|w].
Then

E[eS(l,N;-)|w] < oUED+1)e {E[eS(l,n;-)|w]E[eS(n+1,N;-)|@](w) + e—CN+2KDe] ,
which gives
E[eS(l,N;~)|w] < oKD+ {E[eS(l,n;~)|w]E[eS(l,m;-)|an] + ech+2KDe} '

Letting M =4KD + 1, for N large enough,
E[e50N)|w] < 2eM E[e51)|w] B[ | T 0],

Let A,(w) = log E[e5}7)|w] and A(n) = M{(n) + log 2. Applying Theorem 1
shows that (1.17) holds for each A € R%, P—almost surely. Finally because R?
is separable, the same argument for Theorem 3 completes the proof. O

PROOF OF COROLLARY 2. For simplicity, given A € R?, x ¢ R? and n > 1,

write A(A, o, n) 2 A(f,, @, n), with £,(x) = (A, u). Given o ¢ Z, choose n;
such that

1 1
(4.1) lim n—log/uni(F|a)) =1imsup;log,u,n(F|w).

By the equi-continuity of A(A, w, n) in A, the separability of R¢ and Lemma 2,
there is a subsequence m; of n; such that A(\A, w, m;) converges for all A. Let
the limit be A()). By (1.18), A(A) < A(A). Since {A(A, w,n): @ € Q,n € N} is
an equi-continuous family of functions in A, A(A) is continuous.
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Given a compact set F, apply Gértner-Ellis theorem to w,, (-|o) and A(N)
to get

1 A
lim —1 F —inf {A*
0 Gy 08 e (Fle0) = = InEEA G

where A*() is the Fenchel-Legendre transform of A(A). Since A(A) < A(A),
then A*(u) > A*(A), which combined with (4.1) implies (1.18). O

5. Convexity of the rate function I.

ProOOF OF THEOREM 5. By Corollary 4, for some sequence {n; : i > 1} and
Z c Q with P(Z) = 0, such that for any o ¢ Z and f € C,(R%), (3.7) holds
for r = 0, % Still denoting by w, be the probability measure on R? induced
by p,, Bryc’s inverse Varadhan lemma implies that for v ¢ Z, p, (:|®) and
Kfn, /21(-|TL"1'/2Jw) satisfy the LDP with a good rate function I(z). Applying
Varadhan’s integral lemma to u, then yields A(A) = sup,cps ({A, u) — I(w)).
By the duality between a lower semi-continuous convex function and its
Fenchel-Legendre transform, in order to have I(u) = A*(u), it is enough that
I(u) be convex. Because p is bounded, (3.7) also holds for n; + 1, and hence
Mn.41 also satisfy the conditional LDP with the rate function I. Therefore,
without loss of generality, assume all n; are even numbers.

Since the collection of all balls B(u, §) form a base for the topology of R?,
for w ¢ Z,u € R?

1
—I(u) = of  Hminf L1 Blo.s
() a>0,11123(u,5) . n, 0g Uy, (B(v, 6)|w)

(5.1) 1
= inf  limsup — log u,, (B(v, §)|w).

_5>O,U€B(u,5) isoco I

Since v € B(u, 8) implies B(u, ¢) C B(v, 6) for all ¢ > 0 small enough, (5.1)
can be rewritten as

1 1
(5.2) —I(u) =%ngliminfn—log;uni(3(u, d)|w) =%nglir_nsupn—log,uni(B(u, d)|w).

Similarly, for m; = n;/2, by w,, (B(u, 8)|T™ ») = Pr{p,, € B(u, d)|[T™ w},

1
(5.3) ~I(u) = inf lim inf —log u,, (B(x, 8)|T™ ).
> 1—>o0 MMy t

On the other hand, Corollary 1 implies
(5.4) —I(u) < %ngliminf 1 log w,,, (B(u, 8)|w).
> isoo Mm; ¢

Given u; and u, with I(u), I(uy) < oo, fix M > max{I(u;) : i = 1,2} large
enough. Then given 6 > 0, for m; large enough,

Mo, (B(u1, 8/2)|0) oy, (B(ug, 8/2)| T™ w) = e M.
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Fix a sequence ¢(n) corresponding to C = 2M for condition (S_). Since p is
bounded, as m is large enough,

%S(m +42¢(m),2m +¢(m) — 1; ) € B(uy, 36/4)
= %S(m +1,2m; w) € B(uy, 6),
%S(m +1,2m; w) € B(uy, 6/2)

1
= —S(m+4£4(m),2m +€(m) — 1, w) € B(uy, 35/4)
m
and, letting & = (v + u9)/2,
1 1
ES(L m;w) € B(uy, 68), ES(m +1,2m; ) € B(ug, 6)
1 -
= %S(l, 2m, (,l)) € B(u, 5)
Then by condition (S_), for n; large enough,
pn, (B(@, 8) ) = =" [, (B(uy, 8/2)|@) p, (Blug, 8/2)| T w) — e M ]

> 1e ", (B(uy, /2)|0) i, (Bus, 8/2)| T w).

Therefore, by approximate sub-additivity, for v ¢ Z, we get

1
lim sup - log w, (B(u, 8)|w)

I—00 i

1—>00

> % |:liminf iMm‘(B(ul, 6/2)|w) + liminf iMm‘(B(uz, 8/2)|Tmiw)] .
m;" ™ minf -,

Take infs_, on both sides and apply (5.2), (5.3) and (5.4) to get —I(i2) >
—(I(uq1) + I(uy))/2. The lower continuity of I then implies I is convex. O

6. More on the rate function for the quenched LDP. In this section
and the next one, we shall establish some conditions for the rate function I
of the LDP of n=1 Y 7_; p(X,, Y,) conditional on X to be non-trivial. We will
consider the case where Y satisfies condition (S), and X is i.i.d. From now on
we assume p is a R—valued bounded measurable function such that @—almost
surely, the P-measure of the set of discontinuity points of p(x, Y ;) is 0, where
P = dist(X), @ = dist(Y) and the continuity is with respect to a metric on
A x. The following result will play an important role.

LEMMA 3. Let Ax be a Polish space with metric dx, and Ay a measure
space. Fix [ : Ax x Ay — R a bounded measurable function. Given random
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variables X and Y on Ax and Ay, with probability measures P and @, respec-
tively, suppose that Q—almost surely, the P-measure of the set of discontinuity
points of f(x,Y) is 0. Then

(6.1) Ey [10g Ey [ef(X,Y)]] > log Ey [eEX[ﬂx,Y)]] ‘

PROOF. Suppose |f| < D. Given ¢ > 0, fix compact subset K C Ay, such
that P(K) > 1 — e. Given 6 > 0, let .#(6) = {I;,..., I, } be a partition of
K, such that (1) dx(x,x') < 8, x,x" € I,, k=1,...,n and (2) if & < § and
H(&)=A{J,...,d,,}, then for each &, J;, C I, for some i. Letting P, = P(I}),
hp(y)=inf{f(x,y):x € l,}, ye Ay, k=1,...,n, then

Ey [1og Ey [ef(X’Y)]] > _De+ kf;l P,log Ey [ehkm]

(6.2) — _Ds+log k]i[l (EY [ehk<Y)])Pk

> —De + log (EY [e22:1 thk(Y)])

where the last inequality is due to Holder’s inequality. We have

Xn: Pphyp(Y) = Ex [Xn: hk(Y)IIk(x):| = Ex[f (X, Y)]
k=1 k=1

Given y € Ay, if x € Ay is a point where f(x, y) is continuous, then f,(x, y) 1
f(x,y) as 6 | 0. Therefore, for y such that the P-measure of the set of dis-
continuity points of f(x, v) is 0, by dominated convergence theorem, as § | 0,
E[f,(X,y)] 1t E[f(X, y)1g(X)]. Because @—almost surely, the set of dis-
continuity points of f(x,Y) is 0, therefore, again by dominated convergence
theorem,

o ([ = o (5 11
— log (Ey [eEX[ﬂx,Y)lK(X)]])
> log ( Ey [eEX[ﬂx,Y)]—DP(AX\K)D
> log ( By [e#:/51]) — D,

We thus get from (6.1) and the above limit
Ex[log Ey[ef X V)]] = —2D¢ + log(Ey [Zx/(X-Y]),

Letting £ — 0 thus completes the proof. O

The following consequence of Lemma 3 will be useful.
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COROLLARY 6. Under the same condition of Lemma 3, given n > 1, sup-
pose X = (X4,...,X,), with X, independent of each other. Then for any
ScAl,...,n},

Ex [ngY [exp {Z F(X0 Yl-)m
i=1

> Ex |:10gEY |:9XP {ZEX[f(Xi’ Y)I+ > f(X;, Yi)”] .

ieS igS

PROPOSITION 2. Let X = {X,;n > 1} and Y = {Y,;n > 1} be two in-
dependent stationary processes on the Polish spaces (A%, 7x) and (AY, Fy),
respectively. Suppose X is an i.i.d. process. Given p : Ax x Ay — R measurable

and bounded, define

(6.3) p(y) = Ex[p(Xy, )]
Define A by (1.20) and

(6.4) A(X) = lim sup 1 log E x v |:exp {)\ > p(X,, Yi)}:| ,
n—oo N ’ i1

where E x y) is the expectation with respect to the joint distribution of X and
Y. Then
(6.5) AN(O0-)=A0-),  A0+)=A0+).

PROOF. It is easy to see that both A and A are convex, and therefore their
right and left derivatives at 0 exist. Define

p(%; 3) =log Ex [ X1)].
Then because X and Y are independent, and X is an i.i.d. process,
log E x v |:exp {A > (X, Yi)}:|
i=1

(6.6) =logEy ﬁ Ex [exp{Ap(X;, Yi)}]:|

i=1

—log By [exp {2 e Y»” .

i=1

Suppose |p| < D. Then for any y € Ay, it is seen

04" (k) =

2
Ex[p*(Xy, y)e X0 (Ex[p(Xy, y)e 0]\,
E x[e?X1)] E y[eM(X1.0)] -
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By the Taylor expansion,

~ N N A2 1 N/
p(A;y) = p(0; y) + Ap'(0; y) + 7f0 (1—1t)?p"(th; y) dt.

Then, from 5(0; y) = 0 and p'(0; y) = p(y), it follows p(A; y) < p(y)A + D?A2.
Then by (6.6),

1 n 1 n
ElogE(X’Y) [exp !/\Zp(Xi, Yi)}j| < ;logEY |:exp {)\ > p(Y)) +nD2A2}:|

i=1 i=1
2,2, 1 .
= D*\* + ;logEY |:exp {/\ ZP(YL')}] .
i=1
Letting n — oo, we get A(A) < A(A) + DA2. Since A(0) = A(0) = 0, this leads

to A’(0+) < A’(04) and A’(0—) > A’(0—). On the other hand, as e* is a convex
function of x, Jensen’s inequality gives

Exy, [exp{Aimxi,mH _Ey | By [exp{Aimxi,Y,-)m

i=1 i=1

> Ey | exp {Ai Exlp(X,, Y»]”

i=1

— By exp{Aimn)H,

i=1
leading to A(A) = A(A), and hence A’(0+) > A’(0+) and A’(0—) < A’(0-). O

PROOF OF THEOREM 6. By the assumption on p, we can apply Lemma 3 to
get

Ey [%log Ey [exp{nhp, (X7, Y’f)}]} > %log Ey [exp {n/\ i f’(Yi)”
i=1

Since Y satisfies condition (S_), when n — oo, both sides converge. Thus
A(A) = A(A). Since A(0) = A(0), then,

A'(0-) < A'(0-),
AN'(0+) = A'(0+),
On the other hand, Jensen’s inequality yields

(6.7)

1 1 i
Ex [; log Ey [exp {nAp, (X}, Y;‘)}]] < ~log Ex.y) [exp {nA 3 (X, Y»”
i=1

Since X and Y are independent, and each one satisfies condition (S_), the
process (X,Y) also satisfies condition (S_). Therefore, when n — oo, the
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right hand side converges. Then, by (6.4), A(A) < A()) and similar to (6.7),
AN'(0—-) > A'(0-) and A’(0+) < A’(0+). By Proposition 2, we get

(6.8) A=) =A(0-),  A(0+)=A'(0+).

Because A and A are convex, A(0) = A(0) = 0 and A(A) > A()), it is seen
A(00) = AN(o0) and A'(—o0) < A'(—o00). Because A* is non-trivial, either
AN (—o0) < A'(0—) or A’/(c0) > A(0). By (6.8), this implies that either A’(—o0) <
A'(0-) or A’(00) > A(0). Thus A* is non-trivial. O

COROLLARY 7. Suppose Ax = Ay = {0, 1}, and let p be the Hamming
distance p(x,y) = li,_,. If the rate function for the LDP of n-1 Z'}=1 Y;is
non-trivial, then for any Bernouli process X with Pr{X; =0} =1—-Pr{X, =
1} = p # 1/2, A* is non-trivial.

PROOF. Let Aj be the rate function for the LDP of n~' Y% Y ;. Letting
qg=1- p,itis seen

- 1 n
A(A) = gA + lim ;logEY |:exp {)\(p -q)Y Yj}j| ,
giving A(A) = gA + Ag((p — q)A), leading to the conclusion. O
7. Condition (A) and non-triviality of the rate function. Next we
consider the case where p(y) is a constant, in which case A(A) can not be

convex. Suppose S,, n = 1,2,... are finite subsets of N. We say S, have
asymptotic density L if |S,| — oo and

CRY L= lim(|S,|/diam(S,)]

exists, where |S,| is the cardinality of S,, and diam(S,) = max{x : x €
S,} —min{x:x€e8S,}+1.

DEFINITION 3. Given Y ={Y,;n > 1} with @ = dist(Y'), denote by (A) the
following condition.

(A) There are finite S,, c N, n = 1,2, ..., with asymptotic density L > 0, and
a function ¢(n) > 0, satisfying

lim sup[4(n)/n] < oo
such that

Q < N Ai> > e Udam(S)) TT Q(A,), A;jeo(Y;),ieS,, n=1,2,...
iESn iESn O
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LEMMA 4. Given processes X and Y and function p as in Proposition 2,

let p(y) = Ex[p(X, )] and A given by (1.19) (assuming the limit exists). If Y
satisfies condition (A), then

(7.2) A\)+ A(=A) > —2limsup ) 1 9L [log Ey [e%<P<X 1,Y1>—5<Y1>>]] .

n—oo n

PROOF. Suppose S,, are sets meeting condition (A). Without loss of gener-
ality, assume min{x : x € S,} = 1. Letting N, = diam(S,), S, € [1, N,].

Then
1 Na
N Ex |:108EY |:exp {)\ > (X, Yi)}:|:|

i=1

(7.3) > 1\} Ex |:10gEY |:exp{)\ Y AY)+AY p(Xi,Yi)}H

n ie[L,N,]\S, icS,

N,
Ex |log Ey | exp —/\Zﬁ(Yi)}:H

n i=1

+ 2 Ex |log Ey | exp %Z(p(Xi’Yi)_ﬁ(Yi)}:H

ieS,

N,
b o o 1350, | |

n i=1

1
(7.5) > N

T 2 Ex [1og{exp{—5(Nn)}

Ny

< 1 By |esp] 50 70 - 5| |}

Jes,

1 Sa
= _N_EX |:10gEY |:exp !)\ZF_’(YL')”]
n =1

_%]\:nhzvi S By [logEy [exp{%(p(xi,Yi)—ﬁ(Yi))H]

where (7.3) is due to Corollary 6, (7.5) to Holder inequality and (7.6) to condi-
tion (A). Let n — oo to complete the proof. O

PROPOSITION 3.  Given processes X and Y and function p as in Proposition
2, suppose A* is trivial. Then A*(x) is non-trivial if one of the following two
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inequalities holds:

(16)  K(0+)— A'(0-) < LEy [ess;up@(xl, Y) - ﬁ(Ym} ,

(7.7 N(04+)—A(0-) < LEy [ess;up (p(Y1) — p(X4, Yl))} )

PrOOF. From (7.2),

N(o0) — K(—00) = a 2 LEy [essgup(p(xl, Y- /s(Ym] ,

~N(-00) + A'(06) 2 b 2 Ly [ess up (5(1) ~ p(X1. Y1) .

Because A* is trivial, A'(—o0) = A’(0—) and A'(c0) = A'(0+). If A* is also
trivial, then by (6.8), A* = A*, leading to A’(0+) — A’(0—) > @ and —A'(0—) +
A'(0+4) = b, contradicting either (7.6) or (7.7). O

PROOF OF THEOREM 7. Because j(y) is constant, A’(0+) = A’/(0—) = 0.
Therefore, condition (1.21) implies that either (7.6) or (7.7) is satisfied as long
as L is positive. It is then enough to show Y satisfies condition (A).

Fix C such that

e“ > e%qp%,  qo=min{Q(y):y e Ay}

Condition (S_) implies that there is a non-decreasing sequence ¢(n) > 0 with
2 14n)/[n(n+1)] < oo, such that
Q(ANB) = 2¢"WQ(A)Q(B) —e ",
Aco(Yj;j<h), Beo(Y;;)=h+4En)), n,h>1.

By (2.1), ¢(n)/n — 0. Fix &, such that for all n > &, ¢(n) < n. For S = {s} and
n € N, denote S+n = {s+n}. Define a sequence in N and a sequence of finite
subsets of N as follows:

L,=2+k, L, :2Ln—1+g(Ln—1)’
Sl - {1, 2 + k}, S/n—l - Sn—l + Ln—l + K(Ln—l)? Sn - Sn—l U S;'L—l'
It is easy to check the following:
diam(S,)=L,>2", S,NnS, =2, dist(S,,S,)=4¢L,), |S,|=2"

where d(A, B), A, B C N, denotes min{|¢ —s| : t € A, s € B}. We prove by
induction

(7.8) Q ( N AJ) >e [T Q(A)), A;ea(Y)).

Jes, jes,
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Once we show (7.8), we can complete the proof by choosing ¢(rn) = n in (A).

When n = 1, since e “®Q(A;) Q(A,s) > e ‘¥g? and e CF < e 32k <

-3k, 2 —t(k) 42 -
e “"qy=e ()qu

LHS = Q(A; N Ays) = 26" Q(A)) Q(Ar1) — e = e P Q(A)) QA1)

and thus by ¢(k) < ¢(k+2) < k+2 = Ly, (7.8) holds.
Suppose (7.8) holds for j < n. Then because d(S,_;,S,_;) =L,_1),

Q ( N Aj) > Qez(Lnl)Q< N Aj) Q ( N Aj) — e CLuy
JjeS, J€Sn jeS, 4

By the induction hypothesis,

e_e(Lnl)Q< ﬂ Aj> Q( ﬂ Aj) > e Ln1)g=2Ln l—[ Q(Aj)

JES, 1 Jes, J€S,

2Ly,

_3Ln—1 QO

> e_e(Ln—l)e_ZLn—lq%n Z e

= e CLn,

Therefore,

Q ( N Aj) > e e 2l T Q(Aj)) =™ ] Q(A)),

JES, JES, JES,
completing the induction for (7.8). To complete the proof, we need to show

|Snl

A fam (S,) O

exists. From

dlam(sn) _ Ln _ 2Ln—1 +Z(Ln—1) _ Ln—l + Z(Ln—l)
|Sn| T on T on T 9n-1 on

it follows

diam (S,,) _ diam(S,) _ diam (8,_) < - e(Ln_1)>’
|Sn71| |Sn| |Sn71| 2Lnfl

yielding the convergence of diam (S,)/|S,| and, since

o0 e(L ) o0 Ln+171 1 o0 Ln+171 e(i) o0 E(n)
<M (L — < — = ,
Elan —Eﬁ ") 2 i+ D) 2; i+ 1) En(n+1)<°°

there is lim,_, [ diam (S,,)/|S,|] < oo, which completes the proof. O
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