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First occurrence of a word among the elements of a
finite dictionary in random sequences of letters”

Emilio De Santis' Fabio Spizzichino!

Abstract

In this paper we study a classical model concerning occurrence of words in a random
sequence of letters from an alphabet. The problem can be studied as a game among
(m + 1) words: the winning word in this game is the one that occurs first. We prove
that the knowledge of the first m words results in an advantage in the construction
of the last word, as it has been shown in the literature for the cases m = 1 and m = 2
[1, 2]. The last word can in fact be constructed so that its probability of winning is
strictly larger than 1/(m + 1). For the latter probability we will give an explicit lower
bound. Our method is based on rather general probabilistic arguments that allow
us to consider an arbitrary cardinality for the alphabet, an arbitrary value for m and
different mechanisms generating the random sequence of letters.
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1 Introduction

The theme of the occurrence of words in random sequences of letters from an al-
phabet is a rather classical one in discrete probability. The related literature has a long
tradition and papers with new insights and deep results continue to appear from time
to time.

This topic has, among others, the following interesting aspects: it has a number
of important applications and it is characterized by surprising results which, at a first
glance, can sometimes appear even contradictory. Feller’s book is a starting point for
the study of occurrence of words in a Bernoulli scheme [3]. Different types of inter-
esting problems arise in this field and many important papers appeared in the related
literature; see in particular [4, 1, 2, 5, 6, 7] and references cited therein.

One interesting problem considers a finite set of given words, a dictionary, and
concerns the probability that a fixed word occurs as the first. This problem can be seen
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First occurrences of words

as related to a game among different words, where the winner is the word which occurs
first.

In this respect, given m words wy,...,w,,, we construct a word w,,,+; such that its
probability of winning is larger than 1/(m + 1).

In [1] the case of two competing words (i.e. m = 1) on a binary alphabet has been
considered. In [2], the analysis has been extended in a thorough way to the case of
three words (i.e. m = 2).

Provided that the length of the words is sufficiently large, and by introducing suit-
able probabilistic arguments, we solve the problem for an arbitrary value of m and for
an alphabet of arbitrary size. In particular we provide an explicit lower bound for the
probability of first occurrence for the constructed word w,, ;1.

In the next section, we introduce some useful notation to formalize our result in
Theorem 2.3. Then we give our constructive proof after presenting the preliminary
Lemmas 1-3. Section 3 is devoted to a short discussion containing some comments and
concluding remarks.

2 Construction of efficient words and probability of winning

Let Ay = {a1,...,an} be an alphabet composed of N distinct letters. We consider
(m + 1) words wi,...,w,,11 of a fixed length k, i.e. (m + 1) elements of A% and let
Wint1 = {W1,..., Wpn41}. We write w;; for the i-th letter of the word w; and we say that
the word (w;,...,w;;), for 1 <i < j <k, is a sub-word of w;.

At any instant n = 1,2,... a letter is drawn from the alphabet Ay. Drawings are
supposed to be independent and uniformly distributed over Ay. We define the space
Q = AY; for w = (w1,wa,...) € Q, we refer to w, as the letter at time n € IN. The
probability measure on 2 is then the product measure that, at any drawing, assigns
probability 1/N to each letter of Ay:

Plw, =0a)=—, a€ Ay, neN.
We now consider a game that ends at the random time R;, where
Ry =inf{n>k: (wnt1,---,wn) € Wint1}, (2.1)
and the winner is the word w; such that
(WRy —kf1s---sWRy) = W[ (2.2)
Next we define the events
E={weQ: (Wr+1-ks--- ,wr,) =wi}forl=1,....m+1. (2.3)

Hence, the event E; means that w; occurs first within W, ;.

We assume that w,,;; can be chosen as a function of the other words wy,...,w,,
and we show that this can be done in such a way that the winning probability of w41
is greater than 1.

For this purpose it is convenient to assume that drawings of letters go on indefinitely
also beyond time Rj, so that, a.s., we will have an infinite number of games.

Let us introduce the random variables V; ,,, foreach{ =1,...,m+ 1 and n € IN, as
the number of wins of word w; until time n. Obviously the probability law of V; ,, also
depends on the ordered sequence (wy,..., w,,+1), however these words are fixed once
forever and for shortness sake we will omit to indicate this dependence. Recursively
define

Ry = lnf{n >Ry +k: (wn,qu, - ,wn) S Wm+1}, (2.4)
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for h = 1,2,... where R; is the random variable defined in (2.1). Thus, by using this

notation, the random variables V; ,,, ..., Vi,41,n, can be more formally defined as
Vin = Y Liro<m L(wn, niiion)=wi}s (2.5)
s=1
fori=1,...,m+1andn =1,2,.... Let moreover R = {Rj; : h € N} and define the

random variable N; , as the number of times in which the word w; occurs inside the
interval [0, n], i.e.

Niw =3 U iromoion) =01 oo )} (2.6)
s=k
Furthermore we consider the random times 7, = inf{n : ;YSI N, = h} and put

T={In:heN};clearly R C T.
We present a remark that will be useful for the proof of Lemmas 2.5-2.6.

Remark 2.1. Letn > k be fixed. An event of the form
{we: (Wn—kt1,.--,wn) = (W11,...,wgy)} forl=1,... . m+1

implies the event {n € T} but does not imply the event {n € R}. In order to guarantee
{n € R} it is sufficient (but not necessary), see definition (2.4), to exclude that, for some
s=n—k+1,...,n—1andsome j=1,...,m+ 1 it happened

{we N (Wsmpg1s. - ws) = (W15, .., Wk )} (2.7)
Notice on the other hand that, again by (2.4), the event {s € R} excludes the event
{n e R} forn=s+1,...,s+k—1. In fact we can not observe two wins at a distance
less than k.

By a renewal-theorem, or an ergodic-theorem, argument the limit lim,, oV, ,/n
exists almost surely for l = 1,...,m+ 1 and it is constant. Thus we define the quantities
q; as follows

ln

g = lim a.s. (2.8)

n—,oo n

By taking into account the latter equation we see that

. Vi
lim ————— = P(E}) a.s. (2.9)
n—oo Zh +11 Vh,n

Remark 2.2. Denote i1 = ﬁ. Concerning the probabilities P(E;), we can also write
V n

P(E) = lim — a.s. (2.10)
n—oo UM

The above identity is obtained by recalling (2.9) and by noticing that, by the renewal

theorem or by the ergodic theorem, one must have

m+1 V
lim &=L "hn g, (2.11)
n—oo n
As the main achievement of our paper we can state the following result. It is conve-
nient first to introduce the notation:
L=L(N,m,k) = |logy(mk)| +1, (2.12)

for given N, m, k.
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Theorem 2.3. Let k be such that

1 2L _ 2L(m+1)

— = 2.13
(m+ )N2E ~ Nk =~ Nk-2L (2.13)

and letwq,...,w,, € .Aﬂ“\, be any m distinct words. Then there exists a word w,,,+1 € A’jg,
such that P(Ey, 1) > 725

The proof of Theorem 2.3 will be presented at the end of this section as a direct
consequence of Lemmas 2.4, 2.5, 2.6 below.

The interest of P(FE,,1+1) > ﬁ becomes clear when we consider the following case:
each of (m+1) players bets one dollar on a word of length & and the one who has chosen
the winning word receives (m+1) dollars. Even if the drawings are independent and the
letters are equiprobable, the word w,,,+; can be constructed, for any given wy, ..., w,,,
in such a way that the game is unfair, namely it is favorable for (m + 1)-th player.

It is intuitive that, for fixed N and m, the length k of the words should be large
enough. We shall see in Remark 2.7, as a consequence of (2.13), that logy m is the
appropriate order.

As mentioned, the word w,,,; will be obtained by means of a constructive procedure.
We roughly anticipate that the word w,,, 1 can be constructed according to the following

steps:

Step 1. The second part of w,,, 11, of a suitable length r, must coincide with the initial part
of the word wy.

Step 2. The first k—r letters of w,, ;1 must give rise to a sub-word which does not coincide
with any sub-word drawn from wy,...,w,, (see Lemma 2.4).

We will discover that a suitable value for r is 2L = 2|log (mk)]| + 2. Now, we proceed
to explain how to explicitly construct the word w,,, .

Let us consider the set W, of all the words W;; = (w411, Wit11,---,wirr1) € Ak
withl=1,...m,i=0,...,k— L and with L defined in (2.12). Hence we are considering
all the sub-words of length L of the words w1, ..., w,,.

Clearly |A%| = NL and |Wy | < mk, therefore |A%| > WL
Wr.m is not empty, and we can choose a word (v1,...,v5) € Wi m.

Let us arbitrarily take a letter v # v; and consider

; thus, the set AL \

W41 = (57 s 7:175 U1y VL, W11y - 7wk—2L,1)~ (214)
e e e ——
L L k—2L

Concerning such a choice, the following lemma shows that any possible matching
between an initial sub-word of w,,;; and a final sub-word of any word in W,,,;; must
be sufficiently short.

Lemma 2.4. Forl=1,...,m+ 1, ift < k and

(Wh—ig 1,0, Wh—ig2,0s - -+ Wh1) = (W1mt1 W21y - - - s Wimeg1)s (2.15)
theni: < 2L.

Proof. First we prove the case l = m+ 1. Fori =k — L,...,k — 1, we compare the
(i + L — k + 1)- th letter of the two sub-words in (2.15). The (i + L — k + 1)-th letter of
the word on the L.h.s. is wr 11 m+1 = v1, while the (i + L — k + 1)-th letter of the word on
the r.h.s. is v. Then the validity of (2.15) excludes the possibility that ¥ — L <7 < k — 1.

Astoi=2L+1,...,k—L—1, we notice that the sub-word (Wi 4+1,m+1,- .., WL m+1) =
(v1,...,vr) on the rh.s. is different from the corresponding word on the Lh.s. for
EJP 17 (2012), paper 25. ejp.ejpecp.org
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the construction presented before (2.14). Then the validity of (2.15) also excludes the
possibility that 2L +1 <i <k — L — 1.

For what concerns [ = 1,...,m the latter argument is sufficient to solve directly all
the casesi =2L + 1,...,k — 1 and this completes the proof. O
Nmii,n
Vin m+1,n
. The latter expresses the ratio between the numbers of times where the word w
appears within the first n drawings and the corresponding number of wins of the same
word. Similarly for m concerning w,,, 1. The following lemma provides an almost

For the words w,,+1 and w; we now respectively consider the ratios and

Nln
Vin

Vin +1,n

sure lower bound for the limit of the ratio . Notice that the existence of such a

limit can be guaranteed by ergodicity arguments. An upper bound for lim,, 1‘\/711n will
be provided in Lemma 2.6. '

Lemma 2.5.

lim. J‘\?::Z >1- QLJ\(]T_;D a.s. (2.16)

Proof. For n > k, let us define the events
={weD: (Wn—kt1,---swWn) = (Wimt1,-- - Whkm+1)}s 2.17)
H,={weQ:neRWw)}, (2.18)
ng’“ ={w € Q: (Wn—koitly - s Wnk) # (W11, ., W)} (2.19)

fori=1,...,k—1,forl=1,...,m+ 1. Let

k—1

+
ﬂ ﬂ G, (2.20)

=k—

Clearly, for n > k, the event H, N F, means that word w,,; wins at n. Moreover
the probabilities P(G,, N F,,) and P(F,) do not depend on n and the events G,,, F,, are
independent.

Now, in view of Lemma 2.4 and the above definition (2.20), we will show that

G,NF,CH,NF, (2.21)

whenever n > 2k. First notice that the event H, N F, is equivalent to {V,11, —
Vin+1,n—1 = 1}. In order to prove inclusion (2.21), we can argue as follows.
Remark 2.1 says that

m+1k—1 ) n—1
N Neee () {s¢7h
=1 i=1 s=n—k+1
Hence
m+1k—1 n—1
Fnﬂ(m m Gg’”) C Fn( ﬂ {s¢T}).
=1 =1 s=n—k+1
On the other hand
n—1
ﬂ {s¢T}) CcF.,NH, = {Vm+1,n = Vintin—1 = 1}.
s=n—k+1
Therefore
m+1k—1 )
(N N6 € B E,
=1 =1
EJP 17 (2012), paper 25. ejp.ejpecp.org
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At this point, we can use Lemma 2.4 to ensure that the above argument is still valid if
we replace ("1 NV G4 with G,,.

Now notice that P(FQkJ'_Z‘) = P(ng), P(GQ;H_Z) = P(ng), and P(F2k+i N G2k+i) =
P(Fs, N Gog) for i > 0. We set pr = P(Fak), pe¢ = P(Gax), and ppng = P(Fo N
Gsr). Independence between Fyj and G, immediately yields prng = prpe. By ergodic
theorem the following equalities hold almost surely:

Vm n . . Vm n ]- .
lim —2tb" — i lim —*" — = Lim P(H,NF,). (2.22)
n—o00 Nerl’n n—o00 Nm+1’n n—00 n P n—oo
By (2.21) and (2.22), we conclude
Vm n
lim e o PFOG _ 0 g (2.23)
n—r00 Nm+1,n PF
Now
m+1 k-1 m+1 k-1
— (i,1) 1 2L(m +1)
re=1-pP(lJ U &)=1- P v
=1 i=k—-2L =1 i=k—2L
O

By following a same type of argument as in the previous proof we can now obtain an
asymptotic upper bound for the ratio V /Ny .

Lemma 2.6. v L )
. 1.n 1 2L(m +1
< 1- .S. .
A Nin — =N+ — 5 @8 2.24)

Proof. We consider n > 3k and define the events
Fo={weQ: (Wn s, wn) = (wi1,...,we1)}, (2.25)
I?n = {w cN: (wn,k,QLJrl, - ,wn,k) = (’wl’erl, ey ng’erl)}, (2.26)
and, for/=1,...,m+landfori=1,...,2L,,

éﬁf’” ={weQ: (Wn—2k—it1,- s Wn_k—2r) F (W15, Wk—20+i1)}, 2.27)

2
G, (2.28)

DI

m+1
Gu=)
=1 i=1
We will also use H; where H, is defined in (2.18). Concerning the event H;,, we can
write, for n > 3k, that the event H: N ﬁn is equivalent to {V1,, — Vi o1 = 0, N1, —
Ni -1 = 1}. Moreover the probabilities P(én N I?n N ﬁn) and P(ﬁn) do not depend on
n for n > 3k; the events CAT'n, ﬁn and IA(n are independent. Concerning the event @n, we
can say that Lemma 2.4 allow us to limit the range of the index 7 in formula (2.28), i.e.
1=1,...,2L.
We can now use the arguments in Remark 2.1 as follows: in view of Lemma 2.4 and
the above definition of @n, we will show that

GnNK,NE, C HSNF,, (2.29)

whenever n > 3k. In fact, ﬁn N I/(\'n implies that the special word w,,; appears at time
n — 2L, which in particular means n — 2L € T; moreover, the concomitant occurrence of
the event @n guarantees that n — 2L € R by using an argument similar to the proof of
Lemma 2.5. The event {n — 2L € R} implies {n ¢ R}, whence (2.29) easily follows.
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Now notice that, for i>0, P(ngﬂ) = P(ﬁgk) Slmllarly it happens for K3k+l, G3k+z,
and ngﬂ N ngﬂ N G3k+z and we set pp = P(F3k),pK = P(ng) pg = P(ng) and
PRARAE = P(ng N ng n ng) Independence among ng, ng and ng immediately
yields ppngng = PEPRPG:

By ergodic theorem we claim
Vl,n

1,n

1 ~
= — lim P(F,NH,) a.s. (2.30)

p’\ n—oo

lim

n—oo
As to the r.h.s. of previous formula, we can write

limy oo (P(F) = P(F NV HR)) _ | PERng

Pp - PR =1~ PrPG =
m+1 2L
1 1 1 1

=l-Fmres1- o + Nz Z Z NFoLriT =

=1 =1
m+1 2L
1 2L(m+1)
= N2L+;;Nk+2* _N2L+ Nk :

We are now in a position to give the proof of our main result.

Proof of Theorem 2.3. Since the probability of the occurrence in a given position of a

single word (a1, ...,ay) is a constant, equal to 1/N*, we have that, for [ =1,...,m + 1,
. Nl,n o 1
nl;rrgo . E a.s., (2.31)
hence
Nin 1

lim 2 = a.s. . (2.32)

In order to achieve the proof, we will use the inequality (2.16) of Lemma 2.5 and
(2.24) of Lemma 2.6. For what concerns the remaining indexes, | = 2,...,m, it is
enough taking into account the obvious inequality

Nl,n Z ‘/ln (233)

By employing the inequalities (2.16), (2.24) and (2.33) in equation (2.9) we can write

Nm+1 n(]- - 2%&;’”;}}))

lim
+ 2L(m+1)) + Zm+1 Nh .

n—o0 Nl,n(l

< P(En41) a.s., (2.34)

NZL

thus (2.34) gives a lower bound for the probability of winning for w,,, ;.
Finally, by (2.32), we obtain that

lim Nm“ n(1 - 2Rt _
n—o00 Nl,n(l N2L + 2L(m+1)) + ZnL+1 Nh "

1 - g L[ N
m+1_N2L+M m—+1 17W+% m+1’
the last inequality following from the hypothesis (2.13). This ends the proof. O
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Remark 2.7. In the proof of Theorem 2.3 we obtain the explicit bound

1 1— 2L(m+1)
P(Em+l) 2 ( 1Nk72L 2L > :

We notice furthermore that, in the statement of Theorem 2.3, the condition (2.13) can be
replaced by the simpler inequality k > 22(1 + log, m). In fact, at the cost of elementary
but rather tedious manipulations, one can show that the latter implies (2.13). We notice
in this respect that the latter estimate is of the right order. In fact, for given N and k,
the number of distinct words of length k on the alphabet Ay is obviously N*; then, since
we need to find at least (m+1) distinct words, we must necessarily have k > logx (m+1).
On the other hand

lim 22(1 + logy m)

= 22.
m—oo logy(m +1)

This limit does not depend on N and shows that the condition in Theorem 2.3 is quite
efficient.

3 Discussion and final remarks

We conclude the paper with some comments about our result and about the method
that we use. First of all, our construction is based on rather general probabilistic argu-
ments. This has allowed us to formulate a general result. In fact, in Theorem 2.3, we
have no limitation on the choice of N and m, provided that k is large enough. Notice,
for instance, that the methods used in [1, 2] are specific for the cases N =2, m =1, 2.

Our procedure could be easily extended to deal with cases where stochastic inde-
pendence among the letters fails.

Let us denote by m,, the probability that a word w of length £ occurs as soon as
possible, namely in the first k£ drawings. In the independence setting this probability is
1/N k. Now we point out that, essentially, we have used three hypotheses to prove our
result. The latter can be conveniently summarized as follows

a) The process of generation of random sequences of letters is ergodic.

b) For any word w of length & the probability my belongs to {0,C%}, where Cj is
a positive constant, i.e. some words are forbidden and all the remaining words
share the same probability Cy.

Besides the probabilistic hypotheses a) and b), our method requires the construction
of a word satisfying suitable conditions (see Step 1, Step 2, and Lemma 1, Lemma 2,
Lemma 3 in the previous section). More precisely we assume

c) Given wq,...,w,, € Aé“\,, one can construct a word w,,, 11 € A’fv such that

C].) TW 1, I:C’k;
c2) Fori=1,...,m+1.Ifi < k and

(wk—i+1,l; WE—i4+2,15 - - - ,U}k,l) = (w1,7n+1; W2 m4-1y -+ - ;wi,m+1)7
then ¢ < 2L.
c3) Wi+2L,m+1 = Wi 1 fori = 1,..., k—2L.

Concerning item c), we point out that w,,;; should be composed of two different parts.
The second part is fixed (it coincides with the initial part of word w;). On the contrary,
several possible choices for determining the first part of w,,; are possible. We only
need, in fact, that the first letters of w,,;; give rise to a sub-word, of a convenient
length, which does not coincide with any sub-word extracted from wy, ..., w,,.
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Under the case of independence, that we considered along the paper, condition c1)
is trivially satisfied and there are many different words that satisfy item c). When
independence is dropped, cl) is not trivial anymore. We can still expect however that
one can find different words that satisfy c1) besides satisfying c2), c3). It is just this
possibility of different employable words which could be useful in a possible extension
of our work beyond the case of independence.

An instance where all the conditions a), b) and c) hold is the model of random draw-
ings with delayed replacement of letters from an urn: two consecutive letters can not be
equal. For such a model, validity of b) is obvious with C}, = m and a) holds when
N > 3. In fact, in such a case, the sequence of letters drawn is an irreducible, aperiodic
Markov chain. Finally, some words w,,;1 satisfying condition c) can be constructed,
provided N > 4.
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