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Abstract

We consider the solution u to the one-dimensional parabolic Anderson model with homoge-
neous initial condition u(0,-) = 1, arbitrary drift and a time-independent potential bounded
from above. Under ergodicity and independence conditions we derive representations for both
the quenched Lyapunov exponent and, more importantly, the p-th annealed Lyapunov exponents
for all p € (0,00).

These results enable us to prove the heuristically plausible fact that the p-th annealed Lyapunov
exponent converges to the quenched Lyapunov exponent as p | 0. Furthermore, we show that u
is p-intermittent for p large enough.

As a byproduct, we compute the optimal quenched speed of the random walk appearing in the
Feynman-Kac representation of u under the corresponding Gibbs measure; related results for the
discrete time case have been derived by [GdH92] and [Flu07]. In our context, depending on the
negativity of the potential, a phase transition from zero speed to positive speed appears as the
drift parameter or diffusion constant increase, respectively.
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1 Introduction

1.1 Model and notation

We consider the one-dimensional parabolic Anderson model with arbitrary drift and homogeneous
initial condition, i.e. the Cauchy problem

du
a(t,x) = KkApu(t,x)+ & )u(t,x), (t,x)eR, XZ, .1

u(0,x) =1, x €Z,

where « is a positive diffusion constant, h € (0,1] an arbitrary drift and A; denotes the discrete
Laplace operator with drift h given by

+h 1-—
(u(t,x+1)—u(t,x))+

2 2 h(u(t,x—l)—u(t,x)).

1
Apu(t,x) =

Here and in the following, (§(x)),ez € X := (—00,0]% is a non-constant ergodic potential bounded
from above. The distribution of £ will be denoted Prob and the corresponding expectation (-). In our
context ergodicity is understood with respect to the left-shift 6 acting on ¢ € ¥ via 0(((x))yez) :=
(¢(x + 1)),z Without further loss of generality we will assume

esssup £(0) =0. (1.2)

Note that the case esssup £(0) = ¢ reduces to (1.2) by the transformation u — e‘‘u. We can now
write
Prob € ./ (%). (1.3)

Here, .#,(E) denotes the space of probability measures on a topological space E, and if we have a
shift operator defined on E (such as 6 for E = ¥I), then by .#;(E) and .#;(E) we denote the spaces
of shift-invariant and ergodic probability measures on E, respectively. If not mentioned otherwise,
we will always assume the measures to be defined on the corresponding Borel o-algebra and the
spaces of measures to be endowed with the topology of weak convergence. We denote 3, := [b,0]%
and ZZ := [b,0]™o for b € (—00,0). Since the potential plays the role of a (random) medium, we
likewise refer to £ as the medium.

Examples motivating the study of (1.1) reach from chemical kinetics (cf. [GM90] and [CM94]) to
evolution theory (see [EEEF84]). In particular, we may associate to (1.1) the following branching
particle system: At time t = O at each site x € Z there starts a particle moving independently from
all others according to a continuous-time random walk with generator k A_;. It is killed with rate
&~ and splits into two with rate . Each descendant moves independently from all other particles
according to the same law as its ancestor. The expected number of particles at time ¢t and site x
given the medium & solves equation (1.1).

1.2 Motivation

Our central interest is in the quenched and p-th annealed Lyapunov exponents, which if they exist,
are given by

1
Ag = tlingozlogu(t,O) a.s. 1.4
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and 1
Ap = tli)rglo ?log(u(t,O)p)l/p, p €(0,00), (1.5)

respectively (cf. Theorems 2.1/ and [2.7). By means of these Lyapunov exponents we will then
investigate the occurrence of intermittency of the solution u, which heuristically means that u is
irregular and exhibits pronounced spatial peaks. The motivation for this is as follows. In equation
two competing effects are present. On the one hand, the operator kA induces a diffusion
(in combination with a drift) which tends to smooth the solution. On the other hand, the influence
of the random potential £ favours the spatial inhomogeneity of the solution u. The presence of
intermittency is therefore evidence that the effect of the potential dominates that of the diffusion.

Corresponding problems have been investigated in the zero-drift case (see [BKOla]) and it is there-
fore natural to ask if similar effects occur for the model with drift.

A standard procedure in the study of intermittency is to investigate the exponential growth of mo-
ments!! While the following definition is a straightforward generalisation of the corresponding
definition in [ZMRS88] or [GAH06], it is more restrictive than the definition given in the zero-drift
case of [BKO1la] which exhibits itself through more refined second order asymptotics only.

Definition 1.1. For p € (0, 00), the solution u to (1.1) is called p-intermittent if A,,, > A, for all
€ > 0 sufficiently small.

Remark 1.2. Note that 4,,, > 2, is always fulfilled due to Jensen’s inequality. Furthermore, it will
turn out in Proposition|2.11 (a) that p-intermittency implies A,,, > A, for all £ > 0.

If u is p-intermittent, then Chebyshev’s inequality yields
Prob(u(t,0) > e®") < e~ (u(t,0)P) < (24Pt _,
for a € (4,,2,,) and, at the same time,
(u(t, 0)P 1y gy<ear) < P = o((u(t,0)P**))
as t — oo, which again implies
(u(t, 0)P T Ly gy ea) ~ (ut, 0)P7°).

In particular, setting I'(t) := {x € Z : u(t,x) > e*'} and considering large centered intervals I,, we

get
7D Jue, )P n ™ > u(e, Xt

xel; xel,NI(t)

due to Birkhoff’s ergodic theorem. This justifies the interpretation that for large times the solution
u develops (relatively) higher and higher peaks on fewer and fewer islands. For further reading, see
[GKO5] and [GM90].

Motivated by the definition of intermittency, the main goal of this article is to find closed formulae
in particular for the p-th annealed Lyapunov exponent for all p € (0, 00), cf. Theorem 2.7, As a first
step towards this aim we compute the quenched Lyapunov exponent (see Theorem|2.1). On the one

! An explicit geometric characterisation is more difficult and beyond the scope of this article. For the zero-drift case,
see [GKMO7].
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hand the auxiliary results leading to Theorem|2.1/can be employed to obtain results on the optimal
speed of the random walk under the random potential £ (see Corollary 2.3 and Proposition [2.5),
while on the other hand the techniques used in its proof prepare the ground for the computation of
the annealed Lyapunov exponents thereafter. Having these formulae at hand, we then investigate
the occurence of intermittency (see Proposition 2.9).

In systems such as the one we are considering one formally derives

((logu(t,0))u(t,0)P)

<u( t, 0)P> p=0
Although one still has to scrutinise whether the interchange of limits and integration is valid, it is
believed due to (1.6) that the p-th annealed Lyapunov exponent converges to the quenched Lya-

punov exponent as p | 0. Since we are able compute the p-th annealed Lyapunov exponent for all
p € (0,00), we can prove this conjecture, cf. Theorem|2.10.

1 d
lim ~ log{u(t,0)") = [@log(u(t,O)p)] oo = = (logu(t,0)). (1.6)

In order to formulate our results, we introduce some more notation. Let ¥ = (Y,)cr, be a
continuous-time random walk on Z with generator kA_j,. By P, we denote the underlying prob-
ability measure with P, (Y, = x) = 1 and we write E, for the expectation with respect to P,.. Let T,
be the first hitting time of n € Z by Y and define for € R,

1) = ( (10gEy exp { J To(g(m+/3>ds})+>,
0

L7(B):= ( (logE, exp{JTO(i(m+/5>dS})_>
0

as well as

L(B):=LT(B)—L™(B) (1.7)
if this expression is well-defined, i.e. if at least one of the two terms on the right-hand side is finite.
We denote f3,, the critical value such that L™(3) = oo for 8 > ., and L™(8) < oo for 8 < fB,,. With

this notation, we observe that L(f3) is well-defined for all § € (—o0, .,) at least. By constraining
the random walk Y to stay at site x with £(x) ~ 0 (cf. (1.2)), it can be easily shown that

B., €[0,x]. (1.8)

2 Main results

2.1 Quenched regime

We start by considering the quenched Lyapunov exponent A, and note that even the existence of
the limit on the right-hand side of (1.4) is not immediately obvious. We will impose that either the
random field & is ergodic and bounded, i.e.

Prob € L4{() 2.1)
for some b < 0, or that & consists of i.i.d. random variables, i.e.
Prob = nZ (2.2)

for some law 1 € .#,((—00,0]). We then have the following result.
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Theorem 2.1. Assume (1.2) and either (2.1) or (2.2). Then the quenched Lyapunov exponent A, exists
a.s. and is non-random. Furthermore, A equals the zero of 8 — L(—f) in (—f,,,0) or; if such a zero
does not exist, it equals —f3,,.

Remark 2.2. As f3., plays a crucial role here and in the following, we note in anticipation of Lemma

[5.5]that
B =x(1—+1-h?)

holds if (2.2) is fulfilled. In particular, we observe that (3, is independent of the very choice of the
potential in this case.

For an outline of the proof of Theorem 2.1/and in order to understand the corollary below, we remark
that the unique bounded non-negative solution to (1.1) is given by the Feynman-Kac formula

u(t,x) =Eyexp { ft g(Xs)ds} = ZEO exp {Jt E(Xs)ds}]lxt:n
0 nez 0

= ZE“ exp {ft ?;'(Yg)ds}]lytzo.
0

nez

(2.3)

Here, in analogy to Y we denote by X = (X;)cg, a continuous-time random walk on Z with gener-
ator kAy,. Note that X and Y may be regarded as time reversals of each other. Departing from (2.3),
the strong Markov property supplies us with

t
E, exp { f £(Y;) ds}]lytzo
0 (2.4)

:En(exp{JTo g(Ys)dS}]lTOSt(EoeXp{ft_ 5(Y5)ds}]lyt,r=o)r:T )
0 0 ’

The advantage of considering the time reversal of (2.3) is now apparent: For a fixed realisation of
the medium, the term E, exp{fot - &(Yy)ds}ly, _ sees the same part of the medium, independent
of which n € Z the random walk Y is starting from.

The proof of Theorem[2.1 now roughly proceeds as follows. Considering (2.3) and (2.4), the idea
is that the main contributions should stem from summands n ~ a*t, i.e.

u(t,0) < Z Enexp{f E(Ys)ds}]lyt:o. (2.5)
0

n~a*t

Here, a* > 0 denotes the optimal speed of the random walk X within the random medium, cf.
Corollary 2.3/ below. To show the desired behaviour we use large deviations for (T,/n),ey under
the perturbed measure suggested by (2.4) which in combination with further estimates yield the
variational formula

Ao = sup inf (=B +aL(f)), (2.6)

ac[0,y] B<Per

for y large enough, cf. Corollary[4.5| In this formula, the infimum over 8 optimises the behaviour
of Ty/n while the supremum over a optimises the speed of the random walk. As with respect to the

competition between the two factors exp{foT0 E(Y;)ds}lr <, and (E, exp{fot_r E(Y)ds}Hly, —o)r=r,
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appearing in (2.4), one can show that it makes sense for the random walk to linger in the bulk
and only hit O shortly before time t, i.e. Ty ~ t (indeed, this is implied by the reasoning about
the supremum directly after (4.3)). With (2.6) at hand, it is an easy task to complete the proof of
Theorem|2.1. See section 4/ for further details.

As a byproduct we obtain the following corollary on the optimal speed of the random walk X in the
random potential &, i.e. under the Gibbs measure

() = Eq eXP{fOt E(X,)ds}ly c.
HOF EoeXP{fot £(X,)ds}

on R. In particular, we say that the random walk X in the random potential £ has speed a* if
X/t > a*in ]P’f probability as t — oo.

Corollary 2.3. Let the assumptions of Theorem 2.1 be fulfilled.

(@) Iflimgyg L(B) > 0, then for all € >0,
t
. 1
Ao > limsup T log Eq exp { f E(X,) ds}]lxtgét(a*_s,a*ﬂ)
t—00 0

with .
Eq Toexp{ [, *(£(Y;) — Ag) ds}

Ey exp{ [, " (£(%,) — Ao)ds}

(b) Iflimgg L(B) =0, then for m € [0, (limgyp. L'(B)) '] and all € > 0,

o = (L(=Ag)) ) = >_1 & (0, 00).

N f
AO = htrgg}f? log EO exp { J;) g(Xs) ds}]lXtet(m—e,m+£)>

while

] t
A‘O > lim sup ? log EO exp { J g(XS) ds}nxf¢t[_s’(ﬁmﬁTﬁcr L'(B)) 14¢]-
0

t—00

(0) Iflimgyg L(B) <O, then for all € >0,

1 ‘
Ap > limsup — log E exp { f E(Xy) ds}]lxt@(_g,g).
t—00 t 0

Remark 2.4. (a) The existence of L’ under the assumptions of part (b) from above will be shown in
Lemma 3.5 below. Since L is increasing and convex on (—o0, f3,.), the limit limgg_ L'(B)>0
then exists.

(b) Part (b) of the corollary can be viewed as a transition between the cases (a) and (c), which
correspond to the positive and zero-speed regimes, respectively. Note that the result of (c)
can be considered a screening effect, where the random walk is prevented from moving with
positive speed due to the distribution of £ putting much mass on very negative values, cf. also
[BKO1b].
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(c) Inspecting the proof of this corollary, one may observe that continuing the corresponding ideas
we would obtain a large deviations principle for the position of the random walk under the
above Gibbs measure. However, since our emphasis is rather on Lyapunov exponents and
intermittency, we will not carry out the necessary modifications.

(d) In this context it is worth mentioning that in [GdH92] the authors consider a discrete time
branching random walk with drift in random environment. They derive a variational formula
for the optimal speed which on the one hand is more involved than the one we obtain in the
above corollary, but on the other hand provides information on the optimal path behaviour of
the random walker as well.

Furthermore, also in the discrete time context, in [Flu07] large deviations principles for a
random walk with drift in random potential have been derived using the Laplace-Varadhan
method applied to earlier results of [Zer98]. However, it has to be emphasised that in the
model treated there the influence of the drift of the random walk is essentially different from
our situation; in fact, it only appears in terms of the end point of the random walker at a given
time, while in our model the influence of the drift is also via the length of the random walk
path.

Similarly to corresponding results in [GdH92], in the context of Corollary it is interesting to
investigate the dependence of the speed on h. For this purpose, for the rest of this subsection we
write L, to denote the function we previously denoted L.

Proposition 2.5. Assume (1.2) and (2.2).

(a) For h > 0small enough the assumptions of Corollary|2.3 (c) are fulfilled and thus a.s. the random
walk in the random potential & has speed 0.

(b) Iflimgy, L1(B) > O, then for h < 1 large enough the assumptions of Corollary|2.3 (a) are fulfilled
and thus a.s. the random walk in the random potential & has speed a*.

Iflimgy, L1(B) <0, then for h < 1 large enough the assumptions of Corollary 2.3(c) are fulfilled
and thus a.s. the random walk in the random potential & has speed 0.

Note here that it may happen that the random walk has speed 0 for h arbitrarily close to 1 which is
different from the results of [GdH92].

In addition to the behaviour proven in Proposition|2.5] we conjecture that the speed of the random
walk in the random potential £ is nondecreasing as a function of the drift parameter h € (0, 1].

Since the proof of Proposition 2.5 requires results developed later on, it is postponed to section|7|
2.1.1 Further properties of the quenched Lyapunov exponent

Writing Ay(x) to denote the dependence of A, on k, we get the following properties for the quenched
Lyapunov exponent.

Proposition 2.6. Let the assumptions of Theorem 2.1 be fulfilled.

(a) The function (0, 00) 3 k — Ay(x) is convex and nonincreasing.
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(b) lim, o Ag(x) =0

(c) The limits lim,_, o, k' Ao(x) and lim, ;o k' A((x) exist and are given by

1 t
lim lim —logEo exp J {(Xs)ds} =0 2.7)
x|0 t—00 0
and
1
lim thrn —logE, exp J E(X; )ds e [-1,0), (2.8)

respectively, where X is generated by Ay,

2.2 Annealed regime
In order to avoid technical difficulties, we always assume that
Prob = nZ (2.9)

for some 1 € #1([b,0]) and b € (—o0,0) in the annealed case. We are interested in the existence
of the annealed Lyapunov exponents A, for all p > 0 and will derive specific formulae for them. The
proof will use process level large deviations applied to the random medium &. In order to be able to
formulate our result, we have to introduce some further notation. For { € ¥;, we denote by R,({)
the restriction of the empirical measure n™* Zz;é Sgror € M1(Zp) tO //tl(Z};;) Using assumption
we get that the uniformity condition (U) in section 6.3 of [DZ98] is satisfied for (§(x))ez-
Hence, Corollaries 6.5.15 and 6.5.17 of the same reference provide us with a full process level large
deviations principle for the random sequence of empirical measures (R,, 0 £),cy On scale n with rate
function given by

Sv) = { H(vilvy®m), ifv is shift-invariant, (2.10)

00, otherwise,

forv e //11(2;;). In this expression, H denotes relative entropy and writing 7t; for the projection
mapping from RN to R given by (Xpnen, > (Xg,---,Xk_1), measures v;" are defined as follows:
For i € {0,1} and shift-invariant v € //11(2;;), we denote by v the unique probability measure on
[b,0]%"(=%%] guch that, for each k € N and each Borel set " C [b, 0]%,

'Vl*({( s X415 'in) : (xi—k-i-l) . 'in) € r}) =vo ﬂ:lzl(r)

Note that v is well-defined due to the shift-invariance of v. Furthermore, set

Ty
L(/s,v):f logﬁlexp{f (%) +B)ds fv(dD)
sy 0

b

%If clear from the context, we will interpret elements v of .#,(Z,) as elements of ./, (X;) without further mentioning
by considering v o n;l instead, where 7, : (x,)uez — (X;)nen,- In the same fashion, we consider elements of %, as
elements of .
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forallfeRandv € //tl(E;;). In particular, we have L(f8) = L(f3, Prob). Employing the notation

L)
r(p):= sup (L(Bv)-——), PeR, (211)
veu;(s)) p

we are ready to formulate our main result for the annealed setting.

Theorem 2.7. Assume (1.2) and (2.9). Then, for each p € (0,00), the p-th annealed Lyapunov
exponent A, exists. Furthermore, A, equals the zero of § — L,?(—PB) in (=B, 0) or; if such a zero
does not exist, it equals —f3.,.

Remark 2.8. (a) In fact, L;up has at most one zero as it is strictly increasing, cf. Lemma
below.

(b) Recall that as (2.9) implies (2.2), we once again infer 8., = k(1 — v/ 1 — h?), cf. Remark[2.2.

With respect to the proof of this theorem, it turns out that the asymptotics of the p-th moment
(u(t,0)P) is the same as the quenched behaviour of u(t,0)P but under a different distribution of
the environment &. This will be made precise by the use of the aforementioned process level large
deviations for R, o &.

The term L;”p defined in (2.11) and appearing in the above characterisation of 7Lp admits a con-
venient interpretation as follows. On the one hand, distributions v of our random medium which
provide us with high values of L(f8,v) can play an important role in attaining the supremum in the
right-hand side of (2.11). On the other hand, we have to pay a price for obtaining such (rare) dis-
tributions, which is given by .#(v)/p. As is heuristically intuitive and evident from formula (2.11),
this price in relation to the gain obtained by high values of L(f3,v) becomes smaller as p gets larger.
Note that, heuristically, L(-,v) corresponds to the function L characterising the quenched Lyapunov
exponent for a potential distributed according to v.

As mentioned before, we are interested in the intermittency of u for which we have the following
result:

Proposition 2.9. Let the assumptions of Theorem 2.7 be fulfilled. Then for p > 0 large enough, the
solution u to (1.1) is p-intermittent.

Furthermore, as mentioned previously, one expects the p-th annealed Lyapunov exponent A, to
converge to the quenched Lyapunov exponent Ay as p | O.

Theorem 2.10. Let the assumptions of Theorem 2.7|be fulfilled. Then

lim 4, = o.

2.2.1 Further properties of the annealed Lyapunov exponent

In addition to the previous results we have the following properties of the annealed Lyapunov expo-
nents.

Proposition 2.11. Let the assumptions of Theorem 2.7 be fulfilled.
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(a) The function p — A, is nondecreasing in p € [0, 00).
(b) The function p — pA,, is convex in p € (0, 00).
(¢) For any p € [0,00), k — A,(x) is convex in k € (0, 00).

(d) If uis p-intermittent for some p € (0,00), it is q-intermittent for all ¢ > p as well.

2.3 Related work

The parabolic Anderson model without drift and i.i.d. or Gaussian potential is well-understood, see
the survey [GKO5] as well as the references therein. As a common feature, these treatments take
advantage of the self-adjointness of the random Hamiltonian kA + £ which allows for a spectral
theory approach to the respective problems. In our setting, however, the (random) operators k Ay, +
& are not self-adjoint, whence we do not have the common functional calculus at our disposal.
As hinted at earlier, we therefore retreat to a large deviations principle for the sequence Ty/n.
Heuristically, another difference caused by the drift is that the drift term of the Laplace operator
makes it harder for the random walk X appearing in the Feynman-Kac representation (2.3) of the
solution to stay at islands of values of & close to its supremum O.

Our model without drift has been dealt with in [BKOla] (not restricted to one dimension) and
[BKO1b]. Here the authors found formulae for the quenched and p-th annealed Lyapunov exponents
for all p € (0, 00) using a spectral theory approach; as mentioned before, in their investigations they
relied on a weaker notion of intermittency. Furthermore, they investigated the so-called screening
effect that can appear in dimension one.

A situation similar in spirit to ours has been examined in the seminal article [GdH92] motivated
from the point of view of population dynamics. The model treated there is a discrete-time branching
model in random environment with drift and corresponds to the case of a bounded i.i.d. potential.

Their aim is the investigation of the quenched and first annealed Lyaupunov exponents and their
starting point is similar to ours in the sense that they look for the speed of optimal trajectories of the
random walker, which in our situation corresponds to a* of (2.5). Due to the discrete time nature
of their model, it is then possible to single out the dependence of the drift term just in terms of large
deviations for what in our model corresponds to Y,,/n under the perturbed measure. In contrast, the
dependence of the drift term in our model appears in the function L which is less explicit.

Continuing their investigation they obtain a representation of the quenched and annealed Lyapunov
exponents by the use of large deviation principles for the speed as well as for a functional of a empir-
ical pair distribution of a certain Markov process; the latter is important due to its close connection
to local times of the random walk. As a consequence, the resulting variational formulae character-
ising the Lyapunov exponents are on the one hand more involved than the ones we obtain; on the
other hand, their evaluation gives rise to a deeper understanding of the path behaviour of optimal
trajectories of the random walk.

While the authors obtain a more explicit dependence of the results on the drift parameter h than we
do, an advantage of our approach is that we may compute the p-th annealed Lyapunov exponents
for all p € (0,00) and characterise them in a simpler way.

Also in the context of discrete time, it is well worth mentioning recent results of [Flu07]. Departing
from a different model, the author computed the quenched and first annealed Lyapunov exponents
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and obtains large deviations for discrete-time random walks with drift under the influence of a
random potential in arbitrary dimensions. Using the Laplace-Varadhan method, he derives the result
from a large deviations principle established in [Zer98] for the case without drift. Note also that the
moment generating function appearing in the derivation of the large deviations principle of [Zer98]
is quite similar in spirit to our function A.

However, coming back to [Flu07], it is not clear how to apply the corresponding techniques to our
situation. Firstly, as pointed out in [Zer98], this large deviations principle does not carry over to the
continuous-time case automatically, which also involves large deviations on the number of jumps
leading to quantitatively different results. In particular, the way the drift term is taken into account
is substantially different to the situation we are dealing with: While in the model of [Flu07] the
drift only enters through the end point of the random walk at a certain time, in our situation the
influence of the drift also depends on the number of jumps the random walk has performed up to a
certain time; again, this is an effect that cannot appear in the context of discrete time.

Secondly, and more importantly, it is not clear how to adapt the methods of [Zer98] and [Flu07] to
obtain 4, for general p € (0, c0), which is the main focus of this paper.

2.4 Outline

Section [3 contains auxiliary results both for the quenched and annealed context. The proofs of
Theorem [2.1/and Corollary 2.3/ will be carried out in section|4. In section|5 we prove some results
needed for the proof of Theorem 2.7. The latter is then the subject of section |6, while section [7|
contains the proofs of the result on the transition from zero to positive speed (Proposition[2.5) as
well as the proofs of the results of subsections|2.1.1 and[2.2.1. Furthermore, the intermittency and
continuity results, Proposition 2.9 and Theorem|2.10} are proven in this section.

While the results we gave in section (2 are valid for arbitrary h € (0, 1], the corresponding proofs in
sections [3 to 6 contain steps which a priori hold true for h € (0,1) only. Section (8 deals with the
adaptations necessary to obtain their validity for h = 1 also. Finally, in section(8 we will also give a
more convenient representation for A, with p € N, see Proposition(8.2.

3 Auxiliary results

In this section we prove auxiliary results which will primarily facilitate the proof of the quenched
results given in section[2] but will also play a role when deriving the annealed results.

All of the results hereafter implicitly assume (1.2) and (1.3) mentioned in subsection[1.1.

The main results of this section are Proposition[3.1] which controls the aforementioned term, and
the large deviations principle of Theorem |3.8, which helps to control the remaining part of the
right-hand side in (2.4). The remaining statements of this section are of a more technical nature.

The following result is motivated in spirit by section VIL.6 in [Fre85]. Note that we exclude the case
of absolute drift h = 1.

Proposition 3.1. (a) For h€(0,1) and x, y € Z, the finite limit

* : 1 t
¢ 1= lim ?log]ExeXp{L E(¥,)ds Ty, G-
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exists a.s., equals

1 t
sup —logkE, exp{J £(Ys)ds}]lyt:0 3.2)
te(0,00) L 0
as well as
1 t
lim ~ logEy exp{fo E(V)ds Mg, o cy,-0 (3.3)
for all M € Z\{0}, and is non-random. Furthermore, ¢* < —f,,. If either (2.1) or (2.2) hold
true, then
" =—B- (3.4)
(b) For B > —c*, we have
To
E, exp{f (i(Ys)+[a’)ds} =00 a.s. (3.5)
0

If either (2.1) or (2.2) hold true, then for each B < 3., there exists a non-random constant
Cp < 00 such that

Ty
Elexp{J (£(K)+ﬁ)ds}scﬁ a.s. (3.6)
0

Remark 3.2. Identity (3.4) links the two expectations in (2.4), one involving fixed time, the other a
hitting time. As such, it will prove useful for the simplification of the variational problems arising in
sections4 and 6!

Proof. We start with the proof of (a) and split it into four steps.
(i) We first show that for all x, y € Z, the limit in (3.1) exists and equals the expression in (3.2).
For t > 0 and x, y € Z, define

Py (1) = logE, exp{f CALTS
0

Using the Markov property, we observe that p , is super-additive. Therefore, the limit c* of p o(t)/t

as t — oo exists and
*

c*= sup pgo(t)/t € (—00,0]. 3.7)

te(0,00)

For x,y € Z, the Markov property applied at times 1 and t + 1 yields

t+2
Eyexp | f ) ds}y,,-,
0
t+2
2 E, (]l}’se{O/\x ..... Ovx} Vse[0,1],Y; =0 €XP { J g(Ys)ds} .9)
0 )

X ]lYtH:O,Yse{O/\y ..... OVy}VSE[H-l,H-Z],YHz:y)

t
z Cx,_yEO exp { f g(Ys) ds}]lYtzo,
0

2294



where c, , is an a.s. positive random variable given by

x’y
Cy 1= min eg(k)XPX(YSE{O/\X,...,OVX}VSE[0,1],Y1:0)
> ke{OAx,...,0vx}
x min M xPy(Y,€{0AYy,...,0Vy}Vse[0,1],Y; =y). (3.9)
ke{OAy,...,0Vy}
Similarly,

t+2 t
Eg exp{J é(Ys)ds}]lYm:O >y By exp{f é(Ys)ds}]lYt:y. (3.10)

0 0

Now, combining (3.7) to (3.10) we conclude that lim,_, Py, (t)/t exists and equals (3.2).
(ii) We next show that ¢* is non-random and (3.3) holds.

Naming the dependence of ¢* on the realisation explicitly, we obtain
" =c"(§)=c"(00¢&)

by the use of (i). Thus, ¢* is non-random by Birkhoff’s ergodic theorem.
In order to derive (3.3), observe that for M € N the function

t
pu(t) :=logEg exp { f JCALT S P
0

is super-additive. Hence cy, := lim,_,o, pp(t)/t is well-defined and equals sup,¢(g o) Pm(t)/t. Obvi-
ously, py(t) is nondecreasing in M and py,(t) < pg o(t), whence

cy <c* (3.11)

for all M € N. On the other hand, since cy, > py,(t)/t and py(t) T pgo(t) as M — oo, we get
limy_,o Cy; = Poo(t)/t for all t and, consequently, limy,_,, c;, > c*. Together with it follows
that

lim ¢y, =c". (3.12)

M—o00

Similarly to the previous step we compute

t+2

Eqexp {f f(Ys)ds}]lT_qu,YM:o
0

t
> cy,1E; exp { f &(Yy) ds}]lT_M>t,Yt:1
0

t
= c11Epexp | f (008 ds}ir ., ~ero
0

Taking logarithms, dividing both sides by t and letting t tend to infinity, we obtain c,(&) = ¢, ,(6 0
&). Iterating this procedure and using the monotonicity of cy; in M, we obtain

k—1 n

1 . 1 .
ch(8)> HZCX/H_].(QJ °&)+~ ZCX/H_I((QJ 0&)

j=1 j=k
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for all n € N and k < n. Birkhoff’s ergodic theorem now yields ¢, (&) = (cy,, (&) a.s. for all k €N.
Because we clearly have cj, (&) < ¢, +1(&), this implies that ¢y is constant a.s. and independent of
M. Due to (3.12) this gives ¢y, = ¢ a.s. for all M € N, and thus c* equals (3.3) for all M € —N. By
a similar derivation as above we find that c¢* equals (3.3) for all M € Z\{0}.

(iii) The next step is to prove that ., < —c*.

Given t, e > 0, we apply the Markov property at time t to obtain

T,

Eoexp{f (g(Ys)—c*Jrg)ds}
0
T,

ZEoexp{f (E(Y) = " +€)ds } My o0
0

¢
=Eqexp { J (E(Y) —c"+¢) ds}]lT,1>t,Y[=0
0

xEOexp{J

0

T

)+ )ds}.

The second factor on the right-hand side is positive a.s. while, as we infer from (3.3) for M = 1, the
first one is logarithmically equivalent to e*¢. Thus, we deduce

T,

Eoexp{J (E(Ys)—c*+£)ds} =00 a.s., (3.13)

0
and, using the shift invariance of £, we get

T
Elexp{f (g(Ys)—c*—lrs)ds}=oo a.s. (3.14)
0

In particular, this implies L™ (—c* + &) = oo and thus 3., < —c*.
(iv) This part consists of showing that 3., > —c* if either (2.1) or (2.2) is fulfilled.
Note that the shift invariance of & yields

1#(6) = ((1ogEo exp{fnl(amnmds})*).
0

Using (3.7) as well as (3.10) and taking into account that ¢* < 0, we get

t
[E, exp {J §(Y5)d5}]lyt:_1 < ec*t/c_w (3.15)
0

for all t € (0, 00). Consequently, we compute for n € N and ¢ > 0:

T,

Eq exp { f (E(Y)—c"—¢) ds}]lT_le(n—l,n],Ysz—l Vse[T_,,n]
0

" (3.16)
<Eoexp | f E(¥)ds} Ly, 1 expl~E(~ D)} exp{—c'n - e(n — 1}
0

<exp{—e(n—1)—&(-1D}/c_1o as,
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where we have used ¢* < 0 to deduce the first inequality and (3.15) to obtain the last one. Analo-
gously, the strong Markov property at time T_; supplies us with the lower bound

T,

Eqexp { J (E(Y)—c"—¢) ds}]lT_le(n—l,n],YS:—l Vse[T_y,n]
0
(3.17)

T
ZEoexp{f

()~ ¢~ e)ds Ly et P (Y = ~1Vs €[0,1]).
0

Since Po(T_; < 00) = 1, combining (3.16) with (3.17) and summing over n € N, we get

T,
Eqexp { j (&(Y,)—c" — e)ds} <cC Z exp{—en} < oo a.s., (3.18)
0 neN
where
C:=(P_y(%, =-1Vs€[0,1])) ' expfe — E(—~1)}/c_y 0. (3.19)

We now distinguish cases and first assume (2.1). In this case, c_; , can be bounded from below by
some constant ¢_, , > 0 a.s., whence C can be bounded from above by the non-random constant

C:=(P_1(Y, =—1Vs€[0,1])) " exp{e — b}/c_, , (3.20)

In particular, using (3.18) this implies L*(—c* — €) < 0o, whence we deduce f3,, > —c*.

To treat the second case assume (2.2). Due to and (2.2), we infer Prob(&(—1),£(0) > b) > 0
for any b € (—o0, 0); fix one such b. On {5(—_1), £(0) = b}, as before, C may be bounded from above
by the corresponding non-random constant C of (3.20) and therefore

T,
Eoexp{J (E(ry)—c* —s)ds} SEZexp{—sn} <00 (3.21)
0

neN

Prob(:|£(—1),&(0) > b)-a.s. Since the left-hand side of (3.21) does not depend on the actual realisa-
tion of £(—1), (3.21) even holds Prob(:|£(0) > b)-a.s. But the left-hand side of (3.21) is increasing
in £(0), whence (3.21) holds Prob-a.s. This finishes the proof of part (a).

It remains to prove (b). The first part was already established in (3.14). Under assumption (2.1),
the upper bound is a consequence of (3.18) with C replaced by C of (3.20); otherwise, if (2.2) is
fulfilled, the upper bound follows from the last conclusion in the proof of part (a) (iv). O

Proposition (3.1 enables us to control the asymptotics of the second expectation on the right of (2.4).
To deal with the first expression, we define for n € N and { € =% the probability measures

T
PE(A) = (Z9) B, exp { f (V) ds 1
0

with A € & and the normalising constant

Zf: = Enexp{fTo Q’(Ys)ds}.
0
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The expectation with respect to ]P’T‘:1 will be denoted Eg By considering IF’E o (Ty/n)~!, we obtain
a random sequence of probability measures on R, for which we aim to prove a large deviations
principle (see Theorem [3.8 below). As common in the context of large deviations, we define the
moment generating function

1
A(B) := lim ~logE exp{fTo} = (logEj exp{fTo}), B ER,
where the last equality stems from Birkhoff’s ergodic theorem. Note that
A(B)=L(B)— L(0) (3.22)

whenever the right-hand side is well-defined.

The following lemma tells us that the critical value 3, of L™ also applies to A and is positive.

Lemma 3.3. Assume h € (0,1). Then

(@) A(B) < oo for B < B, while A(B) = oo for B> f,;
(b) B., is positive.

Remark 3.4. Note that for h = 1 we can explicitly compute 5., = k as well as ¢c* = £(0) — k. In
particular, h = 1 is the only case in which ¢* is random, cf. Proposition (3.1 (a).

Proof. (a) Since Zf <1, we get

T, .
(logEl exp{f (E(Ys)-i-ﬁ)ds}) Slog]Ef exp{f Ty} (3.23)
0

for B > 0. Consequently, since 3., > 0, it is evident that A(f8) = oo for § > f3.,. For the remaining
part of the statement, we estimate with 8 € [0,k) :

E, exp { foTO(g(Ys) +6) ds}]lTosz
E, exp{foTo E(Y,)ds}p <,
L Erexp ([ (600 + Pds} tr,z,
Eyexp { [,° E(¥,) ds} Ly <r,
14h__ «x +%mEZEXp{J‘OTO(€(Ys)+ﬁ)dS}

ES exp{fTo} <

_ 2 xE0)-p
1+h _ «
%K—E(l)
K —E(1) o
< m(l +EzeXP{ . (E(Ys)‘i‘ﬁ)ds})

K

kK—f
To

X [Eq exp{J (§(Ys)+/3)ds}) a.s. (3.29)
0

<

(14+m exp f TO((GOE)(YsHﬁ)dS}
0
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Taking logarithms on both sides and using the inequality log(1 + xy) < log2 +log™ x +log™ y for
x,y > 0, we arrive at

K

logEf exp{fTy} <log o

7 +1log2 + (logIEl exp{J;To((Q 05)(Ys)+/5)ds})+

+ (logEl exp{JTO(E(Ys)+[3’)ds})+. (3.25)
0

We observe that for f < f8.,.(< k due to (1.8)) the right-hand side is integrable with respect to Prob
and hence so is the left-hand side; thus, A(f) < oo for 8 < f3.,.

(b) It is sufficient to prove ., > 0 for the vanishing potential £(x) = 0. But in this case we have
B.r = —c* due to part (a) of Proposition|3.1. Therefore, using the definition of c*, the proof reduces
to a standard large deviations bound and will be omitted.

O

We next prove the following properties of L defined by (1.7). Recall that L is well-defined for
ﬁ < ﬁcr'

Lemma 3.5. (a) IfL(3) > —oo for some 8 € (—o0, f.,.), then the same is true for all f € (—o0, B.,).

(b) If the function L is finite on (—oo, B.,), then it is continuously differentiable on this interval. Its
derivative is given by

E1 Ty expf fOT°(£(n)+/5)ds}>

L'(B) =
< Ey exp{ [, " (£(%,) + B)ds}

(3.26)
(c) If the assumptions of (b) apply, then
ﬁlim L'(B)=0.

Remark 3.6. When L is finite, this lemma yields that A’() is also given by the expression in (3.26)
(cf. (3.22)).

Proof. (a) Assume L(f3) > —oo for some f§ € (—o0, 3.,). Due to the monotonocity of L, it suffices
to show L(f8 —¢) > —oo for all ¢ > 0. We apply a reverse Holder inequality for ¢ < 0 < r < 1 with
q '+ r~1 =1 to obtain

To
Elexp{J (E(¥) + B —c)ds}
° T, T,
=E1exp{J (E(¥)+B)/rds } exp { J ((E(Y)+B)/q —c)ds}
0 0

> (Byexp{r f TO(E(KH/J’)/rds})%(El exp{q f TO((E(Y;)Jr/J’)/q—C)dS})
0 0

(oo [ e epras)) (o] [ o vp-aras))’
0 0
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Using the definition of L, we obtain
1 1
LB =)= LB+ LB —q)

and for |g| > 0 small enough such that f — qc < f3,,, the second summand is finite. The first
summand is finite by assumption, whence the claim follows.

(b) The proof is standard and uses assertion (3.6) of Proposition [3.1 in the case h € (0,1). The
details are left to the reader.

(c) Due to (b) it is sufficient to show that the integrand converges to O pointwise and then apply
dominated convergence@ to infer the desired result.

For this purpose fix a realisation of the medium and observe IP’? oTy ! <« A with A denoting the
Lebesgue measure on R, . Then the random density

13 —
_dPioT, !
' da

is well-defined. It follows that

ES Toexp{BTo} = f x exp{fx}f(x)dx

Ry

and splitting this integral we compute for ¢ > 0 and 3 < O:

€ € 1 1
J xexp{fx}f(x)dx > CJ xexp{fx}tdx = c(ﬁx exp{fx}l5_o — E(exp{[s’s} — 1))
0 0 (3.27)
= (% expifie} + = — = expife}),
5 B*  p?

where ¢ > 0 is chosen such that f > ¢ holds A .j-a.s. Similarly, the remaining part is estimated by

J xexp{fx}f(x)dx < 8eXp{/36}J f(x)dx < eexp{fe}

for B < —e L. Thus, for each ¢ > 0 we can choose 3 small enough such that Ef Toexp{f T}ty >, <
Ef Ty exp{f3To}11,<, whence it follows for such 3 that

Ef Toexp{f Ty} < 2€E§ exp{f Ty}
This proves that the above integrand converges to O a.s. for § — —oo and the result follows. O

In contrast to L, the function A may never take the value —oo, as is seen in the following lemma.

Lemma 3.7. A(f3) > —oo for all B € (—o0, B.,)-

3 Indeed, dominated convergence is applicable since the integrand is increasing in 3 as one can check by considering
its derivative, and it is integrable for § =0, cf. e.g. (3.24), Lemma(3.3](b) and Proposition[3.1] (b).
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Proof. Due to monotonicity, it is sufficient to show A(f) > —oo for all § € (—o0, 0). For this purpose
we choose such 8 and estimate

Erexp{fy"(E(X) +F)ds}  Eyexpl [, "(€%) + B)ds}iyer,
Byexp{[,  £()dst  Eyexp{[)” E(Y) dsHly,<r, (Py(To < Tp))
_1+h k- E(1)
2 k=EM-p

Taking logarithms and expectations, we see that A(f) > —oo for all § € (—o0,0). O]

We now have the necessary tools available to tackle the desired large deviations principle. Let A*
denote the Fenchel-Legendre transform of A given by

A(a):= ;ug(ﬁa —A(B))= sup (Ba—A(B)), acR,

ﬁ<ﬁcr

where the second equality is due to Lemma|(3.3 (a). Furthermore, for M >0, n € Nand { € ©*
define
Py, =PIt <M Vkefl,...,n}}) (3.28)

where
Tk = Tk—l — Tk) k €N. (329)
The corresponding expectation is denoted by E;";[,n.

Theorem 3.8. For almost all realisations of &, the sequence of probability measures (Pg o(To/n) Vpen
on R, satisfies a large deviations principle on scale n with deterministic, convex good rate function A*.

Proof. Being the supremum of affine functions, A* is lower semi-continuous and convex. Further-
more, since A(0) = 0, it follows that A*(u) > 0 for all u € R. Choosing 8 € (0, .,), which is possible
due to Lemma|3.3 (b), we find that for any M > 0O the set

{aeR:Ba—AB)<MIn{aeR: —fa—A—B) < M}

is compact and, in particular, A* has compact level sets; thus, A* is a good convex rate function.

The upper large deviations bound for closed sets is a direct consequence of the Gartner-Ellis theorem
(cf. Theorem 2.3.6 in [[DZ98]).

To prove the lower large deviations bound for open sets, we cannot directly apply the Gartner-Ellis
theorem since the steepness assumption (cf. Definition 2.3.5 (c) in [DZ98]) is possibly not fulfilled.
Indeed, if h = 1 it may occur that limg;g |A ()| < oo since in this case 8., =,

EfTOeXp{[o’TO} 1
PlosN _/_ * 3.30
Efexpmo}> e/ (3:30)

and A is steep if and only if —1/&(0) is not integrable.

N =

To circumvent this problem, we retreat to the measures Pjéw ., and for the corresponding logarithmic

moment generating function we write
1
Aw(B) = lim ~logEy, ,exp{BTo} = (IogEf,  exp{BTo}), B <R,
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where the equality is due to Birkhoff’s ergodic theorem. Using dominated convergence, one checks
that A, is essentially smooth (cf. Definition 2.3.5 in [DZ98]). We may therefore apply the Gértner-
Ellis theorem to the sequence (IP’E/[,H 0 (Ty/n) 1),ey to obtain for any G € R, open and x € G the
estimate

1
liminf — logIP’fw Lo (To/n) HG) = =A%, (x), (3.31)
n—o n E

where A}, (a) := supger(Ba — Ay () denotes the Fenchel-Legendre transform for a € R.

In order to use this result for our original problem, we recall that a sequence of functions (f,,),en
from R to R epi-converges to a function f : R — R at x; € R if and only if

liminffn(xn) = f(XO)
n—oo
for all sequences (x,),ey € R converging to x, and

limsup f,,(x,) < f(xo)

n—o0
for some sequence (x,),ey C R converging to x.
Using the facts that
(a) A is continuous on (—oo, f3.,),
(b) Ay — A pointwise as M — oo,

(c) Ay is a monotone function and the sequence (Ay;)yey is monotone when restricted either to
(—00,0] or [0, ),

we deduce that A;; epi-converges towards A as M — oo. Therefore, since we note that A (cf. Lemma
3.7) and the (Ay;)yen are proper, lower semi-continuous and convex functions, we conclude using
Theorem 11.34 in [RW98] that A}, epi-converges towards A* as M — oo along N. Choosing G and
x as above we therefore find a sequence (xy;)yeny € G with limy,_,, A},(x)) = A*(x). Employing
(3.31) we thus obtain

1
lim sup liminf — logIP’fVI (To/n)"H(G) = —A*(x),
—0 h >

M—oo

which in combination with
P o (To/n)H(G) = Py, (To/n)1(G) - Py, (1 <M Vk €{1,...,n})

yields
1
liminf — log]P’f1 o (Ty/n)"HG) > —A*(x).
n—oo n

This finishes the proof of the lower bound.
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4 Proofs for the quenched regime

The outline of this section is as follows. We will use the large deviations principle of Theorem 3.8
to derive a variational formula for the lower logarithmic bound of u (cf. Lemma/4.1). In combina-
tion with further estimates, the large deviations principle will also prove valuable in establishing a
similar estimate for the upper bound, see Lemma [4.2] Combining Lemmas|4.1 and 4.2 we obtain
Corollary 4.5 and can then complete the proof of Theorem 2.1l Both the lower and upper bounds
will essentially depend on the fact that can be used to obtain (2.5). This result will then be
shown explicitly to yield the proof of Corollary 2.3\ Here, < means exponential equivalence.

We start with the proof of the lower bound.

Lemma 4.1. Let I C [0,00) be an interval. Then for almost all realisations of &,

t
liminf — logZE exp J §(Ys)ds}]lyt:0 sup 1nf( B+ aL(f)). 4.1
0

t—00
netl aelu(m{o})

Proof. For 6 >0 and a &I we obtain using (2.4):
t
E |4 exp f g(Ys)ds}]lYtzo

> E| g exp ?;'(Y)ds}]l To o1 (EOGXP{Jt_rE(n)dS}ﬂY[r:o)r:T)
0 0

0 lat] —a

Z me?gll)/a)E at] (eXP f aY)dS}]l 2. (0,1/a)n(m—5,m+5)

« (Boex f ey ) ).

Applying Proposition (a) to the inner expectation and Theorem to the remaining part of the
right-hand side, we have

t
hmmf logELatJexp J g(Ys)ds}]lYtzo

t—00

T
> sup (hmlnf logE| 4] €xp Jo E(YS)ds}]l%e(o’l/a)ﬂ(m_&mw)

me(0,1/a) ~ 7
1 t(1—a(m-46))
—i—htrgglf?logEoexp{fo E(Y)ds}]ly(1 a5y 0)
>  sup (a - inf A(x)+L(0)+(1—a(lm— 5))c*). 4.2)

me(0,1/a) x€(0,1/a)n(m—6,m+6)
Note here that for a potential unbounded from below, L(0) = —oo is possible; nevertheless, observe
that in this case also L(8) = —oo for all B < f,,, see Lemma 3.5 (a). Therefore, the follow-
ing computations hold true even if L(0) = —oo. The lower semi-continuity of A* supplies us with
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limg | infye(0.1/a)n(m—5m+5) A (x) = A*(m). Hence, taking 6 | 0 in (4.2) yields

1 t
lllp_l)glf? log E| o) €Xp { L &(Yy) ds}ILYFO
> sup (a(—A*(m)+L(0))+(1—am)c¥)
me(0,1/a)

=c"4+a sup inf (m(B,., —B)+L(B)), 4.3)
me(0,1/a) B<Ber

where we used (3.22) and (3.4) to obtain the equality. Thus, the supremum in m is taken for
m = 1/a. Hence,

hmlnfllogE lat) €XP J E(Y)ds Ty_o= 1nf( B+ aL(B)). 4.4)

t—00

Now for the case a = 0 we observe
1 ‘
500 ¢ 0 s Y,=0 = ~ Mer
liminf — log Eq exp £(Y )ds 1 B

due to Proposition(3.1/(a). Since infg_g (—f + aL([J’)) evaluates to — 3., for a = 0, in combination
with (4.4) this finishes the proof of (4.1). O

Next, we turn to the upper bound which is slightly more involved.

Lemma 4.2. Let I C [0,00) be a compact interval. Then for almost all realisations of &,

t
hmsupglogZE exp L §(Ys)ds}]ly[ —0 Ssupﬁlr}jf( B+ aL(f)). (4.5)

t—00 netl a€l

Proof. (i) First, assume that infI > 0 and write I = [g,v]. Then for § > 0 we choose numbers

5yn _ 5 = b 5
(ag)i_, suchthate = af <aj <- <a =y and max;_; _,_ 1(01k+1 ay) < 6. Then

.....

limsup— logZE exp f 5(1@)‘13}]114:0
0

t—oo L netl

1 t
:k {I,la’),i 111rtllilélp?10g Z neXP{J;) g(Ys)ds}]lYtzo

netfa),ap ]

Using (2.4) and Proposition 3.1 (a) we get

Z EneXP{Jti(Ys)dS}]lyt:o
0

19
net[ak ak+1]

t—r

= Y E(ew] LTog(n)ds}nTost(Eoexp{ [ emad ) ) we

net[ai,agﬂ] 0

>

net[a

To
Enexp{f E(Ys)ds}ﬂ@S exp{c"(t — To)},
0 n

1

5

5 A
k%]
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which by (3.4) and the exponential Chebyshev inequality can be bounded from above by

T,
inf Y Eyexp{ J (E(%,) — " = B)ds } expic” t} exp{Bn/af}
0

p>0
net[af,agﬂ]
T, (4.7)
<expic’e) inf Y. Epew {f (£(Y,) + B)ds} expl(— — cIn/af}.
°r net[af,alfﬂ] 0
Therefore, combining (4.6) and (4.7) we arrive at
1 t
limsup— log Z E, exp{f E(Yg)ds}]lytzo
t—oo L 5 6 0
netfag,ay 41 (4.8)

4]
a’
< c*(l - a—g) +al ﬁgb{r(—ﬁ/ai + (A(B) + L(0))),

where ji = k if the summands on the right-hand side of have nonpositive exponential rates in
n for some > 0 and j, = k + 1 otherwise. Now if L(0) = —oo, then obviously the right-hand side
of equals —oo and holds true. Therefore, we assume L(0) > —oo from now on, which
due to Lemma 3.5/ (a) implies L(3) > —oo for all # € (—o0, fB.,.). By (3.22), the right-hand side of
evaluates to

o o

a: a:
wfq_ Jk Ik _ 5
¢ (1 . ) + . Jnf (=B +afL(B). (4.9)

Using Lemma [3.5/ (¢) one can show that the family of functions indexed by &, which are defined

piecewise constant by the right-hand side of (4.9) for a € [ag, aZH), ke{l,...,n—2},and a €

[ag_l, ai], converges uniformly in a € [¢, 7] to

ﬁi<nﬁfcr(—/3 +aL(B)) (4.10)

as 6 | 0. Taking & | 0 and the supremum over a € [¢,y], we therefore obtain from the previous
relations:

1 t
limsup ?log E E, exp {J g(Ys)ds}]IY[:o < sup 1<nﬁf (=B + aL(p)). (4.11)
0 cr

=00 nete,y] a€(e,y]

(ii) It remains to consider the case that infI = 0. Then we either find ¢ > 0 such that

N f
hmsup?logZEnexp{L §(Ys)ds}]lytzo

t—00

netl
1 t
= limsup — log Z E, exp{J &(Y;,)ds }]lytzo, (4.12)
t—oo net(In[e,00)) 0
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in which case the problem reduces to the previous case and (4.5) holds true in particular. Otherwise,
for each £ > 0 we have “>” in (4.12) instead of “=". We would then find a function ¢ : [0, 00) — N,
such that ¢(t)/t — 0 as t — oo and which satisfies the first equality in

t
hmsuptlogZ]E exp f E(Ys)ds}]lytzo

t—oo netl

t
—hmsup—long(t)exp Jg(Ys)ds Ty.—o

t—00

1
_hmsupzlogE(p(t) expj E(Y)ds}]lToq

X (EoeXP{JOt 5(Ys)ds}]lYt_r:0) :To)

< sup (hmsup—logIE © epr S(Y)dS}ilToaasa+a])

ac[§,1-6] ~ t—o

X sup Eoexp{ft_ E(Ys)ds}]lyt_rzo) (4.13)

retfa—6,a+6] 0

with 6 > 0 small. The exponential Chebyshev inequality for 8 € (0, .,) supplies us with

To
E¢(t)6XP{J E(Ys)ds}]lToz(a—a)f
0

T, (414
< B exp { f (E(Y,)+ B)ds } exp{—pla—8)t}.
0
Taking 6 | 0 and 3 T ., in this inequality, we deduce
To
hltnsur) - logEM exp J 3 (Ys)ds}]lTOZ(a—S)t < —af.
Now taking 6 | 0 in (4.13) we obtain in combination with Proposition[3.1](a):
t
lim sup— logZE exp J i(Ys)ds}]lyzo
t—00 t t
netl 0
< sup (—af.,+(1—-a)*)=-p,,. (4.15)

a<0,1]

ut —f3,, is just the result when replacing sup,; by @ = 0 in (4.5). This finishes the proof of the
lemma. =

The next result establishes the intuitively plausible fact that only summands in the direction of the
drift are relevant on an exponential scale.
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Lemma 4.3. For all 6 > 0 and y = 6 we have

hmsup log Z Eexp{JtE(Ys)ds}]lYtzo
0

t—o0 net[—y,—6]

—h t
< 5log T+ +11rn1nf log E E, exp J E(Ys)ds}]lyt:o a.s. (4.16)
0

net[8,y]
Proof. First we observe that the function

(0,00)3 a— ﬁi<r}5fu(—l3 +alL(p))

is either constant —oo (if and only if L = —o0 on (—o0, f3,,), cf. Lemma(3.5/(a)) or continuous, since
it is concave. In combination with the proofs of Lemmas 4.1 and 4.2 we therefore infer the existence
of a, € [8,y] such that

1 ‘ 1 ‘
tll)rgozlog Z[B: ]En exp{ ) S(Ys)ds}ﬂytzo tlgglozlogELam exp{ S(Ys)ds}ﬂytzo
net[d,y

sup 1nf ( /J’+aL([3’)) a.s.
ag[s,y]

Employing similar arguments, one may show that the analogues of Lemmas|4.1 and [4.2 for I C
(—00,0] also hold and we infer the existence of a_ € [—y, —&] such that

1 f 1 f
lim —log Z E, exp{ g(Ys)ds}]lyzo = lim —logE|, (| exp{ E(Ys)ds}]lyzo (4.17)
t—oo t netl 5] 0 t t—00 t 0 t

exists and is deterministic also. Next we observe that for n € N

E_neXp{f E(%)ds iy, = Egexp { f EX)ds [y,
0

1-h
= (1+h) Eqexp f E(Y)ds Ty__, (4.18)

4 (1—;:) Enexp{j0 §(Ys)ds}]lyt:o,

where the first equality follows from time reversal, the second by comparing the transition proba-
bilities of X and Y, and the last equality follows from the shift invariance of &.
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Employing (4.18) in combination with (4.17) we conclude

t
tll)rglo?log Z E, exp ji(Ys)ds}]lYt:O

net[—y,—6]

1
= hm ?logEa ¢] €Xp f §(Y)ds 1y
1-h
=la_|y + lim ~logE_j, jexp ] 0 i(Ys)ds}]lYt:o

1-h 1 ‘
< Ia_lm + tll)lgo m log Z E, exp {J g(Ys)ds}‘ﬂyt:o-
net[6,y] 0

Indeed, to justify the last equality note that the limits on both sides exist and are constant a.s.;
(4.18) then yields the equality in question. This finishes the proof. O

Lemma 4.4. We have

t
hmsup—log Z E, exp fﬁ(Ys)ds}]lytzoé—oo (4.19)
0

=0 n¢tl—r.r]

asy — oo.

Proof. Note that by the use of Stirling’s formula we obtain for y > ke:

Z]Enexp f E(Y)ds Ly < Zp (Ty<t) < ZZ _Kt(Kt)

n>yt n>yt n=ytk>n

e 03 (50)

n=zytk>n

“cen 3 (K)o (K

n=yt

where C is a generic constant depending on k and y, swallowing all sums appearing in the geometric
series. Since an analogous result is valid for

t
> Eexp| f &V ds Hy o,
n<-rt 0

we infer that (4.19) holds as y — oo. O

Corollary 4.5. The quenched Lyapunov exponent Aq exists and is given by

Ao = sup 1nf( B +aL(f)) (4.20)
ac[0,y] B<Per

for all y > 0 large enough.
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Proof. We take advantage of (2.3) to split fory > 0:

u(t,00< Y E,exp] J ta(mds}nyt:n
0

Tl¢[[—}’,'}/]

+ Z Enexp{fté(Ys)ds}]IY[:n (4.21)
0

nef0,yt]

+ > Enexp{ftamds}nyt:n.
0

ne[—yt,0]

Lemma [4.3yields that the third summand is logarithmically negligible when compared to the sec-
ond. Since the first summand can be made arbitrarily small for y large, according to Lemmal4.4, we
obtain in combination with Lemma

11msup110gu(t 0) < sup mf ( B+ aL(f))

t—00 a<[0,y]

for y large enough.

With respect to the lower bound, Lemma|4.1/in combination with (2.3) supplies us with

hmlnf logu(t 0) > supﬁlr}jf (=B + aL(p)).

a=0

Combining these two estimates we infer the existence of A, and the variational formula (4.20). O
We are now ready to prove the results of subsection

Proof of Theorem|2.1. Corollary|4.5| supplies us with the existence of A, and the variational for-
mula (4.20). If L does not have a zero in (0, 3.,), then we have L(f8) < 0 for all < .. Thus, the
supremum in « is taken in o = 0 and the right-hand side of (4.20) evaluates to —f,,. If L does have
a zero in (0, .,), then inspecting (4.20) and differentiating with respect to 3, we observe that the
supremum over a is a maximum taken in a = (L’(3,)) "}, with 3, denoting the zero of L in (0, B,,).
Consequently, we deduce that A, equals —f,, which finishes the proof. O

Proof of Corollary (2.3l (a) Note that L has a zero in (0, .,) by assumption and thus Theorem 2.1

implies —A, < f3,,. Therefore, by Lemma 3.5/ (b) we may deduce (L'(—24))"* € (0, 00).
Using the time reversal of (2.3) and Lemma 4.4], it suffices to show

1 t

Ao > limsup — log Z E, exp { J &(Yy) ds}]].ytzo (4.22)
(70 net([—y,r]\(@ —e,a*+e) 0

for y large enough. First, observe that due to Lemma 4.2 we have

limsup%log Z Enexp{ftg(ys)ds}]ly[:o

t—00 net([0,y]\(a*—¢,a*+¢))

< sup inf (—f + aL(f)). (4.23)
ac[0,y\(a* —¢,a*+¢e) B<Ber
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Differentiating the expression

— B +aL(p) (4.24)
with respect to 3 we obtain
<
E; Tyex T,
E] exp{fTo}

cf. Lemma 3.5 (b). Now (4.25) as a function of f is continuous at —A and inserting 8 = —A, as
well as a = o, the term in (4.25) evaluates to 0. Therefore, for ¢ € (0, a*) there exists 6 > 0 such
that for all @ with |a — a*| > ¢ and 8 with |8 — (—2A()| < &, the derivative (4.25) is bounded away
from 0. Since, according to Theorem 2.1} setting # = —A, in evaluates to A, independently
of the value of a, this boundedness yields

ﬁi<n,3fcr(—/5 +aL(B)) <Ao— 5"

for some 6* > 0 and all a ¢ (a* — ¢,a™ + €). Consequently, we get

sup inf (= +aL(B))<2A;—86% <A
ae[O,y]\(a*—e,a*+e)/5< cr

Therefore, using (4.23) we have

1 t
limsup — log Z E, exp{J i(Ys)dS}]lyt:o < Ag-
0

t—oo net([0,y]\(a*—¢,a*+¢))

Combining this estimate with Lemma([4.3 thus yields

T,
1 0
limsup — log E E, exp { J &(Yy) ds}]lytzo < Ao- (4.26)
0

t—oo net([-7,0]\(—a*—e,—a*+¢))

Furthermore, the same lemma supplies us with the first inequality in

T,
1 0
limsupzlog E E, eXp{J <§(Y5)ds}]1yt:0
0

t—00

net(—a*—e,—a*+¢) 4.27)

<(a*—¢)log + sup inf (=B + aL(f)) < 2o.

1+h ac[0,y]\(a*—e,a*+¢) B<PBer
Combining (4.23), (4.26) and (4.27) gives (4.22) and hence finishes the proof of part (a).

(b) To show the equality, observe that the assumption limg;g_ L(f3) = 0 implies that L has no zero
in (—f,.,,0) and hence Ay = —f., due to Theorem|2.1. Now choose m € [0, (limgsg,, L’'(B))"'] and
¢ € (0,m). Employing time reversal and Lemma 4.1 we arrive at

] ‘
liminf- log Eq exp { JO E(X) ds My, eetmoemee)

1 t
=liminf-log >  E,exp { J £(Y,) ds}]lytzo (4.28)
0

t—>o0
net(m—e,m+e¢)

> sup inf (=f+al(f))= ﬁg}jf (=B +(m—e)L(B)),

ac(m—e,m+e) B<Per
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where the last equality follows since L() < O for # < f3.,. Differentiating the inner term of the
right-hand side with respect to 3 yields —1 + (m — ¢)L’(3) which due to our choice of m is smaller
than 0 for all § < f3.,. Thus, (4.28) evaluates to —f3,,,, and this proves the desired equality.

To prove the inequality, observe that Lemmas|4.2,/4.3 and |4.4/yield

h—l—sup mf( B+ aL(f3)).

h a>g <

t 1—
11msup log E E exp E(Ys)ds}]lytzofelogl
0

t—0o0 n<-—te
Using Corollary 4.5 we have that the right-hand side is strictly smaller than A.

For the remaining summands, Lemma in combination with Lemma 4.4 yields

1 t
lim sup— log Z E, exp{f é’(YS)ds}]lYt:O
e nzt((limgyp,, L'(B) 7 +¢) 0 (4.29)
< sup 1nf ( B +aL(f)),

a>(limgyg,, L'(B))™ 11 B<p

and the derivative —1 + aL’(8) of the inner term on the right-hand side with respect to f3 is positive
and bounded away from 0 for all B < 8, large enough and all a > (limgg_L'(f )1 + €. Thus,
we conclude that the right-hand side of (4.29) is strictly smaller than A; = —f3.,, which finishes the
proof.

(c) Using time reversal we get for y > ¢ :

1 t
lim sup logE, exp J é’(Xs)ds}]lXtﬁ(_g’g)
0

t—00

1 t
=limsup?log Z E, exp{J é(Ys)ds}]lYt:O
0

t=0o0 né¢t(—e,e)

1 t
:limsup?log Z Enexp{f §(Ys)ds}]ly_0
0

e net(=y,y)
1 t
V limsup — log Z E, exp{J §(Ys)ds}]lyt:0
e net((-=1.\(=e.) 0

According to Lemma 4.4, the first term on the right-hand side tends to —oo as y — oo, while Lemma
combined with Lemma[4.2 implies that the second can be estimated from above by

sup 1nf( B+aL(B)) = 1nf( B+ eL(B)),

a<(e,y]

where the equality follows since L(f) < 0 for all § < f3., by assumption. Thus, this expression
evaluates to —f3., + elimgyg  L(f) < —B. = Ao, and the statement follows. O

5 Auxiliary results particular to the annealed regime

This section contains mainly technical results, which will be employed in the proof of Theorem 2.7|
The results given here are in parts generalisations of corresponding results for a finite state space
given in section IX.2 and A.9 of [ElI85].
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Lemma 5.1. Let n €N, p € #,(R) and v € 4;(R™). Then

n
ZH(rcivIni_lv ®p)=H(m,v|p"). (5.1)
i=1

Proof. The result is a consequence of the decomposition of relative entropy given for example in
Theorem D.13, [DZ98]. Indeed, from this theorem it follows that

H(nmp“)=H(nn_1v|p“—1>+J H (v r-5m)| (oM )y o v(d(xy, .., Xo1))

Rn—l
(5.2)
where for a measure y on %B(R") the regular conditional probability distribution of u given m,_;
is denoted by R"™ 3 (x7,...,x,_1) — u&v*n-1) € g, (R"). Thus, to establish (5.1) it suffices to
show

H(myv |7, 1v ® p) = f H (D (oM n) p p(d(xy,.. o x,_1))  (5.3)
Rnfl

for all n € N\{1}. But applying the quoted theorem to the left-hand side of the previous equation
we obtain

H(m,v|m,_1v®p)= J H(mv&o*nD|(g, v @ p)Xr%-) v (d(xy,. .., X01)),
Rn—l

and since (71,_v ® p)1¥n-1) = O(xypy ) ®P = (p™)Xr¥n-1)(5.3) follows. O

.....

Proposition 5.2. The function 4 () is affine and for v € /ﬂf(Z};) we have
H(mv|m,_1v®n) T £(v) (5.4)
as n — oo.

Proof. We know (cf. Lemma 6.5.16, Corollary 6.5.17 and the preceding discussion in [DZ98])
that for v € //113(27;) the value of #(v) is given as the limit of the nondecreasing sequence
H(m,v|m,_1v ®n) of relative entropies.

To show that .# restricted to .#{(%}) is affine, let § € (0,1) and u,v € #;(Z}). We distinguish
cases:

(i) Assume #(v), #(u) < oo. Then (5.4) applies and using Lemma [5.1 we deduce 7,v < 1" and
n,u < " for all n € N. The convexity of relative entropy yields

BH(m,vIn™)+ (1 — BIH(m,uln™)

> H(Br,v + (1= B)mauln™)

- f (ﬁdnnv log (ﬁdnnv) - ﬁ)drcn,u log ((1 3 [J’)dnmu))dn”
~Jppgp v A" dn" dn" dn"

= BH(m,vIn")+ Blogf + (1 — B)H(m,uln™) + (1 — )log(1 — B).

(5.5)
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Dividing by n and taking n — oo we obtain in combination with Lemma|5.1/and (5.4) that
F(Bv+AQ—-pFu)=pLW)+ (1 - )L (). (5.6

(i) It remains to consider the case where at least one of the terms .#(u), #(v) equals infinity. In
this case we want to have £(fv + (1 — B)u) = 0o, and in consideration of (5.4) the only nontrivial
situation can occur if we have H(7,,(fv+(1—B)u)|m,—1(Bv+(1—p))u)®n) < oo for all n € N. Then
(v +(1—Pu) € m,_1(Bv + (1 — B)u)®n and iteratively we deduce 7,(fv + (1 — plu) < n"
and thus m,v < 1" as well as w,u < n" for all n € N. The same reasoning as in (5.5) and
then yields the desired result.

O

Corollary 5.3. The only zero of .# is given by n™.

Proof. Proposition 5.2 in combination with Lemma [5.1 shows that for v such that .#(v) is finite,
#(v) is given as the limit of the nondecreasing sequence (H(7,v|n")/n),en. Now since the only
zero of H(-|n") is given by 0", we have H(m,v|n") = 0 for all n € N if and only if ©,,v = n" for all
n € N. This, however, is equivalent to v = n™o by Kolmogorov’s consistency theorem, which finishes
the proof. O

The next lemma is standard.
Lemma 5.4. The set of extremal points of .#;(%}) is given by #;(Z)).
Proof. The proof proceeds analogously to Theorem A.9.10 of [ElI85] and is omitted here. O

The following result is closely connected to Proposition 3.1 (b) and shows that the critical value
B.. also applies to the constant zero-potential. It is crucial for proving the finiteness of L;up on
(—00, fB,) (cf. Lemma|5.11) and as such in the transition from the variational formula of Corollary
6.6/to the representation of the annealed Lyapunov exponents given in Theorem|2.7.

Lemma 5.5. Assume (2.2) and h € (0,1). Then

By exp{To} = 00

1+h
E, exp{f, To} <2 1= =%

B =x(1-v1 —h?),

and thus ., is independent of the very choice of the potential &.

forall B > B, while

In particular,

Proof. The first equality follows from the definition of f3,,. To prove the inequality, we start with
showing that E; exp{(T,} is finite for all § < ... For this purpose choose such . We now assume

E, exp{fTy} =00 (5.7)
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and lead this assumption to a contradiction. Indeed, setting € := 3., — 8 > 0, due to Proposition|3.1
(b) there exists a finite constant Cg, /5 such that

Ty
E, exp{J (E(Y)+p +E/2)ds} < Cgie/z as. (5.8)
0

But
(5.9)

With (5.7), we deduce

E; exp{BTo}lyeq,.. n}vseo,1,) — (5.10)
as n — oo; furthermore, due to (1.2) and (2.2), ({£(m) > —e¢/2Vm € {1,...,n}}), is a decreasing
sequence of sets with positive probability each, and therefore, (5.10) in combination with
yields a contradiction to the a.s. boundedness given in (5.8). Hence, (5.7) cannot hold true. To

finish the proof we decompose for § < f, :

1+h « 1—-h

K
E,exp{fTo} = 2 x—B T K_ﬁEzeXP{ﬁTo}
> DK g exptpTo}?
> —(E;ex .
20c—p) P
Consequently,
2(x = B)
E Tof £ —————
1exp{fTo} < K(1—h)
and monotone convergence yields E; exp{f., Tp} < % =2 %Z < 00. Here, the equality

follows using the formula for ., given in last statement of this lemma.

To prove this presentation of f3,,, expand

K 1+h 1-h
B exp{To} = 5 (—5— + 5~ E1 explB To} )
and investigate the solvability of this equation in [, exp{T,} in dependence of (3. O

Lemma 5.6. For fixed f8 € (—o0, f3.,.),
(a) there exist constants 0 < ¢ < C < oo such that
Ty
E, exp{f (L% +B)ds} € [c,C]
0

forall { € .
(b) the mapping
Ty
%} 3¢ — logk, exp{J () +B)ds}
0

is continuous.
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+
Proof. (a) For any { € &;” we have

T,
E, exp{f (C(%) +B)ds | = By exp{(b + BITy} =: ¢ > 0.
0

The upper bound follows from Lemma/5.5]

(b) This follows using part (a) and dominated convergence. O
Corollary 5.7. For fixed 8 € (—o0, ., ), the mapping

M(Z)3v — L(B,)
is continuous and bounded.

Proof. (a) This follows directly from the previous lemma. O

For technical reasons we will need the following two lemmas in the proof of the lower annealed
bound; they can be considered refinements of the corresponding results in the quenched case (cf.
Lemma 3.5/(b) and (c)).

Lemma 5.8. For fixed v € //11(2;), the mapping
(—OO, ﬁcr) e ﬁ = L(ﬁ,’\/)

is continuously differentiable with derivative

Ty
E,T, Y d
—aL(ﬁ,v)zj 1Toexptf, (4K + ) S}v(dé’) (5.11)
X

o ¢ Eyexp{[,"({(Y,) + B)ds}

Proof. The proof proceeds in analogy to the proof of Lemma 3.5/ (b) and takes advantage of Lemma
5.5, O

With respect to the following lemma, recall (3.28) for the definition of Ei,[ 1

Lemma 5.9. (a) For arbitrary y € (0,00), v € //11(2;) and large enough M € (0, 00), there exists
Bu(¥) € R such that

¢
)’:f EM,lToeXP{ﬁM()’)To}V(dg).
%

+ Ej exp{ B (1)To}
(b) Forall b € (—0,0),

I oL Bv)=0
im sup —(B,v)=0.
f——o0 ves () op
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Proof. (a) It suffices to show the assertions that

ES T, T,
J u Toexpip O}v(dg)—mo (5.12)
P

K exp{BTo}

for 8 large enough and M — oo as well as that its integrand tends to 0 a.s. for M fixed as § — —oo.
The result then follows from the continuity of this integrand and the Intermediate Value theorem in
combination with dominated convergence.

The second of these assertions follows as in the proof of part (¢) of Lemmal3.5, replacing IP’f by Pzgvm'

For the first assertion, let 8 be large enough such that Ei exp{ff Ty} = oo on a set of positive measure.
It follows for such S that the above integrand tends to infinity as M — oo on the corresponding set,
from which we infer (5.12) for M — oo.

(b) For this purpose, due to Lemma|5.8} it suffices to show that

7L (p.50)—0
—_— —
ap e

uniformly in { € ZJbr as 8 — —oo. As in the above we obtain the estimate (3.27), but now ¢ > 0 can
be chosen not to depend on { € ZZ due to the uniform boundedness of {. Proceeding as in part (a),
the claim follows. O

The next lemma states that the supremum in the definition of Lf,up is actually a maximum.

Lemma 5.10. For f8 € (—o0, 3,,.), there exists v € //lls(Z;;) such that L;”p(/i) =L(B,v)—£(v)/p.

Proof. Fix B € (—o0, fB.). Since #; (2;) endowed with the weak topology is a compact metric
space, we find a converging sequence (v,)nen, C //lls(Z;;) such that L(3,v,) — £(v,))/p — L;up (B
for n — o0o. As L(f3,-) is continuous (Corollary [5.7) and .# is lower semi-continuous, we deduce
L(B,v)—#(v)/p=L,"(B) for v :=1lim,_o, v, € M (Z]). O

In order to deduce the representation for A, given in Theorem we will need the following
lemma.

Lemma 5.11. The function f8 — L;up (B) is finite, strictly increasing, convex and continuous on

(=00, Ber )

Proof. Lemma [5.5/ implies that L,” is finite on (—oo, B.,). With respect to the strict monotonicty,
choose v € /(=] such that L,”(8) = L(B,v) — #(v)/p, which is possible due to Lemma
The fact that L(-,v) is strictly increasing and L,” > L(:,v) — #(v)/p now imply that L,” is strictly
increasing.

The convexity follows since L(-,v) is convex and thus L;up as a supremum of convex functions is
convex; continuity is implied by convexity. O
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6 Proofs for the annealed regime

The aim of this section is to prove Theorem 2.7, Similarly to the quenched case we derive upper and
lower bounds for t " log(u(t,0)?)/P as t — oo (cf. Lemmas|6.1/and[6.3). The additional techniques
needed here are Varadhan’s Lemma (see proof of Lemma|6.1) as well as an exponential change of
measure (in the proof of Lemmal6.3), both applied to the sequence (R,,0&),cy of empirical measures.
Further estimates similar to the quenched regime (Lemmas|6.4 and 6.5) lead to a variational formula
for A, given in Corollary Results on the properties of L;uP (Lemmas and then
complete of the proof of Theorem[2.7.

As in Theorem [2.7, we assume (1.2) and (2.9) for the rest of this section. Notice that since the
potential is bounded, L is well-defined on R.

Lemma 6.1. Let I C [0,00) be a compact interval and p € (0, 00). Then

hrnsup—log< ZE exp J E(Y)ds Ty, 0) > <sup inf (— [3+aL5”p([3’)) (6.1)

t—00 a€l P<Pcr

Proof. (i) With the same notations as in the quenched case we first assume I = [¢,y] with € > 0
and deduce using the exponential Chebyshev inequality:

<( > En€XP{Lt§(1G)dS}11Y[=o)p> (6.2)

netlaf,af ]
<(( X Enexp{f%5(n)ds}nT_o§%exp{c*(t—TO)})p>
net[al,al, ] 0 %
< ﬁn;g((na[;x R J (&%) - B ds fexpi—Bir(t ~ To)}) ) exp { 220 pk }

preole (2 ) X evimcpranenl)) o

55]

netlag,ap,,

where to obtain the penultimate line we used (3.4). Recall that at the beginning of subsection 2.2,
R,, was defined as the empirical measure of a shifted sequence. Consequently, we conclude

limsup%log<( Z nexp{ftg(ys)ds}]ln:o)l’>
0

e net(af.of,,;]

oy f[ (/5 k1

<inf |p — Ber +11msup—log(exp{a ptL(— [5+[3’5r,RLa tJoi)}) (6.4)
B>0 ak

with ji, = k + 1 if the second summand in (6.4) is positive in that case and j, = k otherwise (note
that this decision depends on f but not on the choice of j;). Corollary|5.7|tells us that the conditions
concerning L(f3,-) with respect to the upper bound of Varadhan’s lemma (Lemma 4.3.6 in [DZ98])
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are fulfilled. Thus, bearing in mind the large deviations principle for R,, o £ given in Corollary 6.5.15
of [DZ98] with rate function .# (cf. (2.10)), we can estimate the right-hand side of (6.4) by

inf [(p Bt Berdeto ﬂc;)ag“

B>—Fr ‘ﬁcr)”i sup (pL(—ﬁ,v)—y(v))].

oy ve;(z})

Since infI > 0 by assumption, the ratios aZ 1/ ag are bounded from above and similarly to the
quenched case (proof of Lemma|4.2) we obtain in combination with the previous and taking 6 | O :
1 ‘ P\ 5 .
" log< ( ZEH exp { J;) &(Yy) ds}]lytzo) >P <sup inf (—f +aL**(B)).

net

limsu
p acl ,3<ﬁcr

t—00

(ii) Now assume infI = 0. We proceed similarly to the quenched part (cf. proof of Lemma 4.2) and
use Proposition (3.1 (b) to estimate the first factor on the right-hand side of (4.14) uniformly by a
constant. O

In order to prove the lower bound, we need the following technical lemma for which we recall the
definition of 7 as Ty_; — Ty in (3.29).

Lemma 6.2. For f €R, M >0, { € &} and n €N denote

¢ —
Pn,ﬁ,M(A) =

with A€ &. Then, for e > 0and v € //115(2;:) there exist & > 0 and a neighbourhood U(v) of v such
that for all { € =7,

]P’fl,ﬁ,M(To/n &y —&,y+e)lg evn) < 2exp{—né}g yeuw)
holds for all n € N, where

y :=f ]Ei’ﬁ,M(TO)dv.
Z+

b

Proof. Define the function

Ty
Gu(B): f 2 — logE, exp { J (C(Y)+B) ds}]lTosM-
0
Using the exponential Chebyshev inequality for a > 0, we compute with 6 > 0

IF’,E’ﬁ,M(To/n 2y +e)lg (evuw) < Ei’ﬁ’M exp{aTy —na(y + &) g )evw)

(6.5)
< exp{—na(y + &)} exp {n( f (Gu(B +a) = Gu (BN dv +8 ) Hr reuw)
=

for some neighbourhood U(v) of v (depending on a also) such that

f (Gu(B+a)—Gy(B))dv — f (Gu(B+a)—Gu(B)) du’ <o
22' 22’
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holds for all u € U(v). Writing
gla):=—aly +e)+ f (Gu(B+a)—Gy(B))dv,
Zy

the right-hand side of (6.5) equals exp{n(g(a) + &)}l (r)ey(v)- We observe g(0) = 0 and g’(0) =
—y — e+ y < 0. Hence, there exists a > 0 such that g(a) < 0. Setting 6 := —g(a)/2 and refining
U(v) such that

f Gu(@)dv - J Gu(@)du| <5
I8y =t

b b

holds for all u € U(v), we deduce from (6.5) with a = a that

By o (To/1 2y + €)1, 0reutw) < expl=n6}lg, v
In complete analogy we obtain
By (To/n < ¥ = €)1p, et < eXp{=n6}lg, e,
where possibly & > 0 is even smaller and U(v) even more refined; the result then follows. O

We can now proceed to prove the lower annealed bound.

Lemma 6.3. Let I C [0,00) be an interval and p € (0, 00). Then

11trgg}f—log<(ZE exp th(YS)ds}]erzo)p>%

sup 1nf ( B+ aLs”P([o’))
aeru(In{o})

(6.6)

Y,

Proof. Observe that for a € ; ,¥ €(0,1/a) and ¢ > 0 small enough we have due to the independence
of the medium

(Blagexp | JTO E(Y)ds )y~ ) (6.7)
0

> <(ElatJ exp JTO €(Ys)ds}]l Z(;Je(y sy+e)(EoeXp{Jt_r

Emdshy ), ))
2 E| q¢) €XP J g(Y)ds ]l 20 e(y— ey+£))p>

lat]

t(l1—ar)

x < min (]EO exp { J 5(‘@ds}ﬂY«Lm):o,nx(l_aﬂ)p>- (6.8)

re(y—e,y+e) 0

(i) To deal with the second of the factors on the right-hand side we observe
1 ‘ 1
T log Eq exp {J E(Ys)ds}]lytzo, >t = b+ ?logIP’O(YS =0Vse[0,t])=b—x« (6.9)
0
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a.s. Hence, Jensen’s inequality and a modified version of Fatou’s lemma (taking advantage of (6.9))
apply to yield the inequality in

o 1 t(l—ay) v
liminf log ( (Eqexp { L V) ds My, —omsei-ay)) )
1 t(1-ay)
> p( liminf - log Eq exp { f ) dsHy,, 0101y )
0
=(1-ay)pc™. (6.10)

To obtain the equality, we used the fact that c¢* equals (3.3) for M = 1, cf. Proposition 3.1 (a).

(ii) With respect to the first factor on the right-hand side of (6.8), we aim to perform an exponential
change of measure and introduce for § € R, n € N as well as M > 0 large enough (in order to apply
Lemma/|5.9](a)) the function

.....

Choosing v € .#;(%}) such that
v = gProb+(1 —¢)v, (6.11)

for some € > 0 and v, € //lls(ZE)"), we fix 8, € R such that

T
0 dstl; <
J EqToexp { [,°(Z(¥,) + Byy) ds g <y W(dD) =y, (6.12)
z

¢ Erexp{ [, (0% + Bu) dsHg <y

which is possible due to part (a) of Lemma|5.9. Since for £ fixed, Gy;(f8) := G](\;)([J’ ) is bounded as
a function on Z;, we find for each § > 0 a neighbourhood U(v) of v in //11(2;) such that

f Gy () dv — f GM(/sM)du\sa/z (6.13)
> 2;

b

for all u € U(v). We obtain

< (En exp { LTO &(Y;y) ds}]l%e(y—s,y+€))p>

= ( (. exp{fo EV)ds + By To = Gy (Bu) — BuTo+ G (B} x Ty o))
0 n

T,
Ey exp{ [, (EY) + Bu) ds o <prvieqr,..np

..... —OE(y—e,y+€) p
= (( —)

.....

x exp {pGiy (Bu) g, ozcutr) ) eXpi—nPyp(y  £)}

> exp{—nfyp(y £+ )} exp {pn(J

b

Gu(Bu)dv—5/2)}

b

X <(1 - ]Pfl’ﬁ’M(TO/n ¢ (}’ — &Y + 8)))p]anoEEU(V)>J (614)
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where y = ¢ is supposed to denote y + ¢ if 3;; > 0 and y — ¢ otherwise.

Therefore, choosing 6 > 0 and U(v) according to Lemma|6.2 we infer that IP’fl 5 u(To/néE(y—e,y+

€))1g ozeu(v) decays exponentially in n. Thus, in combination with the large deviations principle for
R, o & given in Corollary 6.5.15 of [DZ98] we obtain

1
1ig(i)l;)lf; log ( (Pi,[j’M(TO/n €E(y—-&y+ 8)))p]1RnogeU(v)> > —94().

Continuing (6.14) we get taking ¢ | 0 on the right-hand side

(6.15)
—Bupy +p (J Gy (By)dv — 5/2) —2().
z;
We observe that M — Gy, () is nondecreasing, whence the sets
{/5 ER:—By +J Gu(B)dv < lim inf (— By +f GM(/B)dv)}
Z;r M—o0 B€R 2;
are nonincreasing in M. Furthermore, they are non-empty since differentiation of
B——By +f Gu(B)dv (6.16)
ZJr

b

with respect to 3 yields that this function takes its infimum in 8 = 8, (cf. (6.12)). From this in
combination with the strict convexity of the function in (6.16) we infer the boundedness of the above
sets. Furthermore, these sets are closed since the map in (6.16) is continuous. We therefore conclude
that the intersection over all M > 0 large enough of these sets contains some f3, € (—oo, f3.,] (the
fact that 8, < jB., follows from (6.11)) and in combination with (6.15) we deduce

N fo P
hgg}f; log < (En exp { L &(Yy) ds}]l%oe(y_g’yﬂ)) >
—Bypy +p(L(B,,v)—5/2) = F(v). (6.17)

We now write & := {v € #;(X}) N {# < 0o} such that holds}. Taking & | 0, (6.8), (6.10)
and (6.17) supply us with

liminf— log<(ELatJ exp{ftg(lfs)ds}]lytzo)pﬁ
0

> asup (— B,y +L(B,,v)—2(v)/p) +(1—aly —&))c* (6.18)
veS
>a sugc<knf (—By+L(B,v)—2™)/p)+(1Q—aly — &),

where the last line holds for ¢ € (—00, 0) small enough due to Lemma|5.9] (b).

Now observe that f : [c,B.,] X ¥ > (B,v) — —By + L(B,v) — #(v)/p is a real-valued function. In
addition, the function f (3, -) is upper semi-continuous and concave on . for any f8 € [c, f.,], while
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f(-,v) is lower semi-continuous and convex on [c, f3.,] for any v € . Since furthermore [c, 3, ] is
compact and convex while . is convex, we may apply Sion’s minimax theorem (cf. e.g. [Kom88]).
This then yields that the first summand of the last line of (6.18) equals

a inf sup (—By+L(B,v)—2()/p)=a inf sup (—By+L(B,v)—£Wv)/p);
c<P<Per ves c<P<Pervens (=)

equality holds since for € [c,f,,.] and v € //115(2;) we find a sequence (v,),ey € & with
L(B,v,) — £(v,)/p — L(B,v) — #(v)/p as n — oo (indeed, choose v, := (Prob+(n — 1)v)/n
and use Lemma/(5.2).

Taking ¢ | 0 in (6.18) and the suprema in y and a we therefore get

htn_1)glf— log< Z E exp Lt i(Ys)ds}]lyt:O)P>zl)

>sup sup (a inf sup (—-By+L(B,v)—-2M)/p)+(1Q- ay)c*)
we; Y€1 /@)~ PSPerve iz

>sup inf (—f + aLs*P .
up i (—f -+ aL7(P))

For the case 0 € I it remains to estimate

hmlnf log < (Eo exp { ft &(Yy) ds}]lyt=0)p>‘l’.
0

t—00

Analogously as for the second factor of (6.8) we obtain

S

litrg(i)glf% log < (EO exp {Jt §(Ys)ds}]lyt:0)p> >c =-p,,.
0

This finishes the proof.

O
Similarly to the quenched case, we have the following two results.
Lemma 6.4. For all 6 > 0 and y > 6 we have
t 1
py L
lim sup— log E, exp f E(Y)ds 1y —o) )"
el 2 el [ ooy
< 5log —h + lirginf— log E, exp t E(Yy)ds {1y, g . (6.19)
= 1+h tooo ¢
net[8,y] 0
Proof. The proof proceeds similarly to the proof of Lemma[4.3]and is omitted here. O
Lemma 6.5. We have
1 t
1imsup—log<( Z Enexp{ f(Ys)ds}]lyzo)p> — —00 (6.20)
(oo nei[r.1] 0 t

asy — oo.
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Proof. The proof is similar to that of Lemma 4.4 and is omitted here. O

We are now ready to prove the existence of A, and give a variational formula.

Corollary 6.6. For p € (0, 00), the annealed Lyapunov exponent A,, exists and is given by

A, = sup inf (—f+ aL;“p([a’)) (6.21)
ac[0,y] P<Per
for all y > 0 large enough.
Proof. Using Lemmas|6.1,/6.3,/6.4 and|6.5/one may proceed similarly to the quenched case. O

Proof of Theorem|2.7. In order to derive the representation of Theorem [2.7, we distinguish two
cases: First assume that Lf,up does not have a zero in (0, .,). From the fact that L;”p is continuous
and increasing (cf. Lemma|5.11), we infer that L;,up (B) <0 for all B € (—o0, B,,), whence taking
a | 0 in Corollary|6.6/yields A, = —f3,,.

Otherwise, if such a zero exists, the properties of L;UP derived in Lemma 5.11/first imply the unique-
ness of such a zero and then, in an analogous way to the proof of Theorem and in combination
with (6.21), that A, equals the zero of L, (—). O

7 Further results

While in sections |4/ and |6/ we derived the existence of the corresponding Lyapunov exponents and
gave formulae for them, we now concentrate on the proofs of the remaining results.

7.1 Quenched regime

We start with proving the result on the transition from zero to positive speed of the random walk in
random potential, Proposition|2.5.

Proof of Proposition 2.5. (a) In order to deal with the explicit dependence of the respective quan-
tities on h, we use the notation (Yth)tGR+ for a continuous-time random with generator kA, as well
as %, for the set of discrete time simple random walk paths on Z starting in 1 and hitting O for the
first time at time 2n + 1. Furthermore, J(Y) denotes the number of jumps of the process Y to the

right before it hits 0 and we may and do assume h < 1. For 8 < [o’fr =B, = k(1 —1/1—-h%) we
then have

I4(B) = ( logEy exp { fTo(a(YSh) +B)ds})
0

1+h,1—h>yn &2
(e 3 > 5 (%) Tz —5) 7

neNy Ze%, k=0

T
=log(1+h)+ <logE1 exp {J (§(YSO) +B)ds+J(Y%)log(1 — hz)}>.
0
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Now in order to prove (a), according to Corollary2.3]it is enough to show

hmsupLh([Bh )<O. (7.2)
hlo

By direct inspection or Lemma 5.5 we get that a.s. the expression

Ty
log(1 + h) + logE; exp { f (E(YSO) + fa’chr) ds+J(Y%)log(1 — hz)}

s H e 73
neN, z€ %, 22““\/ 1=hi—oky/1-hR2—&(Z)

is bounded from above uniformly in h € [0,1/2). Considering the right-hand side of (7.3) one
observes that for h | 0 it converges to (7.3) evaluated at h = 0. Since furthermore LO([a’COr) <0,
dominated convergence yields (7.2).

(b) Departing from (7.1) we write

o—(2n+1),. 1+h 2n Km
Ly(BL) = (1 T—h '
h(ﬁcr) < ogréozeszn K 1—h—§(1) QK\/l——hz_g(Zk)>

Now if L;(f8) — oo for B 1 fa’clr = K, then Lh([jchr) — oo for h T 1 as well. Otherwise, if limgy, L1 () <
00, then dominated convergence yields L, (3 Chr) — L(x) = (log

Yash 1 1, and the claim follows.
O

K
—-&(1)

Proof of Proposition|2.6. (a) We first show convexity. Writing u,.(t,x) to emphasise the depen-
dence of the solution to (1.1) on k, we have for a random walk (X,),cr, with generator Ay:

1 1 ‘
Ao(x) = lim —logu,(t,x)= lim —logE, exp{f i(XKs)ds}
t—oo t t—oo t 0
— lim ~logE {1 th(X)d}
= lim " ogE, exp <o J)ds

1 1(f
= KtlgglozlogIEoexp{;L §(Xs)ds} =x¥(1/k), (7.4)

where
1 t
Y(x):= tlim ?logEO exp {xJ &:(Xs)ds}
0

for x > 0. Note that the limit defining ¥(x) exists in [—1,0] for all x € R, due to Theorem

and (1.8). Holder’s inequality now tells us that ¥ is convex and choosing a := [3’x+(ﬁ+/§)y and
Y= %, we obtain the convexity of x¥(1/x) in a similar manner:

1
(Bx+0 =W ( 5=y ) = Bx+=pww (L +7)

<a(fx+1—=By)¥A/x)+y(Bx+(1—-B)y)¥(1/y)
=Bx¥(1/x)+ (1 - Lly¥(1/y).
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In combination with (7.4) the convexity of k — A (k) follows.

To show that Ay(k) is nonincreasing in x € (0, 00) assume to the contrary that there is 0 < k; < Ko
such that Ay(x;) < A¢(ky). The convexity of Ay would then imply lim,_,, Ag(k) = oo which is
impossible since we clearly have Ay(x) < 0 for all k¥ € (0, c0).

(b) From Theorem|2.1 we deduce
)LO(K) € [_ljcra O]) (75)

and using (1.8) the claim follows.

(c) (2.7) follows from (7.4) and the fact that lim, o ¥(x) = 0, which is due to the boundedness of
& from below. (2.8) follows using ¥(1) = A,(1) < 0, the fact that ¥(x) € [—1,0] (due to Theorem
2.1]and (1.8)), as well as (7.4) and the monotonicity of ¥. O

7.2 Annealed regime

In this subsection we primarily deal with proofs concerning the annealed Lyapunov exponents, i.e.
in particular we assume (2.9).

Proof of Proposition 2.11. (a) For p > 0 we directly obtain 15 < A4, from the corresponding for-
mulae given in Theorems [2.1land [2.7. If 0 < p < g, then Jensen’s inequality supplies us with

1

(u(e, O)p)% < (u(t,0)7) 9 and the statement follows from the definition of A,.
(b) For B €(0,1)and 0 < p < g we get

(u(t, 0)PPHI=PA) < (u(t,00P) (u(t,0)%)'F

by Hoélder’s inequality, which implies the desired convexity on (0, co).

(c) For p = 0 this follows from Proposition (a); for p € (0,00) the proof proceeds in complete
analogy to the corresponding part of the proof of Proposition (2.6 (a).

(d) Assume to the contrary that u is p-intermittent but not g-intermittent for some g > p. Then, by
the definition of p-intermittency and part (a) of this same proposition we have A, < A, for all
£ > 0 and there exists € > 0 such that A, = A, .+. Fixing ¢ := (¢ — p)/2 A ", we get using the
convexity statement of part (b) and A, <A, :

q—p
qte—p

A< — pa 1P
1= q+e—-p P q+e-p
€ — +¢€
__¢ep/q qkq+(q p)q+¢€)/q
q+e—p q+e—p

(q + S)Aq-i-e < q (q + g)lq-i-s

CI+€—PP

qAq =qA

qﬁ
a contradiction. Hence, u must be g-intermittent as well. O

Proof of Proposition [2.9. We first show that L,” has a zero in (0, 3,) for p > 0 large enough and
then invoke Lemma 5.10|to conclude the proof.

To show the existence of such a zero, let u € #;([b,0]) such that H(u|n) < oo and
w([—pB.-/3,0]) = 1. Then due to (5.1) and Proposition 5.2/ we have

S (p'e) = lim H(u"|u"~" ®@n) = H(uln) < oo
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as well as

T
L(ﬁcr/z,uN°)=f logﬁlexp{f () + Ber /2)ds po(dD)
0

i
2> log By exp{(—Pc;/3 + Ber/2)To} > 0.

We deduce
LYP(Ber/2) 2 LBy /2, ™0) = F(u"0)/p > 0

for p > 0 large enough, in which case L,” has zero —1, € (0, B,), cf. Theorem2.7.

Lemma [5.10 now tells us that we find v, € //lf(Zl;;) with Lf,up(—lp) = L(—2Ap,vp) — #£(v,)/p.

Since Prob can be assumed to be non-degenerate, one can show that for p large enough we have
v, 7# Prob. We then have #(v,,) € (0, 00) and for £ > 0 we obtain

L;lfg(—kp) > L(=Ap,vp) —F(v,)/(p+€) > L(=Ay,v,) — F(vp)/p = L;”p(—lp) =0.

Therefore, L;lfg has a zero in (0,—2,), whence due to Theorem 2.7 we have A,,, > A, and u is

p-intermittent. O

The following claim is employed in the proof of Theorem|2.10

Claim. For each neighbourhood U of Prob = 0" in .#, (%), there exists & > 0 such that {.# < e} C U.

Proof. Indeed, if this was not the case, we would find an open neighbourhood U of Prob such that
{# < e} Z U for all € > 0. Now since .# is a good rate function (cf. Corollary 6.5.15 in [DZ98])
{# < e}NU° is compact and non-empty whence there exists v € //11(2;;) with #(v)=0andv € U.
But due to Corollary/5.3, n™° is the only zero of .#, contradicting v ¢ U. O

Proof of Theorem|2.10. The continuity on (0, c0) follows from Proposition [2.11 (b). It therefore
remains to show the continuity in 0.

For this purpose, we first show that L;up | L pointwise as p | 0 on (0, 5.,).

Fix B € (0, B.,). Then M := supve/ﬂf@z)L([S,v) < 00 due to Corollary 5.7 and for £ > 0 we may
therefore find a neighbourhood U(Prob) of Prob such that |L(,v) — L(3)| < ¢ for all v € U(Prob).
Choosing 6 > 0 small enough such that {.¢# < 6} c U(Prob) (which is possible due to the above

claim), we set p, := /(M — L(f3)). Then for p € (0, p,.), we have |L,* () — L(B)| < &. This proves
the above convergence.

The continuity of p — 2, in zero now follows from Theorems|2.1/and 2.7 where we may distinguish
the cases that L does or does not have a zero in (0, .,.). O

8 The case of maximal drift

In subsection[8.1/we will give the modifications necessary to adapt the proofs leading to the results
of section|2/to the case h = 1.

Subsequently, in subsection 8.2 we will provide an alternative approach to establish the existence
of the first annealed Lyapunov exponent using a modified subadditivity argument. By means of the
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Laplace transform we will then retrieve an easy formula for the p-th annealed Lyapunov exponent
for p e N.

Note that there have been some initial investigations of the first annealed Lyapunov exponent in the
case h = 1 using a large deviations approach to establish its existence (cf. [Sch05]).

8.1 Modifications in proofs for maximal drift

As one may have noticed, some of the results and proofs given so far depended on h being strictly
smaller than 1. Already Proposition [3.1 does not hold true anymore in the case of maximal drift.
Indeed, with the previous definitions one computes

ﬁcr =K=<K-— 5(0) = _C*; (8.1)

in particular, c¢* is in general a non-degenerate random variable. On the other hand, in the case
h =1 we have the simple representations

K k—&(1)
k—&(1)-p k—&(1)-p

Notwithstanding these differences between the cases of h = 1 and h € (0, 1), our main results are
still valid in the case h = 1. To verify this, we make use of the identity

L([J’)=<log > and A([J’)=<log >, B € (—o0,K).

Eo eXP{f §(Ys)ds}]lyt:0 = exp{(—«x + £(0))t}. (8.2)
0

We will now exhibit the modifications necessary to derive the results of section[2.

The proof of Lemma [4.1]is as follows:

Proof. For a > 0 and bearing in mind (8.1) and (8.2), the supremum on the right-hand side of (4.1)
is obtained as in the case h € (0, 1). For a = 0 it evaluates to —f3.,, = —« and in this case, choosing
for arbitrary ¢ > 0 an n € N such that {(n) > —¢ yields in combination with the Markov property
applied at time t — 1:

] t
htrggjlf?logIEn exp{f0 §(Ys)ds}]lytzo

> liminf -1 1 i KIP,(Yo=n,Y; = 83

> liminf  log (B, explE(m)}1y,_,—(,_min explE(R}E, (Yo=Y, =0)))
=—K—¢.

Since ¢ > 0 was chosen arbitrarily, this finishes the proof. O

Bearing in mind and again, the proof of Lemma proceeds very similarly to the case
h € (0,1); note that, as it will frequently be the case, the proof facilitates lightly since for h = 1
we do not have to consider the negative summands appearing in (2.3). This is also the reason why
Lemma [4.3]is not required for h = 1. The proof of Lemma 4.4 does not depend on h at all, whence
no modifications are required. With these results at hand, Corollary[4.5]is proven as before and the
same applies to Theorem 2.1 and Corollary|2.3.
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When turning to section |5, we note that Lemma|5.5/is not needed in the case h = 1. Furthermore,
for h = 1 we note that 3., = k, whence Lemma 5.6/ can be easily verified to hold true using

T
Elexp{J (%) +B)ds | = B <K (ext.
0

_r
k={(M)—p’

With respect to section |6, we note that to derive Lemma 6.1 we just have to employ the relations
(8.1) and (8.2) in the proof to obtain the same result. When it comes to Lemmas|6.2 and 6.3} we
observe that the proof goes along similar lines but facilitates at different steps. But note that e.g. in
(6.18) the infimum in § should be taken over [c, 3., — &] for some & > 0 small enough since L(f3,,)
might be infinite (whereas the quoted minimax theorem is applicable to real-valued functions only).

Corollary|6.6 and Lemma are proven analogously, whence the same applies to Theorem 2.7.

8.2 Analysis of the maximal drift case

When considering annealed Lyapunov exponents for an i.i.d. medium, the situation that h = 1 is
much easier to analyse than the case of h € (0, 1). This is the case since in this setting the indepen-
dence of the medium yields a product structure for expressions such as

(Eoexp J ’ X ds}),
0

which evaluates to (k/(x — £(0)))".

8.2.1 Additional derivations for the annealed regime

While in general even showing the mere existence of the Lyapunov exponents requires quite some
effort, in the case of maximal drift and an i.i.d. potential, the existence of A, can be retrieved by a
modified subadditivity argument.

Lemma 8.1. Let f : R, — R be a continuous function fulfilling the following property: For all 6 > 0
there exists K > 0 such that for all s,t € R, we have

fls+t)<Ks+0s+f(s)+ f(t). (8.4)
Then lim,_,, f (t)/t exists in [—00, 00).
Proof. For t and T such that 0 < t < T choose n € N and r € [0, t) such that T = nt 4+ r. We infer
using (8.4) that
f(r)y _1

== < = (K5 + 6t + f()n+ (1)
< %(Kg +ot+f(t)+ @

It follows that

T t
limsupf( ) Sliminfjﬂ+5<oo
T—00 T t—00 t
for all 6 > 0 and thus lim,_,, f(t)/t exists [—00, 00). O
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When trying to apply this lemma to the function t — log(u(t,0)) we compute writing H(t) :=
log(et¢(®)), denoting by T, the first hitting time of n by X, and employing the strong Markov prop-
erty:

(s +1,0) = > (Eoexp JSH EX)dr g <er,, )
0

neN,

< Z E0(<exp{f

neNy 0

(]|

neN, 0

< > Eo( (exp ] Jrs EX)dr} )1y, <oer,, ) e O u(t, 0))
0

neNy

< ot (u(s,0)) (u(t, 0),

T,

7))

c05)ar})e T (,en0] xal)) 6
0

&) dr}) (17, zicr,, Fo( exp | fﬂ £(X,) du}

S

where to obtain the last line we used 0 > 22 — 0 as ¢ — 0o, which implies that for all 6 > 0 there
exists K5 > 0 such that —H(t) < K5 + &t for all t > 0. Taking logarithms on both sides of (8.5),
Lemma 8.1 is applicable and yields the existence of A;. It is now promising to consider the Laplace
transform

R>B— f e Pt{u(t,0))dt; (8.6)
0

observe that A; is given as the critical value of 8 for the divergence of this integral. By direct
computation, the integral in (8.6) can be shown to equal

1 n
;%<K+[5K—§(O)>

for 8 > —xk, see also Lemma 3.2 in [Sch05]. Thus, given the existence of A; and using (8.6), we
observe that A, is given as the zero of

p—lo 8.7)

g<:<+/»’K—»:(O)>

in (—«, 0) if this zero exists; otherwise, we conclude A; < —«k and by considering realisations of X
in (2.3) which stay at sites n with £(n) ~ 0 for nearly all the time, we may conclude A; > —x, cf.
(8.3). Thus, we get A; = —« in this situation. We have therefore proven the following proposition
forp=1:

Proposition 8.2. Assume (1.2) as well as (2.9) to hold. Then for h=1 and p € N, the p-th annealed
Lyapunov exponent A, is given as the zero of

B Hlog<(my> (8.8)

in (—x,0) if this zero exists and —«k otherwise.
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Remark 8.3. While Theorem 2.7 yields the existence and implicit formulae for all A,, p € (0, 00),
simultaneously, Proposition /8.2 provides a nicer representation in the cases p € N with h = 1.

Proof. While for p = 1 we showed how to employ a subadditivity argument to infer existence of
A1, for general p € N we now refer to Theorem 2.7 for this purpose. We can then use the Laplace
transform again to deduce a more convenient representation of A,,. For the sake of simplicity, we
prove the proposition for p = 2 and give corresponding remarks where generalisations to arbitrary
p € N are not straightforward.

Denote by X and X® two independent copies of X and by Py, and E o we denote the probability
and expectation, respectively, of these processes both starting in 0. Note that since h = 1, these are
Poisson processes with intensity k. We set T(()J) =0, T(k]) = TIE]) — TIE]—)1 for k e Nand j € {1,2},
where by T]j we denote the first hitting time of k by X, Note that the ’L'(k" )
distributed with parameter k. We distinguish cases:

(i) Assume that for p = 2 the function of (8.8) has a zero in (—«,0).

are i.i.d. exponentially

Using Holder’s inequalitﬂ we estimate for

B> —2k: (8.9)

J e Pt{u(e,0)?) dt
0

- f et S <E0,0(exp{ir§3)g(k—1)+(t—T,;”)§(m)}
0 k=1

m,n€EN,
n
X exp { Z T§<2)g(k —1)+(t - Trgz))g(n)}]lXEl):m]lXEz):n) > dt (8.10)
k=1
< Z < f"o e Bt (EO’O exp { i Tg)g(k -+ (t - Tr(nl))g(m)}]lxmzm)z dt>%
m,n€Ny 0 k=1 t

1
2

X < foo Pt (EO’O exp { Z @l —1)+ (£ - T,?))g(n)}nxgz):n)z dt> .
0 k=1

“*For arbitrary p we retreat to the generalised Hélder inequality with the p exponents 1/p,...,1/p.
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We now can estimate the diagonal summands as follows:
o0 m
( f e P Bop(exp{ D (r0) + 7 EGk - D fexpi(2e - TP - TIEmMI L, 00_y0_, ) dt )
0 k=1

= <J " ey (exp {30+ 1D — 1)+ (26 - 7O - T (m)
0 k=1
xexp{ —x(2t =TV =T 00 1o, ) de)
< Foof f exp { i(f(k” +7)Ek - 1) - B/2)}
0 k=1

x exp{(2t = TV = TEN(EmM) — k = B/} 100,11y, dt>
D72

e Eo,o<exp{i(’fl(<l) +r)Ek-1) - p/2)}) <fwexp{2t(£(0) ~ k= f/2)}dt)
k=1

0

v
=:C<0o0, since 3>—2k

2\ m
~A(p2—z0) )

(8.11)
Hence, combining (8.10) and (8.11) we have
o0 B K 2 m2+n
L e Pt{u(t,0)?) dt < Cc? m;e:No <(K ey 5(0)) >
(X ) ) ) ®.12

meN,
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For the lower bound we compute

J e P lu(t,02) de > Y J (Bogexp{ D (v + 7&Kk - 1) - p/2)}
0 0 k=1

meN,

X exp {(Zt — Trgql) — Tr(nz))(g(m) — ﬁ/z)}1X£1)=X52)=m> dt

=> <E0,0 (Joo exp { i(r(k” + o )(E(k—1) - /5/2)}
0 k=1

meN,
x exp{(2t = TV = TO)E(m) — x = B/} 0 1 yo_, dt ) )
T(1)+T(2) o0 m
t—t4
=7 3 (oo (f exp{ D (v +eP)EK - 1) - B/2)}
meN, 0 k=1
x exp{2t(&(m) —x — B/2)}1 1D _g@ <t1 1@ _gD - dt) > (8.13)
t t+ﬂT$J—EgN 00 m 2 2
=7 Y (B J exp{ > (r() + TP(EK - 1) - B/2)}
meN, 0 k=1

x exp {(2¢ + T = TA(E(m) - x - B/2)} dt ) )

> 3 (20 (10 rtcms 0] D+ 06— - /2] )
k=1

meN,

- (8.14)
x ((exp{m&(E(m) — x — /2)} J exp{26(5(m) — x — B/2)}dt ).
0

Note here that for arbitrary p € N the indicators appearing in (8.13) are replaced by

1
i1 1= Z1<k<p <

:]m

which can be estimated from below by

j K,
maxy <; k<p IT,(,f)—T,(,[)ISt

The subsequent substitution can duely be replaced by

G _ gk
e L i T’%)I,
p

and the remaining steps are analogous to p = 2.

Now we continue (8.14) with p = 2 and bearing in mind that 8 > —2k, we estimate the right-hand
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side factor using Jensen’s inequality to get

(exp{ms(&(m) —x — p/2)} f exp{2¢(£(m) —x — B/2)}dt )
0

1 5 1 # m
2§<exp{§(m):1€—[3’/2} (K+[3’/2—£(m)) > (8.15)
—1Prob-a.s. as 6|0
—1Prob-a.s. as m—oo
Jad-er
— 2 5

where the last inequality holds for arbitrary £ > 0 and all m > m; . large enough. Writing H(t) :=
log(e¢(®)) again, we obtain combining (8.14) and (8.15):

o0
1
Jo e Pt{u(t,0)?)dt > 3 2 : (1—e)"Egy (]llrﬁ)—m”lsw

m2ms .
m
X exp { Z (H(T%D + T(kz)) - [5/2(7(](1) + Tgcz))) })
k=1
Next we define
Egolexp{Y H(z(" + 1) - p/2(r{" + 731,

m
Eo,0(exp { ZH(TS) + Tgf)) - /5/2(T(kl) + Tiz))})
=

=gz )" <0 as B>—2, cf.

P,,(A) :=

.....

i.i.d. with respect to P,,. Thus, a weak law of large numbers supplies us with

e 2 B (T — 7@ K 2\m
L e Plu(t, 002 de > Y PL(TP - TG |§5m)<(K+ﬁ/2_€(0)) ) (8.16)

Aoy
2
Zim;ﬁ (Gspzm) Ja-9)" (8.17)

»E

where we choose m;; . large enough such that I@’m(|Tr&1) — TTEIZ)| <om)=1/2forall m = ms . due to
the law of large numbers.

Since ¢ > 0 was chosen arbitrarily, we infer combining (8.12) and (8.17) that A, equals the zero of

ﬁ*“*((ﬁ)z)

(ii) Now assume that for p = 2 the function of (8.8) does not have a zero in (—k, 0).

Again, considering realisations of X in (2.3) which stay at sites n with |£(n)| small for nearly all the
time, we arrive at A, > —k, cf. (8.3). But from (8.12) we infer A, < —« if (8.8) does not have a
zero in (—k, 0) for p = 2, which finishes the proof. O
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It is inherent to the approach along which we proved Proposition [8.2] that it applies to natural p
only. Nevertheless, we expect the formula to hold true for general p € (0, c0).

Conjecture 8.4. Assume (1.2) as well as (2.9) to hold. Then for h = 1 and p € (0,00), the p-th
annealed Lyapunov exponent A, is given as the zero of

K p
61t { (S 5—z)) )
in (—k,0) if this gero exists and —k otherwise.
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