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Abstract

We prove an invariance principle for the bridge of a random walk conditioned to
stay positive, when the random walk is in the domain of attraction of a stable law,
both in the discrete and in the absolutely continuous setting. This includes as a
special case the convergence under diffusive rescaling of random walk excursions
toward the normalized Brownian excursion, for zero mean, finite variance random
walks. The proof exploits a suitable absolute continuity relation together with some
local asymptotic estimates for random walks conditioned to stay positive, recently
obtained by Vatutin and Wachtel [42] and Doney [21]. We review and extend these
relations to the absolutely continuous setting.
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1 Introduction

Invariance principles for conditioned random walks have a long history, going back
at least to the work of Liggett [35], who proved that the bridge of a random walk in the
domain of attraction of a stable law, suitably rescaled, converges in distribution toward
the bridge of the corresponding stable Lévy process. This is a natural extension of
Skorokhod’s theorem which proves the same result for non conditioned random walks,
cf. [40], itself a generalization to the stable case of Donsker’s seminal work [23].

*F.C. acknowledges the support of the University of Padova (grant CPDA082105/08), of the Laboratoire
de Probabilités et Modeles Aléatoires (during a visit to Paris in the period October-December 2009, at the
invitation of Giambattista Giacomin and Lorenzo Zambotti) and of the ERC Advanced Grant VARIS 267356 of
Frank den Hollander (during a visit to Leiden in the period March-May 2012). Ce travail a bénécié d'une aide
de I’Agence Nationale de la Recherche portant la référence ANR-09-BLAN-0084-01. This research has been
supported by the ECOS-CONACYT CNRS Research project M07-MO1.

fDipartimento di Matematica e Applicazioni, Universita degli Studi di Milano-Bicocca, via Cozzi 53, 20125
Milano, Italy. E-mail: francesco.caravenna@unimib.it

fLAREMA - UMR CNRS 6093, Université d’Angers, 2 bd Lavoisier, 49045 Angers cedex 01, France.

E-mail: loic.chaumont@univ-angers.fr


http://ejp.ejpecp.org/
http://dx.doi.org/10.1214/EJP.v18-2362
http://arXiv.org/abs/1204.6148v2
mailto:francesco.caravenna@unimib.it
mailto:loic.chaumont@univ-angers.fr

Random walk bridges conditioned to stay positive

Later on, Iglehart [32], Bolthausen [9] and Doney [19] focused on a different type of
conditioning: they proved invariance principles for random walks conditioned to stay
positive over a finite time interval, obtaining as a limit the analogous conditioning for
the corresponding Lévy process, known as meander. More recently, such results have
been extended to the case when the random walk is conditioned to stay positive for all
time, cf. Bryn-Jones and Doney [10], Caravenna and Chaumont [13] and Chaumont and
Doney [18].

The purpose of this paper is to take a step further, considering the bridge-type con-
ditioning and the constraint to stay positive at the same time. More precisely, given a
random walk in the domain of attraction of a stable law, we show that its bridge con-
ditioned to stay positive, suitably rescaled, converges in distribution toward the bridge
of the corresponding stable Lévy process conditioned to stay positive. A particular in-
stance of this result, in the special case of attraction to the normal law, has recently
been obtained by Sohier [39]. We show in this paper that the result in the general sta-
ble case can be proved exploiting a suitable absolute continuity relation together with
some asymptotic estimates recently obtained in the literature, cf. [42] and [21], that we
review and extend.

Besides the great theoretical interest of invariance principles for conditioned pro-
cesses, a strong motivation for our results comes from statistical physics, with partic-
ular reference to (1+1)-dimensional polymer and pinning models interacting with the
x-axis, cf. [27, 28, 31]. From a mathematical viewpoint, these models may be viewed
as perturbations of the law of a random walk depending on its zero level set. As a con-
sequence, to obtain the scaling limits of such models, one needs invariance principles
for random walk excursions, that is random walk bridges conditioned to stay positive
that start and end at zero. To the best of our knowledge, such results were previously
known only for simple random walks, cf. [33], and were used to obtain the scaling limits
of polymer models in [14, 15]. In this paper we deal with bridges that start and end at
possibly nonzero points, which makes it possible to deal with polymer models built over
non-simple random walks.

The paper is organized as follows.

* In section 2 we state precisely our assumptions and our main results.

* In section 3 we present some preparatory material on fluctuation theory.

» Section 4 is devoted to reviewing some important asymptotic estimates for random
walks conditioned to stay positive, in the discrete setting.

* In section 5 we extend the above estimates to the absolutely continuous setting.

* In section 6 we prove the invariance principle.

¢ Finally, some more technical details are deferred to the appendices.

2 The invariance principle

2.1 Notation and assumptions

We set N := {1,2,3,...} and Ny := INU {0}. Given two positive sequences (b, )nen,
(¢n)nen, we write as usual b, ~ ¢, if lim,, 00 b,/ = 1, by, = 0(cy) if limy, 00 by /e, = 0
and b, = O(c,) if limsup,,_, . bn/cn < 00.

We recall that a positive sequence (b,)nen — or a real function b(z) — is said to
be regularly varying with index v € R, denoted (b,)nen € R,, if b, ~ n7¢(n), where
£(-) is a slowly varying function, i.e. a positive real function with the property that
l(cx)/l(x) — 1 as ¢ — +oo for all fixed ¢ > 0, cf. [8] for more details.

Throughout this paper we deal with random walks (S = {S, }nen,, P) in the domain
of attraction of a stable law. Let us write precisely this assumption.
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Hypothesis 2.1. We assume that (S = {Sp}nen,,P) is a random walk on R in the
domain of attraction of a (strictly) stable law with index o € (0,2] and positivity pa-
rameter o € (0,1). More precisely, we assume that Sy = 0, the real random variables
{Sn — Sn—1}nen are independent and identically distributed (i.i.d.) and there exists a
sequence (an)nen € Ri/, such that S,/a, = X, where (X = {X;};>0,P) denotes a
stable Lévy process with index o € (0, 2] and positivity parameter ¢ € (0,1).

Note that, given a random walk (S,P) satisfying this Hypothesis, the limiting sta-
ble Lévy process (X,P) is determined only up to a multiplicative constant. In fact,
the norming sequence a,, can be multiplied by any positive constant without affecting
Hypothesis 2.1.

We recall the general constraint 1 — L < p < L (for a € (1,2], of course). We also
stress that (for « € (0,1]) we assume that 0 < p < 1, i.e., we exclude subordinators and
cosubordinators. The Brownian case corresponds to a = 2, p = % when the limiting
Lévy process X is (a constant times) Brownian motion. This contains the important spe-
cial instance when {S,, —S,,_1 }new are i.i.d. zero-mean, finite-variance random variables
(the so-called normal domain of attraction of the normal law).

Let us denote by QFW = RNo the discrete paths space and by Q := D([0,),R)
the space of real-valued cadlag paths on [0, ), equipped with the Skorokhod topology,
which turns it into a Polish space, and with the corresponding Borel o-field. We also set
QRW .= R{%N} and Q, := D(]0,t], R). For notational simplicity, we assume that P is a
law on QW and S = {5, }.en, is the coordinate process on this space; we also denote
by P, the law of the random walk started at x € R, i.e. the law on Qzw of S + x under
P. Analogously, we assume that X = {Xt}te[o’oo) is the coordinate process on (2, that P
is a law on () and we denote by P, the law on 2 of X + a under P, for all « € R. Finally,
for every N € IN we define the rescaling map ¢y : Q"W — Q by

_ S

(P (9)) () : (2.1)

an
where (ay)nen is the norming sequence appearing in Hypothesis 2.1. We still denote
by ¢ the restriction of this map from Q&Y to €, for any ¢ > 0.
Given N € IN and z,y € [0,00), by the (law of the) random walk bridge of length
N, conditioned to stay positive, starting at x and ending at y, we mean either of the
following laws on QW:

Pl:flv():]Pw(Ble,,SN_120,SN:y), (22)
PIN():=P,(|S1 >0,...,5v_1 > 0,5y =y). (2.3)

In order for the conditioning in the right hand sides of (2.2) and (2.3) to be well-defined,
we work in the lattice or in the absolutely continuous setting. More precisely:

Hypothesis 2.2. We assume that either of the following assumptions hold:

¢ ((h,c)-lattice case) The law of S; under P is supported by the lattice ¢+ hZ, where
the span h > 0 is chosen to be maximal (i.e., the law of S| is not supported by
¢ 4+ W7Z, forany b’ > h and ¢ € R). Note that may take c € [0, h).

¢ (absolutely continuous case) The law of S; under IP is absolutely continuous with
respect to the Lebsegue measure on R, and there exists n € IN such that the
density f,(z) := P(S,, € dx)/dx of S, is essentially bounded (i.e., f, € L™).

We remind that the requirement that f,, € L* for some n € IN is the standard
necessary and sufficient condition for the uniform convergence of the rescaled density
x > ap fn(anz) toward the density of X, cf. [30, §46].
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Plainly, the laws P].) and ]PT N coincide in the absolutely continuous case, and are

very similar in the lattlce case: note in fact that S = (S1,...,Sy) under P} Iiv 4 has the
same law as S — ¢ under ]Pl AI,V teyn-te for € > 0 small enough. Nevertheless, we consider

both laws, for ease of reference.

Through a simple scaling argument, the general (h, ¢)-lattice case can be easily re-
duced to the so-called aperiodic setting, in which the span h equals 1. However, the
shift parameter ¢ can be nonzero in relevant examples, such as the simple symmetric
random walk on Z, for which P(S; = 1) = P(S; = —1) = 1, corresponding to h = 2,
c = 1. See Remark 2.6 below for other examples.

Coming back to relations (2.2) and (2.3), for the laws P;:{j and IAPlfj to be well-
defined, in the lattice case we need that the conditioning event has positive probability:
setting

a (@, y) =P,(S1>0,...,Sv_1 > 0,5y =y),

(2.4)
G (z,y) =P,(S1>0,...,8v_1 > 0,5y =),

we need that ¢} (x,y) > 0 and g} (z,y) > 0. Analogously, in the absolutely continuous
case we require the strict positivity of the density of Sy at y under P, and under the
positivity constraint: more precisely, we need that f;(x, y) > 0, where we set

(Sl > 0,. SN,1 >O7SN€dy>

Z/ [ 51— 1) <Hf — Si— 1>f(il/—SN1)]d81"'dSN1,
{s1>0,...,sy—1>0}

and where f(-) = fi(-) is the density of the random walk step S;. As a matter of fact,
these conditions will always be satisfied in the regimes for =,y that we consider, as it
will be clear from the asymptotic estimates that we are going to derive.

(2.5)

Next, for t € (0,00) and a,b € [0,0), we denote by PZ:Z the law on §; corresponding
to the bridge of the Lévy process of length t, conditioned to stay positive, starting at a
and ending at b. Informally, this law is defined in analogy with (2.2) and (2.3), that is

Pli()=Pu(-|X,>0Vs€[0,t], X, =b),

but we stress that some care is required to give to this definition a proper meaning,
especially in the case when either a = 0 or b = 0 (we refer to section 6 for the details).
We point out that in the Brownian case a = 2, o = % when X is a standard Brownian
motion, Pg:(l) is the law of the so-called normalized Brownian excursion.

Remark 2.3. Let P] and P! denote respectively the laws on Q%W of the random walks
(S,P,) and (S, P,) conditioned to stay positive for all time, as defined in [6] (cf. also §6.1
below). The laws P[) and IF‘T N may be viewed as bridges of P! and P! respectively,
ie.

PLY() =PL(-ISv=y), PLY()=PL(-|Sv=1y). (2.6)

Similarly, if PZ is the law on 2 of the Lévy process (X, P,) conditioned to stay positive
for all time, as it is defined in [17] (cf. also §6.2 below), then PZZ may be viewed as the
bridge of PZ, ie

PlL()=PL(-|X,=b). 2.7)
In other words, instead of first taking the bridge of a random walk, or a Lévy process,
and then conditioning it to stay positive, one can first condition the process to stay
positive (for all time) and then consider its bridge, the resulting process being the
same.
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2.2 The invariance principle

Recalling the definition (2.1) of the (restricted) map ¢y : QFW — Q;, we denote by
Pl-Y o oy the law on ©; = D([0,1], R) given by the push-forward of P}’ through ¢y,
and analogously for I/E;I,’,;V )

If {xn}nen is a sequence in R such that zy /ay — a as N — oo, with a > 0, it is well
known [40] that

P, ooy = P, (2.8)

where “=>" denotes weak convergence. Moreover, in [13] we have proved that

P! opyt = PI. (2.9)

TN

Our first result asserts that such an invariance principle also holds for bridges condi-
tioned to stay positive.

Theorem 2.4. Assume that Hypothesis 2.1 and 2.2 are satisfied. Let a,b € [0,00)
and let (zn)nen, (Yv)New be two non-negative sequences such that xy/ay — a and
yn/an — b (in the (h, c)-lattice case, assume that (yy — xn) € Nc+ hZ for all N € IN).
Then

PLY opyt =Pl PLY ooy =Pl (N — o). (2.10)

ITNHYN

Let us note that, by an easy scaling argument, this invariance principle immediately
generalizes to bridges of any time length.

In the Brownian case a = 2, p = % the process PZ:; has continuous paths. In this
situation, it is standard to pass from weak convergence on D([0,1],R) to weak con-
vergence on C([0,1],R), the space of real-valued continuous functions defined on [0, 1],
endowed with the topology of uniform convergence and with the corresponding Borel
o-field. For this purpose, we introduce the map ¥y : Q& — C([0,1],R), analogous to
pn defined in (2.1), but corresponding to linear interpolation, i.e.

(o (S)) (1) = (L4 [Nt] = NO)S|ney + (Nt — [Nt])S|nej+1 L owte1]. (@11

an

For ease of reference, we state an important special case of Theorem 2.4.

Corollary 2.5 (Brownian case). Let ({X,}nen,P) be i.i.d. real random variables with
zero mean and unit variance and let S, =0, S, = S,_1 + X,,, n € IN, be the associated
random walk, so that Hypothesis 2.1 is satisfied with ay = VN and X a standard
Brownian motion. Assume that Hypothesis 2.2 is satisfied and let (xn)neN, (YN)NeN
be non-negative sequences that are o(v/N) (in the (h, c)-lattice case, assume that (yy —
xN) € Nc+ hZ for all N € IN). Then
Pl oVN = Pho,  PLY ouy' =Py (N —o0).

In words: the random walk bridge of length N conditioned to stay positive or non-
negative, starting at ry and ending at yy, under linear interpolation and diffusive
rescaling, converges in distribution on C([0,1],R) toward the normalized Brownian ex-
cursion.

Remark 2.6 (Random walk bridge conditioned to stay above a line). Let (S = {Sy }nen,, P)
be a random walk satisfying Hypothesis 2.1 and 2.2. For a fixed positive constant ¢ > 0,
let us consider the random walk bridge of length N, conditioned to stay above the
straight line ¢n, starting at x and ending at N¢ + y:

P,(-|85>¢ 8 >2,...,S-1>(N-1)] Sy =Nc+y). (2.12)
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An invariance principle for this process can be recovered from our results, in some
instances.

An easy example is when Hypothesis 2.1 holds for « < 1: in this case, the “centered”
random walk (S = {S,, := S,, —nE}nen,, P) still satisfies Hypothesis 2.1 and 2.2 (because
an/N — +o0, see below). Since the conditioning event in (2.12) translates into

{5120,§2207~--;§N—1ZO,SN:y}7

it follows that Theorem 2.4 can be applied to (S, P.). As a consequence, Theorem 2.4
holds for the law (2.12) as well, because the rescaled linear centering n¢/ay < N¢/ay
vanishes as N — oo (recall (2.1)). Intuitively, the fluctuations of the random walk are
of super-linear size (ay > N), hence the rescaled straight line becomes asymptotically
flat: this is why the limiting Lévy bridge is just conditioned to stay positive.

Another interesting example is when the random walk (S, P) has zero mean, finite
variance and locally finite exponential moments in a right neighborhood of the origin:

M(t) :=E[e®] <oco for 0<t<d, withd>0.

For a given t € (0,6), consider the t-“tilted” random walk (S = {S, }nen,, P*)), whose
increments X,, := S, — S,_1 are i.i.d. with marginal laws

PO(S; edz) e

P(S; edz) ~ M)
The m:ucial observation is that the law (2.12) is unchanged if we replace the probability
P by P, for any t: in fact, the Radon-Nikodym density of (S1,...,Sn) equals

PO((Sy,...,Sn) € (dsy,...,dsy))  elsn

P((S1,...,Sn) € (ds1,....,dsy))  M(H)N’
therefore it depends only on sy, which is fixed in (2.12). If we assume that P(S; > ¢) >
0, we can choose ¢t > 0 such that ¢ = (log M)'(¢). In this way
M'(t)

E(t)(sl):/ﬁxz\;(;]?(sl €dzx) = D = (log M)'(f) =¢.

Then, switching the law to P® and applying a linear centering, we get a random walk
(5' = {S'n =5, — nﬁ}nemo,ﬁ’@)

with zero mean and finite variance > := Var()(S;) = (log M)"(f) € (0,00), to which
Theorem 2.4 can be applied. In particular, we obtain the following invariance principle:
if t = 25 = o(v/N) and y = yx = o(v/N), then as N — oo

SLNH - (Né)t
VN

In words: assuming finite exponential moments, a random walk bridge conditioned
to stay above a straight line has diffusive fluctuations (with explicit variance), which
converge under rescaling to the normalized Brownian excursion. Intuitively, the fluc-
tuations of the random walk are much smaller than the height of the straight line
(VN < N): this is why the straight line is subtracted in the left hand side of (2.13),
to have a non-trivial limit, and the resulting limiting process szé is just conditioned to
stay positive.

As a last observation, note that if the random walk (S, P) is in the standard (1,0)-
lattice case (i.e., the law of S; is supported by Z and not by a + hZ, for any a > 1 and
h € R), the “centered” random walk S is in the (1, ¢)-lattice case, with ¢ = ¢ — |¢] # 0 if
cE .

} under (2.12) = Ply. (2.13)
t€[0,1]
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The proof of Theorem 2.4 bears on the absolute continuity of IPI“I,V yn With respect to
Pl ~» €L (2.6), and exploits the convergence (2.9). In order to apply these arguments,
we need a uniform control of the Radon-Nikodym density of IP%V yn With respect to ]PlN.
This requires precise local estimates of the kernel f;\; (z,y), in the absolutely continuous
case and of the analogous kernels ¢}; (7, y) and gj;(,y) in the lattice case, cf. (2.4) and
(2.5).

In the lattice case, such local limit theorems have been proved by Vatutin and Wach-
tel [42] and Doney [21] and are reviewed in Proposition 4.1. The proof of the local
limit theorems for f3;(z,y), in the absolutely continuous case, is the second main result
of this paper, cf. Theorem 5.1 in section 5. This is obtained from the Stone version
of the local limit theorems, also proved in [42, 21], through a careful approximating
procedure.

We point out that our approach differs from that of Sohier [39] in the Brownian case,
where the weak convergence of the sequence IPTMJ,V yn 1S established, in a more classical

way, proving tightness and convergence of the finite dimensional distributions.

Remark 2.7. For the asymptotic behavior of f; (z,y) in the absolutely continuous case,
we need a suitable condition, linked to direct Riemann integrability, on a convolution
of the random walk step density f(-) (cf. section 5 for details, in particular (5.11)). This
is a very mild condition, which is immediately checked if, e.g., there exist C > 0, n € IN
and ¢ > 0 small enough such that | f,(z)| < C/|z|***~¢ for every z € R. As a matter of
fact, it turns out that this condition is automatically satisfied with no further assumption
beyond Hypotheses 2.1 and 2.2, as it is proved in [12].

3 Preparatory Material

3.1 An important notation on sequences
We will frequently deal with sequences (b,,(z))nen indexed by a real parameter z.
Given a family of subsets V,, C R, we write

“bp(2) = o(1) uniformly for z € V,,”  to mean lim sup |b,(2)|=0. (3.1)

n—o0 LV,

We stress that this is actually equivalent to the seemingly weaker condition

li_>m bn(2z,) = 0 for any fixed sequence (z,)nen such that z, € V,, foralln € IN,

as one checks by contradiction. We also note that, by a subsequence argument, to prove
such a relation it is sufficient to consider sequences (z,),en (such that z, € V,, for all
n € IN) that converge to a (possibly infinite) limit, i.e. such that z, — ¢ € RU {£o0}.

Given (b,,(#))nen, with z € R, and a fixed positive sequence (a,)nen, it is sometimes
customary to write

“bn(2) = o(1) uniformly for z = o(a,)” (3.2)
as a shorthand for
bn(z) = o(1) uniformly for z € [0,¢,], for any fixed sequence ¢,, = o(a,) . (3.3)
Again, this is equivalent to the apparently weaker statement
bn(zn) = o(1) for any fixed sequence z,, = o(a,), (3.4)

as an easy contradiction argument shows. The formulation (3.2)-(3.3) is usually pre-
ferred when stating and applying theorems, while (3.4) is nicer to handle when proving
them.

In the sequel, we sometimes write (const.), (const.”) to denote generic positive con-
stants, whose value may change from place to place.

EJP 18 (2013), paper 60. ejp.ejpecp.org
Page 7/32


http://dx.doi.org/10.1214/EJP.v18-2362
http://ejp.ejpecp.org/

Random walk bridges conditioned to stay positive

3.2 Fluctuation theory for random walks

For the purpose of this subsection, we only assume that (S = {S,,},>0, P) is a random
walk on R starting at zero, that is Sy = 0 a.s. and ({S, — Sp—1}n>1,P) are i.i.d. real-
valued real random variables. To avoid degeneracies, we assume that the walk is not
constant, i.e., P(S; = ¢) < 1 forall ¢ € R. We refer to [25] for more details on fluctuation
theory.

We denote by {T]zt}k>0 and {Hi}k>0 the weak ascending (+) and descending (—)
ladder epoch and ladder height processes respectively, that is 7-0 =0, Hy +:= 0 and for
k>1

To=inf{n > T 28, > 480 b, Hi=£5. (3.5)

Note that H, is a non-negative random variable (which, in general, may take the value
+00). In fact, {7 }r>0 and {H}x>o are renewal processes, i.e., random walks with
i.i.d. non-negative increments. One can also consider strict ladder variables, but we
are not going to use them. The interested reader can look at Remark 4.6 below for some
connections.

Let us set

M8

C:=PH=0)=Y P(5 <0,...,5,_1<0,5, =0)

3
Il
-

(3.6)

M

P(Sy >0,...,58,-1>0,5,=0)=P(H; =0) €][0,1),

n=1

where the third inequality holds by time reversal, observing that {S,, — S,,— }o<k<n has
the same law as {Sy }o<r<n. We denote by V*(-) the weak ascending (+) or descending
(—) renewal function associated to {H ,f} x>0, defined for z > 0 by

VE@) =EB[#{k>0: Hf <a}] =) PHf <z)= ZZIP (rf =n,+8, <z). (3.7)
k=0

k=0n=0

Observe that V*(-) is a non-decreasing, right-continuous function and

oo

VE0) =D P(Hf =0) ng (3.8)
k

=0

We also introduce a modified renewal function V*(-), defined for = > 0 by

V@) =B[#{k>0: Hf <2}] =) P(H; <x) ZZIP (rf =n,+S, <z). (3.9)
k=0 =0n=0
Note that that this function is left-continuous on (0,0c0) and it can be recovered from
the previously introduced one through a simple limiting procedure: for every z > 0
Vi) =VEi(a—) = lim Vi@ —e). (3.10)
€.
Plainly, when the law of S; is supported by Z, we have V*(z) = VE(z —1). We complete
the definition of Zi(x) by setting, for x = 0,

vVEO0) =1. (3.11)

The reason for introducing the modified renewal function V*(.) is explained by the
following classical Lemma, proved e.g. in [34, eq. (23)] (see also [5, part 2.3] and [6,
part 2]). We recall that P, denotes the law of S started at z € R, thatis P,(S € ) =
P(S+ze-).
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Lemma 3.1. Assume that the random walk ({S,},>0,P) does not drift to —oo, that is
limsup,, S, = 400, P-a.s.. Then the renewal function V~(-) is invariant for the semi-
group of the random walk killed when it first enters the negative half-line (—c0,0), i.e.,

V7 (z) =B, (V(Sn) Iys, 50, .sy50}) Vo >0,NeN. (3.12)

Analogously, the modified renewal function V™~ (z) is invariant for the semigroup of the
random walk killed when it first enters the non-positive half-line (—o0,0]:

Vo (2) =E. (V" (Sn) I(s,50,..5x50}) V& >0,N €N. (3.13)

We note that by the symmetry S — —S it follows immediately from (3.12) and (3.13)
that if the random walk ({S), }n>0, P) does not drift to +co we have

Vi) =E_o (VT (=Sn) Iys,<0,...sn<0}) Vz>0,N€eN, (3.14)
Via) =E_, (V' (=Sn) 1I{s,<0,. 5x<0}) Vo >0,N€N. (3.15)

3.3 Some consequences of our assumptions.

With the notation of Hypothesis 2.1, let g(-) be the density of X;. We denote by
g"(-) the density of the time-one marginal distribution of the meander [16] of the Lévy
process X, which can be defined informally by ¢*(z)dz = Po(X; € dz| info<s<1 X5 >
0), see Lemma 4 in [18]. Analogously, ¢ () is the density of the time-one marginal
distribution of the meander of —X.

It is well-known [38, 37] that, when Hypothesis 2.1 holds, the random variables 7,
and H 1+ are in the domain of attraction of stable laws of index p and ap.! In particular:

P(r{ >n) e R_,, VT(z)€ Ra,. (3.16)

An analogous statement holds for the descending ladder variables, changing ¢ with
1—p:
P(r;y >n) € R,(l,g) , V7o (x) e Ra(l,g) . (3.17)
We point out that, by equation (31) in [42], as n — oo
VH(a,) ~ LnIP(Tf >n), V= (an) ~ ¢
(1-¢) (1-9)

where ( is defined in (3.6). Furthermore, by Theorem 1 of [22], as ¢ ] 0

nP(r{ >n), (3.18)

gT(e) ~Crg(0)e®e, g () ~C g(0)e2l=2), (3.19)
It turns out that the corresponding constants in the preceding relations coincide, i.e.:
ct=c*, c-=C", (3.20)

as we prove in Lemma 4.4 below. We stress that the precise value of these constants is
not universal. In fact, if we change the norming sequence, taking a/, := ca,, with ¢ > 0,
then S, /al, = X7 := X;/c (recall Hypothesis 2.1): rewriting (3.18) and (3.19) for a/, and
for the densities associated to X’, one sees that the constants ¢* and C* get divided by
c*e,

Finally, since V+(z—¢) < V*(z) < VE(z) for every e > 0, it follows that the functions
Ki(x) and V*(z) have the same asymptotic behavior as = 1 +oc. In particular, relations
(3.16), (3.17) and (3.18) hold also for Ki(~).

1Let us mention that more is true: the random vector (7'1+ H 1+ ) is in the domain of attraction of a bivariate
stable law of indexes (g, ap), cf. [29, 20, 19]; see also [18] for a more general result.
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4 Local limit theorems in the lattice case

In this section we put ourselves in the (h, ¢)-lattice case, cf. Hypothesis 2.2. We aim
at the precise asymptotic behavior of the kernels ¢, (z,y) and ¢ (z,y), defined in (2.4).

When both z/a, and y/a, stay away from 0 and oo, this is an easy consequence
of Liggett’s invariance principle for the bridges [35] and Gnedenko’s local limit theo-
rem [30], which states that as n — oo

Pus, =9) = o-{o(1) o)},

uniformly for z,y € R with (y — ) € nc+ hZ. In fact, setting for a,b > 0

(4.1)

C(a,b) ::Pa< inf X, >O‘X1:b),

0<s<1

for every fixed € > 0 we have as n — oo

g (z,y) = K g(y — I) C (x, y) (1+0(1)), wunif forz,ye <san, lan> . (4.2)
an, an, an’ an €
always with (y — z) € nc + hZ. Exactly the same relation holds for ¢ (z, y).

Note that C(a,b) > 0 for all a,b > 0, but C(a,b) — 0 if min{a,b} — 0, therefore
when either x = o(a,,) or y = o(a,) relation (4.2) only says that ¢, (z,y) = o(1/a,), and
analogously g (x,y) = o(1/a,). Precise estimates in this regime have been obtained in
the last years: for ease of reference, we sum them up explicitly.

Proposition 4.1. Assume that Hypothesis 2.1 and Hypothesis 2.2 ((h, c)-lattice case)
hold. Then the following relations hold as n — oo, for z,y > 0 with (y — x) € nc + hZ:

af o) =y (g (L) o)
h]P(T,” > n) " unif. forz = o(a,), y >0, (4.3)

it ) = P2y (g7 (L) o)

T+' n X

it ) = Z ) (4 (2 ) 4ot
D (T“f o) ‘;” unif. fory = o(a,), = >0, (4.4)

it o) = =y ) (o () o)

0t 9) = h (- O LD vy V) (1 -+ 0(1))
Z(%’g uniformly for x,y = o(a,), (4.5)

G (z,y) =h(1 =)=V " (2) V' (y) (1 +0(1))

nay,
where ¢ € [0,1) is defined in (3.6).

As the above list is somewhat redundant, let us give some directions. The relations in
(4.4) can be deduced from those in (4.3) with a symmetry argument, that is, considering
the random walk —S instead of S and exchanging = with y and every “+” quantity with
the corresponding “—” one. Therefore it is sufficient to focus on (4.3) and (4.5), but
there are further simplifications. In fact, for all fixed n € IN and z,y > 0, we have
gt (z,y) = q} (r—e,y—e¢) provided € > 0 is small enough, thanks to the lattice assumption
(recall (2.4)). Taking € = ¢, | 0 and recalling (3.10), it follows that the first equation
in (4.5) is a consequence of the second one, provided z,y > 0. Analogously, the first
equation in (4.3) follows from the second one, when both z,y > 0.

Summarizing, for Proposition 4.1 it is sufficient to prove:
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* the first relations in (4.3) and (4.5) in the special case z = 0 (the case y = 0 follows
by a symmetry argument);
* the second relations in (4.3) and (4.5) for general x.

The second relations in (4.3) and (4.5) for x = 0 were proved in [42, Theorem 5 and
Theorem 6], while the first ones can be deduced arguing as in page 100 of [2].2 (The
case x = y = 0 of (4.5) has not been considered in [42], but it can be easily deduced, as
we show in Appendix A.1 and A.2.) The second relations in (4.3) and (4.5) for general x
have been recently proved in [21, Propositions 11 and 24], using a decomposition that
allows to express them as a function of the z = 0 case. This completes the justification
of Proposition 4.1.

We point out that in [42, 21] some of the above relations appear in a slightly dif-
ferent form, being expressed in terms of strict rather than weak ladder variables. The
interested reader can find more details in Remark 4.6 below.

Remark 4.2. Since the functions g*(z) vanish both when z | 0 and when z — oo,
only when y/a, is bounded away from 0 and oo the two relations in (4.3) give the pre-
cise asymptotic behavior (i.e., the ratio of the two sides of the equation converges to
1). When y/a, — 0, that is y = o(a,), the precise asymptotic behavior is given by
(4.5). When y/a,, — +oo and ap < 1 (which excludes the Brownian case), the precise
asymptotic behavior can be derived under additional assumptions, cf. Proposition 13
in [21].

Remark 4.3. In the gaussian case (o« = 2, o = %) several explicit expressions are
available. For instance, g% (x) = z ¢~ /2 1o oo (2) and g(z) = (21)~/2¢~°/2, hence the
constants in (3.19) are ct = V27, From equation (2.6) and the last equation on p. 515
in [11], it follows that also for the constants in (3.18) one has C* = /27, in agreement
with (3.20).

Furthermore, since V' (-) and V*(-) € Ry by (3.16), if y/a, is bounded away from 0
and co we can write V1 (y) ~ V' (y) ~ aiV+(an). Recalling (3.18) and (3.8), it follows
that relations (4.3) and (4.5) can be gathgred in the following ones:

SRS, =) V@) V), e
P(S. =) V() V' (0).

gt (z,y) ~

af (z,y) ~

uniformly for z = o(a,,) and y € [0, M a,,], for any fixed M > 0 (cf. equation (1.7) in [11]).
It is natural to ask whether relations (4.6) still hold for a < 2. Recalling (3.18), (3.19)
and (3.20), this is equivalent to asking whether (3.19) can be strengthened to

g (z) = Eeragg(x)]l(O,OO) (z), vz e R. 4.7)

Arguing as in [1], it is not difficult to show that this relation holds when the limiting
Lévy process has no positive jumps, i.e. for o € (1,2) and ¢ = 1 — 1/a. We conjecture
that relation (4.7) fails whenever ¢ # 1 — 1/a. In the symmetric Cauchy case o = 1,
o0 = 1/2 it has been shown that indeed relation (4.7) does not hold (cf. the comments
following Proposition 1 in [1]).

We conclude the section proving that the constants C* and C* indeed coincide.

Lemma 4.4. Recalling relations (3.18) and (3.19), we have C* =Ct and ¢~ =C~.

2Previously, these relations were proved in the gaussian case (o = 2, ¢ = %), cf. [10, Proposition 1] and
[11, Theorem 4] for (4.3) and [2, equation (9)] for (4.5). See also [24] for related results.
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For the proof we need the following very general result.

Lemma 4.5. Let {f,(:)}nen be an arbitrary sequence of real functions, all defined on
the same subset I C R. Assume that for every z € I and for every sequence {z }nen
of I, such that z, — z, the limit f(z) := lim,c fn(z,) exists and does not depend on
the sequence {z,}nen, but only on the limit point z. Then the function f : I — R is
continuous.

Proof. We proceed by contradiction. If f is not continuous, there exist ¢ > 0, Z € I and
a sequence z*) — z such that |f(2) — f(2*))| > 2¢ for every k € IN. For every fixed
k € IN we have lim,_,, f,(2®¥)) = f(z*)) by assumption, hence there exists n(k) € IN
such that | f(z)) — f4)(2¥)| < e. By the triangle inequality, we then have

[fa (Z*) = FE) = 1£(2) = FEO)] = 1fEW) = fay (W) > e, VkeN. (4.8)

Observe that 71(k) can be taken as large as we wish, hence we may assume that k — 7(k)
is increasing. We also set 72(0) := 0 for convenience. Let us finally define the sequence
{Zn}nen by 2, := 2*), where k € IN is the only index such that #(k — 1) < n < 7(k). By
construction z*) — %, hence also z,, — z and it follows by assumption that f,(z,) —
f(Z). However, this is impossible because the subsequence { f5x)(za(k))}rew does not
converge to f(2), as |faw) (zaw) — f(2)| = [fag (Z®) — f(2)| > & for every k € N by
(4.8). O

Proof of Lemma 4.4. Let us set forn € IN and z € [0, 00)

nany

(2) = WQI(Q lanz]) .

In

Observe that, if z > 0 and z,, — z, by (3.16) and (3.18) we have, as n — oo,

VT (lanzn]) ~ 2%V *t(a,) ~ 2% nP(ry >n).

(1-90)
It follows that the sequence of real functions {f,(-)}nen, all defined on I = [0,00),
satisfies the assumptions of Lemma 4.5: in fact, by (3.8) and the first relations in (4.3)
and (4.5), for every z € [0,00) and every sequence z, — z we have that

g9+ (2)
If(z) == lm f,(z,) = Ctzoe .
e hg(0) ifz=0

ifz>0

By Lemma 4.5, the function f(-) is continuous, hence lim, o f(z) = f(0). Recalling
(3.19), it follows that ¢+ = Ct. With almost identical arguments one shows that ¢~ =
c. O

Remark 4.6 (Strict ladder variables). For notational simplicity, so far we have only
worked with weak ladder variables, and we will continue to do so. However, since
strict ladder variables appear often in the literature, it might be useful to point out
some connections.

The strict ladder variables {7 };>0 and {f[,f}kzo are defined by 7 := 0, ﬁoi =10
and, for £ > 1, by the same relation (3.5), in which the weak inequality > is replaced
by the strict one >. The laws of H 1i and H 1i are closely related: recalling the definition
(3.6) of ¢,

P(H] € dz) = (do(dz) + (1 — OP(Hf € dx).
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The renewal function V*(z) associated to {ﬁfct}kzo is defined like in (3.7), setting for
x>0

VE@) =B[#{k>0: Hf <a}] =) PHE <2)=Y Y PEFE=n,£5, <z); 4.9)
k=0 k=0n=0

~ ~t
in particular V*(0) = 1. Likewise, the modified renewal function V" (z) is defined for
~ ~t
z > 0 like in (3.9), replacing H; by H;", and for 2 = 0 by setting V. (0) := 1 —( =
P(HE > 0).
These “strict” renewal functions turn out to be multiples of the “weak” ones:

~

VE@) = (1 OVE@), TV (@)=(1-VEx), Va0, (4.10)

(cf. equation (1.13) in [25, § XII.1]). In particular, relation (3.10) holds for the strict
renewal functions V' ), XA/i() as well. Concerning the ladder epochs, we have

P(7] >n)~ P(ry >n) as n— oo, (4.11)

1
(1-0)
as we prove in Appendix A.3.

Thanks to (4.10) and (4.11), every relation depending on V*(-), VE(-), P(r; > n)
can be equivalently rephrased in terms of V=(-), V™ (.), P(7; > n). This applies, for
instance, to all the asymptotic relations in Proposition 4.1. In particular, for both re-
lations in (4.5), the factor (1 — ¢) can be “absorbed” into one of the renewal functions
Vi(-) and Ki(-), by (4.10) (this is the way these relations appear in [42, 21]).

5 Local limit theorems in the absolutely continuous case

In this section we focus on the absolutely continuous case, cf. Hypothesis 2.2. Our
goal is to derive local asymptotic relations for the kernel fﬁ(az, y), recall (2.5), that are
closely analogous to the relations stated in Proposition 4.1 for the lattice case. Since
the law of S; has no atom, the modified renewal functions Zi(x) coincide with the
ordinary ones V*(x), hence everything will be expressed as a function of V* and V.
More precisely, we are going to prove the following important result:

Theorem 5.1. Assume that Hypothesis 2.1 and Hypothesis 2.2 (absolutely continuous
case) hold. Then the following relations hold as n — oo, for x,y € [0, 00):

i (x,y) = mV‘(x) (g+ <y> +o(1)) , unif. forx = o(a,), y € [0,00) (5.1)

Ap, an
9(0)

n

fH(z,y) = V= (z)VT(y) (1 +0o(1)), unif forz = o(ay), y=o(ay). (5.2)

It is convenient to introduce the measure
FT;F(JC7 dy) = IPQ’/(Sl > 07 R 7S7’l > O) STL E dy) b

so that, cf. (2.5),
Ef (z,dy)
dy '
Our starting point is the “Stone version” of the lattice estimates in Proposition 4.1,
proved by Vatutin and Wachtel [42] and Doney [21], that read as

f,',"(x,y) =
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1. for any fixed A > 0, uniformly for = o(a,), y € [0,00) one has, as n — oo,
P(r-
Fi b+ 8) = S0 (o (L) avon) . 63
2. for any fixed A > 0, uniformly for = o(a,,), y = o(a,) one has, as n — oo,

fffjv—w(/{ +A)V+(z)dz> 1+0(1). (5.4)

The idea of the proof of Theorem 5.1 is to derive the asymptotic relations for f," (x,y)
from the “integrated” relations (5.3), (5.4), by letting A | 0. The delicate point is that
interchanging the limits A | 0 and n — oo requires a careful justification.

Fl(@,ly.y+4)) =

5.1 Strategy of the proof

We choose k € IN sufficiently large but fixed, as we specify below (cf. §5.2), and we
write for all n > k

FH(a,y) = /[ F*(2,dz) fF (2.). (5.5)
0,00)

Next we approximate this integral by a Riemann sum over small intervals. More pre-
cisely, we set for z,y > 0 and A > 0

Fi(zy) = o T, Tazy) = swp  fH(uy), (5.6)

ue[z u€lz,z+A)

so that for every A > 0, n € IN and z,y > 0 we can write

stal@,y) < f(@y) < ST A(2y), (5.7)
where
stalmy) = Y Ff (a[z2+48) fl(z), (5.8)
z€ANg
S;'A (z,y) Z F+ [z z—l—A))?Z(z,y). (5.9)
z€ANg

The idea is to replace F:Jc(x’ [z,z + A)) by its asymptotic behavior, given in (5.3) and

(5.4), and to show that fA’(z,y) ~ fZ(z, y) if A is small. This is of course to be made
precise. The delicate point is that we need uniformity in z.

5.2 The choice of k

For the choice of k appearing in (5.5) we impose two conditions.

The first condition on k is that f;_, is a bounded function, that is ||fz_;|lec < 00,
which we can do by Hypothesis 2.2. This is enough to ensure that ffj (z,y) is uniformly
continuous in z, uniformly in y. By this we mean that for every ¢ > 0 there exists A > 0
such that for all z, 2z’ > 0 with |z — 2’| < A and for every y > 0

‘f]_j(zlvy) - f]_j(z7y)‘ <e.
The proof is simple: since |f;7(a,b)| < |fn(b —a)| < ||fnlloo foralln € N and a,b € R,

) - £ ”"’/Eo | w—z’)—f(w—z))f,j_1<w,y>dw\

S ||fE—1||m

[, U= = sw=2) dw\

< fr-1lloo

[ =) - fw) dw\ e lloel @ f — Flln
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where (O f)(z) := f(x — h) denotes the translation operator. Since this is continuous in
L', the claim follows.
Let us now set, fork € N, o/ >0, A >0and z € R,

C¥ (z) = e[su;J)rA)(l + u))® fr(u). (5.10)

The second condition on £ is that (it is large enough so that) for some o’ € (pa, @) and
for some (hence any) A > 0 the following upper Riemann sum is finite:

> ACR(w) < 0. (5.11)

wEAZ

In other words, we require that the function (1 + |u|)®’ f;(u) is directly Riemann inte-
grable, cf. [25, §XI.1]. We point out that this condition is always satisfied if k is large
enough, with no further assumptions beyond Hypothese 2.1 and 2.2, as it is proved in
[12]. Of course, an immediate sufficient condition, very common in concrete applica-
tions, is that there exists o/ € (pa, @) such that f;(z) < (const.)/|z|'T".

A direct consequence of (5.11) is that, for any fixed A > 0, the contribution to the
sum of the terms with |w| > M is small, provided M is large. The interesting point is

that M can be chosen independently of (bounded) A: more precisely,

¥AG>0,Yn>0 IM>0: Y A-CR(w) <n, VAE(0,A). (5.12)
wWEAZ
|w|>M

This relation can be obtained combining (5.11) for A = Ay with the following result,
which describes the monotonicity properties of Riemann sums.

Lemma 5.2. Let o be a Borel measure on R. Given A > 0 and a positive function
h: R — [0,400), define the upper Riemann sum

Sualh) = Z ( sup h(z)) p([w, w4 A)) . (5.13)

wWEAZ z€lw,wtA)
Then, setting (©,h)(x) := h(x — z), we have
Spa(h) < Sung(h) +Su,2,(O-agh) +Sun,(Oach), YA € (0,A). (5.14)

In particular, when u is the Lebesgue measure, the right hand side of this relation
equals 35, A, (h), because the three terms coincide.

Proof. Let us denote by ha : R — [0, +0c) the piecewise constant function that, in every

interval [w,w + A), with w € AZ, takes the value sup, ¢y, ,+a) f(2). Then

Spa(h) = /R Tia () p(dz)

Plainly, if 0 < A < Ay, each interval of the kind [w,w 4+ A) can intersect at most two
intervals of the kind [w’, w’ 4+ Ay). It follows that

Ba@) < Tiag(2) + Oagh)a, (1) + (O aghla (@), Vo ER.

Integrating this relation over u yields the conclusion. O
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5.3 Some preliminary results

A useful observation is that the function V' is increasing and sub-additive (as every
renewal function), hence

V*t(y+9) V+(6) VE(5)
Vi STV V)

Let us first derive an upper bound from (5.3) and (5.4).

=1+VT©), V5y>0. (5.15)

Lemma 5.3. Fix any sequence x,, = o(a,,) and A > 0. There exists a constant C' € (0, c0)

such that
CA

nany

Ef (. [y,y + Q) < VT (z,)VT(y), VneN, Vy>0. (5.16)

Proof. We proceed by contradiciton. If (5.16) doesn’t hold, there exist A > 0 and se-
quences C,, — +0o0, y, > 0 such that along a subsequence n = n; — 400 we have

Cn A

nany

F (@, [Yn, yn + A)) > Vo (2) VT (yn) - (5.17)
For ease of notation, we implicitly assume that n = n; until the end of the proof. Ex-
tracting a suitable subsequence, we may assume that y,,/a, — ¢ € [0, +0c] and we show
that in each case ¢ =0, ¢ € (0,00) and ¢ = +o0o we obtain a contradiction.

* If ¢ =0 then y,, = o(a,) and (5.17) contradicts (5.4), because, by (5.15),

/ VH(z)dz < AV (y, +A) < (const.) VT (y,).
[Yn yn+A)

« If 0 < ¢ < oo then y,, ~ ca, and V*t(y,) ~ ¢*V*(a,), because V* € R,,. By
(3.18) we know that V*(a,) ~ (const.) nP(r; > n), hence from (5.17) we get

Cn A

an

F (2o, [Yns Yn + A)) > (const.)) V= (zn) P(ry >n). (5.18)
This is in contradiction with (5.3), because g™ is bounded.

» The case ¢ = oo is analogous and even simpler. In fact in this case V1 (y,) >
V+(a,) for large n (recall that V7T is increasing) hence we still have (5.18), which
is again in contradiction with (5.3) (which holds also for y,, > a,).

This completes the proof. O

Remark 5.4. It is worth stressing that, in general, estimate (5.16) it is not uniform in
A (i.e., the constant C' depends on A). In fact, being a direct consequence of (5.3) and
(5.4), relation (5.16) holds for general non-lattice random walks (satisfying Hypothe-
sis 2.1).

In the absolutely continuous case, under Hypothesis 2.2, it will follow a posteriori,
by our Theorem 5.1, that relation (5.16) does hold uniformly in A. However, since this
is not granted a priori, throughout the proof we need to work with a fixed A.

We now prove a crucial approximation result: we show that the sum in (5.9) can be
truncated to values of z at a finite distance from y, losing a negligible contribution.

Lemma 5.5. Fix any sequence x,, = o(a,) and Ay > 0. For every n > 0 there exists
M € (0,00) such that foralln >k, A € (0,A¢) andy >0

-+ 0). -
> Rl )T < a( S0 @vw). 619
z€ANg n
|[z2—y|>M
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Proof. The left hand side of (5.19) is an upper Riemann sum SMA(h) like in (5.13),
with pu([a, b)) = FJr 7 (@n,[a,0)) and h(z) = fg(z,y)]l{‘z,be} (recall (5.6)). Therefore,
applying relation (5 14), it suffices to prove (5.19) for a fixed A = Ay > 0 and with
?Zo(z, y) replaced by ?Zo (z + alg,y), with a € {—1,0,+1}. For simplicity, in the sequel
we only focus on the case a = 0 (the case a = +1 is almost identical).

We are left with proving (5.19) for fixed A > 0. For any M > 0, by (5.16) we can
write

. c
Yo Flplan e+ A) Falzy) < — ) Y AV TAGY).
2€ANg n 2€ANy
lz—y|>M l=—y|>M

Since VT is sub-additive and increasing, for z > y we have V*(2) < V*(y) + V*t(z —y),
while for z < y we have V*(z) < V*(y). Therefore we can bound

S A V) TA(zY)

zeANg
|z—y|>M
-+ -+
SV Y AN+ Y (VW HVIE-)A TG
z€ANg z€ANg . )
z<y—M z>y+M
-+
=VHy) S ATalzy) + D VHe-y)A-TA(zy).
z€ANg z€ANg
|z—y|>M 2>y+M

Let us bound the second sum. Recalling (5.6) and observe that ffj (u,y) < fr(y—u) forall
u,y > 0; moreover, for any fixed o/ € (o, @) one has V+(w) < |w|® for large w, because
V*t € R,,. Recalling (5.10), it follows that V*(z — y) Falzy) < (const.) C¥ (y — 2).

Coming back to (5.20), we use the bound TZ(Z, y) < C¥'(y — z) in the first sum of the
last line. Since 1 = V7 (0) < V*(y), it follows that for some constant ¢ > 0

S AV TARY) < Vi) Y AC(w
z€ANg wEAZ
|==y[>M Juwl> M

We now apply (5.12) with n replaced by 7ng(0)/(cC), getting

— 0
S E ez 4 AN Faen) < 1280V + A,
z€ANg nan
|[z—y|>M
which is precisely what we want to prove (recall (5.15)). O

5.4 Proof of (5.2)

We can finally prove (5.2). From the discussion of section 3.1, it suffices to show
that, if we fix any two sequences z,, = o(a,) and y,, = o(a,), for every ¢ > 0 we have,
for large n,

S (@0 Yn)
V(o)

nan

(1—e)VT(y,) < < (1+e)V*H(yn). (5.21)

Let ¢ € (0,1) be fixed. We start choosing A := 1 and we let M, denote the constant

M in Lemma 5.5 corresponding to 1 = /4. The reason for this will be clear later.
Observe that, by time-reversal, relation (3.14) for N = k can be rewritten as

/ V) fF(u,y)du = VF(y), Vy>0. (5.22)
[0,00)
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For notational convenience, let us set V*(u) := 0 for v < 0, so that the domain of
integration can be extended to R. We claim that there exists M > 0 such that

/ VH(u) ff (u,y) du < Vi),  W>o0. (5.23)
|lu—y|>M—1 4

In fact, observe that f," (z,y) < f.(y — =) and that for every y > 0 and s € R
Viy—s) < Vi(y) +VT([s)) < 2V (m)VT(ls)),

by sub-additivity of V*(-) and the fact that 1 = V*(0) < V*(z) for every = > 0, hence

/ V) £ (u,y) du < / V() fily — u) du
|[u—y|>M—1

lu—y|>M—-1
= EWV*H(y — Sp)lgs.sm-13) < 2V (@) B(VT(Sp) Ls >m—13) -

It is well-known that Hypothesis 2.1 entails that E(|X;|*) < oo, for all o/ < «, and
consequently (|Sz|*) < cc. Since VT (-) € Ry, by (3.16) and since o < 1, it follows that
E(V*(|S;])) < co. We can then choose M > 0 large enough, with M > M, (that was
fixed above), so that E(V™"(|Sg|) 15, |>-13) < £/8. Relation (5.23) is proved.

It follows immediately from (5.22), (5.23) that for every 0 < A < A and y > 0 one

has
Z (/[z,z+A) V+(u) f]—:r(u,y) du) - V+(y)

z€EANg
[z2—y|<M

< ZV"‘(y), (5.24)

just because the intervals [z,z + A), as z varies in AN, with |z — y| < M, are disjoint

and their union contains [y — (M — 1),y + (M — 1)).
Next observe that, for any A < Ap =1and y > 0, by (5.15)

y+M+A B B
> / V*(u) du g/ VH(u)du < (2M + AV (y+ M+ A)
[z,2+A) y

2€ANg. y—M
|lz—y|<M

<M+ A+ VIM+1)Vi(y) = CVT(y),

where we stress that C > 0 is a constant depending only on ¢ (through M). Recall
the definition (5.6). Since we have chosen k large enough so that f{ (u,y) is uniformly
continuous in u, uniformly in y, we can choose 0 < A < Ay small enough so that

_ —+ 3
Vz,y >0, Vu€elz,24+A): falzy) — —= < ff(uy) < fL(zy)

+ &
ol 4c

Inserting these estimates in (5.24), it follows that, for every y > 0,

> (/[Z#A) V¥ (u) du) Talzy) < <1+ ;>V+(y) (5.25)

ZEA]N(L
lz—y|<M

2 </[z,z+m V() d“) [E(zy)

ZEA]N(L
[z—y|<M

Y]

<1 - ;)w(y). (5.26)

Fix two sequences z,,y, = o(a,) and consider the previous relations with y = y,,.
Note that the sum over z ranges over a finite number of points, all at finite distance
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from y,,, hence each z in the sum is o(a,). Then it follows from (5.4) that there exists
no = no(e) < oo such that for all n > ng and for all z € ANy with |z — y,| < M

1+£ FF o (zn,[2,2 4+ A 1—£ FY (zn,[z,2+ A
+32€ "_k((o) [ ) - / V() du < L2 ”_k(m [ >>.
1+5 Dy—(g,) (2,24 A) l—e  WOy—(s,)

Relations (5.25), (5.26) then yield

F:__’(:Cnv[zaz‘i’ﬁ)) —+ 3e
Y et Fh () < (1+)v+<yn> (5.27)
AN, nay V' (@n) 4
|Z_yn|SM
F' (zp, 2,2+ A
> (<> V[ o) ) FEGn) = L=V (ya). (5.28)
7 £ x
ze€ANNg nan n
T,

Recall that our choice of M > M, was such that Lemma 5.5 holds for n = ¢/4. Therefore
we can drop the restriction |z — y,| < M in (5.27), provided we replace 34—5 by ¢ in the
right hand side. Plainly, the restriction |z — y,| < M can be dropped from the sum in
(5.28) with no further modification. Looking back at (5.7)-(5.9), it follows that (5.21)
holds true for n > ny. This completes the proof of relation (5.2).

5.5 Proof of (5.1)

The proof of (5.1) is close in spirit to that of (5.2) just given. It suffices to show that,
if we fix any two sequences z,, = o(a,) and y,, > 0, for every € > 0 we have, for large n,

+
an Py >n)V=(2,) ap,
As we remarked in §3.1, it suffices to consider sequences that have a (possibly infinite)
limit, so we assume that y,/a, — x € [0,400]. The case x = 0, i.e. y, = o(ay,), is
a consequence of relation (5.2), which is a stronger statement, so there is nothing to

prove. We then treat separately the cases k € (0,00) and k = oo, starting from the
former.

Let € € (0,1) be fixed. We choose A := 1 and we let M, denote the constant M
in Lemma 5.5 corresponding to n = ¢/(8g(0)C*Tx%¢) (the reason for this choice will be
clear later), where we recall that C* is the constant appearing in (3.18).

Recall that y,, ~ ka, with x € (0,00) and note that g*(x) > 0. We claim that we can
choose ng € Ng and M > 0 such that

€
1—-—— < / fFu,y)du <1, ¥n>ng. (5.30)
4g+(ﬁ}) |u_yn‘SM_1 F
In fact, if we denote by S* := —S the reflected walk, if y, > M — 1 we can write

/ S (uyn) du
[u—yn|<M—1
=P, (ST >0,...,5 ,>0,5; €yn — (M —1),y, + (M —1)))

= IPO(S;< > “Yns - -’Si_l > _yn,Sz € [_(M - 1)’+(M - 1)])7

from which the upper bound in (5.30) follows trivially. For the lower bound, note that

_ =+
1 /u_ynlgj\/[_l fk (U7 yn) du
S PHST 2 =ynso 0 Spoy 2 —yn}?) + P(SE € [=(M = 1), +(M —1)]).
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Since k is fixed and Yyn — +00, the first term in the right hand side vanishes as n — oo,

hence we can choose ng such that for n > ny it is less than ¢/(8 g*(x)). Analogously, we

choose M large enough, with M > M, (that was fixed above), such that for A/ > M the

second term in the right hand side is less than £/(8 g (x)). Equation (5.30) is proved.
It follows immediately from (5.30) that for every 0 < A < Ay and n > ng one has

13
1-— < + ,,,Ld>§1, (5.31
0 S 2 ([ >

2€ANp
lz—yn|<M
just because the intervals [z, z + A), as z varies in ANy with |z — y,,| < M, are disjoint
and their union contains [y, — (M — 1), y, + (M — 1)).
Recall the definition (5.6). Since we have chosen k large enough so that f,—j(u, y) is
uniformly continuous in u, uniformly in y, we can choose 0 < A < A; small enough so
that for all n > ng, z > 0 and for every u € [z,z + A)

5
4(2M +1) gt (k)

£
4(2M +1) gt (k)"

< [ (uyn) < FLlzya) +

72(273/71) -

Plugging these estimates into (5.31) and observing that there are at most (2M + 1)/A
values of z € AN, such that |z — y,,| < M, we obtain

-+ € 5

Afr(zyyn) <14 —0, A ff(zy,) >1—————. (5.32

Z fA(Z7y ) <1+ 4g+(/{) Z iA(z Y ) = 29_5_(,{) ( )
ZGA]N()_ ZGA]N()_
|z7yn|§]\/f ‘nyn‘SM

Observe that the sum in both the preceding relations ranges over a finite number of
z, all at finite distance from y,,, hence each z in the sum is such that z/a,, — x € (0, 00).
Therefore g*(z/a,) — g(k) as n — oo, uniformly over z in the sum range. It follows that
there exists n; > ng such that for all n > n;

P - £
Z g* (a) ATA(zyn) < g7 (k) + 3 (5.33)
2€AN, "
‘Z_yn‘SM
+( = + + 3¢
> o (2)a sk = w5 (5.34)
z€EANg
|nyn|§M

Next observe that, as n — oo, we have g* (y,/a,) — ¢g* (x), and by (5.3)

4 F+,’(zna [ZaZ+A))
+[ ~ _ n—k
I ( ) LP(ry > )V ()

— 0,

Qn

uniformly over z in the sum range of (5.33) and (5.34). It follows that there exists
no > ny such that for all n > no

nok TR + 4+ Yn 15
— f7 (Zayn) <g () + —, (5.35)
ZE%\I()_ iIP(Tl > n)V_('rn) a an 4
lz—yn|<M
FY (2, [2,2+A))
n—k\" T L + i Un
— A (Zvyn) > g () — €. (5.36)
zezA%\Io i (i >n)V=(2,) =2 an
|Z_yn|SM

Dropping the restriction |z — y,,| < M in the sum in (5.36) and recalling (5.7)-(5.9), it
follows that the lower bound in (5.29) holds true for n > ns.
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In order to drop the restriction |z — y,,| < M in the sum in (5.35) as well, we need
to control the contribution of the terms with |z — y,,| > M. Recall that M was chosen
greater than My, in such a way that Lemma 5.5 holds with n = ¢/(8¢(0)CTx*?). Since
Yn ~ Kan and V' € R,, by (3.16), it follows that V* (y,,) ~ sV (a,) ~ CT*enP(r; >
n), having applied (3.18). Therefore there exists n3 > ng such that for n > n3 one has
V*(yn) <2Ctk*nP(r; > n), hence by Lemma 5.5

F ’(Ina [ZaZ+A)) -+

n—k €
— _ fﬁ(zvyn) < -
ZGXA%\TO i]P(Tl >n)V—(z,) 4
|Z_yn|>M

This means that we can drop the restriction |z — y,| < M in (5.35), provided we replace
i—a by ¢ in the right hand side. Recalling (5.7)-(5.9), we have proved that the upper
bound in (5.29) holds true for n > ns.

Finally, it remains to prove (5.29) in the case when k = lim,, o0 Yn/a, = +00. Since
g7 (z) = 0 as z — +oo, it suffices to show that for every € > 0, for n large,

(@, yn)
< .37
P >n)V-(an) (37

where we recall that x,, = o(a,,) is a fixed sequence. We fix an arbitrary A (say A = 1)
and note that, by the upper bound in (5.7), we can write

fj(xn7yn) < Z Fj_;;(xn,[%Z-i-l)) —+
1

n) - 5.38
a%IP(Tl_ >n)V=(xn) — 2B, aTIP(Tl— >n)V= () Fa(zyn) ( )

Since the function g™ (-) is bounded, by (5.3)

F+_,;($n, [z, 2z + A))
¢ = sup L < 00.

2€[0,00), n>k aLnIP(Tl_ > n)vi(xn)A

Observing that f,7 (z,y) < f.(y — ) and recalling (5.6), we can write

F:;E(zn,[z,z—kl)) — R
2 +P(r > n)V=(xn) INCADE D D sup fr(u)

2€AN, 2€AZ U€lYn—2,yn—2+A)
|z—yn|>M |z—=yn|>M
—c Y A sw fw<2e S A sw i),
wEAZA+yy u€w,w+A) wWEAZ u€[w,wt+A)
|w|>M |w|>M

where the factor 2 in the last inequality is due to the lattice shift, from AZ + y,, to AZ.
Recalling (5.10) and (5.11), it follows that the last sum is convergent, hence we can
choose M large enough so that it is less than /2. Let us now focus on the contribution
to (5.38) of the terms with |z — y,| < M. Note that there are only a finite number of
such terms. Since each z with |z — y,,| < M is such that z/a,, — +o0, it follows by (5.3)
that

lim
n— oo

sup —
zEANg, |z—yn|<M aLnIP(Tl > n)V— (J?n)

( EF (w0, [2,2+ 1)) > 0

By construction the function fz is bounded, hence there exists n4 such that for n > ny

F:_E(xn, [z,2+1)) _,

e

— fA(Zvyn) < 5.

zezA;\Io a%,IP(Tl >n)V—(x,) 2
Iz—anSM

Recalling (5.38), it follows that (5.37) holds true for n > n4, completing the proof.

EJP 18 (2013), paper 60. ejp.ejpecp.org
Page 21/32


http://dx.doi.org/10.1214/EJP.v18-2362
http://ejp.ejpecp.org/

Random walk bridges conditioned to stay positive

6 Proof of Theorem 2.4

This section is devoted to the proof of the invariance principle in Theorem 2.4. We
recall that, by Hypothesis 2.1, (S = {S,}n>0,P) is a random walk in the domain of
attraction of a Lévy process (X = {X,};>0, P) with index « € (0, 2] and positivity param-
eter o € (0,1). We denote by (a,).en € R1/, the norming sequence, so that S, /a,, = X;.

6.1 Random walks conditioned to stay positive

We remind that for convenience we assume that P is a law on the space QF"W := RNo,
S = {Sp}nen is the coordinate process on this space and P, the law on Qg of S + =
under P, for all z € R. We also set QY := R{®+N} for N € Ny.

Let us recall the definitions of the bridges of length N of the random walk P from x
to y conditioned to stay non-negative or strictly positive, cf. (2.2), (2.3): these are the
laws P]2" and IAPELV on QW, defined for z,y > 0 and N € N by

PLV() :=P,(+|S1>0,...,8v-1 >0,Sy =), (6.1)
PIN() = Pu(+|S1 > 0,...,5v-1 > 0,5y =y). (6.2)

Other basic laws on Qzy are IPl and I?’I,, the laws of the random walk PP started at x
and conditioned to stay non-negative or strictly positive for all time (cf. [6, 13]): these
are defined for = > 0 by setting, for all N € N and B € o(Sp, ..., Sn),

1
V—(z
1

“(x)

Pl(B) := E,(1p V™ (Sy) Lgs,50,. sx>0}) s (6.3)

~

PI(B) :=

E.(1p V™ (Sn)1{s,>0,...5x>0}) > (6.4)

I<

where the renewal functions V() and V™ (-) have been introduced in §3.2. Lemma 3.1

ensures that the laws P] and P] are well-defined. As we already observed, the laws
PT-I" and P]" may be viewed as bridges of P} and IP], respectively:

PLY()=PL(-ISy=y). PLY(-)=PL(-|Sx=1). (6.5)

The following lemma is a direct consequence of the time reversal property of random

walks. Let If)}g be the law of the bridge of the reflected walk S* := —S conditioned to
stay non-negative, as it is defined in (6.1) for S.

Lemma 6.1. For all z,y > 0, and for all N > 1, under the law P[.[Y, the process
(SN — SN—M7 0 < M < N) has IaWINPZ’)JIV

6.2 Lévy processes conditioned to stay positive

We recall that Q := D([0,0),R) is the space of real-valued cadlag paths which are
defined on [0, 00), X = {X,};>¢ is the corresponding coordinate process and P is the law
on € under which X is the stable Lévy process appearing in Hypothesis 2.1. We denote
by P, the law on 2 of X + ¢ under P, for all a € R. We also denote by Q; := D([0,¢],R)
for ¢t > 0 the space of paths of length ¢.

In analogy to the discrete case, we can define the law of the Lévy process started at
a > 0 and conditioned to stay positive for all time [16, 13] to be the law P! on Q such
that, forallt > 0 and B € 0(X;,0 < s <),

P!(B) =

= E,(1p U™ (X¢) 1yx,>0,vo<s<t}) > (6.6)

EJP 18 (2013), paper 60. ejp.ejpecp.org
Page 22/32


http://dx.doi.org/10.1214/EJP.v18-2362
http://ejp.ejpecp.org/

Random walk bridges conditioned to stay positive

where U~ (+) is the renewal function associated to the descending ladder height process
of (X,P). Since X is stable we have U~ (z) = 2*172), Note that for Lévy processes
there is no distinction between staying non-negative and strictly positive. Although
(6.6) does not make sense when a = 0, because U~ (0) = 0, the law Pg can still be
defined, see [16], and we have

Pl =P}, asalo, (6.7)

where = denotes weak convergence on (.

Then we will define the law PZZ on Q, of the bridge of the Lévy process (X, P),
with length ¢t > 0, between a > 0 and b > 0, conditioned to stay positive. The following
definitions and results are mainly excerpt from [41] to which we refer for details. Set
X := —X and denote by U- (x) = x*? the renewal function associated to the descending
ladder heights process of (X, P). Define the measure

M(dz) =U(2)U (2)dz = 2% dz, (6.8)

on [0,00) and let gtT (a,b) be the unique version of the semigroup density of PT with
respect to the measure \'(dz), i.e.

g (a,b) \T(db) := P} (X; € db),

which satisfies the Chapman-Kolmogorov equation:
gl+t(cz7 b) = / gl(a,2)g] (z,b) \T(dz), foralls,t>0anda>0,b>0. (6.9)
0
By (6.6), for a,b > 0, this density may be written as

1
) +
a,b) ;= ——————q; (a,b), (6.10)
gt( ) U ()0~ (b) i (a,b)
where g;" (a,b) is the semigroup of the Lévy process (X, P) killed at its first passage time
below 0, i.e. for a,b > 0,

g1 (a,b)db:=P,(X; €db, Xy >0,V0< s < t).

By Lemma 3 in [41], for each ¢ > 0, the densities g/ (a,b) are strictly positive and con-
tinuous on [0,00) X [0,00) (including @ = 0 and b = 0). Then for all « > 0 and b > 0, the
bridge of the Lévy process conditioned to stay positive is formally defined as follows:
fore >0and Be€ o(X;,0<s<t—¢),

1
Pl(B) =
’ g1 (a,b)

and we may check, thanks to the Chapman-Kolmogorov equation (6.9), that this relation
indeed defines a regular version of the conditional law P} (-| X; = b) on Q,. Moreover,
from [41], the measures PIZ are weakly continuous in a and b on €.

T; the law of the bridge of (X, P) = (—X,P) conditioned to stay

El(1pgl(Xi—2,b)), (6.11)

Let us denote by f’a
positive. Then we derive, from the duality property which is proved in Lemma 1 of
[41] and from Corollary 1 in [26], the following time reversal property, which is the
continuous time counterpart of Lemma 6.1.

Lemma 6.2. With the convention 0— = 0, for all a,b > 0, and for all t > 0, under the
law PZZ the process (X; — X(4—s)—, 0 < 5 < t) has law 1322
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Now let us focus on the special case where a = b = 0. In [16], Lemma 2, the law Pg:g is
interpreted as the weak limit

Pi5() = limPy(+|0 < X <),

and, when the Lévy process (X,P) has no negative jumps, this law is identified to
the law of the normalized excursion of the reflected process at its past infimum. In
particular, when X is the standard Brownian motion, it corresponds to the normalized
Brownian excursion.
Then for 0 < ¢ < t and z > 0 we set
91(z,0)

Forlz) = , (6.12)
t 91(0,0)

so that, by (6.11), f. (X;_.) is the Radon-Nikodym density of Pg:g with respect to P{ on
the sigma field 0(X;,0<s<t—¢), i.e. for B€o(X;,0<s<t—¢),

PgiB(B) = E{(1p foi(Xi—c,0)). (6.13)

We recall that ¢~ (+) is the density of the law of the terminal value of the meander with
length 1 of —X. Recall also from (3.19) and (3.20) that ¢~ (z) ~ C~g(0)z*('=9), as z | 0.
Then we have the following result, proved in Appendix B.

Lemma 6.3. The function f. ;(-) is continuous on [0, c0) and is given by:

(t/e)' T g (e V)

fer(x) = ¢ g(0) (e Veaz)ali-a)’ forx >0, (6.14)
£\ e
fe(0) = (5) : (6.15)

In the sequel we will simply denote f.(z) := f. 1(x).

Remark 6.4. In the Brownian case a = 2, 9o =

)
% everything is explicit. The density

of the Brownian meander is g~ (z) = ze /2 1(0,00)(x), while the density of P} (the
Bessel(3) process) at time ¢ is

Pg(Xt S di) o 2 2 6712/(20 . 2 x <Qj)
\/i )

cf. [36, §3 in Chapter VI]. Since AT(dz) = 22 dz (recall (6.8)), we obtain

dz at t “Vritf

1
gz<0’x) — PU(Xt € de) 2 1 7I2/(2t) .

Mdz) V32
By symmetry gj(z, 0) = gZ(O, x), and recalling (6.12) we find

M. 0 13/2
fep(z) = g?(ﬂﬁ, ) = 32 e="/09),
gt (07 O) €
which coincides precisely with the expression in (6.14), because ¢(0) = 1/v/27 and
c* = /27, as it was shown in Remark 4.3.
Also note that the density of ngé (the Brownian excursion of length 1) at time 1 — ¢

ngé(Xl_sedx)i R 1 [«
dz T Va1 V1i—¢ 29 NCYN

is
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cf. [36, §3 in Chapter IX]. Recalling that f.(z) = f. 1(x) is the Radon-Nikodym derivative
of the law Pg:é with respect to Pg at time 1 — ¢, we can write

T 23/2

Pll(Xi_.edz) 1 T 1
fola) = TSR () = e e,

Pl(X, .edz) ez
finding again the expression (6.14) (in the special case ¢t = 1).

6.3 Proof of Theorem 2.4

For simplicity, we restrict our attention to the (1,0)-lattice case of Hypothesis 2.2,
i.e., we assume that the law of S; is supported by Z and is aperiodic. The general (h, ¢)-
lattice case just requires some heavier notation, as the lattice (nc + hZ) supporting
the law of S,, varies with n. Also the proof in the absolutely continuous case is almost
identical, except that the local limit theorems of Proposition 4.1 must be replaced by
the corresponding ones of Theorem 5.1.

Let us fix a,b € [0,00) and (zn)nven, (Yn) vew POsitive sequences (with yy — zx € Z)
such that xx/axy — a and yx/any — bas N — co. We recall that oy : QW — Q is the
map defined by

(on($)(1) = 2N
an
for N € N, and by extension we still denote by ¢ the analogous map defined from
QFW to Q4, or more generally from QF% to Qr, for any fixed T’ > 0.

Our goal is to prove (2.10). It is enough to focus on the second relation in (2.10), i.e.

conditioning the random walk to stay strictly positive, because the non-negative case

can be easily deduced from it: note in fact that S = (Sy,...,Sy) under ]Pg}f,\fw has the
same law as S — ¢ under IAPI,;\],VJFE_’W 1o Provided e = ey > 0 is taken sufficiently small.

When both ¢ > 0 and b > 0, there is nothing to prove, as (2.10) follows directly
by Liggett’s invariance principle for the bridges [35]. In fact, the latter states that as
N —

I — p! (6.16)

a,b>

Py oYy

INYN
where P} (-) := P,(S € - |Sy = y) and P}I’b(-) = P,(X € -|X; = b) are the bridges of
the random walk and Lévy process respectively. Note that we can write

~ 1 )

LY () = P,y (181> 0008 > 0), Pl = Pl (- | inf X, 20).
Since for a,b > 0 the conditioning to stay positive has a non-vanishing probability under
P! ,, relation (2.10) follows from (6.16).

a,b’

We now focus on the case a = b =0. Thecasesa =0,b >0and a > 0, b = 0 are
similar and simpler, so we skip them for brevity. By (6.5), the law I@;g is absolutely
continuous with respect to IAP; more precisely, recalling relations (2.4) and (6.4), for all
0 < M < N and forall B € 0(So,...,Sn), we can write

~ 1 ~ V™ (x) I (Su,y)
PLY(B) = =———El(1p P} (Sv-m =) = S~ E! (13 V= )
" PL(Sy =) o an(wy) V™ (Sm)

(6.17)
where we recall for clarity that gt (z,y) := P,(S; > 0,...,5,-1 > 0,5, = y). If we
introduce for convenience the laws on {2 and {2, respectively, given by

PEY =Bl opyt, PRV PIN oot (6.18)

aNT aANZ,aNy
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then from (6.17) with M = |(1 —&)N|, (N > 2, 0 < £ < 1/2), we infer that P’ () is

z/an,y/an
absolutely continuous with respect to Pl /(aN) (restricted to 1) on the o-field o(X,,0 <
s < N7'[(1—¢)N]), for all € > 0. More precisely, for B € 0(X,,0< s < N7 [(1-¢)N])
we can write
P (B) =&l (1 fN Xy 1-ev)) (6.19)

zN/an,yn/an zn/an

where £'™) denotes the expectation under P;’ ‘(™) and with e(N)=N-—-|(1-¢)N|,

Vo(xn) T (lzan],un)

f(z) == R E— V- Gan) (6.20)
Recall the definition of f. := f.; in (6.14). We state the following basic lemma.
Lemma 6.5. The following uniform convergence holds:

lim sup|f(N)( )— f-(2)] =0. (6.21)

N—oco LR

The proof is given below. To complete the proof of Theorem 2.4, we first prove
that, for all £ > 0 and for every bounded and continuous functional F' on 2; which is
measurable with respect to o(X,,0 < s <1 —¢), one has

lim &80V (F) = Elo(F). (6.22)

N-oo ZN/an.yn/an
Let &’ < ¢ and N sufficiently large so that 1 — ¢ < N~!|(1 — ¢/)N|. Then from (6.13),

T,(N) (F)

T,(N) (N)
zN/an,yn/an EIN/aN(f (XNAL(l*E')NJ) F)

On the other hand, from (6.19) and the Markov property,
Ejo(F) = Ej(fo(X10)-F)
= Eg(fE’(Xl—E’) ).
Looking at (2.9), we see that (6.22) is equivalent to showing that

lim MU (F (X1 ameyw)) - F) = By (fer (K1) - F) . (6.23)
Nooo N/

By (6.21), for every n > 0 there exists Ny < oo such that |f£,N)(z) — fer(2)] < n, for all

N > Ny and z € [0, 00). It follows that for N > Ny,

EDO) (FY Xy aenyny) - F) = BN (for (X1 er) - F)|
<+ 1€ (fo(Xy1jaenn)) - F) = B} (fo (X1-0) - F)] .

By (2.9) and Skorokhod’s representation theorem there exist processes Y™, Y ona
probability space (€', F,P), such that (Y(N),P) (X, PN ), (Y,P) = (X PT), and

zN/an
such that Y™) converges P-a.s. toward Y. Since fer(+) is continuous and Y is P-a.s.

continuous at time 1 — ¢/, the sequence f./ (YJSJQL(I%,)NJ) converges P-a.s. toward

fer(Y1_¢r), so that by dominated convergence (recall that F is bounded), for all N > Ny,
|E(fa( 1[(1 s)NJ) )_E(fE’(Yl—a’)'F”:
M) (forXn-r amenw) - F) = BO(for (Xa—er) - F)| < .

N/an
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Hence for N > max(Ny, N1), we have

(N N
€D (PN (X1 a—enyny) - F) = BY(for (X)) - F)| < 29,
Since n > 0 was arbitrary, (6.23) is proved.

Relation (6.22) shows that the sequence of probability distributions (PT’(N) )

zn/an,yn/an
restricted to 2;_. converges weakly on this space, as N — +oc toward (Pg:(l)), foralle
(V)
N/an,yn/an
on €); in the sense of finite dimensional distributions toward (Pg:é), as N — +oo. Then
in order to prove the weak convergence of this sequence, it remains to check that it is

tight on €2;. From Theorem 15.3 of Billingsley [7], it suffices to show that for all > 0,

(0,1). In particular, the sequence of probability distributions (P; ) converges

lim lim sup P < sup | X; — X,| > n) =0. (6.24)

650 Noyyoo  EN/ANWN/AN \ T )
But, this follows from the time reversal properties, i.e. Lemma 6.1 and Lemma 6.2.
Indeed, by Lemma 6.1, under the law ph N the process (X;—X_5-, 0 < s <)

B rN/an,yn/an
has law P;J’V(J/\;)N onJan’ with an obvious notation. Moreover, from what have been proved
above applied to —S and —X, we obtain that the sequence of probability distributions

(73;15;\; )NAIN /aN) restricted to Q;_. converges weakly on this space, as N — +o0o toward

(f’g:é), forall e € (0,1). Hence from Theorem 15.3 of Billingsley [7], we have

lim limsupﬁT’(N) ( sup | Xy — X| > 77) =0, (6.25)

650 Ny qoo  UN/aNEN/AN | i )

which is precisely (6.24), thanks to our time reversal argument.

Proof of Lemma 6.5. From the argument recalled in section 3.1, relation (6.21) is equiv-
alent to the convergence

lim [V (zn) = fo(zn)| = 0, (6.26)
N —o00
for every %z € [0, +oc] and for every sequence (zny)nen in [0,00) such that zy — Z.
We start with the case z € (0,00). Since by assumption both xy,yn = o(an), by the
second relation in (4.5) we have as N — oo

_ 0
Tolen ) ~ (1= OV (en) V* () 22 6.27)
an
By the second relation in (4.4) we get
P(r" > e(N)) _ an
qr ~ VT 1 7=/ 6.28
vy (Levan ] yn) ~ V7 (yw) e vae) (6.28)
therefore we can write, as N — oo
1 NP(r N
FN (zy) ~ w (> edV) - <zN“N> 7 (6.29)
9(0) ac(ny (1=¢) V™" (2nan) Ge(N)

where we recall that e(IV) := N — [ (1 —¢)N|. We know from §3.3, cf. in particular (3.16)
and (3.17), that

an € Rijq V() € Ragi—y) ; P(r7 > N)e R_,,
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therefore as N — oo, since zy — % € (0, 00),
acvy ~ ey, Vo (evan) ~2°079V (ay), P(rf > e(N)) ~e 17O P(rf > N).

By (3.18),

V7 (an)

=

Since zy — Z € (0, 00) by assumption, from the preceding relations we get

NP(rt > N) ~ (1) (6.30)

1 —(~—1/a=
lim fE(N)(ZN) _ el o—1/a g (e Z)
N—oc0

¢ g(0) e Vagpat-g = =)= Jim _felen), (631

where the second equality follows by (3.20) and the definition (6.14) of f. = f. 1. We
have shown that (6.26) holds true when z € (0, co).

Next we consider the case Z = 0, so that zyany = o(ay). By the second relation in
(4.5), we have

Ty (Levanoyw) ~ (1= O V™ (zvan) V() 7 (6.32)

therefore by (6.27) and (6.20) we obtain as N — oo

anN 1 . B .
~ JSESY f=(0) = A}floofs(ZN)»

FE (zn) ~
EQg(N)

by (6.15) and the continuity of f.(-). This shows that (6.26) holds true also when z = 0.
Finally, we have to consider the case Z = +o0. Since g~ (z) — 0 as z — 400, by the
second relation in (4.4) we can write

P(r)” > (N))

oy (Levan ] un) =V (yn) o(1). (6.33)
QAg(N)
Recalling (6.27) and (6.20), we obtain as N — oo
(N) 1 an NIP(7‘1+ > e(N))

fean) = 9(0) azvy (1 =)V~ (2nvan)

Observe that ax/a.(y) is bounded and V™ (2nxan)/V ™ (an) — 400, because zy — +o0.
Recalling (6.30), it follows that féN)(zN) — 0, i.e. (6.26) holds also when z = +oo. O

A Complements on the local limit theorems in the lattice case

A.1 Proof of the second relation in (4.5) in the case xr =y =0

Recall that we are in the (h, ¢)-lattice case (cf. Hypothesis 2.1), so that the law of S,
is supported by nc + hZ. Summing over the location of S,,_;, we can write

(0,00 => Gu1(0,y) - P(S1 = —y)

y>0
= > a0y PG =-y)+ Y Guar(0y)-P(S1=-y), (A1)
0<y<dnan Y>0nan

where we agree that the sums are restricted to y € (nc+hZ), and the sequence (0,,)nen
will be fixed in a moment. Applying (4.3), we can estimate the second sum by

~ const. _
Z n—1(0,y) - P(S1 = —y) < ( ) P(ry > n)P(S1 < —0nay) - (A.2)
Y>0nan n
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Observe that nP(S; < —a,) — (const.”) € [0,00) as n — oo, cf. [25, eq. (8.4), (8.5),
(8.12)], hence P(S; < —ay) < (const.”)/n. Since P(r; > n) € R__, by (3.17), it
follows that, if §,, | 0 slowly enough, then é,,a,, T +oco fast enough so that the right hand
side of (A.2) is o(1/(na,)). Coming back to the first sum in (A.1), applying (4.5) for y > 0
yields

g(0)

nay

Z Z]\nfl(oﬂl/) IP(SI = _y) = (1 + 0(1)) h(l - C)

0<y<énan
9(0)

nan

> VIy)P(S = —y)

0<y<édnan

=(1+o(1)h(1—-) Eo(VF(—51) 1058, >—8nan}) -

Applying (3.15), since §,a,, T +0o, we see that the last expectation converges to ¥ (0)
as n — oo. The second relation in (4.5) for x = y = 0 is proved.

A.2 Proof of the first relation in (4.5) in the case xr =y =0
We set
K(n):=q(0,0) =P(r; =n,H; =0)
and note that . K(n) = P(H; = 0) = ¢ € (0,1), so that K(-) may be viewed as

a defective probability on IN. Summing over the location of the times ¢t < n at which
S; = 0, we obtain for alln € IN

(oo}
¢ (0,0) Z > K(t)K(ty —t1) - K(tm — tm-1) = »_ K*™(n), (A.3)
m=10=:tp<t1<...<tm=n m=0

where K*™(-) denotes the k-fold convolution of K (-) with itself. This shows that ¢ (0,0)
may be viewed as the renewal mass function associated to the renewal process with
inter-arrival defective probability K(-). Since K(n) € R_,_;/, by the second relation in
(4.5), the asymptotic behavior of ¢;f (0,0) as n — oo is a classical result in heavy-tailed
renewal theory (cf. [27, Theorem A.4] or [3, Proposition 12] for a more general result):

- :mmn))? K(m) = <1—1<>2h(1‘°K Ohayt ﬂg

Since VE(0) = (1 —¢)~! and Ki(o) =1, cf. (3.8) and (3.11), the first relation in (4.5) is
proved for z = y = 0.

qr—i_ (07 O) ~

A.3 Proof of relation (4.11)

Let us rewrite (4.11) for convenience: as n — oo
P77 >n)~ (1) 'P(ry >n). (A.4)

Summing on the position of the last epoch before n at which the random walk hits zero,
we can write

P(Ty >n)=

NE

P(S;, >0v0<i<{, Sy =0)P(r;y >n—1{) :Zq P(ry >n—1{).
=0

o~
I

0
We have Y ;2 ¢,/ (0,0) = 372 ¢* = (1 — ()%, by (A.3) and the preceding lines. Since

P(ry >n—4£) ~P(r; >n)asn — oo uniformly for ¢ < logn (we recall that P(r; > n)
is regularly varying), it follows that

[log n]

Z a7 (0,0)P(ry >n—10) ~ (1 =) 'P(r; >n),

£=0
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in agreement with (A.4). It remains to show that the terms with ¢ > logn give a negligi-
ble contribution. Since P(r; > n — £) < (const.)P(r; > n) for logn < ¢ < n/2, we can
write

[n/2]
Z a (0,0)P(ry >n—10) < (const.)( Z qZ’(0,0))IP(Tl_ >n) =o(P(r; >n)).

{=|logn] £>logn

Finally, for ¢ > n/2 we have ¢/ (0,0) < (const.)/(na,) by (4.5). Furthermore, we also
have >7/_ |, 5 P(ry > n—{) ~ o~'nP(ry > n/2), because P(r; > m) is regularly
varying with index —(1 — g) > —1, cf. (3.17). It follows that

n

Z q/ (0,0)P(r; >n—¢) < (const.)
t=[n/2]

nP(r; >n) =o(P(r; >n)),

nay,

and the proof of (A.4) is complete.

B Proof of Lemma 6.3

The continuity of the function = — f. ;(x) on [0, o) is a consequence of its definition:

T'(x,0
fealz) = gi( ) ; (B.1)
¢ (07 0)
thanks to the continuity of x + ¢! (x,0), which is proved in Lemma 3 of [41].
We recall that A\T(dz) = z*dz and
Pl(X; € dy)
T . T\~
9 \0Y) = — =735
¢ () Xt (dy)
Since {cil/o‘Xct}tZO has the same law as {X;}:>¢, it follows that
1 T
1 - 1 Yy
9 (z,y) = /e 91 <tl/"’ tl/a) ) Yt > 0, Va,y € [0,00) . (B.2)
In particular
9{(0,0) = t~171/%g](0,0) (B.3)
and equation (6.15) follows:
T 0,0 ¢ 141/
fer(0) = gi( ) _ <> : (B.4)
Gt (07 0) €

It only remains to prove (6.14). Let us consider the reflected Lévy process X =
—X. By part 1 of Theorem 1 in [16], the law of the terminal value of the meander of
this process, that is ¢~ (z) dz, is absolutely continuous with respect to the law of )?1
under PT, that is ﬁI(O, x) AT(dz) (with obvious notations), with Radon-Nikodym density
proportional to 1/U~(z) = =~ . Therefore there is a constant C' > 0 such that for all
x>0

1
g (z) = C§1(0,2) 2 — VY > 0.

T>e
Now observe that g/ (a,b) = g (b, a) for all a,b > 0, as it is proved in Lemma 1 of [41].
(More directly, it is enough to check this relation for a,b > 0, by continuity, and this is
evident from (6.10).) Therefore we can write

1 g~ (=)
T _ 9
gl(l',O) - C $a(1_9) ’
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and by the scaling relation (B.2) it follows that

Efgfl/a I'm (sfl/ax)
C xf"(lfg)

Looking back at (B.1) and (B.3) we then obtain

92(%0) =

I Y G RO 7 b G
Cgi(0,0)¢1=1/a &*lm0 Cygl(0,0) (e7}/a) (-0

feu() (B.5)

Recalling (3.19) and (3.20), it follows from this expression that

lim /. o(2) = 9O

t/e 1+1/o¢’
x10 CgI<o,0>(/ )

and looking back at (B.4) we see that C ¢! (0,0) = C~¢(0). But then (B.5) coincides with
(6.14), and the proof is completed.
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