ON THE ASYMPTOTIC BEHAVIOR OF BAYES ESTIMATES
IN THE DISCRETE CASE II

By Davip A. FREEDMAN
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1. Introduction. This article proves: when sampling from a countably infinite
population with unknown distribution, for all but a set of priors of the first cate-
gory, Bayes estimates are consistent only at a set of distributions of the first
category. That is, for essentially all priors the Bayes estimates are consistent
essentially nowhere. This article is independent of (Freedman, 1963) although
it uses the same definitions, essentially the same notation, and improves Remark
6, p. 1400.

2. Results. I, the population, is a countably infinite set with the discrete
topology. A, the set of parameters, is the set of probabilities on I, with the weak™
topology: A, — A if and only if A\,(Z) — A(z) for all 7 ¢ I. Finally, w(A), the set of
priors, is the set of probabilities on (the Borel subsets of) A, with the weak™
topology: w, — u if and only if fA fdu, — f A f du for all bounded, continuous,
real functions f on A. It is well known that f can be restricted to polynomials in
A — A\ (2): 7 & I without decreasing the topology. If A ¢ A, then 8 ¢ w(A) puts
mass 1 at \. The spaces A and w(A) are complete, separable, metric.

Consider the coordinate process {&, : 1 < n < o} on the sample space I” of
I-sequences with the product topology. If A € A, then A\” is the probability on
(the Borel subsets of) I which makes the &, independent with common dis-
tribution N. If u & w(A), the posterior u, is this map from part of I” to w(A):

pa(dN) = [T NEDu @)/ a TTE=0 N(E)u(dN)],

defined when the denominator is positive. The pair (A, u) with A ¢ A and u e 7(A)
is consistent if liMpoep pn = 6, With A\*-probability 1.

A subset of a complete metric space is first category if it is a countable union
of nowhere dense sets; a subset is residual if its complement is first category.
For a discussion, see (Kuratowski, 1958, especially Sections 8-11). Topologi-
cally, first category sets are small, residual sets large.

The main result of this note is:

TaroREM. The set C of consistent pairs (N, u) s first category in the cartesion
product of A and w(A).

CoROLLARY. There is a residual set of priors u & w(A) with the property: {\:
Ne A, (N u) s consistent} s first category in A.

It is convenient to prove a result stronger than the theorem:

ProposiTioN. The set R of pairs (N, ) with im suPnoe [ ua(U) dA® = 1
simultaneously for all nonempty open subsets U of A s residual.
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Using the technique of Section 3, it is easy to prove that for essentially any
pair of Bayesians, each thinks the other is crazy. Formally, for a residual set
of pairs (g, v) in 7(A) x w(A),

lim $UPnsew [4) 1= pa(U)dAN" dy = 1
and
lim $UPnosw [4 )= 22 (U)dN" du = 1,

simultaneously for all nonempty open subsets U of A.

Remark 1. The set Ay of A ¢ A with at least one coordinate zero is a dense,
frontier F, , so first category.

RemARK 2. The set of u e w(A) with these properties is a dense, frontier G; ,
so residual: (i) w{A} = 0 for all N e A; (ii) u(Ay) = 0; (iii) u assigns positive
mass to each nonempty open set.

For a discussion, see (Dubins and Freedman, 1964, especially 3.12-3.18) and
(Kuratowski, 1958).

3. Proofs. To prove the proposition, let D be a countable, dense subset of
A — Ay.If v e D, then V is the set of u e (A) assigning positive mass to » and
concentrating on a finite number of points, all of which but v lie in A,. Then

(1) V isdensein w(A)
and
(2) Nlimpsewps = 6] =1, for AeA — Ay and pupeV.

Let m4(A) be the set of uew(A) with u(Ao) < 1. Then 7, (A) is residual by
Remark 2 (in fact, it is a dense (), and u, is everywhere defined for u & 7. (A).
Let Vi:1 = k < o be a sequence of open subsets of A, with V; O closure
Vi, and NxVe = v. Let v be a continuous function from A to [0, 1], equal
to 1 on Viy1, equal to 0 off Vi . From (2)

(3) iMoo [ fa idua d\* = 1 for NeA — Ay and peV,
and plainly

(4) (N 8) = [1=[ s idu, AN is continuous on A x 7, (A).
Then

[A X 7l'+(A)] —RC UMD UI°c°=1U;?=1U:’b=1n:=mRvkjn
where
Rowjn = {(\, u): Ne A, pemi(A), fzwa vidpn AN £ 1 — JFI}

is closed in A x 7,.(A) by (4). Therefore, (\n=mRujn is closed in A x 7+(A),
and has no interior in A x ,(A) by Remark 1, Relations (1) and (3). Hence
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[A x 74(A)] — R is first category in A x w,.(A), from which the proposition
follows easily.

The corollary is an immediate consequence of the “Fubini theorem” for
category (Kurakowski, 1958, Section 24-vi), or (Oxtoby, 1960).
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