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with the approximate values, which are found by solving (1) for F by considering
it as a quadratic equationin F?*. In these tables P = f o(F) dF, where o(F)

is the probability distribution of F. The case n; = 1 is of special interest,
since here F = £, where ¢ has Student’s distribution, and is shown separately.
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NOTE ON THE DISTRIBUTION OF ROOTS OF A POLYNOMIAL WITH
RANDOM COMPLEX COEFFICIENTS

By M. A. GirsBICK
United States Department of Agriculture

In order to obtain the distribution of roots of a polynomial with random
complex coefficients, it was found convenient to employ a rather well known
theorem on complex Jacobians. Since proofs of this theorem are not very
plentiful in the literature, a brief and simple proof of it is presented in this note.

TaEOREM: Let n analytic functions be defined by

(1) wP=uﬂ+ivP=fP(z1:z2) "'7zﬂ)) (p = 1127 e rn)7

where 2, = X, + Wy, ¢ = A/ —1. Let j denote the Jacobian of the transfor-
mation of the n complex variables defined by (1). That is

@) Gom|eeeenenn
Let furthermore J denote the Jacobian of the transformation of the 2n real variables

defined by the equalions u, = Up(T1, T2, <+ 5 Tnj Y1, Y2, , Yn) and v, =
l’P(xI,x2r"'1xn;y1’y2’°"7yﬂ)x (P= 1,2,"’,”')-- That s

‘U. U,y

(3) = )
V. v,
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where
6:1:1 6a:,. 3y1 3!/»
Us= || covovevenns , Uy=|+reeeceees ,
6_11,:, U ?__un OUn
or, 0%, 31/1 ayﬂ
axl axn 32‘/1 ayﬂ
Vo= -vreeveeees , Vy=|ceeeeeeees
oz, 0%n o Yn
Then J equals the square of the modulus of j.
Proor: Since by hypothesis w, is analytic we can set wp _ 9y _ 7 %’

Hence j takes on the form:

4) J=|V, — iU
o i : Ny _ B, dp _ _ Oup gy
Again, since w, is analytic, we have . = o om, . at is
U.= V,and V, = —U,. Hence J in (3) has the value
vV, U,
(5) J=| ' "
-U, V,
Now J can also be written in the form
vV, U
(6) J=|" v )
v, V|

This follows from the fact that if we multiply each of the last n rows of the
expression for J in (6) by 7 and factor out 7 from the last » columns, we get the
expression for J given in (5).

Now in (6) subtract the (n + p)th row from the pth row for each p =
1,2, --.,n. This yields:

vy, —<U, U, =V,

@ J = . .
U,y V, |
Next add in (7) the pth column to the (n + p)th column foreachp = 1,2, .-+, n
This yields:
V—1U 0 .
8 cJ = =|V-=iU||V+iU]|
iU V+:U
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But (8) is precisely the square of the modulus of | V — U |. This in con-
junction with (4) proves the theorem.
Consider the equation

9 2" — az" oo + (—1)"a, = 0,

where the @; are complex numbers. We may wish to consider the real and
imaginary parts of a; as random variables having a given joint distribution
function, and require to find the probability that one or more roots of (9) will
lie in a specified region of the complex plane. In order to answer this question,
it is necessary to find the joint distribution of the real and imaginary parts of
the roots of (9).

As an example let us assume that the real and imaginary parts of a, are nor-
mally and independently distributed with zero mean and variance o>. That is,
we assume that the distribution density of these quantities is given by

() ool s 5]

where a, is the conjugate of a,. Let 2z, 22, -+, 2, be the roots of (9). The
relationship between the roots and coefficients of (9) are given by

k3
(11) a1=21‘z,-, az=zkz,-zk,---, Qo= 2123 "* 2n
= i<

Thus the a,’s are analytic functions of the 2’s.

In order to find the joint distribution of the real and imaginary parts of the
2’s, it is necessary to find the real Jacobian J of the transformation defined
by (11). Now the complex Jacobian j of the transformation (11) is defined as

oa, aa,
(12) Jo= e .

9a. da,

02, 02,

A simple calculation will show that the value of j in (12) is given by

.
n

(13) Jj= Z ﬁ: (25 — 2,).

p=1 g=p+1

Hence, applying the theorem proved above, we get

" 13

(14) J=1if=2 2 lamw—2l,

p=1 g=p+1

where the symbol || stands for the modulus.
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From (10) and (14) we conclude that the joint distribution density of the real
and imaginary parts of the roots of (9) is given by

1 2n l n n _
(v3s,) oo~ (B o+ -
+2121~-z,.2,.}]z )N PR

p=1 gmp+1

(15)

A NOTE ON THE PROBABILITY OF ARBITRARY EVENTS

By HiLpa GEIRINGER'
Bryn Mawr College

In a recently published paper [1] on arbitrary events the author studies the
probability of the occurrence of at least m among n events. Denoting by
Pm(v1, ¥z, *++ vr) the probability that at least m among the r events, E,, ,
-+ E,, occur, and by Pia,,a,....a,1 the probability of the non occurrence of the

events numbered a; , az, --- ar and of the occurrence of the n — r others, he
proves

—pl(ar-q-l, cecam) + Zpl('Yl) Qry1y *°° an) — Z Z pl('y;, Yo, Oppry **° a,,)
(I) 1 7T 72

+ o ()X, n) = Pragseean -

(Theorem VI, page 336). From (I) he deduces that a necessary and sufficient
condition for the existence of a system of events E,, --- E, associated with
given values ¢, (au , - - * ax) is that the expressions on the left side of (I) computed
from these t’s are = 0 for all possible combinations of the o’s (Theorem VII).
He also points out that it was not possible to find similar (necessary and suf-
ficient) conditions for m < 1. I wish to show in this note the relation between
these theorems and some well known basic facts of the theory of arbitrarily
linked events and to add some remarks.

1. Given n chance variables z; (¢ = 1, --- n) denote by z; = 1 the “oc-
currence of E;’, by z; = 0 its non occurrence and by v(x,, x2, --- ,) the
probability of “the result (z1, x2, - -+ z.)"” i.e., the probability that the first
variable equals z, the second z,, .- the last z,.; eg. v(1,1,1,0, --- 0) =
¥u5...n) 1S the probability that only the three first events occur. Hence the
v’s are 2" probabilities, arbitrary except for the condition to have the sum 1.

Instead of these v’s we often introduce another set of 2" — 1 probabilities,
namely p; the probability of the occurrence of E; (z = 1, --- n); p;; that of
the joint occurrence of E;and E; (1,7 = 1, -+- n); +++ pu..., the probability
that all the events occur.
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