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Multiparameter processes with stationary increments:
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Abstract

In this article, a class of multiparameter processes with wide-sense stationary incre-
ments is studied. The content is as follows. (1) The spectral representation is derived;
in particular, necessary and sufficient conditions for a measure to be a spectral mea-
sure is given. The relations to a commonly used class of processes, studied e.g. by
Yaglom, is discussed. (2) Some classes of deterministic integrands, here referred to
as predomains, are studied in detail. These predomains consist of functions or, more
generally, distributions. Necessary and sufficient conditions for completeness of the
predomains are given. (3) In a framework covering the classical Walsh-Dalang theory
of a temporal-spatial process which is white in time and colored in space, a class of
predictable integrands is considered. Necessary and sufficient conditions for com-
pleteness of the class are given, and this property is linked to a certain martingale
representation property.
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1 Introduction

Let d > 1 be an integer which is fixed throughout. In this article we consider a class
of real-valued processes X = {X, : u € R} indexed by R? with wide-sense stationary
increments. We refer to Section 2 for the precise definition so for now it suffices to say
that this class is large and contains e.g. the d-parameter fractional Brownian sheet and
a well-known example from the theory of stochastic partial differential equations cf. e.g.
Dalang [2], p. 5-6; see also Example 2.6. The main purpose is to study different kinds
of integrals with respect to such processes, focusing in particular on completeness of
various sets of integrands.

In Section 3 we discuss classes of deterministic integrands, referred to as predo-
mains. Predomains are not necessarily sets of functions but the corresponding integral
takes values in the set of square-integrable random variables. On predomains we use
the metric induced by the L?-distance between corresponding integrals. If complete-
ness is present, a predomain is referred to as a domain. In the one-dimensional case
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d = 1 several predomains have been studied for processes with stationary increments. A
key reference in the case of fractional Brownian motion is Tagqu and Pipiras [7] where
various (pre)domains consisting of functions are analyzed. These authors show that
many natural predomains studied in the literature are in fact not complete and hence
not domains. To remedy this, Jolis [5] introduced a larger predomain consisting of distri-
butions in the case of a continuous processes with stationary increments. In particular
she showed that this will often lead to a domain. In Section 3 we follow [5] and study
predomains containing functions as well as distributions. Generalizing results of [5, 7],
necessary and sufficient conditions on the spectral measure for a predomain to be a
domain are given. Moreover, we show that the integral of an integrand ¢ belonging to
any of the predomains considered is given by

/Rd o(u) X(du) = [ Fo(z) 2(d2), (1.1)

R4
where F denotes the Fourier transform and Z the random spectral measure of X.

As is obvious from (1.1) the integral is closely linked to the spectral representation of
X. Therefore we study the spectral representation of X in detail in Section 2. Moreover,
a comparison to the class of processes studied e.g. by Yaglom [13] is given.

Finally, in Section 4 we add a temporal component and thus consider Gaussian pro-
cesses X = {X, :u = (t,7) € R'*%} where t € R is time and = € R? a spatial compo-
nent. We assume that X is white in time and colored in space. A martingale integral
with respect to X is constructed akin to the classical papers by Walsh [12] and Dalang
[2] although it should be noticed that in the present situation, unlike these papers, X
does in general not induce a martingale measure. For example, when d = 1, X could
be fractional in space with Hurst exponent H in (0, 1) in which case X only induces a
martingale measure as in [2] when H > 1/2. We show that the integral of a predictable
integrand ;(z) with respect to X is

/0°° /]Rd ¢i(z) X (d(t, v)) Z/OOO 5 Foi(2) dZ(z),

where F denotes the Fourier transform in the space variable, and for fixed ¢, Z;(-) is the
random spectral measure of X ((0,¢] x -) in the space variable. Necessary and sufficient
conditions for completeness for a class of integrands are given and in particular this
property is linked to a martingale representation property with respect to X.
Definitions and notation: For any measure p, L?,(u) denotes the set of complex-
valued p-square integrable functions and L% () the subset hereof taking values in R.
Likewise, for any A C L2(u), SpA is the closed complex linear span and s5pi A the
corresponding closed real linear span of A. Observe that spp A coincides with the
real-valued elements in 5pp A if all elements in A are real-valued. According to usual
notation the space of tempered distributions, that is the dual of the Schwartz space
Z¢(R?) consisting of complex-valued C*°-functions on R¢ of rapid decrease, is de-
noted .7/, (R?). The subspace of .%¢(IR?) consisting of real-valued functions is denoted
Sr(R%), and likewise .74 (R?) is the set of elements ¥ in .#/,(R?) such that ¥(¢) € R
for all p € SR (R). Similarly, 7 (R?) (resp. Zr (R?)) denotes the set of complex-valued
(resp. real-valued) C*°-functions on IR of compact support. The class of non-negative
elements in 7 (R?) is denoted by Zr (R?) . For the general theory of distributions and
especially tempered distributions we refer to Schwartz [9].

Let \; denote Lebesgue measure on R?. The Fourier transform F maps .7 (R%)
onto .#/,(R%) and with the usual identification of a locally integrable function with its
corresponding tempered distribution when it exists, we have for f € L(}J (M) that

Ff(z) :/Rd ei<z")f(~)d)\d:/]}{d e f(u) du, for z € RY.
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Here, (-,-) is the canonical inner product on R? with corresponding norm ||-||. The
notation differs from the one used e.g. in [9] where, for f € L{,(\g), Ff(—27) is used
as the Fourier transform of f. But apart from a constant (27T)d appearing in Parseval’s
identity and the explicit form of the inverse F~!, all results from the general theory of
distributions remain valid with the definition given above. When d = 1 we also use the
notation F; instead of F.

All random variables are defined on a probability space (Q,F,IP) which is fixed
throughout. Equality in distribution is denoted Z Finally, B,(IR?) is the class of bounded
Borel sets in R?.

2 Spectral representation

In Definition 2.4 the class of processes with wide-sense stationary increments is
defined and the spectral representation is given in Theorem 2.7. This representation is
stated in terms of the following class of random measures.

Definition 2.1. Let F' be a symmetric Borel measure on R? finite on compacts. A
set function Z: B,(RY) — L%(P) is said to be an L2,(P)-valued random measure with
control measure F' if

(1) Z(AU B) = Z(A) + Z(B) P-a.s. whenever A, B € B,(R%) are disjoint;

(2) Z(A) = Z(—A) P-a.s. for A € By(R?);
(3) E[Z(A)Z(B)] = F(AN B) for A, B € By(R%);
(4) E[Z(A)] =0 for A € By(R%).

Remark 2.2. Let Z be a random measure as above. From (1) and (3) it follows that
Z(U Ay) = Y07 Z(A,) in LL(P) for any disjoint sequence (A,,),>1 in B,(R?) satis-
fying U, A,, € By(RY).

Decompose Z as Z(A) = Z1(A) +iZ(A) for A € B,(RY); that is, Z, is the real part of
Z, Z, the imaginary part, and Z(A), Z2(A) € L (P) for A € B,(R%). For A, B € B,(RY)

we have

E[Z1(A)Z2(B)] = 0, (2.1)
E[Z1(A)Z1(B)] = L [F(AN B) + F(AN (-B))], (2.2)
E[Z(A)Z2(B)] = L [F(ANB) — F(AN (-B)]. (2.3)

To see this, notice that by (2) in Definition 2.1,

Zi(A)=3[Z(A) + Z(-A)] and Zi(B)=1i[Z(B)+ Z(-B),
2

Zy(A) = £[2(A) - Z(~A)] and Zy(B) = 5 [2(B) - Z(-B)).

2

Hence, (2.1)—~(2.3) follow by symmetry of the measure F and Definition 2.1(3).

Let Z be an LZ (P)-valued random measure with control measure F. As usual, inte-
gration with respect to Z can be defined starting with simple functions and extending
to L2, (F) using the isometry condition Definition 2.1(3). Thus, the integral ¢ — [¢dZ
maps L2 (F) linearly isometrically onto a closed subset of LZ,(P) consisting of zero-mean
random variables, and satisfies, for A € B,(R%) and ¢, v € L2,(F),

/1AdZ:Z(A), and ]E[/cde/q/}dZ} :/wdF.
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Denoting by R¢(Z) the set of integrals [dZ, ¢ € L2(F), Rr(Z) refers to the real-
valued elements in R (Z). With L2 (F) denoting the set of functions in L2 (F) satisfying
¢(x) = p(—z) for all € R? we have

Rr(Z) = {/wz pe i%(F)}.

Indeed, the inclusion ”2” follows from Definition 2.1(2) and “C” from the fact that for
all p € LL(F), 3(¢ + ¢(—)) is in L2 (F) with integral equal to the real part of [ ¢ dZ.

For u = (u1,...,uq) and v = (vy,...,vq) in R? write u < v if u; < v, for all j, and
u < v if u; < v; for all j. Let (u,v] = {y € R : u < y < v}. Consider a family
H = {H,: u € R* with H, € C. For u < v in R? define the increment of H over (u,v),
H((u,v]), as

H((u,v]) = Z (= 1) H ey (e1)mrcalea)) (2.4)
e=(€1,...,e4)€{0,1}4
where € =€ +--- + €4, ¢;(0) = vj and ¢;(1) = u;. Thatis, H((u,v]) = H, — H, ifd =1
and
H((U,U]) = H(v1,v2) + H(UI;UZ) - H(Ul,vz) - H(Ulyul) ifd=2.

Notice that H((u,v]) = 0 if u < v and u # v. Later we shall occasionally write A" H (u)
for H((u,u+ h]) for u € R? and any h € R%.

Remark 2.3. The set function H defined in (2.4) on the semi-ring R := {(u,v] : u <
v in R%} is finitely additive. Conversely, let i be a finitely additive set function on R and
set

H, = (—1)™u((uA0,uV0]), foruecR? (2.5)

where u A 0 = (min(uq,0),...,min(ug,0)), vV 0 = (max(u1,0),...,max(uq,0)) and n,, is
the number of coordinates in u that are strictly less than 0. Then p((u,v]) = H((u,v])
for all v < v in R?.

To show the first claim it is enough to show that forallu < v inR% k =1,...,d and
r € (ug,vr) we have

H((u,v]) = H((ug,v1] X -+ X (ug—1,05-1] X (ug, 7] X (upg1,Vp+1] X -+ X (ug, vq])

+ H((ug,v1] X -+ X (ug—1,5—1] X (ry 0] X (Ugt1, Vkt1] X -+ X (ud, v4))-

This follows, however, directly from definition (2.4). To show the last claim let 1 be a
finitely additive set function on R and {H, : u € R} be given by (2.5). The function
H vanishes on the axes, i.e. H, = 0 for all w = (u,...,uq) satisfying u; = 0 for some
j =1,...,d. Hence, by definition of the increments H((0 A u,0V u]), u € R%, there is at
most one non-zero term in the sum (2.4), namely when c(¢) = u, and in this case ¢. = n,,.
That is,

H((0Au,0Vu))=(-1)"H, = u((0Au,0V u]).

Since any half-open interval (u,v] in R? can be expressed in terms of a finite number of
intervals of the form (w A 0,w V 0], w € R%, using elementary set operations it follows
by finite additivity of H and p that H((u,v]) = p((u,v]).

Definition 2.4. A real-valued process X = {X, : u € R%} is said to have wide-sense
stationary increments if X ((u,v]) € L% (P) for all u < v in R? with E[X ((u,v])] = 0 and

E[X((ul + h,v1 + hDX((UQ + h,vs + h]ﬂ = E[X((ul,vl])X((uQ,vg])] (2.6)

for all h € R* and uq < v1,us < vg in RY.
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It is enough that (2.6) holds for all h € ]Ri for X to have wide-sense stationary
increments. To see this assume that (2.6) holds for all h € lRi and let h € R% be given.
Choose h € R? such that h < 0 and h < h. An application of (2.6) with h replaced by
h—heR% and —h € RY yields

]E[X((ul + h,v1 + hDX((UQ + h,ve + h])}
= ]E[X((ul + iL, V1 + iLDX((UQ + il,’Ug + il])} = ]E[X((ul,vl])X((ug,vg])]
which shows that (2.6) holds for general h € R,

Remark 2.5. In this article we let increments be defined as in (2.4). However, when
d > 2 an alternative way of defining an increment of H = {H, : v € R} could be as
H, — H, for u < v, and this leads to the very different kind of wide-sense stationary
increments studied e.g. by Yaglom [13]. In this context, notice that in contrast to the
set function (u,v] — H((u,v]) we have in the case d > 2 that the set function (u,v] —
H, — H, is only finitely additive when H is constant.

Let us compare Yaglom’s definition to the one given above. A real-valued process
X ={X, : u € R} for which X, — X,, € L%(P) and E[X,, — X,,] = 0 for all u < v in R¢
is said to have wide-sense stationary increments in Yaglom’s sense if

E[(le+h - Xu1+h)(XU2+h - Xu2+h)]
=E[(Xy, — Xu,)(Xy, — Xu,)], forallh € R and u; < vy, ug < vg in R%

It is easily seen that this implies that X has wide-sense stationary increments in the
sense of Definition 2.4. But conversely there are many processes with wide-sense
stationary increments that do not have wide-sense stationary increments in Yaglom’s
sense. One such example is the Brownian sheet, where increments over disjoint in-
tervals are independent and X ((u,v]) 2 N0, s((u,v])) for u < v, in the case d > 2.
See also Example 2.6 for another example. However, when d = 1 the two definitions
coincide.

The term ”"wide-sense” refers to a property of the covariance function. In [1] (resp.
in [13], Definition 8.1.2) a process is said to have strict-sense stationary increments,
where increments are defined as X, — X,,, if the finite dimensional distributions of the
increments are invariant under translations (resp. under translations and rotations). In
the following we only consider “wide-sense” stationary increments.

Assume that X has wide-sense stationary increments in Yaglom’s sense. Yaglom
[13], Remark 3, p. 295, shows that, up to addition of a random variable not depending
on u, X, is given by

Xy = / (e"*W — 1) Z(dz) + (V,u), forue R, (2.7)
R

where Z = {Z(A) : A € By(R%)} is an L2(P)-valued random measure with control
measure F satisfying

/ (122 A1) B(dz) < oo
Rd

and V is a random vector in R%. After a few calculations it follows that when d > 2,

X ((u,v]) = Flew(2) Z(dz), foru <w, (2.8)
Rd
where Z(dz) = i%, - - - 2gZ(dz). That is, the control measure F of Z is F(dz) = H?=1 22F(dz)
which satisfies
I B

F(dz) < oc.
d
R4 Hj:1 z?
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Example 2.6. In some situations one can define X (A) not only for A = (u,v] but also
for arbitrary bounded Borel sets in R¢. In this case, if the mapping X : B,(R¢) — L% (P)
is o-additive one can in fact define X (y) for a large class of Borel functions ¢ : R — IR,
including all bounded Borel functions with compact support.

An important example of this appears in the theory of stochastic partial differential
equations and is presented in Dalang [2], p. 5-6. Let X = {X(¢) : ¢ € Zr(R?)} be a
centered Gaussian process with covariance function

EX@X0)] = [ [ c@uate—y)ds iy 2.9)

where g : R? — [0, ] is a locally integrable function such that g = Fyu in /% (RY) for a
tempered measure . By approximating with a sequence in 9r(R%) in the norm

1/2

lolly = ([, [ Jo@otwlsta ~ v dody) 2.10)

one can define X () for any bounded Borel function ¢ : R¢ — R with compact support
by L% (P)-continuity. Putting X(A) = X(14) for A € By(R?) it follows easily that the
mapping (A € By(RY)) — X(A) € L% (P) is o-additive. Finally, if we let {X, : u € R%}
be defined as X,, = (—1)" X ((0 Aw,0V u]) (cf. Remark 2.3) then the increment over any
interval (u,v] with u < v in R? is precisely X ((u,v]). The process {X, : u € R%} has
wide-sense stationary increments since

E[X(A+h)X(B+h)]Z/A+h/B+hg(x—y)dmdy

://g(x—y)dxdy:E[X(A)X(B)]
AJB

for any A, B € B,(R?) and any h € R

In the next result we give the spectral representation of processes with wide-sense
stationary increments. In this case it is natural to look for a representation as in (2.8)
rather than (2.7). Recall that for u,v € R? with u < v,

d ;25 U 25
eli%zi — e'i%j
Flaw(z) = [[(———), forz=(z1,...,2a) € RY, (2.11)

125
j=1 J

where the right-hand side should be understood by continuity if z; = 0 for some j, i.e.
the j’th factor equals v; — u; for z; = 0.

Theorem 2.7. Let X = {X, : u € R?} be a real-valued process. Then X has wide-sense
stationary increments and the mapping (u € R%) — X ((0,u]) is continuous in L (P) if
and only if there is a symmetric measure F on R? satisfying

d
1
/ HﬁF(dz) < oo, (wherez=(z,...,%24)), (2.12)
Rdel 1+ZJ

and an L% (P)-valued random measure Z with control measure F such that
X((u,v]) = /.7-'1(“71,] dZ, foru <w. (2.13)
If this is the case then for uqy < vy and us < vs,
ELX (w1, 0a) X (w2, 03] = [ FLus 0 F T 0F, 2.14)

The measures F and Z are uniquely determined by X . In addition, R¢(Z) = $pe{ X ((u,v]) :
u<v}and Rr(Z) =spr{X((u,v]) : u < v}.
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The measure F' above is called the spectral measure of X and Z is the random
spectral measure of X. The last statement in Theorem 2.7 shows that Z is Gaussian if
X is Gaussian.

If X vanishes on the axes then by Remark 2.3 X,, = (—1)" X ((0Au,0Vu]) for u € R4,
In particular, in this case (2.13) implies that

X, = / Fl(oudZ, for0 < uinR*

Proof. The "if” part: Let I satisfy (2.12) and Z be an L%(]P)-valued random measure
with control measure F'. By (2.11) F1(,. € z%(F) thus making the right-hand side of
(2.12) well-defined for all u < v in R?. Assume that the increments of X are given by
(2.13) and notice that we have (2.14) as well by definition of the integral with respect
to Z. Hence, since for arbitrary h € R¢ and u; < v; in R? fori = 1,2,

]:1(u1+h,v1+h]]:1(uQ+h,v2+h] = f]-(ul,vl]fl(ug,vg]7

it follows from (2.14) that (2.6) holds, that is, X has wide-sense stationary increments.
From (2.11) and (2.14) it follows that (u € R%) — X ((0,u]) is continuous in L% (P).

The "only if” part: In the case d = 1 the result goes back to [11] and [6]; see also It
[4], Theorem 6.1. In the general case we follow It6’s approach closely. More specifically,
we first define three processes X (-), X()(-) and X;(-) as well as Z and F. Then we
establish the fundamental formula (2.20) below and finally we prove (2.12)-(2.13).

Assume that X has wide-sense stationary increments and the mapping (u € lRi) —
X((0,u]) is continuous in L% (P). Define {X(¢) : ¢ € Z¢:(R%)} as

X(p) = [ Xuplu)du, for o € TR,

where the integral is constructed in the LZ (IP)-sense using that u — X, p(u) is L2 (P)-
continuous with compact support. Clearly, {X () : ¢ € Z¢(IR?)} constitutes a random
distribution in the sense of It6 [4] or Yaglom [13].

Denote by D the differential operator 9?/du; ---duy and define {XM(p) : ¢ €
P¢(R4)} according to

XW(p) = (=1)* | XuDp(u)du, for ¢ € Zp(RY).
R

Since, with e = (1,...,1) € R denoting the vector of ones,

Dyp(u) = hﬁ)l o((u — ee,u]) /et = hﬁ)l Ap(u—ee)/e?,  foru € R? and ¢ € Z¢(RY),
we get, using the assumptions and linear change of variables together with the formula

F)A"g(u) du = (—1)? AP fu—n)g(u)du, heRYL, (2.15)
R R
that for ¢ € Z¢(R?)
(—1)? X.Dy(u) du = lim e ¢ X ((u,u + ee])p(u) du, in LE(P). (2.16)

R4 €l0 Rd

A key point is that X(!) is stationary in the sense that

Elr X (o) i XD (0)] = E[XWV () XD ()], for h € RY, ¢, € Zp(RY),
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where
X () = XW(p(- —h)), forh e R, p € To(RY).

To see this, let h € R? and ¢, € Z¢(R?). Using (2.16) it follows that
E[r XM (0)m XD ()]

= liﬁ)l eME[ | X((u,u+ ee])p(u — h)du X((v,v + ee))(v — h)dv]
€ R4 R4

= 11&)16_2‘1E[ X((u+ hyu+h+ee])p(u)du X((v+ h,v+ h+ ee))y(v) dv]
€ R4 R4

= lim 6_2d/ E[X((u+ h,u+h+ee)) X ((v+ h,v+ h+ ee])]o(u) Y(v) dudv
el0 R2d

= leifg e /]R2d E[X ((u,u+ ee]) X ((v,v + €e])]p(u) ¥ (v) dudv

= BLX " (p) XD ()],

Applying [13], Theorem 3, there exists an LZ (PP)-valued random measure Z with
symmetric control measure F' satisfying

1
————— F(dz) < 0o, forsome q>1, (2.17)
/]Rd (L |lz[*)9

such that

XW(p) = Fo(z) Z(dz), for ¢ € Zp(RY).
]Rd

Let 7% (RY) denote the set of ¢ € Z¢(R?) of the form

d

o(2) =[] 9i(z) (2.18)

Jj=1

where g; € Z¢(R). Notice that for such a ¢, Fo(z) = H?Zl(}'lgj)(zj). Following It6 [4],
set

Xi(p) = / Gy(z) Z(dz), for ¢ € ZF(RY), (2.19)
Rd
where
it ST,
Go(z) = /Rd H iz o(u) du.

Observe that for ¢ as in (2.18) Gy(z) = H?Zl Gh9;(z;) where

einZj _ 1 2 <1
G19j(zj)=/ ~ _{l =1 g, (uy) duy.
R Lz

Since G1g;(z,) is bounded and

F19,(z))

Glgj(zj) = iz R for |ZJ| >1,
J

and thus tends to zero faster than any polynomial it follows, with ¢ given in (2.17), that

sup |Ge(2))*(1+ [[2]%)? < oo.
z€R4
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Hence, by (2.17), Gy belongs to L?C(F) making (2.19) well-defined. Maintaining the
definition of the differential operator D from above and using integration by parts we
get G(Dy) = (—1)2F¢p for ¢ € % (R?), implying that

X(Dy) = (-1)‘XW(p) = X1(Dy), for ¢ € ZE(RY),

or equivalently,
Xi(p) = X(p), forpe Z5(RY),

where 2} (R?) is the subspace of Z%(R?) consisting of ¢ on the form (2.18) where, for

j = 1,...,d, I]jo(Zj)de =0.
For ¢ € 2-,(R?) and h € RY we have A"y € 2J(R?) and thus

h = h z z
o= [ e 2

d
G(A"p)(z H

implying, since

that
77.h]z, -1

X (Al = .7:@ H Z(dz). (2.20)

Splitting R¢ into disjoint sets according to the coordinates being numerically greater
than or less than 27 we see, using that F' is finite on bounded sets, that equation (2.12)

is equivalent to that
1
/ [ = Flaz) < (2.21)
Cr Zj

for each non-empty I C {1,...,d}, where
Cr={2€R%:|z|>2rforjcland|z| <2rforj¢I}.

To show (2.21) for a given I we argue as follows. By (2.20) we have for ¢ € @fé (le) and
h € RY that

—e thzJ
X (A2 o) = / Folz)? H P pe)
—7.h7z7 2 (dZ)
/IJHlu 2| Fo(2)] T

In particular this holds for every ¢, € 2% (R%), n > 1, of the form ¢, (z) = H?:l gn(25)
for z € RY, where g,, € Zr(R) satisfies

gn(x) =0, for|z|>1/n, and / gn(z)dx = 1.
R

In this case |F1g,(2;)| > 1/2 for all z; satisfying |z;| < 27n/16; see [4], p. 221. Hence
for arbitrary n and h € R,

|1_e_zh ZJ| 1 zj|<27mn /16
X2 el ey > (125 [ I U pgy - 2.22)

I]l J
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Multiparameter processes with stationary increment

Following [4] integrate both sides with respect to dh over the cube [0,1]?. Using the
definition of C'; and the product structure the integral of the integrand on the right-
hand side of (2.22) equals for each z € Cy and n > 16

1 ! —ihjz; |2 1 ! —ihjz;|2
H;/ |1—6 J J| dhj1{2W<|Zj‘S27Tn/16}H?/ |1—€ J J‘ dh]]'{‘Z]|S27T} (223)
jer “3 /0 je1 "3 70
Now, there is a constant b > 0 such that for all |z;| <27 and 0 < h; < 1/2
_ 77;hjZ]' 2

1 —em™5 " bh2,

7

and, as shown on p. 221 in [4], there exists a constant ¢ > 0 such that
1 .
/ 1 —e %2 dh; > ¢
0

for all 27 < |z;|. Hence, using that we get a smaller value by integrating over [0, 1/2]
instead of over [0,1] for j ¢ I, it follows that the expression in (2.23) is greater than or
equal to

c b
11 [z, ]2 H2m<lzs|<2nn/16) 11 55 0 <2m
jer '™ Jgl

Inserting into (2.22) and applying monotone convergence (2.21) follows if

sup ||X(A}L¢n)\|%§(w) < 00.
n>1,he(0,1]4

But using Jensen’s inequality we have, for all n > 1 and h € [0, 1],

B ey = B[ ([ xatamn) T = ([ 0w ) ]

< [ E(A" X nPlealwdus s E((A"X,)?
R ueR4, he(0,1]4

which is finite due to the L% (IP)-continuity and the stationary increments.
Let h = v — u. From (2.20) and (2.15) it follows that

d —ihizs
iz ]
A Xy ppn(@)de = (1) | Feu(z) [[ = Z(d2), (2.24)
RA R4 i=1 125

for all n > 1, where (¢,,)n>1 € Z5(RY) N Zr(RY); is a sequence satisfying

/ pn(x)de=1forn>1 and ¢,(z)dzr — 6, weakly.
Rd

As n tends to infinity both sides of (2.24) converge in L%R(]P) due to the continuity as-
sumption on X and the integrability property (2.12) of F', giving the identity

d 1 _ emilv—uy)z

X((uo) = 87X, = [ e [ A= 2(a)

1z
R4 j=1 J

d vz U 2
e'Wici — e'i=i
:/ ] | ——————— Z(dz) :/ Fl(u,)(2) Z(dz)
Re 5 1zj Rd
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Multiparameter processes with stationary increment

which is (2.13).

To prove the last part notice that X and X are in one-to-one correspondence,
that 5p{ X ((u,v]) : u < v} = 5pe{X V() : ¢ € Zo(R?)}, and that there is a similar
result with subscript C replaced by R. By construction (see [13] p. 281), Z is uniquely
determined; moreover we have R¢(Z) = 5pc{XM(p) : ¢ € Zc(RY)} as well as the
corresponding result with subscript C replaced by R. This concludes the proof. O

In connection with the integrability condition (2.12) on the spectral measure F we

have the following inequalities for all z = (z1,. .., z4) in R%:
d
1 d 1 1
— ) < < . 2.25
(77 ‘E T+22 S T4 [P (2.25)

This should compared with the integrability condition satisfied by general tempered
measures cf. Lemma 3.4 below. The inequalities (2.25) can be shown as follows:

d d d
RACCEED I EID VIS | BRI (R
j=1

€1,..., eq€{0,1} j=1 j=1
d d d
= > IIs7= > IDleiPo =0+
€1,...,64€{0,1} j=1 €1,...,ea€{0,1} j=1

The following corollary gives necessary and sufficient conditions for a Gaussian pro-
cess with stationary increments to be of the form described in Example 2.6.

Corollary 2.8. Let X = {X, : u € R} be a centered Gaussian process with wide-sense
stationary increments, spectral measure F' and random spectral measure Z. If FF' is a
positive locally integrable function then the process

X(¢) = /HédZ ¢ € Zr(RY), (2.26)

is of the form (2.9) with u = F and g = Fyu in 7} (RY).

Conversely, let {X(¢) : ¢ € Zr(R%)} be of the form (2.9) and {X, : u € R?} be
the corresponding process with wide-sense stationary increments constructed in Exam-
ple 2.6. Then {X,, : u € R} has spectral measure F = i, and therefore

d
1
—— u(dz) < 0. 2.27)
/E 1+ 27

Proof. Assume that ¢ = FF is a positive locally integrable function and let {X(¢) :
¢ € Pr(R%)} be given by (2.26). By elementary properties of Fourier transforms and
convolutions

ELX (@)X () = [ Forvar = [ [ oot dedy

for ¢,v € Yr(IR?), which shows the first part.

Conversely, consider the process {X, : u € R?} with wide-sense stationary incre-
ments constructed in Example 2.6 and let us show that ' = u. Again by elementary
properties of Fourier transforms and convolutions

E[X (6)X ()] = / FoFpdu,  for b,v € T(RY). (2.28)
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Multiparameter processes with stationary increment

Let & be the set of simple functions on R? defined in (3.1) below. By (2.14) and linearity
we have that

E[X(¢)X ()] = /.F(;SﬁdF, for g, € €. (2.29)

For (¢;)9_; € Zr(R) set ¢(z) = []\_, ¢;(z;) and

d
H(;Snj zj) where ¢, ;= Z e e 1((k 1)/n,k/n]-

k=—o00

Notice that (¢, )nen € € and ¢ € Zr(RY). By continuity of ¢ we have that ¢, — ¢ in
|- lly (see (2.10)) and hence X (¢,) — X(¢) in L% (P). According to (2.28)-(2.29) we
have

/ FoP du = E[X(6)2] = lim B[X(6,)?]

n— oo
= lim /|]—'¢n|2dF /|]—'¢|2dF

where in the last equality we have used that F¢,, — F¢ in L% (F), cf. Lemma 3.6 below.
This proves that © = F'. Finally, (2.27) follows from Theorem 2.7. O

Example 2.9. Consider the case d = 1 and let X = {X, : v € R} be a fractional
Brownian motion with Hurst exponent H € (0,1). Then X has absolutely continuous
spectral measure F with density f: z + C|z|'~2H for some C' > 0. By Corollary 2.8,
X is of the form (2.9) if and only if FF = Ff is a positive locally integrable function.
For H € (3,1), Ff = (z — K|z[*=2) for some constant K > 0 and hence X is of the
form (2.9). On the other hand, X is not of the form (2.9) when H € (0, ] because Ff
is not a locally integrable function. Indeed, to show the last claim let r,: © — C|z|* for
all « > —1. For the moment assume that Fr, is a locally integrable function. By the
scaling property of r,, we have for all u € R that Fro(z) = |u|*TY(Fry)(uz) for A\;-a.e.
x, which implies that Fr,(z) = K'|z|~1~% for \1-a.e. x and some constant K’ € R\ {0}.
This shows that Fr, is not a locally integrable function when « > 0. In particular, F f is
not a locally integrable function when H € (0, 3].

3 Deterministic integrands

Let X = {X, : u € R?} be a real-valued process with wide-sense stationary incre-
ments having spectral measure F' satisfying (2.12) and random spectral measure Z.
Assume furthermore that F' is absolutely continuous with respect to Ay with density f.
In the following we study classes of deterministic integrands with respect to X.

Let & be the set of simple functions on R? of the form

=l (3.1)

where {a;} C R and {u;},{v;} C R satisfy u; < v; for all j. For ¢ € £ represented as
in (3.1) define the simple integral as

/@dX Zaj (u;,j]) (3.2)

& = ||/ ¢dX| L2 ). Notice that the integral (3.2) is
well-defined by finite additivity of the mapping (u,v] — X ((u,v]), that is, [¢dX does
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not depend on the representation (3.1). By Theorem 2.7,

/ ou)dX, = | Fp(z)dZ, and M@:/ |Fo|?dF forp € &. (3.3)
R4 Rd R4

Definition 3.1. A pseudo normed linear space (A, || - ||s) containing & as a dense sub-
space and satisfying ||¢||le = ||¢|la for ¢ € & is called a predomain for X. A domain is
a complete predomain. Given a predomain A, there is a unique continuous linear map-
ping [-dX: A — L% (P), extending the simple integral (3.2). This mapping is called the
integral with respect to X.

Notice that A is not assumed to be a function space. By definition, a domain is a
completion of & and thus uniquely determined up to an isometric isomorphism. Below
we give concrete examples of predomains and domains.

Remark 3.2. Using the completeness ofL%(]P) we see that a predomain A is a domain
if and only if

{/@dX:ngA}:@R{X((u,U]):u,veRd,ugv}. (3.4)

This emphasizes why domains are more attractable than predomains since for the latter
we only have "C” in (3.4).

For ease of reading we formulate two lemmas. The first generalizes Lemma 3.1 of
[5] to d > 2. For the second see [9], Chapter VII, Théoreme VII.

Lemma 3.3. Let ¢ € ¥} (RY) be given such that Fy is a function. Then ¢ € /% (RY) if
and only if Fo(—x) = Fo(x) for \j-a.e. x.

Lemma 3.4. Let i be a signed Borel measure on R¢. Then y is a tempered measure,
that is p € SL(RY) if

/ (L+ [Jul®) ™ |ul(du) < oo
Rd

for some positive integer k > 1. This condition is also necessary if u is a positive
measure. In particular, a real-valued Borel function h is a tempered distribution if, and
in case h is non-negative only if,

)l
/Rd @+ fuP)r ™=

for some positive integer k > 1.

In view of (3.3) it is natural to look for predomains consisting of objects for which a
Fourier transform can be defined, that is spaces of distributions. Let ¢ be a tempered
distribution. If the Fourier transform F¢ is a function, then this function is determined
up to Lebesgue null sets and hence by absolute continuity of F' the following spaces are
well-defined:

Adist = {(p € SL(RY) : Fyis a function such that/]Rd|.7-'cp(z)|2 F(dz) < oo},

Aune = {ip € LA(R) : /Rd|]-'g0(z)|2 P(dz) < oo},

Moreover, let Agis; and Age be equipped with the pseudo norms
e = [ PP @), Nl = [ Fele) Flds).
R4 R4

Notice that & (R%) C Afune € Adist-
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Theorem 3.5. (1) Agist is a predomain for X and the integral on Ag;st is given by

/<de = /ﬁpdz, 0 € Adiss. (3.5)

(2) Aqist is a domain for X if and only if

|g(u)|
Vg€L2 F)3dk e N: —— du < 00. (3.6)
w(F) {f>0} (14 [ul[2)*

In particular, Ag;s; is a domain for X if there exists k € N such that

1
— ___du< . (3.7)
/{M} F) (@ + [Juf?)r =%

(3) Afunc is a predomain, and it is a domain if and only if
L (F) C L (1 f(u)>0 du). (3.8)
By Lemma 3.6 we further have that Ag;s is complete if and only if F(Aqgist) = i%(F ).

Proof. (1): Lemma 3.6 below implies that & is dense in Agist showing together with
(3.3) that Agjs¢ is a predomain for X. The continuous linear mapping ¢ — f pdX from
Agist to L%(IP) defined by (3.5) extends the simple integral by (3.3) and is hence the
corresponding integral since L (P) is a closed subspace of LZ,(P).

(2): Assume that for all g € L?R(F), (3.6) holds for some k and let us show that Agjst
is a domain for X. Let {¢,} be a Cauchy sequence in Agist. By completeness of Lz, (F')
there exists g € LZ,(F) with g = g(—) such that Fy, — g in L% (F). Since we may
assume that g = 0 on {f = 0}, (3.6) and Lemma 3.4 show that g € .7/(R%). Hence,
using Lemma 3.3, ¢ := F g is in Agi and ¢, — ¢ in Agis; which shows that Agig is
complete.

Conversely, assume that Ag;s¢ is complete. For contradiction consider an h € L?R(F )
which does not satisfy (3.6) with g replaced by h. Without loss of generality we may
assume that h > 0 and » = 0 on {f = 0}. By Lemma 3.4, h ¢ S4(RY). Let hy =
2(h+ h(—-)) and hy = £(h — h(—-)) be the even and odd parts of i and set g = hy + ihs.
By linearity, g € L4(F) and if g € .7/ (RY) then hy,hy € 4 (R?) which implies that
h = hi+hy € Sk (RY). Thus g € L2,(F)\ ./ (R?) and by construction g = g(—-). Since F
is a tempered measure, .7z (R?) is dense in L% (F) and therefore there exist sequences
{gen} and {g,n} in /g (R?) consisting of even and odd functions approximating h; and
he in L% (F). Setting g, = ge.n + igon for n > 1 we have {g,} € Sc(R?) C S, (RY)
satisfying g,, = gn(—-) and g, — g in L,(F). Thus ¢, :== F!g, is a Cauchy sequence in
Agiss which does not converge.

The last statement in (2) follows since for any measurable function g: RY — R, we
have by the Cauchy-Schwarz inequality that

lg(w)l 2 1/2 1 1 1/2
ey et (P08 (e )

(3): Assume (3.8) and let {¢,} be Cauchy in Agy,.. As in the proof of (2) there is a
g € L(F) with g = g(—) and satisfying g = 0 on {f = 0} such that F¢,, — ¢ in L2 (F).
Since g € L(R?) we have by Lemma 3.3 that ¢ := F g is in Afyne and ¢, — ¢ in Agyne,
showing that the latter space is complete.

Conversely assume that Ag,,. is complete. As in the proof of (2), if (3.8) is not
satisfied there is a function g : R? — C satisfying g = 0 on {f = 0} and § = g(—) such
that g € LE.(F) \ L, (1{f()>0ydu). Again as in (2) we can construct a sequence {g,} in
L%(RY) N L4(F) satisfying g, = g, (—-) such that g, — g in L% (F). Then ¢,, := Flg, is
a non-converging Cauchy sequence in Agyye. O
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Lemma 3.6. For (¢;)_; € Zr(R) let ¢(z) = H;.lzl ¢;(z;) and

d o)
6n(2) = [[ @ns(z) where ;= > 6;(52) (k1) /mk/m)-
j=1

k=—o00

Then F¢,, — F¢ in L3, (F). In particular, (&) is a dense subspace of L2 (F).

Proof. For simplicity assume that supp(¢;) C (0,1) for all j. Foralln,jand ¢t € R\ {0}

ntl i(k/n)t _ i((k—=1)/n)t
sty (s)ds = (k=1y(E
[ et ds = Yo, ‘ )

k=1

(F1on,5)(t)

n

= —1 (@(%) _ Q‘)j(%))ei(k/n)t'

it
k=1

Hence, denoting by K; the total variation of ¢, on [0, 1],

K.
|(F1on,5)(0)] < |7|j
Furthermore, for all j,
[F1én,; — Fidjlloe < |n; — djllrmy =0  asn— oo (3.9)

implying that C; := sup,,cn||F16n,jllcc < 00. Thus Fo,(z) = H?:1F1¢)n7j(zj) — Fg(2)
pointwise by (3.9), and

d

d
K.
‘(qun)(zﬂ = H |]:1¢n,j(zj)| < H (1{|z_7.|§1}0j + 1{‘2],‘>1}ﬁ>
j=1

Jj=1

which by dominated convergence implies that F¢,, — F¢ in L (F).

Let G be the real linear span of functions ¢ of the form ¢(u) = H?Zl ¢;j(u;) where
{¢;} € Zr(R). Since (F¢)(z) = H¢=1(]‘—¢j)(zj) it follows by arguments as in [4], Theo-
rem 4.1, that F(G) is dense in L2 (F). To show that F(&) is dense in L2 (F) it is hence

enough to show that for all ¢ € G there exists a sequence {¢,,} C & such that F¢,, — F¢
in L%(F) which, however, follows by the above. O

Remark 3.7. Theorem 3.5(2)-(3) underlines that it is easier for Ag;st than for Appnc to
be a domain. As an illustration, consider the fractional Brownian sheet, which corre-
sponds to X being Gaussian and f(u) = H?Zchj\ujP‘QHj, where Hy,...,H; € (0,1)
and cg; > 0 are constants, see e.g. [10]. Since f satisfies (3.7), Theorem 3.5 shows that
Agisy is complete. Moreover, by Theorem 3.5 it follows that As,,. is complete if and only
ifH =---=Hy = % that is, X is a Brownian sheet. In the case d = 1, where X is a
fractional Brownian motion, a quite long proof of the non-completeness of A, can be
founded in Taqqu and Pipiras [7], Theorem 3.1, and the completeness of Agis; is shown
by Jolis [5], Proposition 4.1.

Remark 3.8. Agis is not always a domain. For instance, ifd = 1 and f(u) = e~ then
g(u) = €* belongs to L*(F) but [g|g(u)|(1 + u*)"®du = oo for all k € N. Hence, by
Theorem 3.5(2) Ag;st is not a domain.
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4 Stochastic integrands for processes white in time and colored
in space

In the following we add a temporal component; that is, we consider processes in-
dexed by R'*¢ rather than R¢. A generic element u € R!*? will be decomposed as
u = (t,r) where t € R is time and z = (71,...,74) € R? a space variable. Intervals in
R4 will be written either as (u,v] or (s,t] x (x,y] where (s,t] is an interval in R and
(z,y] is an interval in R?. Functions on R!'*? will often be denoted by ¢;(z) for t € R
and x € RY, and Fy;(z) denotes the Fourier transform in the space variable for fixed t.

Let F denote a symmetric measure on R? with density f with respect to )y satisfying
f(z) = f(—2) for all z € R?. Assume throughout that F' satisfies condition (2.12). The
measure \; x F on R'*< then satisfies (2.12) as well. Consider an L%(]P)-continuous
Gaussian process X = {X, : u € R!'"?} with wide-sense stationary increments and
spectral measure \; x F'. By Parseval’s identity and (2.14) we have, for s; < t; (in R)
and z; < y; (inRY), i = 1,2,

E[X ((s1,t1] % (w1, y1]) X ((s2, t2] X (22, y2])] (4.1)

= 27’1’/ 1(51,t1]1(32,t2] d)\l/ Fl(asl,yl]‘/—:l(a:z,yz] dF.
R R4

Thus, there are independent increments in time, and the correlation in space is deter-
mined by F'. That is, X is white in time but colored in space.

From now on we consider only time points in R, . Notice that in general X ((0,¢] x -)
may not extend to an L (IP)-valued measure defined on B,(IR?) as in [2]. As an example,
if d = 1 and X is fractional in space we have f(z) = Clz|'72# for z € R (where H €
(0,1)) for some constant C' > 0. In this case X extends to a measure in space as in [2]
if and only if H > 1/2 cf. Example 2.9. We shall see that one can nevertheless define
a martingale integral with respect to X; moreover, we show that the set of integrands
forms a complete space if and only if Ag;s; is complete.

Fort > 0let Z, = {Z;(A) : A € By(R?%)} denote the random spectral measure of
X((0,t] x -). Notice that by (4.1) the latter has spectral measure 27t F.

Define the filtration G = (G;):>0 as

Gt = a{X((0,8] x (u,v]) : s <t,u<v}VN, >0,

where N denotes the set of P-null sets. A standard argument based on the stationary
independent increments in X shows that G is right-continuous. For fixed v and v the
process {X((0,¢] x (u,v]) : ¢ > 0} is a (non-standard) Brownian motion with respect to
G. By the last property in Theorem 2.7 it follows that

G = 0{Zs(A) : s < t,A € By(RY)} VA,

Let us first describe the basic properties of Z = {Z;(A) : t > 0, A € By(R%)}. For
A,Be Bb(Rd) let

c'(A,B) =n[F(ANB) + F(AN(-B))] and ¢*(A, B) = n[F(AN B) — F(An (-B))].
Decompose Z;(A) into the real and imaginary parts as Z;(A) = Z} (A) +iZ}(A).

Proposition 4.1. (1) The process Z is Gaussian and has stationary independent in-
crements in the sense that Zy — Zs = {Z;(A) — Z,(A) : A€ By(R%)} is independent
ofGyand Z, — Z, 2 Z,_, forall 0 < s < t.

(2) Let A,B € By(R%). The processes {Z}(A) : t > 0} and {Z}(B) : t > 0} are

independent Brownian motions with respect to G. Moreover, {(th'(A)7 Z1(B)):t>
0} is a bivariate Brownian motion with respect to G and E[Z] (A)Z](B)] = ¢/ (A, B)t
forj=1,2.
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Proof. For 0 < s < tlet Zs; = {Zs4(A) : A € By(R?)} denote the random spectral
measure of X((s,t] x -). The processes Z; and Z,; are independent by independence
of X((0,s] x -) and X((s,t] x -) and the last part of Theorem 2.7. Thus, Z, + Z,; =

{Zs(A) + Zs 4 (A) : A € By(RY)} is an L (P)-valued random measure. Since, in addition,
X((0,8] x (u, v]) = X((0, 8] x (u,v]) + X((s,t] x (u,v])

— /]-'l(u,,,,] d(Zs+ Zs ;) foru <wvin R,

it follows by uniqueness of the random spectral measure that Z, — Z, = Z, ;. Hence Z; —
Z is Gaussian and independent of G,. Since Z has independent Gaussian increments it
follows that Z is Gaussian. Finally, since Z; — Z,; and Z;_, are Gaussian and both have
control measure 27 (t — s)F they have the same law by (2.1)-(2.3). This concludes the
proof of (1).

By (1), {(Z}(A4),Z%(B)) : t > 0} and {(ZJ(A), Z!(B)) : t > 0} (j = 1,2) are bivariate
Brownian motions with respect to G. Hence, since Z}(A) and Z?(B) are independent by
(2.1), the first part of (2) follows. Similarly, (2.2) and (2.3) show that E[Zg(A)Zg(B)] =
(A, B)t. O

It follows from Proposition 4.1 that the process Z = {Z;(A) : t > 0, A € By(R%)} is
an orthogonal (and hence worthy) martingale measure in the sense of [12]. (In fact, the
only difference compared to [12] is that we use complex martingales rather than real
ones.) More precisely, we have the following:

(a) For A € By(R?) {Z;(A) : t > 0} is a complex-valued continuous martingale with
respect to (G;);>0 with Zy(A) = 0.

(b) For fixed ¢t > 0 the mapping A — Z,(A) is o-additive from B,(R?) to L2 (P).
(c) Forall A, B € B,(R%), (Z.(A), Z.(B)); = 2ntF(AN B).

Here, for two complex continuous square-integrable martingales M and N which are 0
at 0, (M, N) is the continuous complex process of bounded variation characterized by
being 0 at 0 and M N — (M, N) being a martingale.

Notice that (a) is immediate from Proposition 4.1(2) and (b) is simply the os-additivity
of the random spectral measure mentioned in Remark 2.2. Finally, using Proposi-
tion 4.1(2), it follows that (Z!(A), Z%(B)); = 0 for all A4, B € B,(R%) and hence

(Z.(A), Z.(B))e = (Z1(A), Z(B))s + (Z2(A), ZX(B)):
= [¢}(A,B) + *(A,B)|t = 2rF(AN B)t,

which is (c). B
Denote by & the predictable o-field on Ry x Q. Set & := & x B(RY) and

Li(Z) = {go . p is a &-measurable mapping from R, x Q x R? to €
satisfying ]E[ / \¢t(x)|2th(dx)] < oo}‘
R1t+d

This is clearly a complete space when equipped with the norm

B[ Hduot(x)Pth(dx)}%, o€ Li(2).

Thus, also L%,(Z), the set of ¢’s in L2(Z) satisfying ¢;(z) = ¢;(—=) for all (t,z) P-a.s.,
is complete.
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Since Z is a worthy martingale measure it induces a stochastic integral cf. [12], that
is a unique continuous linear mapping

(veL2(2) > [pdze @)
determined by
[ ¢z = 2w o) - Zu, (o)1
if
ot(w, ) = cla(w) (s, ) (E)Lw,0] (@) (4.2)

for some c € R, s; < s2 (in R), G € G,, and u < v (in RY), and

| foez

The real-valued integral processes correspond to integrands in L% (Z). For ¢ € L%(Z)
the process My := fot f]Rd wdZ, t > 0, is by construction a complex square-integrable
continuous martingale up to infinity which is 0 at 0; moreover,

2 o0
=F 2dtF(d f L2(2).
e “EL[ @R @] forpe 1tz

t —_—
ey = [ [ B dsF), for g € 12(2).
0
To define an integral with respect to X introduce the set
Ax = {(p: R, x Q — .74 (RY) : ¢ is predictable, Fy;(w) is a function

for all (w,t), and E[/ |]-"gpt(1:)|2th(dx)} < oo}.
R1td

On .7}(R%) we use the cylindrical o-algebra o(¥ — W¥(y) : ¥ € F¢(R?)), that is,
¢: Ry x Q — L (R?) is predictable if and only if

((t,w) € Ry x Q) = pi(w)(y) € C

is predictable for all 1) € .7 (IR?). Furthermore, the following lemma shows that F;(z)
can be chosen bimeasurable making A x well-defined.

Lemma 4.2. Let ¢: Ry x Q — ¢ (R%) be predictable such that Fy;(w) is a function
for all (w,t). Then there exists a &?-measurable mapping ®: R, x Q x R? — C such that
for all (t,w), ®(t,w, ) = For(w)(-) Ag-a.e.

Proof. Since F maps .#/,(R?) continuously into .7/, (R¢)

Oy Ry xQ—=C, (tw)— " (For(w))(z)v(x) dx

is predictable, that is Z-measurable for all ) € .#¢(R%). Hence by a Monotone Class
Lemma (cf. e.g. II.3 in [8]) argument, ®, is predictable for all bounded measurable
functions ¥ : R — C with compact support. In particular, for all compact sets X C R?,
the mapping Ry x @ — L(K): (t,w) — Foi(w)k is weakly measurable and hence
(strongly) measurable by Pettis’ theorem since L%j (K) is a separable Banach space. By
applying [3], Exc. 1.75, there exists a ZP-measurable mapping ®x: Ry x O x R — C
such that for all (t,w), ®x(t,w, ) = Fpi(w)(-) Agx-a.e., which shows the existence of ®
since K was arbitrary and R is a countable union of compact sets. O
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Notice that Ax is Dalang’s space ‘P considered in [2], page 9, with a few modifica-
tions: We consider the time interval [0, c0) rather than [0,7] and as mentioned above
our X does in general not induce a martingale measure. For ¢ € Ax define

/OOO/RdgodX = /OOO/]Rd(]-'cpt)(x)dZ.

By the above lemma, the integral is well-defined and maps Ay into L% (P). On A x define
the norm ||-||a, as

Il = H/OOO | x| ;{(m —E[/OOO [ JFena e F(as)].

The integral with respect to X just defined extends the simple integral since if ¢ is
given by (4.2) then, by definition,

/oo / pdX = c1G( Fliu) (@) Zey(da) — | Fliu () Zsl(dx))
0 R4 R Rd
= cla(X((0,s2] % (u,v]) = X((0,51] % (u,v])) = claX((s1,52] X (u,v]),

where the second equality is due to (2.13). Moreover, if¢y : Ry — Yﬁ(Rd) is a determin-
istic measurable mapping, then the integral fooo Jra ¥ dX exists if and only if 1) € Ay,
that is, 7 is a function satisfying [, .| Ft¢(z)?dtF(dx) < co. Thus, in view of the the
first part of Theorem 4.3 below, this improves Theorem 3 in [2].

Theorem 4.3. The real linear span of processes given by (4.2) is dense in Ax. More-
over, the following three statements are equivalent:

(a) f satisfies (3.6),
(b) Ax equipped with the norm ||-||5 is complete,

(c) for every G..-measurable random variable V € L% (P) there is a ¢ € Ax such that

V:]E[V}—s—/ooo/Rdde.

Proof. The first part: Using Lemma 3.3 and Lemma 4.2 it suffices to show that whenever
¢ € L2(Z) is of the form ¢;(w,z) = 1p(w)l(s, s, ()¢ (), where ¢ € L2(F) then there
is a sequence (¢n)n>1 in L(Z) of the form ¢, ;(w,z) = 1p(w)l(s, s, (t) Fiby () where
¥, € & (see (3.1)) approximating ¢ in Ax. However, this follows since by Lemma 3.6
the ¢,,’s can be chosen such that F,, approximates v in L%(F).

(b) implies (a): Suppose that Ay is complete. To show that f satisfies (3.6) it is
enough to show that Agis; is complete, cf. Theorem 3.5(2). Let therefore (¢"),>1 be a
Cauchy sequence in Agist and set ¢} (w) = 1(o,1)(£)y"(-) € 74 (R?). We note that ¢" are
deterministic elements in Ay with F¢} = 1 4)(t)F¢" and

6" =™ lax = 1" = ¥™ [[Agee, Mo 2 1. (4.3)

Eq. (4.3) shows that (¢"),>1 is a Cauchy sequence in Ax and hence convergent with a
limit point ¢. That is,

LoyFy" —— F¢ in LL(P x A\ x F).

By Tonelli’'s Theorem there exist wy € 2 and so € (0,1] such that with ¢ = ¢, (wo) we
have 1 1 F = F¢ (P x A\; x F)-a.s. By definition of Ax, ¥ € Agist @and [[¢" — ¢[[ay,., =
l¢™ — é|lax — 0, proving the completeness of Agjst.
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(a) implies (c): Assume (3.6). Every ¢ € i%(Z) is given by ¢y (w,z) = Fpi(w,x) for
some p € Ax. Indeed, by disregarding a null set if necessary we may and do assume
that ;(w) € L2(F) for all (t,w). By Theorem 3.5, F(Agist) = L%(F) so we can use
pt(w) == F 19 (w). Hence, it suffices to show that V can be written as

V =E[V]+ / YdZ for some ¢ € LE/(Z). (4.4)
0o Jmra

In the following fix n > 1 and A, ..., 4, € By(R?) satisfying A; N (—A4;) = 0 for all j and
(AU (=A))N...N(A4,U(=A,)) = 0. Define M7 and N’ as

M} = Z(A;) and N/ = Z,(—A;).
Decompose Mtj in the real and imaginary parts as Mtj = Mtl’j + ZME] By Proposi-
tion 4.1 M'J and M?J are independent Brownian motions. Thus, if V7 is any real-valued

square integrable random variable measurable with respect to the o-algebra generated
by (M7, M?7) there are two (G;)-predictable processes o'/, a?7: R x ) — IR satisfying

VI =E[VI] + / a7 dM} + / ap?dM}? P-as.
0 0
(These two processes are even predictable in the filtration generated by (M*'7, M?7).)

Using that, by Definition 2.1(2), th = MtJ , it is readily seen that the right-hand side
equals

E[Vj]—i—/ ﬂngg'+/ 8 dNj
0 0
where 8/ = (a;? —ia}7)/2. Thus,
1% :]E[Vj]Jr/ / ©dz,
0 Rd

where ¢/ () = 14, (2)B] + 1 4, (z)B!. By the assumptions on the A;’s, the martingales

MY M?%*I,j=1,...,n, are orthogonal, so It6’s formula implies
n ) n ) n 00 . -
[Iv =TTevi+ 3 [ [ (] M5)eit 2(s.a).
j=1 j=1 =170 YRI5,

This gives (4.4) when V = H;l:l V7 from which the general case follows using the
Monotone Class Lemma.
(c) implies (b): Follows from completeness of LIQR(IP). O
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