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Let {X;: i > 1} be i.i.d. with uniform distribution[— %, 319, d > 2, and
let T, be a minimal spanning tree on {X,..., X,}. For each strictly
positive integer a, let N({Xy,..., X,}; @) be the number of vertices of
degree a in T,. Then, for each a such that P(N({X,,..., Xes1hia) =1
> 0, we prove a central limit theorem for N({Xq, ..., Xn); a).

1. Introduction. Let {X,,..., X,} be a finite subset of RY d>2. A
minimal spanning tree (MST) on {X,,..., X} is a spanning tree T({X,, ...,
XD on {X,,..., X,} such that

Y le| = min{ Y lel: T a spanning tree on { X,, ..., Xn}},
eeT{Xq,..., XnD eeT

where le| = [X; — X;| is the Euclidean length of the edge e = (X;, X).

For applications of minimal spanning trees in computer science, see Whit-
ney (1972), Jung (1974), Chang, Chang, Kang and Lee (1977), Bentley and
Friedman (1978), Chin and Houck (1978) and Katajainen (1983). For applica-
tions of minimal spanning trees in physics, chemistry and biology, see
Mallion (1975), Romane (1977), Wu (1977), Penny (1980), and Dussert et al.
(1987). For applications of minimal spanning trees in statistics, see Rohlf
(1975) and Friedman and Rafsky (1979, 1983).

Here are two problems considered in connection with a minimal spanning
tree. The first problem is on the length of a minimal spanning tree. The
second is on the number of vertices of a given degree a in a minimal
spanning tree. Denote the length of a minimal spanning tree on {X,,..., X}

by
L({ Xq,.oy Xp}) = ) lel,

and denote the number of vertices of a given degree « in a minimal spanning
tree on {X,,..., X} by

N({Xy,..., Xp}; @) =|{X;: the degree of X; in T({Xy,..., X,}) is a}|.
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If {X;: i > L} are i.i.d. with uniform distribution on [— }, ]9, d > 2, then

Steele (1988) showed that, as n — <,

L({Xq, ...\ X,)})
n(dfl)/d

(1.1) - B(d) as.,

and Eddy, Shepp and Steele (1987) showed that, as n — o,

N({X;,..., X,}; a
(1.2) ({ = ) )—>,8(a,d) a.s.,

where B(d) is a strictly positive but finite constant which depends only on the
dimension d and where B(a, d) is a finite constant which depends only on
the given degree o and the dimension d. For related results, see Rhee and
Talagrand (1989), Aldous and Steele (1992), Redmond and Yukich (1994) and
Penrose (1996).

A central limit theorem associated with (1.1) has been proved indepen-
dently by Alexander (1996) and by Kesten and Lee (1996). In this paper, we
prove a central limit theorem associated with (1.2) which was conjectured by
Eddy, Shepp and Steele (1987). Our basic idea is the same as that of Kesten
and Lee (1996). Let P,(n) be a Poisson point process of density n[— 3, 1%
We represent N(P,(n); @) — EN(P,(n); @) as a sum of martingale differ-
ences and we apply Lévy's martingale central limit theorem to the sum of
martingale differences. In this way, the proof of the central limit theorem for
N(P,(n); @) is reduced to a kind of weak law of large numbers estimate for
certain conditional variances. Even though a weak law of large numbers is
much easier to obtain, in general, than a central limit theorem, it still
requires some independence. The required independence is obtained by ap-
proximating the conditional variances by quantities which depend only lo-
cally on the P,(n). This approximation is done by the stabilization property
(Proposition 1) of minimal spanning trees. Loosely speaking, the stabilization
property says that the minimal spanning tree structure is locally determined.
Our first result is as follows:

THeorem 1. Let P,(n) be a Poisson point process of density non[— %, 219,
d > 2. Then, for each strictly positive integer a such that P(N(P,(1); a) = 1)
>0, as n — «,

N(Py(n); @) — EN(Py(n); a) 5

i/ N(0, 5?( e, d))

in distribution for some 0 < 7%(a, d) < o.

We de-Poissonize Theorem 1. That is, we replace a Poisson point process

P,(n) of density n on[— %, 2]¢ with the n i.i.d. uniform points {X,,..., X} on

— 2,219 in Theorem 1. Our second result is as follows.
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THEOREM 2. Let{X;: i > 1} bei.i.d. with uniform distributionon[— %, ],

d > 2. Then, for each strictly positive integer a such that P(N(P,(1); a) = 1)
>0, asn — o,
N({Xy, ..., X} a) = EN({Xy,..., X }; @
nl/2

)-ﬁ N(O,Uz(a,d))
in distribution for some 0 < o?%(a, d) < o.

In Section 2, we review minimal spanning trees and continuum percola-
tion. By studying minimal spanning trees with the help of continuum percola-
tion, we establish the stabilization property of minimal spanning trees. In
Section 3, we prove Theorem 1. In Section 4, we de-Poissonize Theorem 1 and
prove Theorem 2.

We would like to close the Introduction with a remark on the stabilization
property of minimal spanning trees which we establish in this paper. This
stabilization property is much stronger than the monotonicity property of
minimal spanning trees which is essential to the argument of Kesten and Lee
(1996): Kesten and Lee (1996) prove the central limit theorem for the length

LX) = T wel)

of a minimal spanning tree on { X,, ..., X}, where, for a given function ¢, the
weight on the edge e is given by ¢ (|e]). Their central limit theorem holds with
no continuity assumption on . [Please, ignore the continuity assumption on
¢ just before Lemma 12 of Kesten and Lee (1996). It is a typo.] They prove
Lemma 10 of Kesten and Lee (1996) only for (y) = ¢, (y) = y® However,
the lemma holds for the general ¢ as stated in the lemma. The full proof of
the lemma is now available. The proof is based on the stabilization property,
not the monotonicity property. Actually, one can adapt our argument to prove
the central limit theorem of Kesten and Lee (1996). In fact, in the coming
paper we establish the “strong” stabilization property of minimal spanning
trees and we generalize the central limit theorems of Kesten and Lee (1996)
and of this paper to the nonuniform sample points.

In this paper, there are many strictly positive but finite constants whose
specific values are not of interest to us. We denote them by C;, C,, or Dj.

2. Stabilization of minimal spanning trees. In this section, we recall
three algorithms for the construction of an MST: Kruskal's algorithm, the add
and delete algorithm, and the revised add and delete algorithm. We also
review continuum percolation. By studying the structure of minimal span-
ning trees with the help of the revised add and delete algorithm and contin-
uum percolation, we establish the stabilization property (Proposition 1) of
minimal spanning trees.

Let us review minimal spanning trees first. Let G = (V, E, w) be a con-
nected weighted graph with vertex set V, edge set E and weight function w:
E — [0, »). Assume that the cardinalities |V/|, |E| of V, E, respectively, are
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finite. A minimal spanning tree on G is a tree T with vertexset V (so T is a
spanning tree on V) and edge set E' c E (which we express by T c E for
brevity) such that

(21) Y w(e) = min{ Y w(e): T’ aspanning treeonV, T’ C E}.

eeT eeT’
Denote

w(T) = ) w(e).
eeT
A minimal spanning tree T on G can be constructed by the following greedy
algorithm due to Kruskal (1956).

KRUSKAL’S ALGORITHM.

Step 1. Let T, = J and let E, = {e € E: {e} is not a circuit}.

Step 2. Once T; and E; have been determined, choose an edge e,,; € E;
such that w(e;, ) = min,. ¢ w(e) and construct T;,; by adding the edge
e;,, to T;. That is, define

T =TiU{e .
Then, define
Ei.. = {e € E\{ej,.}: Ti.1 U {e} does not contain a circuit}.

If there exists no such edge e,, ,, that is, if E; = J, then define T = T, and
stop.
Step 3. Replace i by i + 1. Return to Step 2.

Let G = (V, E,w) be a connected weighted graph with |V| < «, |E| < o,
and let G’ = (V’, E’, w') be another connected weighted graph with V' oV,
V'] <, E' D E, |E'| <. We assume that w'(e) = w(e) for all e € E so that
w' is an extension of w. We therefore drop the prime from w' in the sequel
and we denote the weight function on G’ also by w.

Now, let T be an MST on G. We would like to construct an MST T’ on G'.
We may, of course, construct an MST T’ by directly applying Kruskal's
algorithm to the graph G'. However, this algorithm is not efficient in this
case, because this does not use the fact that T is already an MST on G. We
propose here the add and delete algorithm and the revised add and delete
algorithm for the construction of an MST T’ on G’: The original add and
delete algorithm was proposed by Kesten and Lee (1996) and the add and
delete algorithm below is slightly generalized from the original one [this
algorithm was already studied by Chin and Houck (1978)]. However, proof
needs no change. The revised add and delete algorithm is revised from the
add and delete algorithm to handle the situation if we have the additional
information that some edges e € E’'\ E do not belong to any MST T’ on G'.
The proof is given in Lemma 2 below.
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ADD AND DELETE ALGORITHM.

Step 1. Let T, =T and let E'\E ={e,..., e}

Step 2. Once T; has been determined, add e;,, to T,. That is, form
T, U {e;, ). If T; U {e;,,} does not contain a circuit, define

Tiv1 =T U{e).

Otherwise, T; U {e;,,} contains a unique circuit C;, ;. Choose f;.;, € C;,;
such that w(f;, ;) = max,.. , w(e), and define

T =T U {eg I\ {fi e}
If there is no such edge e, ,, that is, if i = I, then define T' = T, and stop.
Step 3. Replace i by i + 1. Return to Step 2.

REVISED ADD AND DELETE ALGORITHM. Apply the add and delete algorithm
to (E'\ E)\ E” instead of E'\ E if no edge e of E"(c E'\ E) belongs to any
MST T' on G'.

The next three lemmas are simple facts on the add and delete algorithm
and the revised add and delete algorithm.

LEMmMA 1. Let Tbhean MSTon G = (V, E,w), |V| < », |E| < », and let T’
bean MSTon G =(V',E',w),V' DV, |V'| <», E' DE, |E'| < %, constructed
by applying the add and delete algorithm with E'\ E = {e,, ..., ¢;} to an MST
T on G. Then

(2.2) T c(TU{e,....e})

and

(2.3) (T'NE)CT.

Moreover, for V” c V with V" N {x: (x, y) € {e,..., e} for some y} = &,
(2.4) {(x,y)eT:xeV"}c{(x,y)eT:xeV"}.

Proor. The lemma follows immediately from the add and delete algo-
rithm. We leave this as a simple exercise for the reader. O

LEMMA 2. Let G = (V, E, w) be a connected weighted graph with [V| < e,
|[E| <, and let G' = (V’, E’,w) be another connected weighted graph with
V'OV, [V|<w E DE, |[E'|l <» Assume that any edge e € E"(Cc E'\ E)
does not belong to any MST T’ on G'. Let T be an MST on G and let T” be a
spanning tree on V' constructed by applying the add and delete algorithm
with (E'\ E)\ E” to an MST T on G. Then T” is still an MST on G'.

Proor. Define a connected weighted graph G” by G”" = (V’, E'\ E”, w).
Since an MST T’ on G’ does not contain any edge e € E”, T’ is a subgraph of
G” and hence G” is indeed connected. Since T’ is a spanning tree on V' in G”,
for an MST T” on G” we have w(T"”) < w(T’). So, for any spanning tree T"”
on V' in G' we have w(T”) < w(T’) < w(T"), because T’ is an MST on G'.
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Hence an MST T” on G” is an MST on G'. In particular, a spanning tree T"
on V' constructed by applying the add and delete algorithm with (E’\ E)\ E”
toan MST T on G is an MST on G" and hence an MST on G'. O

LEmmA 3. Let G = (V, E,w) be a connected weighted graph with V| < o,
|[E| < %, and let G’ = (V’, E’,w) be another connected weighted graph with
V' DV, V| <w E DE, |E'| <~ Denote E'\E ={e;,...,¢e}. Let T be an
MST on G and, foreach 0 < i < I, let T; be the ith subset of E' constructed by
applying the add and delete algorithm with {e;, ..., e;} to an MST T on G (see
Step 2 of the add and delete algorithm). Let C be a connected component of T;.
Then the restriction T, N C of T; to C is an MST on G;(C) = (V,(C), E;(C),
w), where V;(C) = {x: (x,y) € E;(C) for some y} and where E;(C) is the
connected component of E U {e,, ..., e;} containing C.

Proor. If E;(C) contains a given MST T on G, then T, N C is the tree
constructed by applying the add and delete algorithm with {e,, ..., e;} N E,(C)
toan MST T on G. So, T; N C is an MST on G;(C). If E;(C) does not contain
T, then there exists the first edge ¢; = (u,v), 1 <j < i, such that e; € E;(C).
Then T; N C is the tree constructed by applying the add and delete algorithm
with {e,;,..., &;} N E;(C) to an MST {e;} on ({u, v}, {e;}, w). So, T; N C is again
an MST on G,(C). O

Now we collect two basic facts on an MST.

LEMMA 4. Let G = (V, E,w) be a connected weighted graph with |V| < e,
|[E| < o. If there exists a path = = (e,,...,e,) in G fromv, € Vtov, € V such
that w(e;)) < A, 1 <i<n, then for any MST T on G there exists a path
7' =(e},..., ey in T fromv, tov, such that w(ej) <A, 1 <j<m.

Proor. See Kesten and Lee [(1996), Lemma 2]. O

LEMMA 5. Let G = (V, E, w) be a connected weighted graph with V| < e,
|E| < . Assume that, for e, # e, € E,

(2.5) w(e;) #w(e,).
Then there exists a unique MST T on G.

ProoF. See Rosen [(1995), Exercise 8.6.19]. The answer is provided
there. O

Let a finite subset A of RY d > 2, be given. Construct a connected
weighted graph G = (V, E,w) from A in the following way: V= A, E =
{(x,y): x#yeV}and w((x,y)) = |x —vyl|, where |x —y| is the Euclidean
distance between x and y. So, it is reasonable to think of the edge (X, y) as
the line segment between x and y. If G satisfies (2.5), then by Lemma 5
there exists a unique MST T(A) on G [we sometimes call T(A) an MST on A
instead]. All the G (or rather A) of interest satisfy (2.5) with probability 1.
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From now on, we assume all the finite sets A of interest satisfy (2.5) so that
an MST T(A) on A is unique. We also assume all the infinite sets W of
interest are locally finite. These assumptions hold with probability 1.

Denote T(A) a minimal spanning tree on A and T@(A) a minimal
spanning tree on A\[— 3,219 If Alisa Poisson point process P, of density 1

on [—n%d/2,n/9/2]9 then denote by T, a mlnlmal spanning tree on P,

and by T‘O’ a minimal spanning tree on Pn\[— 24191 Ais ni.id. unlform
points {X(”) .., XM} on [—nYd /2, n/d/2]9, then denote by T, a minimal
spanning tree on {X{“) ., X{M} and by T a minimal spannlng tree on

(XM, XN - %,% d. SO T =T(P), T(O) = T( P \[— 2, 2] ), T,
TEXM, ..., XM) and T = T({X(") : x<">}\[ 3, 319.

If we apply the add and delete algorlthm with {e,,..., e} to T(A)
[TOCA), T, TO, T, T, respectively], we denote the ith graph constructed
by T:(A) [TO(A), T, ;, T, T, i, T, respectively] (see Step 2 of the add and
delete algorithm).

Define, for a finite subset A of R and for a strictly positive integer «

(2.6) N(A; @) =|{x: the degree of x inan MST T(A) on Ais a}|.

Define further, for a finite subset A of RY and a subset B of R, and for a
strictly positive integer «,

(2.7) {e(A, B)} ={e:ecT(A),e& T(A\ B)},
(2.8) {f(A, B)}={f:f€ET(A),f€T(A\ B)}
and

(2.9) D(A, B; @) = N(A; a) — N(A\ B; a).

Let G = (V, E,w) be the graph induced by a set A; (v, e;,V,,€,,...,€,,
V., isa path from v, to v, ,, in G (or ratherin A)if v, e V,1 <i<n+ 1,
and e; = (v;,v;,,) € E, 1 <j < n. We sometimes denote the path (v,, e, v,,
€ € Vo) Y (Vi vy, v, Dor (e, e,,...,8). Apath (V, vy, ...,V )
is self-avoiding if v; # v; for i # j.

Let Q, be the d-dimensional cube of volume n of the form

Q, = [-n/¢/2,n4/2]°.
For x =(Xg,..., Xg), Y =(y;,..., ¥g) € R and for I, L > 0, define
Blx,y] = I1Tx. v,
Q(x) =

A(B[x,y];l,L) = _]E[[xi—I—L,yi+l+L]\']E[(xi—l,yﬁ—l).
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We call B[x,y], Q(x) and A(B[Xx, y];l, L) a rectangle, a cube and an
annulus, respectively.

DeriniTION 1. Leté > 0. A blocking set of width 6 for the rectangle
Bl x, y] is a finite set S in the annulus A(B[ x, y]; 1, §) with the following
property: each line segment from JI1[x; — 1, y; + 1] to dI1[x; — 1 — 5, y; +
1 + 8] passes within distance % of some point of S [see Kesten and Lee

(1996), Figure 2].

Most of the time, the vertices of interest lie in Q,, = [—n%/9/2, n/d /2],
Thus, the edges of interest also lie in Q,,. In these cases, it is useful to relax
the above definition.

DerINnITION 2. Let 6 > 0. An n-blocking set of width & for the rectangle
B[ x, yl is a finite set S in A(B[x, y];1, 8) N Q,, with the following property:
each line segment from (JI1[x; —1,y; + 1D N Q, to (WTI[x; — 1 —-8,y; +
1+ 8] N Q,, passes within distance % of some point of S.

The reader should note that, if (JI1[x;—1-8,y;+1+8DNQ,=¢d,
then & is an n-blocking set.

The term “blocking set” is justified by the next lemma. However, here we
would like to point out that, even if there exists a blocking set, the existence
of a blocking set does not imply the kind of independence one may wish to
have: the next lemma just says that, if there is a blocking set, some long
edges are not in an MST. It does not say that, if there is a blocking set, some
short edges are in an MST.

LEmMMA 6. Let S be a blocking set of width & for the rectangle B[ x, y].
Then, in any MST T(A) on the graph G = (V, E,w) induced by A, AD S,
there are no edges between vertices in B[ x, y] and vertices in RA\IT(x; — 2 —
8,Y; + 2 + 8). This still holds for any MST on the graph G' = (V, E',w),
E' c E, G’ connected, if {(x,y): xS, ye A, x#y}cE" The same result
holds for an n-blocking set if A C Q,,.

Proor. The proof is the same as that of Lemma 3 of Kesten and Lee
(1996). O

Denote the set of the Poisson points of density 1 in R® by P. If we are only
interested in the Poisson points in Q,,, denote the set of the Poisson points in
Q, by P,. Thus P, =P N Q,.

We also choose m i.i.d. uniform points on Q, Denote these random points
by X{™,..., X" and the set of these random points by U,(m). In the case
m = n, we simplify the notation U,(m) to U,,.
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The next two lemmas are about the existence of a blocking set.

LEMMA 7. There exist constants 0 < C;, C, < « such that, for B[ x, y],

P (there is no blocking set S of width & of P-points
(2.10) for the rectangle B[ x, y] in the annulus A(B[ x, y];1, 8))
< Cyy2 Y exp(-C,3),
where y = [Z(y; — X; + 2 + 28)?]*/? is the diameter of the rectangle I1[ x; —

1-38,y; + 1+ 8]. Moreover, (2.10) holds with the term “blocking set” re-
placed by “n-blocking set.”

Proor. See Kesten and Lee [(1996), Lemma 5]. O

LemmAa 8. There exist constants 0 < C,,C,,C;,C, < » such that, for
3n/4 <m < 5n/4 and for B[ x, y],

P (there is no n-blocking set S of width & of U,(m)-points
(2.11) for the rectangle B[ x, y] in the annulus A(B[ x, y];1, 8))
< C,y*9 Vexp(—C,8) + Cyexp(—C,n),

where, as in Lemma 7, y = [X(y; — x; + 2 + 28)?]*? is the diameter of the
rectangle T1[x; —1 - §,y; + 1 + 81

Proor. See Kesten and Lee [(1996), Lemma 6]. O

Now, we review continuum percolation. For a set W of points in RY and for
r > 0, define

c(r;w)= U {yeR%Ix—yl<r}.
xeW

In the case W = P, we simplify the notation C(r; P) to C(r).

Denote the event that C(r; W) has an unbounded connected component
which contains x by {x < « in W}. Then, U, . ge{X <, in W} is the event
that C(r;W) has an unbounded connected component. The fundamental
theorem of continuum percolation says that there exists a constant 0 < r, =
r.(d) < o such that

. >0, ifr>r,
PO<=in PH o itr<r
’ c*

Since U, c ge{X © .2 in P} is in the tail o-field, P(0 <~ in P) > 0 implies
P(Uyc greix ©,% in P}) = 1. So, for r > r,, C(r) has an unbounded con-
nected component with probability 1 and, for r < r_, C(r) has no unbounded
connected component with probability 1. If C(r) has an unbounded connected
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component, then actually C(r) has exactly one unbounded connected compo-
nent. More strongly, the uniqueness of an unbounded connected component of
C(r) holds simultaneously, that is,
(2.12) P(for each r > 0, C(r) has at most

' one unbounded connected component) = 1.

See Alexander (1995) for details.

If C(r;W) has exactly one unbounded connected component, then denote
the unique unbounded connected component of C(r; W) by C(r;W). In the
case W = P, we again simplify C(r; P) by C(r).

The next lemma is a simple corollary to (2.12).

LEmMA 9. Let D be a fixed measurable subset of RY, d > 2, with m(D) < o,
where m is the Lebesgue measure on RY. Then

P(foreachr > 0, C(r; P\ D) has at most

(2.13)
one unbounded connected component) = 1.

Proor. Since m(D) < «, P(P N D =) > 0. So, by (2.12),
P(for each r > 0, C(r) has at most
one unbounded connected component | P N D = J) = 1.
Therefore, since P\ D and P N D are independent, (2.13) follows. O

We still need more notation. For a finite set W of points in R, define
(2.14) EL(xW) ={e(TTIx — L, x; + L] nW,Q(x))},
(2.15) {floxwW)} = {f(TTIx — L x + L] nW,Q(x))},
(2.16) Di(x;W,a) =D(IT[x — L, x;+ L] NW,Q(x); a)
and
(217) D(x;WU {x},a) =D(IT[x; =L, x; + L] n (WU {x}),{x}; a).

We shall approximate D(W, Q(x);a) and D(W U {x},{x}; «) by SL(X;W, a)
and D (x; W U {x}, a), respectively.

The next proposition is the stabilization property of minimal spanning
trees, which is the main result of this section.

ProposITION 1. There exists a random variable 0 < L; = L,( P) < » such
that with probability 1, for B = B[ x, y] o [—L,, L,]9,

(2.18) {e(PNB,Q0))} = {8,(0: P)},
(2.19) {f(PNB,Q0)} = {fL(0; P},
(2.20) D(P N B,Q(0); a) = D (0; P).
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Also, there exists another random variable 0 < L, = L,( P U {0}) < e« such
that with probability 1, for B = B[ x, y] o [—L,, L,1¢,

(2.21) D((P nB) U {0},{0}; @) = D_(0; P U {0}, @).

Proor. We prove here (2.18)-(2.20). The same argument works for (2.21).
By Lemma 7, we can choose a finite random N, such that there is a blocking
set S of width N, of P-points for the cube Q(0) in the annulus A(Q(0); 1, N,).
For n with

d

QnD(_%_Nl!g+Nl) ,
we can construct an MST "I:,Hl on P,,, by applying the revised add and
delete algorithm with the edges e in T, ,;\T, toan MST T, on P,. Since, by
Lemma 6, there are no edges in T,,, between points x € Q,,;\Q, and
points y € Q(0), it follows from the revised add and delete algorithm that the

set{(x,y) € T x € Q(0)} of edges incident to points x € P, in T, is eventu-
ally decreasmg in n. That is, for large n,

(2.22) {(x,y) e T, x€Q(O)} c{(x,y) € T,: x € Q(0)}.

Therefore, we can choose a finite random N, such that, for n > N,,

(2.23) {(x,y) eT, er(O)}= {(x,y) e'FNZ: er(O)}.

This proves (2.18) for all B of the form Q,.

Now, we will prove (2.19) for all B of the form Q,. This somewhat long
argument is based on the simultaneous uniqueness of infinite clusters, that
is, Lemma 9. Let

(2.24) {e-=(xi,yi):1sisl}=<(x,y)E'F :er(O)}

be the set of edges incident to points x € P, in T . From now on, let n > N,.

We compare T2 and T,. After constructing an MST TO on P 2\ Q(0), we
apply the revised add and delete algorithm with {e;: 1 <i <1} to T. By
(2.23) and (2.24), this yields an MST T, on P,. We need to describe this
second stage more explicitly. Let T% = T.©. Once T,% has been determined,
form T U {e;, ). If TQU {e;, ,} does not contain a circuit, define T,%,, =

TOU {e,+1} Otherwnse T(O) U {e;,,} contains a unique circuit C, ;, ;. Choose
fn|+l (un|+1v nH—l)E C, i+l such that Hn|+1|_|naxeecmHJeL Define

TO,, = TQ U {e;, J\(f,, I+l} Then, as we saw above,

n,i+1
Tn = Tg’;.
We claim that with probability 1, for each 1 <i <, f,; changes only
finitely many times; that is,

(2.25) < o,

U {fn,i}

n>N,
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To derive a contradiction, let us assume that, for some i,

U{nmﬂ=w

nx>N,

Then, ﬁ(f’g_l U {e;} contains a unique circuit C, ;, and f_ ; € C, ; satisfies
(2.26) If, il = max[e].

eeCy ;
Note that, for large n,
foi#6,
because otherwise e; would be deleted and not be an edge in T,©), nor in
T.% = T,, and this contradicts (2.23) and (2.24); T,%, ;_; U {e;} also contains

a unique circuit C., , ;,and f,,, ; € C,,, ; satisfies |f, , ;| = max,.._ lel.

However, there is a path 7 = (g, ..., g,, ) from one end x; of ¢; to the other

end y; of e; in T%_, (more specifically in C,, ;\{e;}) such that, for 1 < k < mj,
9yl < If, il

By Lemma 4 and Lemma 3, there then exists another path 7' = (g,..., g;nz)

from x; to y; in TQ, ., such that, for 1 < k < m,,

(2.27) loyl < If, 4l

In fact, this path 7' isin C,,, ;\{e;} and hence contains f_ ., ;. By (2.27), we
therefore have

(2'28) Ifn-%—l,i| < |1:n||
Now, let
{fapi§ =1}
be an infinite subset of distinct edges from U, . y {f, ;}. Since f
j # j', by (2.28) we may assume that

* f

n(j), i n(jn, i

(2.29) i, il < IFagpal.
We next note that, with probability 1,
(2.30) J_Ii_)r2|un(j),i| A |Vn(j),i| = .

This follows from the fact that, for each t > 0, by Lemma 7 there exists with
probability 1 a finite random N4(t) > N, such that

P U ([=Ny(0), Ny(D] N[~ = L.t + 1]°)

contains a blocking set for [—t, t]9. By Lemma 6 and Lemma 3, there are
then no edges in ﬂf’{,l between [ —t, t]¢ and the complement of (—N,(t) —
1, Ny(t) + 19 Thus, there are only finitely many possibilities for edges foci). i
with one endpoint in [ —t, t]9. Since this holds for each t, (2.30) follows.

Now, let
(2.31) r = _Iimlfn(j)vil.
I sl
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By (2.29), this limit exists and, for each j > 1,

(2.32) r < Ifn(j)in.

By the choice of f,;, i, there exist two disjoint self-avoiding paths, ) i 1
from one end x; of e; to one end u,; ; of f,; ; in C.; i\{e;, f; i}, and

Tociy iz from the other end y; of e to the other end v, ; of f ;i in
Chjy.i \ei, To(j ). By (2.30), for large j,

d
Ungiy,ir Vigini € RIN(=t, 1)

If this is the case, then we can take initial pieces 7{" = (u{"; = x;,..., u{"; )
of mjy i1 @nd ) = (U =y, ..., uP ) of 7, 5, such that

(2.33) u’p l =t but U] <t forl<k<mg,

and

(2.34) uP =t but Ju ] <t forl<k<m,.

Moreover, since m,;, ;1 and m, ;, are disjoint and self-avoiding, so are
their initial pieces 7{ and #{". Finally, by virtue of (2.26), it holds that
I(u$O, u DI < [f,. il and hence for 1 < k < m;,

(2.35) U = U ol < 1o il
Similarly, for 1 < k < m,,
(2.36) U§ = U ial < Il

As above, there are only finitely many possibilities for the pair ({", 7{). By
a standard selection argument, we can therefore find a fixed pair (7{", 7{")
which satisfies (2.33)-(2.36) for infinitely many j. By (2.31), (2.35) and
(2.36), we then have

U —u il <, 1<k<mg,
uP —uP <,  1<k<m,.

Since t can be chosen arbitrarily large, by (2.12) there exists a unique
unbounded connected component C(r;/2) in C(r;/2). In addition,

C(ri/2)n[-%1]" 2.

Moreover, by (2.13) with D =[— 3, 19 there exists a unique unbounded
connected component C.(r;/2; P\[— 3, 31%) in C(r;/2; P\[— 3, 51%) with

c(r/2i P\[-3.3]") n[-M. M]? = &,
where
M=[3+r/2]
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The number of bounded connected components C in C(r;/2; P\[— 3, %]9)

with C N [—M, M]¢ # & is bounded by [P N [—-2M, 2M]9|. So
(2.37) R, = max{lxl: x € C, C a bounded connected component
in C(ri/Z; P\[—%,%]d)
with C 0 [-M, M]" = &} < =

Hence, for t > Ry, u{’,, and u$;, belong to the unique unbounded connected
component C(r;/2; P\[— %, £]19), because otherwise (by the simultaneous
uniqueness of infinite clusters, i.e., Lemma 9) u{", (or uy’,, ) would belong to
a bounded connected component C in C(r;/2; P\[— 3,3]%) with CnN
[-M, M]¢ = &, [ul"), | = t, and this contradicts (2.37). Therefore, by concate-
nating (", a path from in u{, to u’, in C(r;/2; P\[~- 3,319, and ={",
there exists, for large n, a path == (h;,...,h_) from x; to y; in {(x, y):
x#yeP\[— % 2]%uU{e,...,e_,} such that, for 1 < k < m,

I <r;.
By Lemma 4 and Lemma 3, then f_ ; should satisfy

If, il <r;.

This contradicts (2.32). Therefore, (2.25) indeed holds.

From here on, the proof is easy. Since f,; changes only finitely many
times, there exists, for each 1 <i <1 such that {f, ;} # & for all n > N,,
N(i) > N, such that, for n > N(i),

(2.38) foi= fN(i),i
In particular, for n > N,,
TONT, = TQ\ Ty,
where
N, = max{N(i): {f, ;} # D forall n > N,} V N,.

This proves (2.19) for all B of the form Q,,.

Now, we use a simple squeezing argument to prove (2.18) and (2.19) for all
B of the general form B[ X, y]. There exists a finite random N; > N,, by the
argument for (2.23), such that, for n > Nq,

(2.39) {(x, y) e TO: x e QN4> = {(x, y) € 'F,E,(;): X € QN4>!
and, by enlarging N; if necessary, such that

there exists a blocking set S of width N&/9/2 — 2 —
(2.40) N;/9/2 of P-points for the rectangle Q,, in the annulus
AQu,; 1, Ng74/2 =2 = NJ/4/2).
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Now, let
(2.41) L, =L,(P)= N2/ /2.
For general B =B[x,y] >[—L,, L,]¢= Qu,» We choose a finite Ny such that

QN5 cBC QNG.
Then, exactly as in (2.22), one sees that, by (2.40),

{(x,y) e T(PNnB): xeQ(0)} c {(x, y) € Ty,ix € Q(O)}.
Similarly,

{(x, y) € 'FNG: X € Q(O)} c{(x,y) eT(PNnB): xeQ(0)}.
However, since [by (2.23)] {(x, y) € Ty_: x € QO)} = {(x, y) € Ty,: x € Q(O0)},
we have
(242) {(x,y) e T(PNB): xeQ(0)} = {(x,y) e Ty: xeQ(0)}.

This proves (2.18) for all B of the general form B[ x, y] with L, given by
(2.41).
By the argument for (2.42) and by (2.39) [instead of (2.23)], we have

{(x, y) eTO(PNB): xe QN4} = {(x, y) € 'F,Sl?: X € QN4}.
Then, exactly as in (2.28), one see that, for each 1 < i < | such that {f ;} # &
for all n > N,,
Ifng.il < Ifi(B)I < Ify, il
where
fi(B) e TO(PNBN\T?(PNB).
From (2.38), we again find
(2.43) fi(B) =fy,.i-

This proves (2.19) for all B of the general form B[ x, y] with L, given by
(2.41).
Now, (2.20) follows from (2.42), (2.43) and (2.39). O

3. Poissonization. In this section, by the stabilization property of mini-
mal spanning trees, we prove Theorem 1. It is more natural for the proof to
rescale the point process so that the density of the point set remains constant.
So, actually we prove in this section that, for each strictly positive integer «
such that P(N(P,(1); ) = 1) > 0, as n — o,

N(P,; @) — EN(P,; a)
ni/2

(3.1) - N(O,c’r’z(a,d))
in distribution for some 0 < 72(a, d) < o,

The argument here is almost the same as that of Kesten and Lee (1996).
So, we show the argument without proof since one can find it in Kesten and
Lee (1996).
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We order the points of Z¢ N [-n*/4/2 — 1, n'/9/2 + 1]9 in some way, say
lexicographically, as v(1),..., v(l), and we define F, by
U Q(v(i))

Yoo

(F, is the trivial o-field). Then N(P,; @) — EN(P,; a) can be written as a
sum of martingale differences. That is,

Fk=0' an

(3.2) N(P,;a) —EN(P,;a) = XI: Ay,
k=1

where [recall that we define D(A, B; @) in (2.9) and D,(x;W, @) in (2.16)]
Ak = E(N( I:)n; a) | Fk) - E(N( I:'n; a) | I:k—l)

=fP(dak,...,da|)lN UAU Uai};a)
=k i>k
-N[|UA|U Uai};a”
(3.3) = -
=/P(dak,...,da|) DilUA VI Ua ’Ak;a)
i<k i>k
-D{| UA|UY Uai’ak;a],
i<k izk

and where A =P, N Q(v(i), 1<i<lI, and P(da,,...,da)) is short for
P(A € da,..., A da).

Now we write A, for the expression in (3.3) when D(U;_, Al U
[Uis k&, A @)and DU, . Al U [U;. « &, a,; @) are replaced by D, (v(k);
[Ui.k Al U TUis v al, @) and D (v(K); [U;o Al U [U;. &, @), respec-
tively. That is,

Ak’,_=fP(dak,...,da,) D, v(k);[UAi ullUsa ,a)
i<k i>k
(3.4)
-D, v(k);[UAi U Uai},a”.
i<k i>k

Note that A, depends on P, whereas A, , depends only on TI[(v(k)); —
L, (v(k)); + LI n P,.

By virtue of representation (3.2) of N(P,; @) — EN(P,; ) as a sum of
martingale differences and by Theorem 67.2 of Lévy (1937), Theorem (2.3) of
McLeish (1974) or Theorem 3.2 of Hall and Heyde (1980), to prove (3.1) it
suffices to verify the following three relations (3.5)-(3.7): there exists a
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constant, 0 < 72 < « such that

1
(3.5) - Y A2 - 72 in probability as n — o,
k
1
(3.6) iz max|A,| — 0 in probabilityas n — o,
k
1
L 2\ .
(3.7) - E(msx Ak) is bounded in n.

Relations (3.6) and (3.7) can be easily verified by Chebyshev's inequality and
by the moment estimates in Lemma 11.

LeEmmA 10. There exists a finite constant Dy, which depends only on the
dimension d, such that, for any MST T(A) on any finite subset A of R%, T(A)
has maximum vertex degree bounded by Dy.

ProoF. See Kesten and Lee [(1996), Lemma 4]. O

LEmmA 11.  For each g > 0, there exists a constant C,, such that
(3.8) E|5L(x; P, a)|q < Cq uniformlyinlL, x, a,

(3.9) E|D(x; PU{x},a)|'<C, uniformlyinL, x, a,

(3.10) E| D (X{M; Upy(m), oz)|q < Cq

. . 3n 5n
uniformlyinL,n, — <m < —, «,
4 4
q
(3.11) E[ D (X{™; Uy (m), a)| < Cg,
) ) 3n 5n
uniformly in L, n, e <m< 7 o.

Proor. To have the moment estimate in (3.8), first we construct an MST
T(@) on T x; — L, x; + LINQ(x)) N P. Second we construct an MST T(2) on
Il x; — L, x; + L] n P by applying the revised add and delete algorithm with
T@\T(1) to T(1). Since by Lemma 10 each v € Q(x) N P has degree bounded
by Dy in T(2),

IT(2\T(1)| < DglQ(x) N P|.
So, it follows from the revised add and delete algorithm that
{ue (TT[x — L, x; + L] n P)\Q(x): the degree of u in T(1) is not
equal to the degree of u in T(2)}|
< D4lQ(x) N P,
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and hence that
(3.12) |B.(x; P, )| <|Q(x) N P|+ Dy|Q(x) N P.

Therefore, the moment estimate in (3.8) holds. The arguments for other
moment estimates are the same. O

So, the heart of the matter is the proof of (3.5). To prove (3.5), it suffices to

verify the following three relations (3.13)—(3.15) [one can easily see why this
is so on page 524 of Kesten and Lee (1996)]: for fixed L,

1
(3.13) - Y. A% | — 72 inprobabilityas n — =,
k

where

2 = E[E(D([-L, L]* " P,Q(0); ) | F)

~E(D([-L, LI* N P,Q(0); a) |F')]"

E[E(D.(0; P, a) |F) — E(B(0; P, ) |F)]",
and where
F=0o(Q(x)NP:xez% Q(x)n[-L,L]"+#J, x strictly
precedes 0 in the lexicographical order or x = O),
F'=o(Q(x) nP:xez% Q(x)n[-L,L]"+*J, xstrictly
precedes 0 in the lexicographical order);

(3.14) lim 72 exists and 0 < 72:= lim 72 < o,

Lo Lo
for all &> 0, there exists an L = L(¢) and, for each L' > L, an n; = n,(L)
such that for L' > L, n > n,,

1
(3.15) - Y EIN - A% Ll <e.
Kk

Relation (3.13) follows from a weak law of large numbers: we merely note
that A7 | and A%, | are independent as long as

[TI(v(k))i = L, (v(k)); + L] n TT[(v(K))i = L, (v(K)); + L] = &

and that they are identically distributed with mean r? as long as v(k) and

v(k’) are away from the boundary of Q. The contribution of the A% s, v(k)
close to 4Q,, to the sum in (3.13) is negligible by (3.12).
Relation (3.14) follows from Proposition 1: by Proposition 1, as L — o,

(3.16) D.(0; P,a) » D (0; P,a) as.
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By Chebyshev's inequality we have
P(|E(DL(0; P, @) [F) — E(B(0; P, @) [F)| = ¢

IA

P(E(|Bu(0; P, @) = BL(0; P, )| |F) = &)

EE| D.(0; P, &) — DB (0; P, a)|.

IA

Since, by Lemma 11, {D,(0; P, @), D, ©; P,a) L> O} are uniformly inte-
grable, by (3.16) as L — « we have EID ©; P,a) — D (0; P, @)l > 0 and
E(D,(0; P, a)|F) - E(D, (O; P, a)|F) in probability. Slmllarly, as L —
we have E(D,(0; P, &) |F )—> E(D, (0; P, a)|F’) in probability, and hence

[E(B(0; P, a) |F) — E(BL(0; P, a) |F')]°

(3.17) _ ~ ,
— [E(BL(0; P.a) |F) - E(B,(0: P, a) |F')|

in probability. Since, again by Lemma 11,
{[E(SL(O; P,a)|F) - E(B0; P, a) |F')],
~ ~ 2
[E(B.(0: P,a) |F) - E(B(0; P, o) |F')]: L > o}
are uniformly integrable, by (3.17) as L — o,
E[E(D.(0; P, a) |F) — E(B.(0; P, ) |F')]°

(3.18) . : |
— E[E(DLI(O, P, Ol) | F) — E(DLl(O; P, a)lF')]

and

(319) 7%= E[E(B.(0; P,a) |F) - E(5(0; P,a) |F')| < =

2 2

Therefore, as L — «, 72 converges to 72 and 72 < «. To prove 72 > 0, one
can use a block argument which is similar to that of Kesten and Lee [(1996),
Theorem 2, pages 525-527]. Here, we just describe our block for d = 2 and
a=1 For d=2 and a =1, we consider the block [ —200, 200]%. For each
lattice point (n;, n,) on (J[ —100, 100]?) U ([ —100, 0] X {0}), we require that
there exists exactly one P-point very near (ng, n,). Denote the P-point near
(0,0) by v,. We also require that there exists exactly one P-point v, very
near (\/5/2, 1/2) and that there exists exactly one P-point v_ very near
(\/5/2, —1/2). Finally, we require that except these 902 P-points there are
no other P-points on the block [ — 200, 200]2. The main feature of this block is
that the minimal spanning tree structure around the origin is locally deter-
mined. If a finite subset A of P contains these 902 points, then the edges, in
the MST T(A) on A, from v,, v, v_ are completely determined by these 902
points. Moreover, the degrees of v, and v_ in T(A) are completely deter-
mined by the relative position of the three points vy, v,,v_. The possible



CLT FOR EUCLIDEAN SPANNING TREES I 1015

values for the degrees of v, and v_ are 1 and 2, and these two possible
values can be actually realized according to the relative position of vy, v, ,v_.

Relation (3.15) follows again from Proposition 1. by Proposition 1 and
Lemma 11, as L' — o, |[A{ — A% || — 0 in probability (uniformly in n and k
with v(k) € [-n¥9/2 + L', n/9/2 — L']9). Moreover, by Lemma 11 they are
uniformly [in (L, n, k)] integrable. Therefore, (3.15) holds [the contribution of
the E|Af — A% LI's, v(Kk) close to dQ,, to the sum in (3.15) is negligible by
(3.12)].

4. De-Poissonization. In this section, we de-Poissonize Theorem 1 and
prove Theorem 2. Again, it is more natural for the proof to rescale the point
process so that the density of the point set remains constant. So, actually we
prove in this section that, for each strictly positive integer « such that
P(N(P,(1); @) =1) > 0,as n — o,

N(U,; @) — EN(U,; a)

(4.1) n/2

- N(0, 0%(a, d))

in distribution for some 0 < o %(«a, d) < %, where U,(m) is the set of m i.i.d.
uniform points on Q,, and where U, = U,(n).

LEmmA 12. Define, for each «,
p(@) = E(D(0; P U {0}, a)).
Then,
(4.2) lim p (a) exists and p(a) = lim p (a) is finite.
Lo Lo
Moreover, for A >0, &> 0, there exists an n, = n,(A, ¢) such that, for
n>n, a n—An"? <s <n+ An"/?
(43)  P(IN(U,(s);a) = N(U,;@) = (s —n)p(a)| > en?) < &.

Proor. By Proposition 1, as L — «, D (0; P U {0}, «) converges with
probability 1. Moreover, by Lemma 11 they are uniformly integrable. So (4.2)
holds.

For n — An'/2 <s < n + An'/?,

[N(Up(s); @) = N(Upi @) = (s = n)p(a)]

(svn)
| oo (] <o
p=(sAn)+1
n+Ant/2 (svn)
(4.4) < X |e(xmia)|+ Y Z (XM a)
p=n-—AnY/?2 p=(sAn)+1
n+Anl/2
M o) - o)
p=n-An'/2

+(1 + 2An1/2)|p,_(a) — p(a)|,
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where
(45) (XM a) =D(Uy(p). {X{};a) — D(XEM; Up(p), @)
and
(48)  Z (XM a) = D (XM Uy(p), @) — ED (XS U (p), ).
Choose an L, by (4.2), such that
&
(4.7) |pL(a)—p(a)|S8(A—+1).
So, the last term in (4.4) satisfies
(4.8) (L+2AnY?)| p(a) — p(@)| < en*/?,

Since, as n — «, the distribution of the translation (with the restriction to
[-L L] (U(p -1 = X" N[-L, L] of U(p— D-points by X con-
verges to that of a Poisson field with mean 1 on [—L, L]® and since, by
Lemma 11, as n — o, E(D (X{;U,(p), @) converges to p (a) = E(D(0;
P U {0}, @)) uniformly in n — An'/?2 < p < n + An'/?, we can choose an n,
such that, for n > n;,, n — An/2 < p < n + An'/2,

E
(n). _ -
(4.9) [E(PUX: (). @) = ;)| = ga gy
Since U,(p) is P, in distribution if |P,| = p, by Proposition 1 we can actually
choose an n; and an L (by enlarging n; and L if necessary) such that, for
n>n;, n—An"2<p<n+ An'/?

82

(4.10) P(Q(X{™; @) #0) < 32(Dy + )(A+ 1)

Construct U,(n + An%/?) from P in the following way. First, we choose the
smallest N(n, A) such that

| Py, ay) =N+ An'/2,

Second, we choose a random scaling factor S(n, A) so that

the distribution of S(n, A) Py, A, is the same as that of
U,(n + An%/?),

Finally, we give the names X{", X{" ..., XV 2 to the points S(n,
A) Pyn. a) randomly. If, for B = B[ x, y] 2 (S(n, A)"*X{™ + [-L/2, L/2]%),

D((P N B)U{s(n, A) X}, {S(n, A) F XM}
=Dy ,(S(n, A)TTXM; P, ),
[S(n, A) — 1| < 3,
X & ([-n/4/2,n9 2] \[-n¥/9/2 + L,nvd/2 - L]9),
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then by the construction of U,(n + An'/?) we have Q (X{™; a) = 0. So
P(Q (XM a) #0)
<P(L,>L/2) +P(IS(n, A) — 1| > 3)

(4.11) + P(XF(,”) c ([_nl/d/z, n'//2] "\

[—nv/d/2 +L,nt//2 = L]%).
By Proposition 1 we can choose L (by enlarging L if necessary) such that

82

96(Dy + 1)(A+ 1)

(4.12) P(L,>L/2) <

Also, by the construction of U, (n + An'/?) we can choose an n, (by enlarging
n, if necessary) such that, for n > n;, n — An*/? < p < n + An*/?,

2

(4.13) P(S(n. A) —1[>1/2) < 96(Dy + 1)(A+1)"

and
P(x(™ e ([-n/¢/2,n74/2]°\[-n¥/d/2 + L, n/¢/2 - 1]°))
(4.14) o2
= 96(D, + (A + 1)

Therefore, (4.10) indeed follows from (4.11)-(4.14).
By (4.9), the third term in (4.4) satisfies, for n > n,,

n+An'/?

(4.15) Y |E(D(XM: U (p). @) = p(a)| < tent/2.

n—An'/2

By (4.10), the first term in (4.4) satisfies

n+Ant/2
P( Y |QL(xg">;a)|z%anl/2)

n—Ant/2

(418) ( x Elm<xsn>:a>|)/<%enl/2>

n—Ant/?

IA

Y 2(Dg+ 1)P(Q (XM a) #0)

n+Ant/?
1/2

/(%gnm)

The first inequality follows from the argument for (3.12) and the second holds
by (4.10).

n—An

<e&/2.
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Now, we handle the second term in (4.4). By the argument for (3.12),

(4.17) |2 (X{M; a)| < 2(Dy + 1),
and, by (4.6),
(4.18) E(Z(X{™; a)) = 0.

The Z (X{"™; a)'s are not independent, but as n — = the joint distribution of
(U (p; =D = XM Nn[-L, L] and (U (p, =D — XM N[-L, L] con-
verges to the distribution of two independent Poisson fields on [—L, L]9 for
n— An'/?2 < p, # p, < n + An'/2. So, by (4.17) and (4.18),

EZ (X a)Z (X

i) 0

uniformly in n — An'/?2 < p, # p, < n + An'/2, Hence,

P2 2
—E Z, (XM 0,
n E‘ '-( p a)) -

uniformly in n — An'/?2 < p, < p, < n + An'/2. Therefore, we can choose an
n, > n; such that, for n > n,, n — An'/2 <s < n + An'/2,

(svn) 1 e
(4.19) P Y Z(XMia)| = cent?] < .
p=(sAn)+1 4 2

Now, (4.3) follows from (4.16), (4.19), (4.15) and (4.8). O

Couple P, and U,(m) in the following way. Choose an infinite sequence
{X{™: i > 1} of i.i.d. uniform random variables on Q, and a Poisson variable
N, with mean n, independently of {X{™}. Then, {X{™,..., X{"} forms a
realization of P, and {X{",..., XM} forms a realization of U,(m). In particu-
lar, by Lemma 12, as n — o,

N( Pn; a) - N(Un; a) - (Nn - n)p(a)

(4.20) 12 — 0 in probability.

By Theorem 1, as n — o,

N(P,;a) —EN(P,; a)

(4.21) v

N(0, 7%(a, d)) indistribution.

Thus, by (4.20) and (4.21), as n — oo,
N(Uy: @) = EN(P,ia) + (N, = n)p(a)
(4.22) nt/2
- N(0, 7%(a, d)) indistribution.
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Since N, is independent of U, and since, as n — «, (N,, — n)/n'/? - N(0, 1)
in distribution, by (4.22), as n < o,
N(U,; @) — EN(P,; a)
(4.23) nt/2
- N(0,5%(a,d) — p(«)?) indistribution.

To replace EN(P,; @) by EN(U,; @) in (4.23), we observe that the random
variables on the left-hand side of (4.20) are uniformly integrable, because, by
the argument for (3.12),
IN(P,;a) — N(U,; a)| < (Dg + 1)IN, — nl.
So, as n - x,
EN(P,; @) — EN(Un; a)
12 -0

n

Therefore, Theorem 2 holds with o?(a,d) = 2(a, d) — p(a)?. The argu-
ment for o%(«a, d) > 0 is the same as that for 7%(«, d) > 0 in Section 3.

Acknowledgments. The author would like to thank Michael Steele for
drawing the problem to author’s attention, and Harry Kesten and the referee
for their thoughtful comments on an earlier version.

REFERENCES

ALpous, D. and STeeLg, J. M. (1992). Asymptotics for Euclidean minimal spanning trees on
random points. Probab. Theory Related Fields 92 247-258.

ALEXANDER, K. S. (1995). Simultaneous uniqueness of infinite clusters in stationary random
labeled graphs. Comm. Math. Phys. 168 39-55.

ALEXANDER, K. S. (1996). The RSW theorem for continuum percolation and the CLT for Eu-
clidean minimal spanning trees. Ann. Appl. Probab. 6 466-494.

BENTLEY, J. L. and FRIEDMAN, J. H. (1978). Fast algorithms for constructing minimal spanning
trees in coordinate spaces. IEEE Comput. 27 97-105.

CHANG, C. L., CHANG, S. K., KANG, A. N. C. and LEg, R. C. T. (1977). Storage reduction through
minimal spanning trees and spanning forests. IEEE Comput. 26 425-434.

CHIN, F. Y. and Houck, D. J. (1978). Algorithms for updating minimal spanning trees. J. Com-
put. System Sci. 16 333-344.

DusseRT, C., LLEBARIA, A., MARTY, F., PALMARI, J., RasiGNI, G. and RasiGNI, M. (1987). Minimal
spanning tree analysis of biological structures. J. Theoret. Biol. 125 317-323.

Epby, W. F.,, SHEPP, L. A. and STEELE, J. M. (1987). On the number of leaves of a Euclidean
minimal spanning tree. J. Appl. Probab. 24 809-826.

FrIEDMAN, J. H. and RAFrsky, L. C. (1979). Multivariate generalizations of the Wolfowitz and
Smirnov two-sample tests. Ann. Statist. 7 697-717.

FRIEDMAN, J. H. and RAFsKy, L. C. (1983). Graph-theoretic measures of multivariate association
and prediction. Ann. Statist. 11 377-391.

HALL, P. and HevDpE, C. C. (1980). Martingale Limit Theory and Its Application. Academic Press,
New York.

JuNG, H. A. (1974). Determination of minimal paths and spanning trees in graphs. Computing
13 249.

KATAJAINEN, J. (1983). On the worst case of a minimal spanning tree algorithm for Euclidean
space. BIT 23 2-8.



1020 S. LEE

KEsTEN, H. and LEE, S. (1996). The central limit theorem for weighted minimal spanning trees
on random point. Ann. Appl. Probab. 6 495-527.

KRUSKAL, J. B. (1956). On the shortest spanning subtree of a graph and the traveling salesman
problem. Proc. Amer. Math. Soc. 7 48-50.

LEvy, P. (1937). Théorie de I' Addition des Variables Aléatoires. Gauthier-Villars, Paris.

MALLION, R. B. (1975). Number of spanning trees in a molecular graph. Chem. Phys. Lett. 36
170-174.

McLEisH, D. L. (1974). Dependent central limit theorems and invariance principles. Ann.
Probab. 2 620-628.

PENNY, D. (1980). Techniques for the verification of minimal phylogenetic trees illustrated with
10 mammalian hemoglobin sequences. Biochem. J. 187 65-74.

PENROSE, M. D. (1996). The random minimal spanning tree in high dimensions. Ann. Probab. 6
528-544.

RepmonD, C. and YukicH, J. E. (1994). Limit theorems and rates of convergence for Euclidean
functionals. Ann. Appl. Probab. 4 1057-1073.

RHEE, W. T. and TALAGRAND, M. (1989). A sharp deviation inequality for the stochastic traveling
salesman problem. Ann. Probab. 17 1-8.

RoHLF, F. J. (1975). Generalization of the gap test for the detection of multivariate outliers.
Biometrics 31 93-101.

RomMmANE, F. (1977). Possible use of minimum spanning tree in phytoecology. Vegetation 33
99-106.

RoseN, K. H. (1995). Discrete Mathematics and Its Applications, 3rd ed. McGraw-Hill, New
York.

STEELE, J. M. (1988). Growth rates of Euclidean minimal spanning trees with power weighted
edges. Ann. Probab. 16 1767-1787.

WHITNEY, V. K. M. (1972). Minimal spanning tree. Comm. ACM 15 273.

Wu, F. Y. (1977). Number of spanning trees on a lattice. J. Phys. A 10 L113-L115.

DEPARTMENT OF MATHEMATICS

YONSEI UNIVERSITY

134 SINCHONDONG

SEODAEMOONGU

SEOUL

RepPusLIC oF KOREA 120-749

E-maAiIL: sungchul@bubble.yonsei.ac.kr



