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ON THE ZEROS OF INFINITELY DIVISIBLE DENSITIES

By F. W. STEUTEL
The University of Texas'

1. Introduction. Making use of a representation theorem for infinitely divisible
(inf div) distributions on the nonnegative integers, which is implicit in [3], and its
continuous analogue, which is implicit in [5], some properties are proved regarding
the zeros of inf div probability density functions (pdf’s) on [0, c0), both in the
discrete and in the continuous case.

2. Representation theorems.

THEOREM 1. A probability distribution {p,} on the nonnegative integers, with
po > 0, isinfdivifandenly if

(1) Py = 3520 Pifln- i1
where the q’s satisfy.
) qng(j:O, 1,2, ); Z?:l.j_lqj< 0.

Proor. From Feller [1] (page 270 seq.) one easily obtains, that {p,} is inf div
if and only if its generating function (pgf) P(z) is of the form

P(z) = exp {—A(1-R(2))} (2l = 1),

where 4 > 0 and R(z) is the pgf of some distribution {r,} on the nonnegative
integers. Equivalently we have, taking logarithmic derivatives,

P'(z) = P(2)Q(2) (2| <1,
where Q(z) = AR'(2).
Again equivalently,
NPy = 2520 Pn-j>
whereq, = A(n+1)r,,(, with Y P(n+1)7"g, = A(1—r,).
In the same way for general distributions on [0, c0) we have
THEOREM 2. A distribution function (df) F(x) on [0, o) is infdiv if and only if
it satisfies ,
3) [& udF(u) = [§ F(x—u)dP(u),
where P is non-decreasing, and
) ﬁo x~1dP(x) < .
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PROOF. According to Feller [2] the Laplace transform F(t) of a df on [0, o0)
isinfdivifand only if
F(7) = exp {—[§ x™'(1—e"™) dP(x)},

where P is non-decreasing and satisfies (4). Taking logarithmic derivatives and
using the convolution theorem yields (3), as we have

—dF(v)dr = [ xe™ ™ dF(x).
COROLLARY. The pdf f(x) of a distribution on [0, 0) is inf div if and only if
® xf(x) = [§ f(x—u) dP(w),
where P is non-decreasing and satisfies (4).
ProoF. This follows by writing F(u) = [§ f(t) dt and changing the order of
integration in (3).
3. Zeros of discrete distributions.

LeMMA 1. If {p,} is an infdiv distribution on the nonnegative integers, with

Po > 0, then
©) Pa>0

> 0.
G-t > O}_‘)pai-b

PROOF. (a+b)p, 44 = pug,-1 > 0, hence p,,, > 0.
THEOREM 3. If {p,} is an inf div distribution on the nonnegative integers, with
Do >0, then
P.>0

Py > 0} Pa+p > 0.
b

PROOF. As bp, = Y526 pigy-;—1, there is a j,, with 0 < j, < b, such that
pj, > 0andg,_; _, > 0. It follows by Lemma I that p,,_;, > 0. There are two
possibilities.

Case 1. q;, _, > 0 and hence by (6), p,,, > 0.

Case 2. q;, -, = 0. Then, as p; > 0, there is a j;, with 0 < j; < j,, such that
p;j, > 0and g;,_; -, > 0. It follows that p,,,_; > 0. Again there are two cases.

Case 2.1. q; _; > 0 and hence by (6) p,,, > 0.

Case 2.2.q; _, = 0. Then, as p; > 0, there is a j,, with 0 £ j, < j,, such that
pj,>0andg; _; > 0.1t follows that p,,,_; > 0.

Proceeding in this way, in a finite number of steps we reach the situation that
Pa+b-j, > 0,andg; _, > Oorj, =0. Hence p,,, > 0.

COROLLARY. If {p,} is an inf div distribution on the nonnegative integers, p, > 0,
thenp, >0->p, >0 (k=0,1,2,--).
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REMARK. Theorem 3 can also be proved by direct application of the definition
of infinite divisibility, without use of Theorem 1.

4. Zeros of densities.
THEOREM 4. If f(x) is a continuous and inf div density on (0, o0), then
Sx) =0 - {/(x) =0 (x = x0)}.

PROOF. It is no restriction (this can be achieved by a shift) to assume that for
every ¢. > 0 there is an x; < J such that f(x,) > 0. We now have to prove that
f(x) has no zeros in (0, c0). Suppose, therefore, that f(x,) > 0 and f(x,") = 0
with x," > x,. Then by the continuity of f(x) there is a smallest number x, satisfying
Xxo > x; and f(x,) = 0. By (5) we have

0 = xof(x0) = jgo S(xo—u) dP(u).
Asf(x) > 0forall x with x; £ x < x,, it follows that [§2~* dP(u) = 0, and hence
that [o. f(x —u) dP(u) = 0 for all x < x,—x,. Therefore, by (5), xf(x) = f(x)P(0)
for all x < xq—x,. It follows from the continuity of f that f(x) = 0 for all

X < xo—Xx,. As this contradicts our assumption, it follows that x, does not exist
and that f(x) # O0for x > 0. This proves the theorem.

CoROLLARY. An infdiv pdf on (0, c0), which is continuous on (0, c©) and
positive on (0, 0) for some 6 > 0, has no zeros on the positive half-line.

It does not seem easy to extend the argument of Theorem 4 to pdf’s on (— oo, 0):
if ¢(¢) is the characteristic function (ch.f.) of a pdf f(x), having a representation
of the form

B(r) = exp [Z, (€™ —1) dO(x),
where 0 is non-decreasing, then the analogue of (5) becomes (if differentiation is
possible)
Xf(x) = [, fox—upu dou),

where however u df(u) is not a measure. Theorem 4 provides a generalization of
the Corollary to Theorem in [4], if ¢ is the ch.f. of a pdf on (0, 00) and if ¢ is not
integrable.

5. Examples. Examples of pdf’s which are not inf div by the Corollary to
Theorem 4 are

1. f(x) = 6(e *=2e"%*)* (cf. [6]).

2. fi(x) = 1/24 exp (—x*)(1 —a sin x*¥) fora = 1.
fo(x) is inf div (see [5]). It follows from the closure property of inf div distributions,

that 7, cannot be inf div for all o, with 0 < o < 1, as this would imply that f;(x)
is inf div. The pdf f, has the same moments for all « (cf. [2], page 224).
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From the representation theorems it easily follows that Const. {¢g"p,} is inf div
if {p,} is inf div. In the same way if f(x) is inf div, then Const. e~ **/(x) is inf div.
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