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1. Summary. In this paper we generalize the results of John Gurland [1] on
the distribution of definite and indefinite quadratic forms to non-central normal
variates.

The results of this paper may be compared with those of [4], by H. Ruben,
where, by a purely geometric approach, the distribution functions of homoge-
neous and non-homogeneous quadratic forms are expressed as infinite linear
combinations of central and non-central chi-square distribution functions.

2. Introduction. Suppose we have a quadratic form y’Ay where Aisa p X p
symmetric matrix of rank n < p, ¥ = (41, - , Yp), and the y; are independent
normal variates with means »; and variance one (z = 1, 2, ---, p). It is well
known that we can make an orthogonal transformation reducing y'Ay to its
canonical form > 7, A , where \; , Az, - - - , A, are the latent roots of the matrix
A. Under such a transformation ;, 22, - -+ , 2, are independent normal variates
with means u; and variance one. (The u; (? = 1, ---, n) are obtained from the
v; (j =1, ---, p) in the same manner as the z; are obtained from the y;). Our
problem is to find the distribution function 7 (z) of D& A: where the \’s are
real numbers and x has the probability density function

1) f& = @) exp[—3x — w)' & — vl
where X' = (@1, %2, , %) and w = (uz, w2, * -, tn)-

3. Distribution of a positive-definite quadratic form. Suppose Ay, -+, A\
are all positive and let

(2) o = N\ — )_"
where X is an arbitrary number satisfying the inequality
(3) X > %man >\j.

The characteristic function of Y A;z may be written as
1 n n . _ n . .
@ 90 =ew (=15 1) ew {5 B - 200071 I (1 - 200
i= i= i=

Expanding the exponential term containing ¢ we have

n

n 0 E n
o) = o (= 1358) 5 o {130 — 2o} TL @ - 2y

=

Again, expanding the curly bracket by the multinomial theorem and substituting

Received February 8, 1961; revised May 28, 1962.
186

[2R ,Q
Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to [P

S

The Annals of Mathematical Statistics. MINGIS ®

www.jstor.org



QUADRATIC FORMS FROM A NORMAL 187
the values of the A,’s from (2), we get
$(t) =22 2 Colw, m) (1 — 2iX) T {1 — 2ita; (1 — 24%) Y™,
k=0 =’s Jj=1
where )., means summation over m;’s such that) j;r; = k, and
1< - m
e (- QZ#?) WD - ()
j=1
Elag oo o, 126 )

Since | 2¢ta;(1 — 248) | < 1(j = 1,2, ---, n) for all values of t, ¢(t) may
be expanded as the product of n power series. Thus, we can write

(5) O, ) =

©) o) = ,ﬁ; 2 ba.p (—20t)? (1 — 20tR) 4,
where
@ by = 3 Cull, m) ()

and a, () is the coefficient of 6” in the expansion of

0

: 11
® n;;)a’l'ﬁf’lel’ Bii = (—1)l<m ; 2).
j=11=
Explicitly, a, () may be written as

n
-1
ay(w) = Z Bipai + Z Bip—1Beaai o
j=1 J¥t
—2 2 2 —2
(8.1) + D Biv2Beoal ol + o 4 tZl Biv—2Bi1ef "oy oy
JEt JEt+

3 9
+ > BirsBi2Bin of ooyt e
Fr=l)
Thus,

ao(m) = 1, a(w) = Zl Bin ayy ax(w) = g BiaBinava; + 2 Bina],
= ¥ J
as(m) = 2 BraBiaBiiaia;a
147l '

+ 2 BaBinaia; + 2 Bisaf,
» iy j=1
Application of the inversion formula [2], namely,’
® F&) = 4 = Cr) o e (~it) d

1 The integral £ is understood as a principle value, i.e., the limit, as e — 0tand T — o
of the integral over ¢ < |t| < T.
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to (6), which is uniformly convergent for all ¢, yields

0 0

(10) F(z) =% — (m)*lg Z=0b,c,,,7§ £1(—=266)7(1 — 260) P exp (—itx) di.

0 p

By using

¥ — (2m)” 5£ £ exp (—2ifRa) (1 — 2X) ™" i

2z
= @ TG+ R [ P e (—d) do,
0

and
(X)?(—271)" 74 (—26)2(1 — 2tX) " P* " exp (—2itha) di

= T(p){T(3n + p + &)} " exp (—2)2™ LI (2),
where p = 1, and (3]

(d/dx)? exp (—2)2"*" = plexp (—2)2 Ly’ (z),v > —1,

we rewrite (10) as

© x/)-\
F(z) =, {bk,0[2*"+’°1‘(%n + B f o exp (—30) do
k=0 0
= T'(p) exp (—2/20)2"™™*  Gasny, os
+ pz=1 be,» TGn +p + k)2%n+kx%n+p+k LEp—-liI)c (x/2X) ¢ .

(11)

We see from (11) that Gurland’s result [1] is the particular case when all u; =
0(¢@=12---,mn).
4, Distribution of an indefinite quadratic form. Suppose

ny
YAy = j; AgE— DL Aag

j=n1+1

where \; > Oforj = 1,2, -+, nand n = n; + ny,. We continue to assume
that x has the probability density f(x) of (1). Define a; and X as in (2) and (3)
respectively. Then the characteristic f}mction ¢ (1) can be written as

o) = 3 3 S b g di oo —1)2it)(1 — 20tK)

[ P
(12) k=0 p=0 ¢=0

(1 4 24x) It

where by, is expressible as in (7) with n; (in place of n),
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di,p—q = Z e, ﬂ)gp—q('ﬂ),

7's
1 n
exp (—— D M?’) (nt)™ <o (un)™
e ( ) — 2 j=n1+1
o nilnal - 7120 ’

and g,_,(7) may be expressed, similarly to (8), as

n n
. -
gi(n) = Z Vt,j o + Z Vij—1 Py 1 Q) ap - e ,
t=n1+1 b5t '=n1+1

. —1
where »; ; = (n’ + tt 2> (—1)*. Applying the inversion formula (9), the dis-

tribution function may be written as

o0

1 \— A
F(z) = 57 (271) h Z Z Zblz.q dip—q(—1)¢
ky1=0 p=0 ¢g=0

(13)
. 7§ (20)77H(1 — 26N) UL 4 208R) TP oxp (—dite) dt.

Making use of the J-polynomials and K-polynomials in the above integration
(See Gurland [1]), we have the distribution function, for z = 0.

© m+k—1 _
F(z) = kéo I:bzi,o dio {K +ct X <m +,’f 1) r (h +-;—77:2 + l)

h=0

/]

A
exp (—v/2)y™t"" dv} 4+ ¢ texp (—z/2%)

¥4 m+k+g—1 _
Z blé,q dl,p_q(_l)p+qx—p Z (m + k ;:" q 1)

1 ¢=0 h=0

N R N q)Kﬁii’q_h_l,p_l] ,

S~

(14)

s

s
I

. . ’ !
where n, is an even integer, say 2m. For z =< 0 and n, = 2m’, we have

[ _ m+k—1 k .
F(z) = >, ¢! [b;i,o dio 2, <'m +h 1
£, 1=0 =0
x/)-\ o ’
. f exp (—0 /2)vm+k—h—1 v f exp (—y)g" ™ &y
(15) m+k4q—1 p—1

© .
+ exp (—z/2%) X ) big dip—o( —1)PHX? >

p=1 ¢g= =t 5=o
k — -1 /25 o
. (m i ;:‘ ! 1) (p , ) Kl et pmar J. ’$'+/’i);')|'l+17—q—l,r] .
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