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UNBIASEDNESS OF SOME TEST CRITERIA FOR THE EQUALITY OF
ONE OR TWO COVARIANCE MATRICES'

By Nariakr Suverura® anp Hisao Nacao

Hiroshima University

1. Introduction. The main purpose of this paper is to answer the question
stated in Anderson and Das Gupta [2], of whether the modified likelihood ratio
test (= modified LR test) for the equality of two covariance matrices is un-
biased or not. We shall answer this question affirmatively in Section 3, by
generalizing the method in Pitman [6]. The same idea can be applied to prove
the unbiasedness of the modified LR test for the equality of a covariance matrix
to a given one in Section 2 and also of the LR test for sphericity in Section 4,
for the equality of a mean and a covariance matrix to some given ones in Section
5. Some generalizations of these results will be also stated.

The derivation of these test criteria can be found in Anderson [1]. Gleser [4]
has proved recently the unbiasedness of the LR test for sphericity by reducing
the problem to the unbiasedness of the Bartlett test in case of the equal sample
sizes. But our method of proof is more direct and somewhat different from his.

2. Unbiasedness of the modified LR test for = = Z,. Let p X 1 vectors
X1, Xs, -+, Xwy, (N > p), be a random sample from a multivariate normal
distribution with unknown mean vector x and unknown covariance matrix =
(nonsingular). From this sample we want to test the hypothesis H; : 2 = =
against the alternatives K;:2 = Z,, where the mean u is unspecified and
Zois a given p X p positive definite (= pd) matrix. The acceptance region of the
LR test for this problem is given by, as in Anderson ([1], p. 265),

(21) o = {S]|Sispd and [SZ¢ " etr (—1Z¢'S) = caf,

where the symbol etr means exp tr, 8§ = D a (Xa — X)(X. — X),
X = N'D2_¥%_ X, and the constant c, is determined such that the level of this
test is a. In case p = 1, this acceptance region w,” does not give an unbiased
test and further the UMP unbiased test is given by replacing [SZo™|""* to
|82 |*"P% in (2.1), which can be seen, for example, in Lehmann ([5], p. 165)
by some calculation. After this modification of changing the sample size N
to the degrees of freedom N — 1 = n, we can prove the unbiasedness in the
multivariate case. This is the simplest case in our discussion.

TrEOREM 2.1. For testing the hypothesis Hi : £ = Iy against the alternatives
K : 2 # 2o for unknown mean u, the modified LR test having the following ac-
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UNBIASEDNESS OF SOME TEST CRITERIA 1687

ceptance region with respect to 8 = Y n_y (Xoa — X)(Xa — X)',
(22) w1 = {S|S ds pd and |SSM? etr (—127'8) = ca}

s unbiased.

Proor. Considering the matrix H'So %82y *H instead of S, where H is an
orthogonal matrix such that H'Z, =2, H = T (diagonal matrix) and a sym-
metric matrix ! is defined such that == = =, , We can assume without loss
of generality that 2o = I and £ = T, the diagonal matrix whose diagonal ele-
ment is composed of p characteristic roots of =Z;~'. Then the statistic S
has the Wishart distribution W (S |T, n) under K;, so we can express

(2.3) Px(w1) = cpn [ sewy 18|70 ™ etr (—417%8) dS,

where the range of integration is over the set of all p X p pd matrices S = (sy;)
belonging to the region w; and dS = J].<; dsi;. The constant c,, is given by

(2.4) Cpn = 7P TVHRPETE D (0 —  + 1)/2).

Put U = I'*ST, then the matrix U is also pd and the Jacobian is given by
[0U /88| = [T|~®*"”2, Hence we have

(2.5) Px(w1) = o [ vewr* |U[" 2 etr (—1U) dU,

where the region w;* means the set of all pd matrices U such that T*UT* belongs
to the region w;. Under the hypothesis H;, the region w;* is equal to w;. It
follows that

PH(""I) - PK<w1) = cp,n{wal - fvewl*},Ul(n—p—l)lz etr (—%U) au
(2°6) = Cp,n{erwl—wlﬂwl* - fvwl*—wlﬂwl*}
U ety (—3U) dU.
Ul 3

Note that the inequality |U|" " etr (—1U) = co] U[""™" holds for U ¢ e, .
Since the integral [vew;—wine* |U[" 7 etr (—4U) dU exists, we have

(2.7) [ vewr—ornar* [U|" "2 etr (—3U)dU = ca [ vewr—orfiogs [U[7Z2 4U.
Also we have
(28) _fU"v“"l*—“ln‘*’l"l IUI("—P—I)/2 etr (_%U) aUu =z — Canewl*_mnwl*lU'_(”l)/sz.

Combining these two inequalities with [u,nux [U]"?™?dU < «, we can see
that

(2.9) PH(C'JI) - PK(‘-'JI) = cp,nca{fl/ewl—wlnwl* - J‘le*—wlnwl*}IU,‘(p-H)/z aUu
Cp,nca{erwx - wal”‘”UI—(p-H)Iz au = 0.

%

The last equality holds, since |U[~®*”dU is the invariant measure for the

transformation of the pd matrix U to the pd matrix AUA’ for any nonsingular
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matrix A, or equivalently by calculating the Jacobian, we can easily get
fvml* IUI—(p+l)I2 dU = fvm |U|—(p+1>/2 aU.

Thus Theorem 2.1 is proved.

By the same argument the following theorems can be proved.

TaEOREM 2.2. For testing the hypothesis HY:Z = 20, u = o against the al-
ternatives Ky' : 2 # 2o, u = po, the LR test having the acceptance region w, de-
fined by (2.1), where S = D i (Xe — o) (X — wo)’ is unbiased.

We can also generalize Theorem 2.1 to the k-sample case. Let p X 1 vectors
X, X, , Xjn; (N; > p) be a random sample from p variate normal dis-
tribution with mean p; and covariance matrix Z; (j = 1,2, --- , k). Put §; =

¥ (Xje — X;)(Xja — X3)', X; = N;7' D84 Xja, and n; = N; — 1. Then
we have the following theorem by the same argument as in the proof of Theorem
2.1.

TraEOREM 2.3. For testing the hypothesis H":2; = ‘on G=12 ---,k)
against the alternatives K" : Z; # Zo; for some 1, where the mean u; s unspecified
and Z; is a given pd matriz, the modified LR test having the acceptance region

(2.10) @ = {(Sy, -+, 8) |S;ispd (j =1,2,---,k) and
TT5= (1826 7" etr [—320781]) 2 ca)

s unbiased.

3. Unbiasedness of the modified LR test for £; = Z,. Let p X 1 vectors
Xa, X, -+, Xiv;, (N: > p) be a random sample from a p-variate normal
distribution with unknown mean vector u; and unknown covariance matrix
= (det =; 5 0) for ¢ = 1, 2. From these samples we want to test the hypothesis
H,:Z, = 3, against the alternatives K, : 2, s Z;, where the means u; and
us are unspecified. The acceptance region of the LR test of this problem is
given by

(38.1) @’ = {(S1,8:) | Siand S arepd, |Si|¥/*Ss|"2 %Sy + Se| TP 2 o},

where S; = I:,,r'=1 (Xm —X)(Xia - X,,), andXi = Ni_l ngX,;afOI‘i = ].,2.
In casep = 1, this acceptance region gives an unbiased test if and only if N1 = N,
as is shown by Brown [3] and further the UMP unbiased test is given by re-
placing 'SI|N1/2l82|N2/2IS1 + Szl_(N1+N2)/2 to |SII(N1—1)/2|82I(Na—l)/2lsl + Szl_(N1+N2_2),2
in (3.1), which can be seen in Lehmann ([5], p. 170) by some calculation. After
this modification of changing the sample size N; to the degrees of freedom
ni = N; — 1for i = 1, 2, we can prove the unbiasedness in the multivariate
case, which was conjectured in Anderson and Das Gupta [2].

TuroreM 3.1. For testing the hypothesis Hy : 2, = Zy against the alternatives
K, : 31 # 2, for unknown p and uz, the modified LR test having the acceptance
region

(32) @y = {(Si, S) | S and S are pd, |Si™"Ss™|S1 + Sl 2 ca},

where n; = N: — 1 (i = 1. 2), is unbiased.
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Proor. By the invariance of the region w, for the transformation (S;, S;) —
(AS1A’, AS,A") for any nonsingular matrix 4, we can assume, without loss
of generality, that 2; = T (a diagonal matrix whose diagonal elements are given
by p characteristic roots of ;,2,™") and Z; = I. Then the probability Px(ws)
of the acceptance region w, under the alternative K is given by
(33)  ComiComs [ isi smremy 81| 77TV |yl TP TR DT

-etr —%(1“_1& + Sz) dSl dSz .
Putting S; = U and S; = UfleUl%, W}}ere Uy* can be defined in some unique
way with probability one, such that UiUE = U, and Ui is symmetrie, then
the Jacobian is given by |(S1 , 82)/8(Uy , Us)| = |U1| "2, 8o we obtain (3.3) as

(n1+ng—p—1)/2
Cp,n1Cp g f(I,Uz)ewz lUl,

(34) TP etr [—3(DT 4 U,) Un] dUL AU,

= ComCmCamitns J @ |Ual 7 PPT[EDT o GO Uy
Transforming the variables U, to V = T*U.T*, we have
(3.5) Px(ws) = CpmComComiiny Jvewy |V|™ PV + V[T gy,

where the region w,* means the set of all p X p pd matrices V such that
(I, T*VI™) ¢ wy . Let @ be the set of all p X p pd matrices V such that (I, V)ews
and put b = CponyCpmaConiins - Then we can see that @ = {V |V is pd and
,Vlnzl2|I + Vl—(n1+nz)/2 > Ca} and

PH(wz) _ Px(wz) - b{fv:a;z _ J‘Vm*}lvl(nz—p—l)mll _I_ V!—(n1+n2)/2 av
(36) = b{stég—wg*nJ)z - fVewz*—c‘ézﬂwz*}
X |Vln2/2|I + Vl—(n1+n2)/2ivl—(p+l)/2 dav.
Noting that the integra,l [ V|™ 2T 4 VT2 GV exists and the
inequality
(3‘7) fww Ivl(nz—p—l)ﬂll + VI—(n1+nz)I2 dV = ca wa lvl—(p+l)l2 av

holds for any subset « in @ , we can see that [ yea, (V@2 gy < o, It follows
that

PH(w2) - PK(w2) = bcd{fVeE:z—wz*nfoz — fVewz*—&znwz*}|V|—(p+l)/2 av
(3'8) = bca{fVe&';z - stwz*}}Vl_(p-i-l)/z dV = O.

Thus we have Px(w,’) = Pg(w,’), which implies Theorem 3.1. ‘

It is believed that the modified LR test for the equality of covariance matrices
more than two p-variate normal populations is unbiased. This is true when
p = 1 (Pitman [6]), but we fail to prove this for p > 1.

» 4. Unbiasedness of the LR test for sphericity. Although the following theorem
is already obtained by Gleser [4], we shall show in this section that it can be
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proved from our point of view. We shall use the notation in Section 2 without

reference.
THEOREM 4.1. For testing the hypothesis Hs : = = o°I against the alternatives
K3 : 2 # o’I, where ¢® is an unspecified positive number, the LR test having the

acceptance region
(4.1) ws = {S]8 is pd and |S|"*(tr 8) " = ¢4}

for 8 = 2 N 1 (Xoa — X)(Xo — X)) is unbiased.

Proor. By the invariance of the acceptance region w; for the transformation
S — HSH' for any orthogonal matrix H, we can assume = = I' (a diagonal
matrix). Then we can write the probability of the acceptance region under K,

(4.2) Pr(ws) = Cpun [ sews [S]" 27020 etr (—3T7'8) dS
= Cpon [T40Theny [U| "7 etr (—2U) dU.

If we put U = vV, where the symmetric matrix V, is given by

1, v, -+, i
(43) Vo= |t ),

Upl, Upz, ** 5 Upp
then [0U/d(vu, Vo)| = WP @M1 By the invariance of the region w; for the

transformation U — cU for any positive number ¢, we have
(44) PK(“’:E) = Cp.n fI‘iVoI"}ewa vﬂtp/Z)—-I’VOl(n—p-l)ﬂ etr (—%vuVo) dvy dVy
= 2%, T (np/2) [rivortess |Vo| "7 (tr Vo) " dV,.

Let «;* be the set of all pd matrices V, of the form (4.3) such that T*V,I* & w;.
Then by the same argument as in Section 2, we can easily see that

(4'5) PH(w3) - PK(w3) g 2np/2I‘(%np)cp,nca{J.Vo£w3 - fVoews*}|V0|_(p+1)/2dV0.

Make the transformation Wy = N TV I' in the second integration, where
I' = diag (M, - -+, Ap) and pd matrix Wy is of the form (4.3). The Jacobian is
given by [0Wo/aV,| = [T|®H2\?®™2 which implies

(4-6) fVoew;,v* ”/0'_-(1”-1)/2 dVO = fWoewg |Wol—(p+l)l2 dWo .

Thus Theorem 4.1 is proved.

We can also prove the following two theorems by the same argument as in
the proof of Theorem 4.1. We shall remark that the LR test for sphericity is un-
biased, but in order to prove the unbiasedness for the sphericity test in & sample
case, we must modify the LR test by reducing the sample size N ; to the degrees of
freedom n; = N; — 1.

TrrorEM 4.2. For testing the hypothesis Hy :Z; = ¢°20; (j = 1,2, - - - , k) against
thé alternatives K3 3 ; 5% o"Zoi for some i, where o® is unknown constant and Zo; 18
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a gwen pd matriz, the modified LR test having the acceptance region
(4.7) o = {81, ,8)|8; s pd(j=1,2 ---,k) and
(L7 =0 185257 "7 (205 tr 20785 ™" 2 ca
where S; = Y 3y (Xju — X)) (Xja — X;) and n = D_i_1n; s unbiased.
TurorREM 4.3. For testing the hypothesis Hy" :2; = ¢/20; (j = 1, 2, -+ , k)

against the alternatives Ks" :3; 5% oS for some 1, where o5 is unknown constant and
2, 18 a giwen pd matriz, the modified LR test having the acceptance region

(4.8) ‘*’3,” = {(Sl’ tee ,Sk)lS] zs pd (J =1,2--- 7k) and
TT5- 820 1" (br 8,20) ™" = cal
18 unbiased.

6. Unbiasedness of the LR test for = = ¢ and u = w. Using the same sample
as in Section 2, we want to test the hypothesis H,:2 = Zgand p = o against the
alternatives K4:2 £ Zo or p 5% po. This problem is different from the problem
(H{, Ky") in that the mean vector u is unknown. The LR test given in Anderson
([1], p. 268) for this problem is proved to be unbiased. It may be interesting to
note that the modification of the LR test is not necessary in this case.

TuEOREM 5.1. For testing the hypothesis Hy:2 = 2y, p = po against the alterna-
tives K412 £ 2o or p 5% wo, the LR test having the acceptance region

(5.1) w = {(X,8)| Xisp X 1vector and S 7s pd such that
18207 M etr [—320 S + N(X — o) (X — o)}l 2 cal

for 8 = Dy (Xo — X)(Xo — X) and X = N7 D41 X, is unbiased.
Proor. Without loss of generality we may assume o = I and £ = T (a
diagonal matrix). Then we can write

(52) PK((.O4) = Np/26p,n(2ﬂ')—p/2
S @500 S|V et [—3TTHS + N(X — w)(X — w)'}]dX dSs.

Put U = T3ST and ¥ — o = THX — u), then [3(¥, U)/0(X, S)| =
[T|~®*P”2, We have

(5.3) Px(ws) = N, ,(2r)7""
S @ o |72 etr [—3{U + N(¥ — po) (¥ — wo)}1d¥ dU,

where the region ws" means the set of all p X 1 vectors Y and pd matrices U such
that (T*(Y — wo) + u, iU I'*) ¢ ws. By the same argument as in Section 2, we
can see that

(54) Pg(wi) — Px(ws)
= Nplch,nca(zﬂ')*—p/z{f(F,U)sw4 - f(f.U)ew:} |U|—(p+2)/2 ay au.
" Make the transformation (¥, U) to (Z, V) by Z = T*(¥ — w) + u and
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V = T*UT? in the second integration, then we easily see that
[ @0yt [U7EP2AY AU = [z, vyens (V[ ePRaZ av.

Thus Theorem 5.1 is proved.

We can also generalize Theorem 5.1 to the k sample case by the same argument
as above.

TuaEOREM b5.2. For testing the hypothesis H:Z; = 2y and uj = poj
(7 =1,2,---, k) against the alternatives K/:Z; 5 2o for some 1 or u; # uoj for
some jJ, where Zo; is a giwen pd matriz and the mean uo; is a given p X 1 vector, the
LR test having the acceptance region

(55) w4/ = {(le ’Xk,Sl, ,Sk)lS; 18 pd (.7 = 1’21 7k)
and L5 (IS0 """ etr —320(8; + Ni( X, — no)) (Xi — moi)'}] Z cal
s unbrased.

Acknowledgment. The authors would like to express their gratitudes to the
referee for his finding out some errors on the original proof and helpful sug-
gestions.

REFERENCES

[1] AnpERsON, T. W. (1958). An Introduction to Multivariate Statistical Analysis. Wiley,
New York.

[2] AnpERsoN, T. W. and Das Gupra, S. (1964). A monotonicity property of the power
functions of some tests of the equality of two covariance matrices. Ann. Math.

Statist. 35 1059-1063.

[3] BrowN, G. W. (1939). On the power of the L test for equality of several variances.
Ann. Math. Statist. 10 119-128.

[4] GrLeser, Lron J. (1966). A note on the sphericity test. Ann. Math. Statist. 37 464-467.

5] LeaMANN, E. L. (1959). Testing Statistical Hypotheses. Wiley, New York.

[6] PrrMaN, E. J. G. (1939). Tests of hypothesis concerning location and scale parameters.
Biometrika 31 200-215.



