ON THE MUTUAL INDEPENDENCE OF CERTAIN STATISTICS

By C. G. KHATRI
University of Baroda, India

1. Summary and introduction. The results of this note yield the mutual in-
dependence of certain matrices, characteristic roots, Hotelling’s 7 or Mahala-
nobis’ D? statistics, and C. R. Rao’s R statistic. The result concerning the mutual
independence of certain of Hotelling’s T statistics has been proved by K. S. Rao
[1]. The results mentioned here occur (by implication and as a by-product) in
[5], [6] and [7] in the course of investigations on some specific problems in statisti-
cal inference but are not explicitly stated. These results can be utilised in statisti-
cal inference and especially in simultaneous tests and simultaneous confidence
interval estimation, and also in other problems.

2. Certain known results. ,
(2.1) Let X:p X n(n = p) be a matrix of p rows and n columns. (A column
vector z:p X 1 is denoted as z:p X 1). Let X have a distribution f(X). Then
XX’ is symmetric positive definite.
(2.2) If S:p X p is symmetric positive definite, then S = 77", where T
is a triangular matrix with zero’s above the principal diagonal, f;; > 0, and
tis = | Aji| /V|Aw| *| Aic1,i1 |, Where

S11 S15
A= iz
81—1,1 Si—1,4
i i1

(See [2].)

(2.3) The roots of XX’ are the roots of X’X except for some zero roots.
(See [5], [7].)

(2.4) If X;and Y, are transformed to X 1, and Y ;4 respectively,j = 1, - - - k,
by the following matrix transformations,

X;=Fi(Xjn,Y)and Y; = Gi(X;pa, Yin) (G=1,2, - k),
then the Jacobian of the transformation X; t0 Xy41 and Y3 to Yi4q is
J(X1, Y15 X, Vi) = Ia J(X55 X)) I (Y55 Yina)-

(See [2], [5], [7].) ,

(2.5) The Jacobian of the transformation X = AYB (X:p X ¢, Y:p X ¢,
Ap X p,BigX q)isJ(X;Y) =|A|*| B|” (See [3].)

(2.6) The Jacobian of the transformation S = GRG’ (8, R:p X p sym-
metric matrices, G:p X p) is J(S; R) = | G |*™. (See [3].)
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(2.7) The Jacobian of the transformation S = R™'(S, R:p X p symmetric
matrices) is J(S; R) = | R |[7?*". (See [3].)

f, . f dX = glPer—pl-Dji4 fI{P (n -1+ 1)}—1 . IS I(n—p—lm s,

(2.8) P 2

8 XX/ <84 (dsj)
X:pXn(nzp)

where d@ is the product of the differentials of the variables. (See [4], [5], [7].)

3. Theorem I. If S:p X p and X:p X ¢ are independently distributed as Wishart
(n, p; Z; 8) and MN (0, Z) respectively (where MN (0, Z) is called multivariate
normal and has a density which s a multiple of exp [— (tr = XX’)/2]), then
Si =8+ XX"and Z = T'X (where S = TT') are independent with distribu-
tions given by Wishart (n + ¢, p; =; S1) and the density ¢(I — ZZ')" 72
respectively. Here

c=fII‘<n+q;i+ 1) {F(n—;+ 1)}“,,-104/2'
g=1

Proor. Transform by the relations § = 8 — XX’ and X = TZ, where
S = TT'; then by (2.4) and (2.5), the Jacobian of the transformation
is| T =18 |"also| S| =|8||I— 27|

Since S and X are independently distributed, we can easily see that the joint
distribution of S; and Z is
(1) (81, Z2) = fi(8)f(Z),
where
@) J1(81) = Wishart (n + ¢, p; Z; S1),

W@ = |1 = 22|,

¢ being the same as defined in the Theorem.

CoroLLArY 1. If S:p X p, X;:p X ¢i, t = 1, 2, -+ - m, are independently
distributed as Wishart (n, p; Z; S) and MN (0, =) respectively, then
Sm=84 2t X;X;and Z; = T7'X, (where 8; = T: Ti = S+ Xt X;X/)

are mutually independent and distributed with the respective densities Wishart
(n+ en,p; 2; Sn) and

?
r—mi/2 H

=1

.T (n + ei; .7 + 1) {P (n + ei—12— .7 + 1>}~1 II — Z Z: l(n+e,'_1—p—1)/2,

(3) ei = D 15, 1=12:-m

The proof can be obtained in a similar manner as above.
CoroLLARY 2. In Corollary 1, suppose p = q.. Then the distribution of
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Vi=ZiZ: = Xi(8 4+ 2ju X,;X;)7 X, 4s given by
(4) al Vi I(p—q.'—l)/2 |-V, |(n+8;_1—p——1)/2’

a4

C =
j=1

T(n+w;j+1>%<p—j+1)<n+m—j—p+1»ﬂ{uwmu
2 2 :

Proor. The distribution of V; can at once be obtained by the use of the
integral (2.8) in formula (3).

Note that the distribution of W; = V(I — Vo)™ = Xi(S + 213 X,X)7'X;
is obtained by using the Jacobian (2.6) for (I — V,) = (I + W)™ and we
find it to be

(5) e I Wz l(p—q.'—l)/2l I _|_ Wi I—(n+e.')/2‘
Similarly if p < g¢:, the distribution of Z.Z, and Z.Z,(I — Z:Z.)™* can be ob-

tained from (3).
CoroLLARY 3. If in Corollary 1, g; = 1 for all 7, then

1—1

T = 2 (S 4+ X ziz) @, i=1,2---m
j=1
and
Sn=28+ 2 2%,
j=1

are mutually independent with distributions given by
const. (T3) P21 4 T~ "+, i=12---m

and Wishart (m + n, p; Z; Sn).

CoroLLARY 4. If S:p X p, Xi:p X ¢i, ¢ = 1, 2, - -+ m are independently
distributed as Wishart (n, p; Z; S) and MN (0, =), then the characteristic roots
of A:«(S + D121 A ;)7 are distributed independently of those of Sm = S 4+ D 1 A;
(where A; = X,X}).

Proor. By Corollary 1, we have Z; and S., 7 = 1, 2, - - - m, independently
distributed and hence roots of Z;Z: and S,, are independently distributed; i.e.

by the application of (2.3) we have the corollary.
TuEOREM 2. Let S:p X p, 2:p X 1 be independently distributed as Wishart
(n, p; Z; 8S) and multivariate normal (g, Z), u # 0, respectively, and let

AN Su Sn)q (Eu 212>q
T: S: z=
- (@2)1'»—4 ’ (821 2/’ Zn Zn/pq
q b4 q »—q

—q

q
K1 2 ! o—1 2 —1
u=< ) y  Ag=mZn mand Ay = u 37 p.

M2/ p—q
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If A} = AL then R = (1 + 2185 '21)/(1 4+ 2'87'z) and S, = S + zz’ are in-
dependently distributed and their densities are constant R"?""*(1 — R)(”_q_z) 2
and non-central Wishart (n + 1, p, 1; Z, g; Si1) with 1 (1 ¢s trivially the rank
of u) mon-central parameter (for a discussion of the R statistic, see [8]).

Proor. Let 22 = EE’ Make the transformations Vo = B'SB ™,y = Bz
Vi=Vo+ yy and 7 y = wwhere V; = TT'. By (2.5) and (2.6) the Jacoblan
of the transformation is | B |*™| T'| = | = |*™” v, |2 Also

[S|=|Vil.|I —ww'|=[Z[|Vi] (1 —ww).
Let

# 92/ p—q’ B, Bif, .’ — W2/ p—q’ T: T3/)py
e g e -

Then we get 22, = EIB;, 8o = p_L;EI]lgl/2 = A2/2 and §8 = A}/2. Hence if
A} = A} we have

(7) 820, = Oie. 8 = 0.
Hence we can write down the joint distribution of V; and w as

(1 — ' w) P2 Yy | " P2 exp (—tr Vi + 281 Ty wy — AL/2)

f(Vy,w) = -
(8) 1 T fI r (n —i+ 1)
i=1 2
Apply the transformation z = w)/v/(1 — wjwy). The Jacobian is
(1 — w W )*=92 Hence equation (8) is
(9) F(Vi, wr, 22) = fi(Vy, wi)fa(ze)
where

(10) fi(V1, wr) = co(1 — w{’QJO(n_q_D/zl Vl |(n“p)/2 exp (-tr V, + 2@171W1 - AE/Q),

¢s being 7~ @44 (" - g + 1) {I‘ (" - g + 1)}_1112[ {r (”_——-" ;"‘ 1)}-1
3=1

and

(11) fo(z) = =~ 22T ("_"'_g_'{'__l> {r (’:%ﬂ)}- (1-— ?‘;EZ)(n—p—l)ﬂ.

Hence z; and V; are mdependently distributed; i.e. V; and 2222 are 1ndependently
distributed. Note that zs2s = 1 — R = (w'w — wiw:)/(1 — wiw) for1 — w'w =
1—yViy =1/ + y'Voy). Hence the distribution of E can be easily ob-
tained by the use of the integral (2.8) in (11). By integrating over w, in (10),
it can be easily shown that the distribution of V; (and so of S;) is non-central
Wishart with (n + 1) d.f. and one (1 is the rank of g) non-central parameter.

CoROLLARY 5. Let S:p X p, z::p X 1,7 = 1, 2, --- m, be independently




1262 C. G. KHATRI
distributed as Wishart (n, p; Z; S) and multivariate normals (u:, =) and let
z1.6\* Su  Se\’ pi\’
;= ’ S = ’ M = ’
22.5/ p—q S2l. 822 p—q K2.i/ p—q

Zu Ze\’ . P . '
2= ) Agi = mi Znims and A = pe 2T p .
Zan 2

q »—q

p—q

If

i—1 -1

14 g1 (Su + Zl Z1.j 9_0{;) Z1.;
j=
i—1 -1 ’
1+ 2 (S + Zzw.é) z;
=

i=1,2---mand Sp = S + D ruz;z; are mutually independent and their
distributions are given by const. R;"?T P11 — R = 1,2, .- m and
non-central Wishart (m -+ n, p, t; 2, u; Sm) with t(tistherank of u = (w1, *** Mm))
non-central paramelers.

The proof can be obtained in a similar manner as above.

Note: During the time of revision, the author has obtained the most general
form of Theorem II which yields Theorem I as a corollary.

Ai.,’ = A§~i; then Igz
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