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Abstract

A stochastic calculus similar to Malliavin’s calculus is worked out for Brownian
excursions. The analogue of the Malliavin derivative in this calculus is not a
differential operator, but its adjoint is (like the Skorohod integral) an extension
of the It6 integral. As an application, we obtain an expression for the integrand
in the stochastic integral representation of square integrable Wiener functionals;
this expression is an alternative to the classical Clark-Ocone formula. Moreover,
this calculus enables to construct stochastic integrals of predictable or anticipating
processes (forward, backward and symmetric integrals are considered).
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1 Introduction

Consider the Wiener space Q = C(R,,R?) of continuous paths w : R, — R? with the
Wiener measure P, the standard Wiener process Wi(w) = w(t), and the right continuous
filtration (F;) generated by W. The two main questions which are addressed in this article
are:

e the representation of a variable F' defined on €2 as a stochastic [to integral with
respect to W;

e the construction of stochastic integrals of predictable or anticipating processes with
respect to W.

These two questions have been dealt with for a long time by means of basic stochastic
calculus and of Malliavin’s calculus; here, we want to describe an alternative approach
based on Brownian excursions.

Consider first the representation problem. Let F' be a square integrable random variable
defined on 2. It is well known that the martingale E[F'|F;] can be written as

EWUﬂ:Mﬂ+/%&AWQ (1.1)

where Z, is a R%-valued predictable process such that E [ |Z;|2dt is finite; moreover Z;(w) is
unique to a P(dw) dt negligible set. This formula has important theoretical consequences
(this is the predictable representation property for the Wiener process), and it is also
useful in some applications (mathematical finance is a recent example). Consequently,
finding an expression of Z in terms of F' is a natural question.

For instance, in the particular case F' = f(W), let

P f(z) =E[f(z + W)

denote the heat semigroup. Then the martingale E[F|F;], 0 < ¢ < 1, can be written as
Py f(W;), and an easy application of the It6 formula shows that for ¢ < 1,

Zy =V (Piof)(Wh).

A classical extension of this particular case is based on the Malliavin calculus. If F' is in
a suitable functional space, one can consider its Malliavin derivative D, F', and Z can be
written by means of the Clark-Ocone formula ([7], Proposition 1.3.5 of [6])

Zy =E[D/F | F] (1.2)

which expresses Z as the predictable projection of DF. However, in this formula, we
have to assume that F' is differentiable in the sense of Malliavin and this is a restriction
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(consider for instance variables related to the first exit time of an interval, or to some local
time). In order to bypass this difficulty, we can write a similar formula for distributions
on the Wiener space (in this case the derivative D,F' is considered in distribution sense,
see [12]), but such a formula is not always very tractable; some other extensions have also
been worked out in view of mathematical finance applications.

Our aim is to obtain another formula for Z which does not use any differentiation and
which is valid in many cases. Notice that (1.2) follows from the fundamental formula of
Malliavin’s calculus (Definition 1.3.1 of [6])

E[F5(p)] =E / (DJF. py)dt.

This formula expresses the duality between the Malliavin derivative D and a divergence
operator § (the Skorohod integral); then (1.2) is a consequence of the fact that d(p)
coincides with the It6 integral for predictable processes p. Actually, any operator D
satisfying the same property will provide a representation formula similar to (1.2). Here,
we are going to replace D by an operator D which modifies the excursions of the Brownian
path. It is not a differential operator; nevertheless, by working out a stochastic analysis
of these excursions, we will prove a formula

E[F®(p)] = ]E/(DtF, py)dt (1.3)

expressing the duality between D and an operator ® which is again an extension of the
Ito integration. Thus we will deduce that

Zy =E[D,F | 7. (1.4)

More explicitly, it will appear that the predictable projection in the right-hand side is
an integral with respect to a measure which is strongly related to the It6 measure for
Brownian excursions.

The operator ®(p) coincides with It integrals for predictable processes p, so its study is
related to our second question, namely the construction of stochastic integrals by means
of the Brownian excursions. We will construct integrals with respect to a fixed component
of the Wiener process, so we will write the Wiener process as (W;, V;) € Rx R and look
for integrals with respect to the first component W. If w is a one-dimensional continuous
path with finite variation, the Lebesgue-Stieltjes integral with respect to w can be obtained
by counting the points of increase and decrease of w (this will be explained in Section 3).
If now w is a Brownian path, it has no point of increase or decrease, but one can consider
the excursions of w above or below any level, and the beginning (respectively the end) of
an excursion can be viewed as a point of increase or decrease on the right (respectively
the left). This procedure provides generalised Lebesgue-Stieltjes measures; notice that
we have not one measure, but four measures because we have the choice of considering
beginnings or ends of excursions below or above any level. Predictable processes are not
directly integrable with respect to these measures, but an approximation procedure leads
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to a construction of It6, Stratonovich and backward integrals (depending on the choice
of the measure). This approximation is equivalent to a regularisation of the Wiener path
by means of a path with finite variation; in this sense, this procedure is similar to the
approach of [11], though the approximation and the results are different. If now we
integrate anticipating processes, we obtain forward, backward and symmetric integrals,
and we can study the adjoint ® of D.

Technically, the study of these measures relies on classical formulas for excursions and
more generally exit systems, see [2, 1]; it is related to a calculus which consists in
appending and removing excursions to the Brownian path, and which is similar to
appending and removing jumps to Poisson processes as in [8]; this calculus has features
which are similar to the Malliavin calculus, but it is not a differential calculus.

Let us outline the contents of this article. The representation formula (1.4) of a variable
F' is stated in Section 2, and an elementary proof is given for simple functionals F' =
f(Wy, ..., W;,). The general case relies on the duality formula (1.3) between D and @,
the proof of which is postponed; some examples are discussed.

In Section 3, the family of generalised Lebesgue-Stieltjes measures associated to a one-
dimensional continuous path w are introduced, and their stochastic analysis is worked
out.

In Section 4, we deduce a construction of Ito, Stratonovich and backward integrals of
predictable processes, and we complete the proof of the representation formula (1.4).

In Section 5, we construct the associated anticipating integrals, and explore the duality
(1.3) between D and .

We finish this introduction with a warning related to the general theory of processes. We
will often consider predictable processes. Since we use the Wiener filtration, predictable
and optional can be viewed as synonyms, but most of the results stated for predictable
processes will not be true for processes which are only progressively measurable; this is
usual in excursion theory and is due to the fact that the set of beginnings of excursions
is progressively measurable but not predictable.

2 Representation of Wiener functionals

In this section, we first state in §2.1 the result, give some hints about the proof in §2.2
(it will be completed in Section 4), and describe some applications in §2.3.

2.1 The result

We first consider the one-dimensional case d = 1 (the extension to the multidimensional
case is given at the end of the subsection). In order to introduce our result, we need some
notation. If w and @ are two paths indexed by R, , and if £ > 0, we can consider the path
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w|t|@ defined by
w(s) if s <t,
w(t)+0(s—t) if s>t.

(wlt|f)(s) = {

If 0 is a path, we can consider the hitting time

CO) = inf{s > 0; 0(s) = 0},

and define the path 6* by

wiay ) —O(s) if s < C(0),
0*(s) = {9(5) £ 5> C(0). (2.1.1)

The path 6* is the reflection of 6 up to (.

Let Z be the It6 measure of Brownian excursions (see Chapter XII of [10]); this is a
o-finite measure on () supported by

= {9 € Q:C(0) > 0;0(0) = 0;0(t) = 0 for ¢ > g(e)}.

It can be characterised by the following property; under the restriction of Z to {¢ > t}
(which is a finite measure), conditionally on F;, the process (6(t + s); s > 0) is a Wiener
process stopped at 0, and its entrance measure is

-y
Z{C(0) > t:0(t) € dz) = ———e= /. 2.1.2

{<(0) (t) € dz} Nor (2.1.2)
Excursions are either positive or negative, and this leads to a decomposition © = 6T U 6!
and Z = Z'" + Z'. Notice that § — 6* transforms Z! and Z' into each other.

Under Z, the canonical process is stopped at (; it is useful to also consider the unstopped
process, that is an [to excursion followed by a Wiener path. More precisely we let J be
the push forward of the measure Z(df) P(dw) by the concatenation map

(0,w) — Olw.

It is a measure on the set of paths 6 € Q such that #(0) = 0 and ((f) > 0. It has a
characterisation similar to Z; on {¢ > t}, conditionally on F, the process (0(t+s);s > 0)
is a Wiener process, and

=y
J1C(0) > t;,0(t) edr} = e ™/ gy, 2.1.3
(O > 6:0(0) € dry = s (213
Notice that under J, the map 6 — 6* consists of reflecting the first excursion without
modifying the remaining of the path. Like Z, the measure J has a decomposition J =
J'+ Tt involving the sign of the first excursion, and 6 — 6* transforms J' and J* into
each other. We are now ready to state the main result.
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Figure 1: An example of paths wl|t|f and w|t|0*

Theorem 2.1.4. On the one-dimensional Wiener space (d = 1), let F' be a square
integrable variable and define

K@) = [ (Flto) ~ Felto) T (@) (2.15)
on
A= {(t,w);/|F(w\t]9) — F(u]0")]7(d0) < oo}
Then the stochastic integral representation (1.1) of E[F|F,] satisfies the relation
Zw) = JF(w) (2.1.6)

almost everywhere on A.

Remark 2.1.7. Variables F' are often only defined almost surely. On the other hand, for
t fixed, the law of w|t|d under P @ J' is singular with respect to P, so it seems that J; F'
is not well defined; however, it will appear that this law is absolutely continuous after a
time integration, so J;F is actually well defined for almost any (¢,w) of \A.

Remark 2.1.8. A noteworthy and useful description of Brownian excursions is the Williams
decomposition (Theorem XII.4.5 of [10]). Let

n(6) = sup{|6(D)]; 0 <t < ((6) }
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be the height of the excursion. Then
Z'(n € da) = da / (24a%), (2.1.9)

and the law Z' conditioned on {n = a} is described as follows; if T, (6) is the first hitting
time of a, then (6(¢);0 <t < T,(0)) and (a — 6(T,(0) +1);0 < t < ((0) — T,(0)) are
two independent Bessel processes of dimension 3, up to their first hitting time of a. One
deduces a description of J'(df) by adding a Wiener path after ((6). This decomposition
can be useful for the numerical simulation of Brownian excursions, and therefore for the
computation of Z; by means of a Monte-Carlo method.

Before entering the proof of the theorem, let us give its multidimensional extension.
Similarly to J;F' in (2.1.5), we define

THdby, ..., d0y) = P(d6y) .. . P(d6_) T (d0)P(dOyy) . .. P(d6y),

Oy = (01, Ok1, (O), Ok 1, - - -, Oa), (2.1.10)
and
JFF(w) = /(F(w|t|9) — F(w|t|6(*k)))J,J(d9) (2.1.11)
on

A= { (1) /\F(wuw) ~ Pl05)| 7] (d6) < o0 ).

Theorem 2.1.12. If F is a square integrable variable, then the k™ component of Z,
satisfies ZF = JFF almost everywhere on A*.

2.2 About the proof

We first prove Theorems 2.1.4 and 2.1.12 for a particular class of variables; the proof is
indeed much simpler in this case, and is an application of the reflection principle for the
Brownian motion. We then give some hints about the general case (the proof will be
completed in Section 4).

Lemma 2.2.1. Suppose that
F - f(th, ey th)

is a bounded simple functional. Then, with the notations of Theorem 2.1.} (one-
dimensional case), the set A has full measure and Zy(w) = JF(w) almost everywhere.
Similarly, with the notations of Theorem 2.1.12 (multidimensional case), the set A* has
full measure and ZF(w) = JFF(w) almost everywhere.

Proof in the one-dimensional case. Fix t, and notice that for ¢; < ¢t < ¢;1;, one has

F(w|t]d) = F(w|t|¢*) on {6;¢(0) < tj41 — t}; the complement of this event has finite
measure for J'. Thus A has full measure. Moreover, the martingale has the form

E[F|F)] = /F(w|t|6)IP’(d9) = g(Wiy, ..., Wy, W)
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for the function
g(wy,...,wj,x) :E[f(wl,...,wj,x+Wtj+1 Wy o, x+ W, —VVtﬂ

which is smooth with respect to the last variable. If ¢’ denotes the derivative with respect
to this last variable, then

Zy=g(Wy,..., Wi, Wi) (2.2.2)

o1
:161%12—8(9(m17---7wtj7wt+5) —g(Whyy . Wy, Wy =€)

1
- hﬁ)l?_sE[f(th--'7Wtj7Wtj+1 +e W, +€>

_f(Wt17"'7Wtj7Wt

j+1

—g,...,wtn—g)‘;ft}

_ 161%%/(F(w|t\e+g) ~ F(wltlo - <))P(db). (2.2.3)
For the last line, notice that the paths wl|t|d £ ¢ are not continuous at time ¢ and are
therefore not in Q, but F(w|t|# &+ ¢) can still be defined for simple functionals F. The
integral involves the paths 6 + ¢ separately, so we can use another coupling of these two
processes. If we choose the coupling based on the reflection principle, we get, with the
notation (2.1.1),

7, = tim 2—15 /(F(w|t|0 &) — F(wlt|(0 + )))P(d). (2.2.4)

Define 0 = t;;1 —t and let

¢(0) = i {t > 0; 0(t) = —<}

be the coupling time of 6 +¢ and its reflected path; the difference in the integral of (2.2.4)
is 0 on {¢°(#) < d}, so

o1
2= tim o= [ (PIH0 +2) = IO +2)) Lo P(db).
In order to compute this expression, we need the law of (6(6 + s) + ;s > 0) under
Lice0)>51P(d0)/(2¢). This process has Brownian increments, and its initial measure is
obtained from the reflection principle; more precisely

1 1[@ (l’) 2 2
—]P’{G; (0) > 6,0(0) + ¢ € dx} _ +—<e—<H> /(28) _ o=(w+e) /(25))dm.
RALAY (0) o
By studying the limit as € | 0, it appears that this process converges in law (for the
convergence on all bounded Borel functions) to the process with Brownian increments

and initial measure .

V23

6_3’2/(25)1]@+ (z)dz.
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But (recall (2.1.3)) this is also the law of (#(0 + s);s > 0) under the measure
Lico)>sy T ' (dh), so

Zu= [ (Fltf) = Flt0) 007" (00)
Since the indicator can be removed, we deduce that Z; = J,F'. O

Proof in the multidimensional case. Proving that A* has full measure is similar. On the
other hand, ZF is given by a formula similar to (2.2.2), but involving the derivative of
g(ws, ..., w;,z) with respect to the k™ component of z. Then (2.2.3) becomes

ZFw) = lsiﬁ’)l % /(F(w|t|0 + eex) — F(wlt|f — eey) ) P(d0)

where 6 & ey, is the path 6, the £*® component of which is translated by ¢. One can
replace 0 — eey, by the reflected path (6 + eek)fk), and the coupling time is now

Gy = inf{t > 0; 04(1) = —}.

Then one checks that the law of (8(0+s)+eey; s > 0) under the measure 1{4<sk)>5}IP’(d9)/(25)

converges as ¢ | 0 to the law of (§(64s); s > 0) under 1(¢(g, )57, (d9), and one concludes
like previously. [l

Let us now consider the case of a general square integrable variable F. We can
approximate it in L? by simple functionals F),, so Z, is the limit of J,F,. However, it
is not evident in the general case to prove the convergence of J;F,, to J.F', so we work out

another method. The main tool is the following duality formula which will be proved in
Section 4 (see after Theorem 4.1.11).

Lemma 2.2.5. Let p; be a real-valued bounded predictable process. Suppose 1 < k < d
and let I' be a bounded Fi-measurable variable such that

1
E/ /lﬂt\ | F(wlt|6) — F(wlt|0fy)] T, (d6)dt < oo, (2.2.6)
0

so that p; JEF is well defined almost everywhere. Then
1 1
E / P Jdet:E[F / ptthk]. (2.2.7)
0 0

Taking for granted this lemma, let us explain how the representation formula is deduced.
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Proof of Theorems 2.1.4 and 2.1.12. We prove Theorem 2.1.4 (the multidimensional case
of Theorem 2.1.12 is similar). It is sufficient to consider a F; measurable variable F' and
to prove (2.1.6) for 0 <t < 1. Let us first assume that F' is bounded and put

Zl = /]F(wum) — F(w]t]67)| T (d6).

This is a predictable process. For any bounded predictable process p, we can apply Lemma
2.2.5 to plyz<uy for p >0, and deduce

1

1 1
E/ ptZtl{Zgg,u}dt =FE [F/ ptl{Zégﬂ}dVVt] = E/ thtFl{Zégﬂ}dt.
0 0 0

Thus Z; = J,F holds on {Z] < u} and therefore on A by letting u tend to infinity. If
is not bounded but only square integrable, we approach it by

Fy = max(min(F, M), —M).

Let ZM be the integrand involved in (1.1) for Fy;. Then J;Fy; converges to J; F on A, and
ZM converges to Z; in L?, so we can take the limit in the formula for Fy; and conclude. [

2.3 Examples

In the examples, we check that A has a negligible complement; this means
/\F(wytw) ~ F(w]t)6")| T (d9) < o (2.3.1)

for almost any (¢,w), or a similar relation with jlj in the multidimensional case. Then the
representation formula (1.1) holds with Z; = J,F' almost everywhere. If 0 is a path under
J, then ((0) and n(#) will denote the length and height of the first excursion. Recall that
J' is the push forward of Z! @ P by the concatenation map (6,w) — 60|w; the law of n(f)
under Z' or J' has already been given in (2.1.9), and the law of ((#) is deduced from
(2.1.2) and is given by

I'(¢ e dt)y =dt | (2v2rt?) (2.3.2)

on (0,00). In particular, ¢ A 1 is integrable for v > 1/2. The first examples are relevant
to the one-dimensional case d = 1.

Example 2.3.3. Let F' = f(T,), f(L}) or f(g7) be a bounded function of the first hitting
time

T, = inf{t >0, Wy = a:}

of z, of the local time
t
Ly = Wi — x| — |a| - / sgn(W, — z)dW, (2.3.4)
0
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at time t = 1 and level x, or of the last hitting time
g9f = sup{t € [0,1]; W, = a:} V0.
Then F(w|t|d) and F(w|t|6*) are different only when the height n(6) of the excursion
exceeds |x — w(t)|, so, from (2.1.9),
1
o Plo) # Flton } < 5o——
IO F(ltld) # Flf)} < 5o < o0

almost everywhere; since we have assumed that F is bounded, we deduce (2.3.1).
Example 2.3.5. Let F' = Ty, be the first time ¢ at which W, hits W;. Then

{Fltl) # F(lton) }
c {n(e) > (S{;}}aw — w(t)) A (w(t) — %ggw)} U {g(e) >1 - t}

because on the complement of the right hand side, one has
Wi (wl|t]f) = Wy (wl|t|0¥) and T (w|t]0) = Ty (w|t|0¥)

for any x. This set has again finite measure for J', so we can conclude as in Example
2.3.3. The same argument can be applied for instance to the first hitting time of W;/2,
or to the time of [0, 1] at which W is minimal.

Ezample 2.3.6. Consider F' = L?; this is similar to Example 2.3.3 but F is here unbounded.
Put 6 =1 —t¢. Then
F(wlt|f) = L? + ¢;"
where ¢ denotes the local time of 6 (it can be defined like L from Tanaka’s formula (2.3.4)),
and
* w(t —w(t —w(t
F(wlt]6) = LY + Eg((a;ms + 054 — EC(H)(/\)N
SO

\mew Fwltor)] = 65

(at most one of two local times E 5 is non zero). The right-hand side is zero except
on {n(0) > |w(t)|}. Condltlonally on this event, after hitting |w(¢)|, the process 6 is a
Brownian motion, so

0) LiyoyswonJ ' (d0) < CVo

/ d=01 (o
TH{O;n0) > |w®)|}
from Tanaka’s formula. Thus

/\F(w|t|0) F(wl|t|o")|T"(d0) < CV3 T {0;n(0) > lw(t)|} = ZCW‘?

< o0

almost everywhere, so (2.3.1) again holds.
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Notice that in this example the martingale E[F|F;] takes the form L? + f,(W;) and Z; =
f{(Wy). The next example is devoted to a non Markovian example.

Ezample 2.3.7. Consider the local time F' = L}"* at level W;. Then (2.3.1) again holds.

Proof. As in previous example, put 6 = 1 — ¢ and let ¢ denote the local time of 6. The
difference F'(w(t|d) — F(w|t|0*) again involves ¢ but at two random levels; moreover, if
¢(6) > 9, one has Wy (w|t|0) # Wi (w|t|6*) and it also involves the local time L of w at two
random levels. Thus we obtain the estimate

|F(w\t|9) — F(w|t|6*)| < 281ip Cing +2 Sl;p L 1ic(0)>6}-
We also notice that the difference is zero if |0(6)| > n(6), so
|[F(w[t10) = F(w[t]67)] <2sup rs Lyowi<non Hew<s/2)
+28Up Lens Licw>o/2) + 250D L Lic(o)>0)-
An easy Gaussian estimate shows that
O

\/2m(6 — (0

on {¢(f) <d/2}. Thus (with a constant C' depending on 4),

T[16G) <n(d) | 6s):0 < s <C(0)] <

/\F(wytw) — F(w|t]6r)| T (d6)

<C / (sup £25(0)) (n(0) Licqoy<sszy + Licoy»s/23) T (d0) + C'sup L
1/2
<C ( / (sup éfAé(H))ZIT(dQ))

1/2
2 X
< / (n(0)Lcor<srr + Licoy>0/2)) IT(dQ)) +Csup L.

For the second term of the product, we know that Z1{¢ > §/2} is finite, and we have

/ 1(0)*1ic)<o/n L' (df) < / ( sup 92)IT(d9)

[0,616/2]
< C’/(C(G) A 5/2)ZT(d9) < 00
by applying Doob’s inequality. For the first term of the product,
/ (Sup zw(e (do) < C / ) A0)Z'(df) <

by applying maximal inequalities on local times (Theorem XI.2.4 of [10]). This completes
the proof of (2.3.1). O
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FExample 2.3.8. In the multidimensional setting, consider the first exit time
7eqm&zom%¢0}

of some domain D 3 0, and let F' = f(W,) for f a Borel bounded function (we do not need
any smoothness assumption on f nor on the boundary of D). Then F(w|t|0) = F(w[t|0f,)
as soon as the height 7(6) of the excursion is smaller than the distance between w(t) and
the complement of D, so (2.3.1) can be proved on {t < 7} as in Example 2.3.3. In this
case, E[F|F; = h(W;) is given on {t < 7} by the solution h of the Dirichlet problem
with boundary condition f, and Z; = Vh(W,), so we obtain a stochastic representation
Z; = JuF for the gradient of h. Notice that this representation can be implemented by
means of a simple Monte-Carlo method, whereas the classical Clark-Ocone formula is
not directly applicable in this case; another classical stochastic interpretation of harmonic
functions in Malliavin’s calculus is to view them in duality with densities of some excessive
measures (see for instance [9]), but again such an interpretation is not easy to use from a
practical point of view. We can also consider F' = f(r, W,).

Ezxample 2.3.9. We now check that our result can also be applied to solutions of stochastic
differential equations with Lipschitz coefficients. Let F' = f(X;), where X, is the solution
of

dXt = b(Xt)dt + O'(Xt)dVVt, X() = Xy,

with b and o Lipschitz and bounded (we write the proof for real processes but the
multidimensional case is similar). Then (2.3.1) holds true almost everywhere as soon
as [ satisfies

[f(y) = ()| < Cly =2l
for some rate o« > 1/2.

Proof. For w fixed, we have to compare the solutions of the equation starting at * = X;(w)

and driven respectively by the semimartingales # and 6*. More precisely, put 6 = 1 — ¢,
let & = &,5(0) be the solution of

d€s = b(&s)ds + o(&)dbs, & = Xe(w),
and similarly for £ = £,(6%); we have

[1Plto) - Flen| 7 @) < [le-g|ag

<c / €ons — €10 | T

where the last line is obtained by conditioning on the excursion (6(s); 0 < s < {(#)) and by
applying classical estimates on stochastic differential equations with Lipschitz coefficients.
We want to prove that this term is finite. We have

Ecns =Eo + b(£0) (C A 6) + 0 (&0)0chs
CAS

CAS
+A wm—mmw+£ (0(&.) — o(&)) b
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and similarly for £*, so
Eens — Ens =20(80)bcns
CAS CAS
= [ te) —ueds+ [ (ole) — olen)as.
0 0
For the first term, we have from (2.1.2)

1+a —x2 /(29)

0% T (do :/ 057" (df) e dr < 00,
[ ez as) BT m

and for the others, it is sufficient (from Burkholder’s inequalities) to prove that

L= /(/OCM(& - fo)zds> a/ZIT(dQ) < o0
/OCM(fS B fo)zds < (/OC/\S Spds) 1/p </OC/\6 |§S_S—q§0|2qd8> 1/q

=G (C A 5)2_1/q (/CM Mds) Ve

0 s

We have

for 1/p+1/q = 1. Thus

SN 1E, — &2 \o/C2a)
1< C;/Q/(C/\(S) a(2¢-1)/(29) (/ [ Sq£0| qu) 2q IT(dQ)
0
i nay o)

<//CA6 |€s ;qﬁo,qusIT(dH)y/@q)
0

for ¢ > /2 Vv 1. For the first term, we notice that the exponent of ( A is greater than
1/2 if q is chosen large enough (because a > 1/2), so this term is finite from (2.3.2). On
the other hand, from classical estimates on It6 processes and by applying again (2.3.2),

/ (Esnc — 0)™Z'(d6) < C / (s AC)IT'(d)

o s 2fq—3/2d . ) 25—3/2 p
= t+s t)
q</0 2¢/2m /5 2V 21

=Cy s11/2,
" PONE = &l o [0 i
//0 TdSI(de)gcq/o s7V2ds < 0o
We can conclude that I is finite. O]
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3 Generalised Stieltjes measures

In this section, considering a real-valued function, we construct in §3.1 a family of measures
which generalise the classical Lebesgue-Stieltjes measure, and we show in §3.2 and §3.3
how the calculus for Brownian excursions can be applied to them. This will be the main
tool for the construction of stochastic integrals in next section, and in particular for the
proof of Lemma 2.2.5. Throughout this section, except in §3.4, we suppose that we are
in the one-dimensional case (d = 1).

3.1 A family of measures

If w is a real-valued continuous increasing path, then

fromo- f

More generally, if w is continuous and piecewise monotone, let S, (¢) be +1 (respectively
—1) on intervals where w is increasing (respectively decreasing). Then the Lebesgue-
Stieltjes integral with respect to w can be written as

fromo-] ¥ s

tew=1(z

If now w is a general continuous path (such as a typical Brownian path), this formula has
no clear sense since the sum can be uncountable and the path may have no increase or
decrease time (so S, is not well defined). Instead of considering all the times ¢ in w™!(z),
we will only consider times ¢ such that w is decreasing or increasing on the left or on the
right of t. In other words, we will be concerned with beginnings or ends of excursions
above or below any level x, and S, will be linked to the sign of these excursions. An end
of excursion is obtained as a first hitting time

dy = inf{s > tw(s) = x}
(in particular T, = df), and a beginning of excursion is obtained as a last hitting time
g; = sup{s <tw(s) = :L‘} (3.1.1)
More precisely, consider
G(w) = inf{s >0w(t+s) = w(t)}

which is almost surely finite for a Brownian path. We say that an excursion begins at
time ¢ if (;(w) > 0. In this case, we define the excursion T,w € © beginning at t by

wt+s)—w(s) ifs < ((w),

0 if s > G(w). (3:1.2)

Tiw:s— (Tw)(s) = {
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Figure 2: An excursion T,

The length and the height of this excursion are ¢; and 7, = n(Y;) (see Figure 2). For
other values of ¢, we let T; = 0 be the null excursion. We obtain a path with values in
© U {0}; we will write T; > 0 or T; < 0 depending on the sign of the excursion. Then we
let w/ (dt) be the counting measure for the set of beginnings of excursions of the path w
above level z, that is
(A= ) L)
tw(t)=z,T¢(w)>0
for A C Ry, and we define

w”(A) = /wx/(A)da:. (3.1.3)

Lemma 3.1.4. Let w be a fized real-valued continuous path. Then w/ is a o-finite
measure on the set of beginnings of positive excursions of w. Moreover, if A = (t;) is a
subdivision of [0,1] and if w{ is the restriction of w” to

Ba(w) = U{t; Ti(w) >0, t<t; < t+Ct(w)},

J

then
wl([r,s]) = inf w— inf w (3.1.5)
[s:tj41] [rytj+1]
fort; <r <s<tjy. The measure w” can be obtained on [0, 1] as the increasing limit of
measures w{n for any refining sequence of subdivisions such that |A,| = max(t? ,—t%) | 0.
If w has finite variation, then w”” (dt) is the positive part w*(dt) of the Lebesgue-Sticltjes
measure associated to w.
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Proof. We first verify the description (3.1.5) of the measure wy . The set Ba N [t;, ;1]
is the set of beginnings of positive excursions beginning in [t;,?;41] and straddling time
tj+1, so that (with notation (3.1.1))

BA N [tjatj—i-l] = {gz+17 inf w S x S w(tj+1)}.
[tj5tj+1]
Thus, for t; <r < s <t;4q,
wl ([, s]) = /1[T7S](gfj+l)da: = inf w— inf w
[s:tj41] [ritj41]

and (3.1.5) is proved. It is clear that w-" is the limit of w{n, and since wKn is finite, this

implies that w-” is o-finite. Let us now consider the case of a path w with finite variation
on [0, 1]. We deduce from (3.1.5) that

wX ([r,s]) < w(s) —infw < w*([r, s])

[r,s]

for t; <r <s <tjiq, so at the limit, w” (dt) < w™(dt). On the other hand,

WX ([tj tj]) =  sup  (wltjpr) —w(s)) > (w(tjsa) —w(t]—))+,

tj<s<tjt1
so if A, is the sequence of dyadic subdivisions (t7}) of [0, 1], we have
n n +
WKH([Oa 1]) > Z(W(tﬁl) - w(tj)) .
J

At the limit, we obtain that w/"([0,1]) > w™([0, 1]); since w” < w™, the proof of w” = w™
on [0, 1] is complete. O

Remark 3.1.6. The integral with respect to w{(dt) can be written as

/O 1f(t)wf () =3 /t _tm f(t)d([ inf w) = / s flgp, )z, (3.1.7)

s7tj+1] nf[tjvtj+1]w

In the definition (3.1.3), the measure w-"(dt) is decomposed according to the level x =
w(t); we now see that it can also be decomposed according to the height a = 7, of the
excursion starting at time ¢; this will be useful in Section 4 (see the proof of Theorem
4.4.13).

Lemma 3.1.8. The measure w” of (3.1.3) can be written as

W (A) = / S 1) da (3.1.9)

t:YT¢(w)>0,m=a
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Figure 3: The function a (Proof of Lemma 3.1.8)

Proof. Following the notation of Lemma 3.1.4, it is sufficient to study the measure w{ on
[t;,tj4+1]. Consider the restriction of w:

Wy - BA N [t]’,t]url] — R t— (,U(t)

This map is injective, its image is the interval I = [infy, ;. ,jw,w(t;11)], and the pull back

wj_l(d:v) of the Lebesgue measure on [ is the measure w{ . On the other hand, for each

level © € I, let us consider the height a(x) = gg | of the excursion starting at gf,  (see
J

Figure 3). Then
a(r) = w(r(r)) — =

where 7(x) is the time at which this excursion is maximal. Actually, z — 7(x) is piecewise
constant; it changes its value when the end d;’fj ., of the excursion is a local minimum of w,
and the excursion starting at this minimum has a height greater than «(z); in this case one
has a(x—) > a(z). Thus x — a(z) is decreasing, and is the sum of an affine function with
slope —1 and of jumps. We deduce that the pull back a~!(da) of the Lebesgue measure
on «([) is the Lebesgue measure on I; by composition, the pull back (aow)™!(da) of the
Lebesgue measure on (1) is wX . This proves (3.1.9) when A is included in Ba N[t;, t;11];
thus it holds for A C Ba, and therefore for any A by letting |A| | 0. O

Similarly to w/" and w””, we can consider the measures

w(A) = Z 1a(2), wX(A) = /wx\(A)dx

t:w(t)=z,T¢(w)<0

associated to beginnings of negative excursions. In the finite variation case, w ™ is the
negative part of the Lebesgue-Stieltjes measure of w.
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Let us now consider ends (instead of beginnings) of excursions; the excursion TI ending
at time ¢ will be defined later; now let us simply denote TI > (0 or TI < 0 depending on
the sign of this excursion (the sign is well defined even if the excursion is incomplete).
Then we can define

T S N

tza.)(t):x,'r;r (w)>0

WA= S L), w(4) = / ! (A)da.

t:w(t):x,'r;r(w)<0
Thus we have four elementary measures associated to w. Then we put
w(dt) = W/ (dt) —w™(dt), wT(dt) = w’ (dt) — N (dt),

wl(dt) = w/(dt) — wN(dt), wh(dt) = w/(dt) B w\(dt). (3.1.10)

They are not finite signed measures, except if w has finite variation; in that case, all of
them coincide with the Lebesgue-Stieltjes measure (Lemma 3.1.4). In the other cases,
they are only differences of o-finite measures with disjoint supports. Relations between
them can be obtained by means of the correction measures

W/ (dt) = w/(dt) —w/(dt), wN(dt) = w>(dt) — w(dt) (3.1.11)
which are 0 in the finite variation case. More precisely, we have
Wi =w 4w =0+ =W o,

All these definitions are summarised in the following table, where GLSM stands for
generalised Lebesgue-Stieltjes measure.

w” beginnings of positive excursions
w beginnings of negative excursions
w ends of positive excursions
w< ends of negative excursions

w' | w” —w> | GLSM based on positive excursions

wh | w” —w™ | GLSM based on negative excursions

w™ | w” —w> | GLSM based on beginnings of excursions
w™ | w’ —w> | GLSM based on ends of excursions

w” | w” —w” | a correction measure

w | w™ —w\ | a correction measure

Remark 3.1.12. It is known that positive excursions of a path can be viewed as a tree (see
for instance [4, 3]). Then w”” and w™ actually correspond to the Lebesgue measure on
this tree. This point of view will be explored in another article.
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If we apply this construction to the Wiener paths, we obtain the measures W/ (dt), ...
and W~ (dt), .... Of course, a result for one of them can be transferred to the three
others by time reversal and/or change of sign. Notice however that if we want to study
predictable processes, there is a big difference between the measures W™ (dt) and W< (dt)
which are predictable, and the two others which are supported by a set (beginnings of
excursions) intersecting no graph of stopping time but only graphs of honest times, see
[2]. Notice also that all of these measures are supported by dense Lebesgue negligible
subsets of R.

3.2 Calculus for excursions

We need to define some transformations of €2 consisting in adding and removing excursions.
The transformation 8:9 consists in inserting the excursion 6 € © at time t, so that

w(s) if s <t,
(Egw)(s) = Qw(t) +0(s —t) ift <s<t+((0), (3.2.1)
w(s —((9)) if s >t 4 ().

On the other hand, £ removes the excursion beginning at time ¢ if an excursion indeed
begins at this time, otherwise it does nothing; thus

w(s) if s < t,

w(s+ G(w)) ifs>t. (32.2)

(& w)(s) = {

Notice that if ¢, is a predictable process, then

oy =0di0E = ¢y (3.2.3)

This property is evident for ¢; = 1j,< /" and F' a F.-measurable variable, and it is
extended to other predictable process with a monotone class theorem. Let us now study
the effect of these transformations on non predictable processes.

Theorem 3.2.4. If ¢; is a nonnegative process, one has
E / V7 (df) = E / b1 0 £, (d6)dt. (3.2.5)

In order to prove this theorem, we first state the following basic lemma about excursions
at a given level.

Lemma 3.2.6. Fiz some real x and let Lj be the local time at level x given by the Tanaka
formula (2.3.4). Let ¢y be a nonnegative measurable process. Then

E > ¢=E / / ¢y 0 YT (dO)dLY. (3.2.7)

t:Wi=z,T+#0
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In particular,

E / oW/ (dt) =E / g0 ELT(dO)dLY. (3.2.8)

Proof. Let T} be the path Ti(s) = Wyys — W, s > 0 and consider ¢, = ¢, F(Y}), where
Yy is predictable. Then it is known (see Chapter XX of [2] or Chapter III of [1]) that

E S 6= (/ Fdj) (E/wtde). (3.2.9)
t:Wi=x,T+#0
On the other hand, if we look at the right-hand side of (3.2.7), we have
¢ 0 5:9 = th(GIT;).

Under P(dw)Z(df), the concatenated path 6|1} (w) is independent of F; and has law 7,
S0

E[/qstogtfez(de) ]ft} :wt/Fdj,
and

E / b1 0 ELT(AO)ALY = ( / Fdj) (E / ¢tde). (3.2.10)

By joining (3.2.9) and (3.2.10), we obtain (3.2.7) for this class of processes ¢. The general
case follows from a monotone class argument, and (3.2.8) is obtained by replacing ¢; by

Oelir, >0y ]

Remark 3.2.11. Another proof can be worked out by using the Poisson calculus rather
than the excursion calculus. More precisely, if we change the time with the inverse of
t — LY, then it is well known that the excursion process T; becomes a Poisson point
process with intensity measure Z. Applying the basic formula of [8, Corollaire 1] for
Poisson measures also yields (3.2.7).

Proof of Theorem 3.2.4. We integrate (3.2.8) with respect to x. In the left-hand side we
obtain the measure W-'(dt), and in the right-hand side, integrating dL? with respect to
x gives the Lebesgue measure dt. ]

Of course, a similar formula holds for W ™(dt) and Z'(d6).

3.3 Iterated formulas

We now notice that Theorem 3.2.4 can be iterated to study integrals of higher order.
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Theorem 3.3.1. Let ¢y, 1, be a nonnegative process indexed by R%. Then

E / / Gy o, W7 (dt) W (dts)
{t1<t2}

= //// Gyt © Ept g, © EF 4, T (dO)T (dBa)dt dts.
{t1<t2} ’ )

A similar result holds if (W7 (dt;),T'(d6;)) is replaced by (W >(dt;),T(db;)) for i = 1
and/or 2; under an integrability condition, one can also replace it by (W= (dt;), I} (d6;)),
with T = I" — T*.

(3.3.2)

Proof. We iterate (3.2.5) by applying it firstly with respect to ts, secondly with respect
to t;. Since we are on {t; < to}, we notice that

W7 (dty) o & 5 = W7 (dty)
and obtain (3.3.2). The other cases are similar. O

In the right-hand side of (3.3.2), we first append an excursion at time ¢;, then another
one at time t5. This may result in two different figures. If ¢t > ¢; + ((#;), then we have
appended two disjoint excursions. On the other hand, if the reverse inequality holds, we
insert 0, inside 6; and obtain an augmented path ngth@gel containing #, as an excursion;
this augmented path always begins with an excursion; however it is not an excursion if 0,
and 6, have opposite signs and 7(y) > |91 (to — tl)’. We denote by # the first excursion
of this augmented path (see Figure 4), so that

(3.3.3)

- _Yo(EEy p00) i e <t 4 ((6),
)= .
0, otherwise.

We are going to see that ] plays an important role in our estimations.

Theorem 3.3.1 can be applied to processes of type ¢, 1, = @1, ¢1,, in order to deduce the
L? norm or the variance of [ ¢;W /" (dt) or [ ¢,W~(dt). Let us explain this calculation in
the simple case ¢, = 15(t, ;) for a B C Ry x © of finite measure for dt Z(df). Relation
(3.2.5) is written as

E / Lt )W (dt) = / / Lo(t, )T (d6)dt,

SO

(& / 1s(t, Tt)W/(dt))Q

:2//// Lp(tr,0:)1p(ts, 02)T" (d6,)Z" (d6s)dtdts.
{t1<t2}
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Figure 4: A path &', &, w with §

t2,02 1,01

On the other hand, for t; < to,

Lp(ta, Yi,) 0 &L g, 0 &L g, = 1n(t2,02), 1p(t1, Tr,) 0 &Ly, 0 &y = 15(t1,0)

with the notation (3.3.3), so (3.3.2) is written as

E( / Lot TOW (dr))

5 (3.3.5)
_2//// Ls(t1, 0) L (b, 0)T ' (d61)T' (d)dtr it
{ti<to}
By comparing (3.3.4) and (3.3.5), we get the variance
var(/ 1p(t, Tt)W/(dt)>
(3.3.6)

_ ~ _ ; )
= 2////{t1<t2}(13(t1,9) 1p(t1,00))15(ts, 02)Z1(d6,) I (dby)dt dLs.

Notice that in this integral we only have to consider times to < t; 4+ ((#;) (otherwise
0 = 01). We can handle similarly negative excursions, and by considering opposite signs,
we get the covariance

cov / Lt Y)W (dF), / Lp(t, T W (d) )

- ////{t , }<1B(t17§) — 1p(t1,61))15(t2, ) (3.3.7)

(Z7(d61)T" (dbs) + T (d61)I" (db))dtdts.

221



We also deduce
var(/ 1B(t,Tt)WH(dt)>
=2 / / / / (1p(t1.0) — 1p(t1,00))15(to, 02) T (d61) T (d6s)dty dts.
{t1<t2}

Ezample 3.3.8. Let us study the excursions of height > a by considering B = [0, 1] x
{6; n(0) > a}. If we look at positive excursions, we have

1
1
E/ 1{77t2a}W/<dt) = IT{’/] > a} = 2_
0 a

from (2.1.9). For the variance, we use (3.3.6); we notice that
15(t1,0) — 15(t1,61) > 0 (3.3.9)

if 6; and 65 have the same sign, and it is non zero when 6; have an height less than a, but
0y has height greater than a and becomes a sub-excursion of ;. Thus

Var/ Lipsay W7 (dt) —2// //@T Linr)<a} Lin(os)>ay L{ts <ta<ti+¢(01)}
0 0,1]2

T'(d6,)T"(d6y)dt dty

/ / (1 —1))Z"(d6)dt. (3.3.10)
{n(0) <a}

If X, is a Bessel process (of dimension 3), then X?—3t is a martingale, so the expected time
of the first hitting time of a is a®/3; consequently, the Williams decomposition recalled
in Remark 2.1.8 shows that the expected length of an excursion of height a is 2a?/3. We
deduce that the conditional expectation under ZT of ((6) given n(0) is equal to 21(9)?/3,
and that ) 5 )

E / COVT(do) = = / n(0)2T1 (d0) = . (3.3.11)
@ Jn(0)<a) 3¢ J(n(6)<a} 3
We also check with the Williams decomposition that the conditional expectation of (6)?
given () is finite and proportional to n()*, so the difference between (3.3.10) and

(3.3.11) is bounded by

1 [t 1
] congemti@ar< s [ coprian)
@ Jo J{n@)<a} @ J{no)<a}

_¢ n(0)*" (d)
{n(0)<a}
= O(a?).
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Thus the variance (3.3.10) of our variable is bounded by 1/3, and

1
lim var / Ly W7 (dt) = 1/3. (3.3.12)
a— 0
Similarly,
1
lim var / LipsayW N (dt) = 1/3. (3.3.13)
a— 0

On the other hand, the covariance is given by (3.3.7) and

15(t1,0) — 1p(t1,0,) <0 (3.3.14)

if 6, and 6, have opposite signs, and is non zero when excursions ; and ¢, have height
greater than a, but the height of 6 is less than a; this happens when t5 — t; is less than
the first hitting time T,(6;) of a (or —a) by 6;. The contributions of Z'(d#,)Z*(df,) and
ZH(d6,)Z"(dfs) are equal, and

1 1
cov(/ 1{m2a}W/(dt),/ 1{nt2a}W\(dt))
0 0
:—2// 2// Lnon)2a} Lin@)2a) Lt <ta<tn o1 001 2| (d01) T (dbs )t dt
0,1
1 1
_ 2 / / (T(6) A (1 — )T (dO)dt. (3.3.15)
a@Jo J{n(0)>a}

Conditionally on {n(6) > a}, T,(0) is the hitting time of a by a Bessel process, so it has
expectation a?/3 and

1

1
- —/ T,(0)T'(d0) = —ST'{n > a} = —=. (3.3.16)
@ Jin(9)>a} 3 6

The difference between (3.3.15) and (3.3.16) is bounded by

1 [t 1
] menmesear@d< [ 1007 @)
aJo J{n)>a} @ J{n(6)>a}

=Ca’T'{n>a} =0(d*),
S0

1 1
lim cov(/ 1{m>a}W/(dt),/ 1{,72@}W\(dt)> — —1/6. (3.3.17)

a—0 0 0

We deduce from (3.3.12), (3.3.13) and (3.3.17) that

1
lim Var/ LW (dt) = 1. (3.3.18)
0

a—0
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Ezample 3.3.19. Excursions of length greater than ¢ are studied with B = [0, 1]x{6; ((0) >
e}. The variance of fol Lie,>ey W' (dt) is obtained from combined excursions where 6; has
length less than . One has Z'{¢ > ¢} = 1/v/27¢ from (2.3.2), so

Vaf/ Ligza W7 (dt) = 2//[ ; // Licon)<er Lic(o)2er Lti<ta<ti+¢(01)}
0 0,1

T'(d6,) " (dy)dt dty

m / / (€O N (=0T )

By proceeding as in previous example, we can prove that this variance is dominated by
its limit

1
1 dy 1

lim Var/ lee, W7 (dt lim —— = —,

e, Heea V) = H)\/ﬁz\/% Vi

and similarly for W One can also write the formula involving mixed excursions for the

covariance, but calculations are more complicated. Subsequently, we will only use the

boundedness of the covariance, which follows from the boundedness of the variances.

3.4 The multidimensional case

In this short subsection, we describe how results of §3.2 and §3.3 are extended to
the multidimensional case Q@ = C(R,,R?). Excursions of each component have to be
considered separately, so let us suppose that we want to study the first component;
then we write the Wiener process as (W;,V;) € R x R¥71. We let ©; be the space of
d-dimensional continuous paths such that the first component 6, is an excursion with
length ((#), and the other components are paths stopped at time (). On this space,
we consider the measures IlT and Ill under which the first component ¢, is a Brownian
positive or negative excursion, and the other components are independent Wiener paths
up to time ((0); the main difference with respect to the one-dimensional case is that now
0(C(0)) # 0. Then & again consists in inserting 6 at t; the difference with respect to
(3.2.1) is that

Elgw(s) = w(s — ((0)) +0(¢(0))
for s >t + ((6). Similarly, & is defined like (3.2.2), but

E w(s) =w(s+ G(w)) —w(t+ G(w)) + wl(t)

for s > t. The process Y; is defined as in (3.1.2) (its first component is an excursion).
Then Theorems 3.2.4 and 3.3.1 hold with the measures W~ (dt) and Z(df) (one first
consider processes ¢; which are the product of a functional of W and of a functional of
V', then the general case follows from a standard monotone class theorem).
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4 Stochastic integration

In this section, we use the generalised Lebesgue-Stieltjes measures (3.1.10) in order to
construct stochastic integrals of predictable processes. As in §3.4, we write the Wiener
process as (W, V;) € Rx R and we want to construct integrals with respect to the first
component W. More precisely, we check that the measure W~ (dt) leads to It6 integrals,
that the measures W'(dt) and W'(dt) lead to Stratonovich integrals, and that W= (dt)
leads to so-called backward integrals. Each type of integral is studied by means of an
approximation procedure; more precisely, the approximation consists in restricting the
generalised Lebesgue-Stieltjes measures to subsets of the time interval in order to obtain
finite signed measures. As an application, the construction of Ito integrals is closely
related to the duality formula of Lemma 2.2.5, so we are able to complete the proof of
the representation theorem for Wiener functionals (Theorems 2.1.4 and 2.1.12). Results
of this section are summarised in §4.5.

Notice however that this is a nonlinear approach to integration; we can separately
construct an integral with respect to each component of the Wiener process, but if now
we consider the integral with respect to the vector-valued process as the sum of these
integrals, then the result depends on the choice of the frame on R?. For instance, the
measures W~ + W5~ and (W, + W)™ are not equal (a beginning of excursion of W is
not a beginning of excursion of Wj 4+ W), though they would be equal if W; and W; were
of finite variation (since they would coincide with Lebesgue-Stieltjes measures).

It is sometimes easier for notational convenience to consider processes indexed by R. In
this case, (W, Vi;t > 0) and (W_;V_4;t > 0) are independent standard Wiener processes.
However, we always construct integrals on the time interval [0, 1]; this means that we
integrate a process p;, 0 <t < 1, which is extended by p = 0 out of this interval.

4.1 1to integrals

It can be seen from results of previous section that predictable processes cannot be directly
integrated with respect to W= (dt) (consider for instance a non zero constant process).
However (with the notations of §3.4), if B is a subset of [0, 1] x ©; which has finite measure
for dt Z,(df), we have

E/lB(t, TOW/ (dt) = / 71 (df)dt < oo

and similarly for W (dt), so we can consider

V5 (0) = [ pidalt, TOW () - / podW.(B) (4.11)

for any bounded process p, where
t
W (B) =Vg5(1py) = / 1p(s, Y)W (ds) (4.1.2)
0
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is an anticipating process with finite variation. Since we want positive and negative
excursions to compensate, we assume that B is symmetric, that is

(t,0) € B (t,0*) € B

with 6%(¢) = (=61(?),02(t), ..., 0a(t)) (it was denoted by ;) in (2.1.10) but we prefer a
lighter notation for this section). Then we can define W~ (p) as the limit in some sense
of U5 (p) when B grows to [0, 1] x Oy, if this limit exists. In this subsection, we suppose
that p is predictable; we check that the convergence holds for a weak topology and that
the limit W~ (p) coincides with the It6 integral. We also check that the convergence may
be stronger under some assumptions.

4.1a The general case

We now introduce the analogue of the Malliavin derivative in our calculus; this is the
difference operator

D F = /(Fogge — Fo&,.)I{(dh), (4.1.3)

which is defined for (¢,w) such that the integrand of the right-hand side is integrable.
Notice in particular that the operator J! defined in (2.1.11) can be written as the
predictable projection

JIF =E[D/F | 7].

We have checked in Lemma 2.2.1 that for simple bounded functionals F, J}F is the
process Z;} involved in the integral representation formula (1.1), so we deduce that if F
is simple, bounded, and p; is predictable, bounded, then

1 1 1
E[F/ ptdwt} :IE/ th;th:E/ p/DIF dt. (4.1.4)
0 0 0

We can now state the general convergence result of ¥ (p) to the It6 integral of p.

Theorem 4.1.5. Let ' = f(Wy,, Vi, ..., Wiy, Viy) be a bounded simple variable, and let
(pr; 0 <t < 1) be a bounded predictable process. Then for any sequence B, of symmetric
sets with finite measure increasing to [0, 1] x ©1, one has

imE[F U5, (p)] = E[F /0 1 ,othVt]. (4.1.6)

This theorem states that W5 (p) converges to the It6 integral of p for the weak topology
induced by bounded simple variables. The basic result used in the proof is the following
lemma.
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Lemma 4.1.7. Let p; be a bounded predictable process, and let F' be a bounded variable

such that )
IEJ/ /|pt|}Fo€;9—F05:9*
0

Then, for any (B,) as in Theorem J.1.5,

T) (df)dt < co. (4.1.8)

1
ImE[F Uy (p)] = IE/ piD}F dt. (4.1.9)
0

Proof. First notice as in (3.2.3) that since p; is predictable, one has p; o :9 = p;. Then
Theorem 3.2.4 (generalised in §3.4) implies that

E[F / 1 ptan(t,Tt)W/(dt)] —E / / 1 L, (£, 0)pe (F o £,)T] (d6)dt

and similarly for the W M-integral, so, from the symmetry of B,,,

1
E[F ¥y (p)] =E // 1g,(t,0)p:(F 0 &y — F o £1,.)T] (d0)dt.
0

Assumption (4.1.8) enables to take the limit in the right-hand side and to deduce the
lemma. [

Proof of Theorem 4.1.5. 1f (t;) are the times associated to the simple variable F', one has

‘Fogt—t_a_Fogt—t—e*

< Clgco)>t,0-1

for t; <t < t;+1. On the other hand, from (2.3.2),

/ o /1 D= [
- t = < 00
tj {4(9)2t3+1 t} tj 27T<tj+1 — t)
so (4.1.8) holds. We can apply Lemma 4.1.7, and the conjunction of (4.1.4) and (4.1.9)

enables to conclude. O

4.1b The weak L? convergence

The convergence of Theorem 4.1.5 holds for a large class of sequences (B,). By choosing
particular sequences, we can have a better (but still weak) convergence, namely for the
weak topology of L?. In the same time, we are able to complete the proof of Lemma 2.2.5,
and therefore of the integral representation formula (Theorems 2.1.4 and 2.1.12).

Lemma 4.1.10. There exist sequences (B,) such that the convergence result (4.1.6) of
Theorem 4.1.5 holds for any F € L? and any bounded predictable process p;.
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Bounded sequences of L? are relatively compact for the weak L? topology, so it is easy
to see that the statement of Lemma 4.1.10 holds true as soon as Vg (p) is bounded
in L? for any bounded predictable p; these sequences (B,,) are subsequently called good
approximating sequences. We give below three examples of good approximating sequences
(B.,), so this will complete the proof of the lemma.

An important consequence of Lemma 4.1.10 is the following duality formula.

Theorem 4.1.11. The duality formula

1 1
E/ Dtletdt:E[F/ ptth} (4.1.12)
0 0
holds for any bounded F and any bounded predictable process p satisfying (4.1.8).

Proof. The left-hand side of (4.1.12) is expressed in (4.1.9) as a limit, and the fact that
this limit is the also the right-hand side of (4.1.12) is exactly Lemma 4.1.10 if we choose
a good sequence (B,,). O

Proof of Lemma 2.2.5 (for k =1). Since a path under le is made (for its first
component) with a positive excursion followed by an independent Wiener path, we notice
that the assumptions (2.2.6) and (4.1.8) are equivalent, as well as the conclusions (2.2.7)
and (4.1.12), so Lemma 2.2.5 follows from Theorem 4.1.11. O

We now look for examples of good approximating sequences (B,). It is sufficient to put
conditions on the first component of #, so we suppose d = 1 in these examples; the
generalisation to the multidimensional case is straightforward.

Example 4.1.13. Consider excursions with a height greater than some a > 0; more
precisely, let B = By(a) be defined by

Bo(a) = {(t,6) € [0,1] x ©; 7(6) > a}.

We have already studied in Example 3.3.8 the case p = 1, and check that U5 (1) is centred
with bounded variance. We now have to consider other bounded predictable processes p;
the approximation W5 (p) is again centred and we have to compute the variance. First
notice that if ¢; is a bounded symmetric process in the sense that

bt 0559 = ¢ 05:9*7
then, from (3.2.5),
E / oLt )W (dt) = 0.

Consequently,
B[] pupula(t Y o € Lalta Y)W (dn) IV (d) =0
{tl <t2}

228



because this is the integral with respect to W™= (dts) of a symmetric process. Thus

E@E(py = QE/A }ptlth (1B(t17 Ttl) - 1B(t17 Ttl © gt;))lB(t% TtQ)

t1<to

W= (dt)W ™ (dts) (4.1.14)
SC]E// |1B<t17Tt1)_]-B(tlaTtlOgt;)‘]-B(t27Tt2)

{t1<t2}

}W_)(dtl)HW_)(dtzﬂ
_c / / / / 15(t1,60) — 1 (t1.,8) |15 (fa, 62)T(d6,)T(d6)dt

{t1<t2}

by applying Theorem 3.3.1, and with the notation ] given in (3.3.3). By applying the
decomposition Z = Z' + Z*, the sign of 15(t1,0) — 15(t1,61) given in (3.3.9) and (3.3.14),
and formulas (3.3.6) and (3.3.7), we check that the quadruple integral is half of the
variance of W5 (1). It is dominated by the variances of W7 (1) and Wy (1) which have
been proved to be bounded in Example 3.3.8. Thus U5 (p) is bounded in L2, and it is
sufficient to choose a sequence B, = By(a,) corresponding to a sequence a,, | 0 to obtain
a good approximating sequence.

Remark 4.1.15. A disadvantage of the approximation B = By(a) for the integral on [0, 1]
is that W5 (p) is not Fi-measurable, because knowing the height of an excursion beginning
in [0, 1] may involve information on the Wiener path after time 1. To bypass this point,
a possibility is to add to By(a) all (¢,0) such that (f) > 1 —t and to consider

Bi(a) = {(t,@) €[0,1] x ©; n(0) >aor((d) >1— t}.

This means that we consider all excursions straddling time 1, independently of their
height. The approximation W5 (p) for B = Bj(a) is now Fj-measurable, and it converges
like previous one, because the difference between this approximation and previous one
is dominated by a. Subsequently, as mentioned in the beginning of the section, it will
be useful to consider paths indexed by R; in this case, we also add to Bj(a) excursions
beginning before time 0 and ending in [0, 1]; this means that we put

B(a) = Bi(a) U {(t,e) € (00,0 x ©; —t < ((f) <1 t}. (4.1.16)

Approximations of integrals based on B(a) will subsequently be called height-based
approximations.

Example 4.1.17. A similar procedure can be worked out by considering excursions of
length ((6) > €, more precisely

B'(e) = {(t,e) €[0,1] x ©; C(0) > 2 A (1 —t)}
U {(t,@) € (—00,0] X ©; —t < ((6) <1 —t}.

We are again reduced to the boundedness of the variances corresponding to p = 1
(Example 3.3.19). These approximations will be called length-based approximations.
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Ezample 4.1.18. Consider a subdivision A = (¢;) of [0, 1], and let B = B(A) be the set

of (t,0) such that the interval [t,t + ((6)] contains a point of the subdivision. With the

notation wf introduced in (3.1.5), a similar notation w} and wy = w{ — w}, we have

from (3.1.7)
1
| ez =% [ st - a)da
0 Lk Jwltititi]
where wr, s] is the range of w on [r, s]. Thus

1
U5 (p) = / W (dt) = Vi

k

where

}/[7‘,8} e / ptl{ct>8—t}W*}(dt) = / [ ]pg% Sgn(Ws - :U)dx
r Wir,s

An application of the duality formula (3.2.5) shows that
E[FY,q =E / pD; ' Ft (4.1.19)

with
DIF = / (Fo&ly—Fo&ly)I'(dh).
{¢(6)>6}

We check that Y}, ) is F,-measurable, and an application of (4.1.19) with a F,-measurable
variable F' enables to deduce
E[Ypq | F] =0
because Df_tF =0 for r <t < 5. Thus the variables Y}, 4, .,] are centred and orthogonal
in L?. Moreover
}Yhs]‘ <C d:c:C(supW—ian),

W(r,s] [r,s] [r,s]

so the variance of Y|, ., is of order ¢;1; — t;, and the sum » Y[, ) is bounded in
L?. Thus Theorem 4.1.11 can be applied to B, = B(A,) for any sequence A, = (t7) of
subdivisions of [0, 1] such that max;(t7,, —t}) — 0.

4.1c The strong L? convergence

Notice that the approximations W (p) generally do not converge strongly in L?. For
instance, for p = 1, consider the approximation based on time discretization of Example
4.1.18. In this case we have

Yis = / sgn(Ws — x)dx = 2Wy — inf W — sup W.
Wr,s]

[r,s] [r,s]
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From the invariance of the Wiener measure by time reversal, we check that

E[(WS YW, —inf W — supW)(Ws - Wr)] —0.

[r,s] [r,s]

Thus
E[}/[T’S](Ws o WT’):| = E[(WS - WT>2] =S — T;

s0 Y|, 4 is the sum of W, — W, and of a non trivial orthogonal variable and
E(Ypq)'=C(s—7) with C > 1.
Thus )
- 2
IE"("I]B (1)) = E(Z Y[tjvtj+1]> =C
J

does not converge to E[W?] = 1, and the convergence lim U5 (1) = W; does not hold
strongly in L.

Nevertheless, we now prove the strong convergence for a particular approximation when
p is continuous.

Theorem 4.1.20. If we use height-based approzimations B = B(a) given by (4.1.16) and
if p is a bounded continuous predictable process, then the convergence of V5 (p) to the Ito
integral of p holds for the strong topology of L*.

Proof. We already have the weak convergence, so it is sufficient to prove that

2 1
hmE(xpg(p)) :IE/O p2dt (4.1.21)

for B = B(a) and @ | 0. This has been checked in (3.3.18) for p = 1, and we have
to write the formulas in the general case. The variance has already been estimated in
Example 4.1.13; we again use (4.1.14), but we handle it differently, taking advantage of
the continuity of p. We have

E(‘IJE(P)Y =h+1
with

I = QE// pi (Lp(t1, To,) — 1p(ts, Yo, 0 &) 1p(t2, Tt,)
{ti1<t2}
W= (dt) W= (dts),
I = 2E// Pt (ptz - ptl) (1B(t17 Ttl) - 1B(t17 Th o gt;))lB(t% th)
{t1<t2}
W= (dt )W (dts).
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The first term is studied from Theorem 3.3.1 (notice that p;, is not affected by 5;; o, and
g+

t2’92), and we get

I, = 2E / / / / P2 (15(t,0) — 1p(t1, 01)) 1 s(ta, 02)TE(d6)) T} (d6s)dtydts.
{t1<t2}

By proceeding as in Example 3.3.8, we check

1
lim 4 = E/ p2dt.
0

For I, we have enumerated in Example 3.3.8 the cases where the difference between the
indicators is non zero; this can happen only when ¢, belongs to the excursion beginning
at t1, and before this excursion hits the level +a, so we must have

ty <inf{t > ty; [W, — Wy,| > a}
and
tl S {gg, WtQ —angWtQ—i—a}.
The first condition shows that

|pt, — pi,| < Ry = sup{|ps — prl;max W — min W < a},

[r,s] [r,s]

and the second one shows that for ¢, fixed,

/|1B(Ttl) —15(Ty, 0 &,)| W (dt1)| < 2a,

SO

< CaE[|Ra|/1B(L)\Wﬂ(dt)|]

This term is shown to converge to 0 from the Cauchy-Schwarz inequality because R,
converges almost surely to 0 and [ 15(Y;)[W ™ (dt)| is of order 1/a in L?. Adding the
asymptotic behaviours of I; and I yields (4.1.21). O

Remark 4.1.22. In §4.4, in Remark 4.4.10, we will see that almost sure convergence holds
in some cases.

Remark 4.1.23. We do not know whether the same result holds for length-based
approximations of Example 4.1.17, but we doubt it. From the proof which is given
here, the strong convergence for height-based approximations may seem to come from the
miraculous formula (3.3.18). Actually, the particularity of height-based approximations
with respect to others will appear more clearly in §4.3.
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4.2 Backward integrals

In this subsection we consider the measure W (dt) based on ends of excursions. More
precisely, we suppose that (W, V;t > 0) and (W_;, V_;;t > 0) are independent standard
Wiener processes. We can define the length of the excursion of W ending at ¢ by

¢t =inf{s > 0; Wiy =W, },
and the excursion ending at t by

T :s—W

t—Clrs T

W

e for 0 < sgd.

Then, similarly to (4.1.1) and (4.1.2), we consider the operator

1
W () = / Lot — ¢ T (dt) = / pdW; (B) (4.2.1)
with
W, (B) = ¥5 (1p,).

The process W, (B) also has finite variation, but an important difference with respect
to W;~(B) is that it is predictable. If we use for instance height-based approximations

(4.1.16), then W, (p) is measurable with respect to (W, V;;0 < ¢ < 1) (see the discussion

of Remark 4.1.15). We are going to check that when p is a semimartingale, then Wi (p)
is an approximation of what is usually called the backward integral of p.

Theorem 4.2.2. Suppose that (p;0 <t < 1) is a bounded Ité process

t t t
Pt = Po +/ asds —I—/ by dW —I—/ (Bs, dVs) (4.2.3)
0 0 0

for bounded predictable processes oy, by and ;. Let B = (B,) be a sequence such that
W= (B,) is bounded in L*. Then W (p) converges for the weak topology of L* to

1 1 1
0 0 0

For height based approximations B = B(a) of (4.1.16), the convergence holds for the
strong topology of L?.

Proof. Theorem 4.1.5 and a time reversal imply that

LmE[F W, (B,)] = E[F W] (4.2.5)
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for any bounded simple F; from our assumption about the L? boundedness of W;=(B,),
this convergence also holds for any F' € L?. On the other hand, It6’s formula applied to
(4.2.1) and (4.2.4) yields

W) =i ()~ [ Wi B [ W naw,
0 0 (4.2.6)

- / W (B) (6, Vi)

and ) . )
\I/(_(p) = p1W1 - / WtOétdt - / Wtbtth — / Wt(ﬁh d‘/;)
0 0 0

If now F' is a square integrable variable, it can be written from (1.1) as a stochastic
integral of a predictable square integrable process Z; = (Z}, Z]) with respect to (W, V}),
and we have

E[F Y5 (p)] =E[FpW; (B)] — / E[FW, (B)oy|dt
) 0 ) (4.2.7)
- [ Elzw Bl [ BB

and

E[F U (p)] =E[FpW] - / CE[FWad dt
0 (4.2.8)

1 1
- / E[Z} Wb, dt - / E[W,(Z, ,)] dt.
0 0

From (4.2.5), each term of the right-hand side of (4.2.7) converges to the corresponding
term of (4.2.8), so the first statement of the theorem is proved. For height based
approximations, one proves as in Theorem 4.1.20 that W,~(B(a)) converges strongly to

W, so one can take the limit in (4.2.6) and obtain the strong convergence of Wy, (p). O
Remark 4.2.9. As for It6 integrals, we will see in Remark 4.4.10 that the convergence can
be almost sure.

Remark 4.2.10. We deduce of course from Theorems 4.1.11 and 4.2.2 that the difference
Ui (p) — Y5 (p) is a weak approximation of the quadratic covariation (p, W);. Next
subsection is devoted to another approximation of this covariation.
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4.3 Quadratic covariation

We now study the correction measure W~ (dt) given by (3.1.11) (one can of course study
similarly W\ (dt)). We consider like previously paths indexed by R and put

w5 (0) = [ on(1n(t = G XD (@)~ 1a(e. 0 ()
= /ptth/<B)

with

W/ (B) = W5 (1)
As for U3 and Uy, we are interested in the asymptotic behaviour of this expression.
However, we only consider height-based approximations B = B(a) defined in (4.1.16).

We suppose that p is a smooth Itd process, that is a process given by (4.2.3) for bounded
a, b, and 3, such that

by —b. = Ot —r) (4.3.1)
in the spaces I, 1 < p < o0.

The particularity of height-based approximations is that positive and negative excursions
of height greater than a are in bijection with each other, and actually, this explains the
particular behaviour of these approximations which was already noticed in Theorems
4.1.20 and 4.2.2. Let us define

or =inf{s > t; W, > W, +a}. (4.3.2)

If ¢ is the beginning of a positive excursion of height greater than a, then o, is the end of
a negative excursion of height greater than a, and ¢ — o, is a bijection between these two
sets. This remark is important for the following result.

Theorem 4.3.3. Suppose that p is a smooth Ité process (4.2.3) satisfying (4.3.1). Then

_ 1 1 [t
lim U7 (p) = 5(,0, W), = 5/ b.dt
0

in probability for height-based approximations. If f = 0 (in particular in the one-
dimensional case d = 1), then the convergence is almost sure.

We first prove the following lemma.

Lemma 4.3.4. One has

lim / L (t, )b W7 (dt) =

a—0

1
/ byds (4.3.5)
0

N | =

almost surely.
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Proof. Let us first consider the case b = 1. The difference between the two sides is of order
a in L? (recall the calculation of Example 3.3.8). We can deduce from the Borel-Cantelli
lemma that the almost sure convergence holds for the sequence a,, = 1/n. Moreover, the
monotonicity of a — B(a) implies that

n
n+1

an/lB(an)(ta TH)W7 (dt) < a/lB(a)(taTt)W/(dt>

n+1
< Tan—H/1B(an+1)(t7Tt)W/(dt)

for a,+1 < a < a,. We deduce the whole almost sure convergence as a | 0. The case
by = 1po, () is studied similarly, so almost surely, the measure alg(t, T¢)W~"(dt) converges
weakly to dt/2, and the lemma is proved for any continuous b. But the continuity of b
follows from (4.3.1) and the Kolmogorov lemma (Theorem 1.1.8 of [10]). O

Remark 4.3.6. For b = 1, if we factorise W~ '(dt) into W/ (dt)dx as in (3.1.3), a well
known approximation of the local time by the number of upcrossings (Theorem VI.1.10
of [10]) states that

1
n%g/buﬂnwfuwzém,

and the convergence (4.3.5) for b = 1 is the integrated form of this result.

Another step in the proof of Theorem 4.3.3 consists in estimating double integrals

t
A”:/Xm—mmW;

Lemma 4.3.7. For any fivred 0 < v < 1, one has
b, — b,| < K(t —7r)"?, | A | < K(t—1)7
for any 0 <r <t <1, and for some finite variable K.

Remark 4.3.8. If b were assumed to be a semimartingale, this type of result can be used
to check that the process (W,b) with its Lévy area has finite p-variation for p > 2 (see
[5]). The multiplicative property satisfied by rough paths is here written as

Art - ATS —|— Ast + (bs - bT‘)(Wt — WS) (439)
forr <s <t

Proof of Lemma 4.5.7. The first estimate is classical from the Kolmogorov lemma and
relies on (4.3.1). In particular, from (4.3.9),

|Are — Apg — Ay | < Kot — 1) (4.3.10)
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for r < s <t and for some finite K. On the other hand, the variable

Al = sup

r<u<t

/ (bs — b.)dIV,

is of order ¢t — r in L? (apply Doob’s inequality), so
P[A’Tt > (t— 7’)“’} < C(t —r)Pt=7,

We apply this inequality to r = ¢ = k27", t =t} |, and obtain

2" —1

> Z PlAp sy =ty — )] < C Y 2727707 < oo

n

if p is chosen large enough. Thus the Borel-Cantelli lemma shows that
A < Ka(tiy — ) (4.3.11)

for some finite K. Now, for 0 < r <t < 1, let n = n(r,t) be the maximal integer such
that
o <r <t <t<tr,, (4.3.12)

for some k. Then
2l <t —p <2t (4.3.13)

because if it is smaller, then n+ 1 satisfies (4.3.12). The almost additive property (4.3.10)
shows that

Art = Artg + Atzt + O((t - 7,)7)
= Ag g — Ay T Age +0(277),

SO
|A'r‘t| S 2A n tn + At"t" + .[{22_”/y S K(t - T)’Y

from (4.3.11) and (4.3.13). O

Proof of Theorem 4.3.3 when = 0. By using the time o; defined in (4.3.2), the bijection
t — oy transforms 1,5, W~ (dt) into 1{njza}W/(dt)' Thus we can write

V(0) = [ Tncicoclinsa (oo — pIW () + O(0)

because all the beginnings and ends of excursions of \Ifg are taken into account in the
integral of the right side, except a small part of the first and last hitting times. On the
other hand, notice that Lemma 4.3.7 and (4.2.3) imply that

pr— pr =b Wy = W,) +O((t — 1)) (4.3.14)
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for 0 < vy < 1. Thus

1
)\Ilg(p)—a/1{0§t§0t§1}1{nt2a}btW/(dt)‘ < K/ (o, =t ADYW7(dt) + C a. (4.3.15)
0

The integral in the left-hand side is close to the integral of the left-hand side of (4.3.5).
For the right-hand side, notice that (o; — t)” A 1 converges almost surely to 0 as a | 0,
and is bounded by ¢/ A 1. Moreover,

E/l(g“] ALYV (dE) = /(g(e)v AT (d6) < oo

for v > 1/2, so
1
/ (¢ AW/ (dt) < oo (4.3.16)
0
almost surely. Thus we deduce from the dominated convergence theorem that the right-

hand side of (4.3.15) converges to 0. This completes the proof of the almost sure
convergence of W7 (p). O

Proof of Theorem /.53.3 in the general case. We have already considered the case § = 0,
so we can now suppose o = b = 0. We use the filtration F, generated by (W,;0 < s < 1)
and (V5;0 < s <t). Then Wt/(B) is Fj-measurable, the process V; is a F;-Wiener process,
and

W (p) = / pdW{ (B) = pW{ (B) - / W¢ (B)(6i, dVi)

where the stochastic integral is understood in the filtration (F}). Similarly to the previous
case, we can prove that W7 (B) = \Ifg(l[o,t]) converges almost surely to 0, uniformly in ¢,

so we deduce the convergence in probability of ¥%(p) to 0. O
4.4 Stratonovich integrals

In this subsection, we consider the measures W(dt) and W(dt) on R, and define

Who) = [ pu(1a(t. 0OW7 (@) = 1t — L THW N (ah))
1 (4.4.1)

- /0 pd W, (B)

with
W/ (B) = Wi (1), (4.4.2)

and similarly
Whio) = [ o1t = G TDW (@) - 1t XOW (@),
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Actually, we focus our study on \I/; since the other one is similar. Notice that

VE(p) = V5 (p) — V5 (p). (4.4.3)

so we deduce from Theorems 4.2.2 and 4.3.3 that for a smooth Itd process and for height-
based approximations, it converges in probability to the Stratonovich integral. Our aim
is to prove that the convergence in probability actually holds for any approximation and
that it is almost sure when 3 = 0 or for height-based approximations. Notice that if ‘If;(p)
converges in probability as B @I, the limit is necessarily the Stratonovich integral (since
this is the limit on a subsequence).

The definition (4.4.1) of \I/L, involves the beginnings and ends of the same excursions, so
we can write

Vo) = [ 1a(t 00 (0 = prac) W (). (4.4.4)
Thus if
[0 pusc W7 (@) < o0 (4.45)

almost surely, then \If;(p) converges almost surely to

| ooawi= [0 = puc)w (), (4.4.6)

Theorem 4.4.7. Let p be smooth Ité process satisfying (4.2.3) and (4.3.1). If 3 =0, the
integrability condition (4.4.5) holds true, so the Stratonovich integral is given by (4.4.6),
and \I/;(p) converges almost surely to it.

Proof. Since p is bounded, in order to prove (4.4.5), we can neglect the first and last
incomplete excursions and only prove that

/‘IOH-Q — Pt}1{0§t<t+gt§1}w/(dt) < Q. (448)
We deduce from (4.3.14) that

‘lat+<t - Pt‘ < K(¢' A1),

so (4.3.16) implies (4.4.8). The other statements of the theorem follow from the above
discussion. O

Remark 4.4.9. The approximation (4.4.1) of the Stratonovich integral is written as the
integral with respect to the anticipating process with finite variation WJ (B). For instance,
for the height-based approximations of (4.1.16), the path W, (B(a)) is depicted in Figure
5, and one has W, —a < W, (B(a)) < W,. For approximations associated to subdivisions
A = (t;) of [0,1] (Example 4.1.18), one has

WJ(B(A)):21[tj,tj+l)(t)(infwv inf W),

[tjvt} [tvtj+1}
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W (@)

Figure 5: Paths W, and W\ := W, (B(a))

Remark 4.4.10. We can deduce from (4.4.3), Theorems 4.3.3 and 4.4.7 that for height-
based approximations and when 3 = 0, the approximations ¥ (p) converge almost surely
to the backward integral. Similarly, by using

Vi (p) = Wi(p) = V5 (p),
we check that W5 (p) converges almost surely to the Ito integral.

Theorem 4.4.11. If p is a smooth [té process satisfying (4.2.3) and (4.3.1), the
convergence of \D;(p) to the Stratonovich integral holds in probability.

Proof. The case 3 = 0 has already been studied in Theorem 4.4.7, so we now suppose
a = b = 0 (in particular, It0, backward and Stratonovich integrals coincide). We use as
in Theorem 4.3.3 the enlarged filtration F, generated by (Ws,0 < s < 00; V5,0 < s < t).
The process p; is a semimartingale for this filtration, and the process WJ(B) given by
(4.4.2) is F)-measurable. We can write

1 1
Vo) = [ pdWl(B) = [ (WI(B) = W/ (B) (5, dV), (1412)

0 0
We have proved in Theorem 4.4.7 that W, (B) converges almost surely to W;. Moreover,

inf W < W/(B) < W, —inf W,
[0,¢] [0,¢]
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SO

W/ (B)] < 2sup [W].
[0,¢]

This estimation is sufficient to deduce the convergence in probability of \I/%(p) in the form
(4.4.12). O

We now show that in the case of height-based approximations, almost sure convergence
to the Stratonovich integral holds even when 3 # 0.

Theorem 4.4.13. If p is a smooth It6 process satisfying (4.2.3) and (4.3.1), then Wk (p)
converges almost surely for height based approxzimations (4.1.16) to the Stratonovich
integral.

Proof. The result has already been proved for § = 0 in Theorem 4.4.7, so we now suppose
a = b =0, and consider the enlarged filtration F;. We use Lemma 3.1.8 to write (4.4.4)
in the form

V@ = [ X (o= pune) i+ 0@

@y >0,m:=b

where the ‘O(a)’ involves the small excursions straddling time 0 or 1. Thus the theorem
will proved if we check that
I
almost surely. But
1
S o= (T )

t:Y¢>0m=a 0 t:Y¢>0mr=a

Z (Pt - pt+<t)

t:Y:>0,m=a

da < 00 (4.4.14)

is bounded in L' as a — 0 because the sum in the right-hand side is 0 or 1, so (4.4.14)
holds true. O

4.5 Summary

We summarise in a table the results obtained in this section about convergence to the
stochastic integrals and the quadratic covariation in various frameworks, when p is a
smooth semimartingale satisfying (4.2.3) and (4.3.1), and either for any approximating
sequence, or for the height-based approximations B(a) of (4.1.16).

Any B B = B(a)
Anyﬁ‘BEO Any 3| =0
U5 (p) — Ito (w) if B good | (P) | (as.)
Ui (p) — backward (w) if B good | (P) | (as.)
U7 (p) — covariation (P) | (as.)
Wh(p) — Stratonovich | (P) ‘ (a.s.) (a.s.)




The weak L? convergence ((w) in the table) holds if U5 (p) is bounded in L? (for the Ito
integral) or when ¥ (1) is bounded in L? (for the backward integral).

5 Anticipating calculus

In this section, we explain how techniques of previous section can be applied to study
U5 (p), ... for some anticipating processes p and to construct anticipating integrals
U~ (p), .... We also obtain a duality between the transformation D of the Wiener path
and an operator ®; this duality is similar to the duality between the Malliavin derivative
and the Skorohod integral (see for instance [6]).

5.1 Anticipating integrals

We again consider the space generated by the Wiener process (W;, V;), and we want to
integrate with respect to W processes p;, 0 < ¢t < 1, which are not predictable for the
Wiener filtration. We say that the bounded process p; is in the domain of U™ with
integral = (p) if U5 (p) defined in (4.1.1) converges in probability to W~ (p) for height-
based approximations B = B(a) of (4.1.16), a | 0. We can give a similar definition
for U=, W' Wl In view of the predictable case, we can say that U—(p) is a forward
integral, that ¥ (p) is a backward integral, and that U'(p) and ¥'(p) are symmetric
integrals; these two last integrals were equal in the predictable case and are also equal in
the examples below.

Remark 5.1.1. One can consider other definitions, by requiring for instance the weak L?
convergence instead of the convergence in probability.

FExample 5.1.2. In the case dp; = audt, it is not necessary to assume that « is adapted.
Even in the anticipative case, one can write

Uy () = / pdWy*(B) = p Wi (B) — / Wi (B)aydt

and similarly for the other integrals, so the four types of integrals exist and coincide with

1
U(p) = pW; — / Wiodt.
0

A similar result holds in the case dp, = (3,dV;, where (3; is non anticipating with respect
to V' but may be anticipating with respect to W; this means that we use (like previously)
the filtration F] generated by (Ws;s > 0) and (V;;0 < s < ).

Ezample 5.1.3. Suppose that p, = p}, ., where pj is an Ito process (4.2.3). Then we divide
the time interval into intervals of length €. On each of these intervals, p is an integral
with respect to the Wiener increments on the next interval, and these increments can be
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viewed as an independent process. Thus we are reduced to Example 5.1.2, and all the
integrals coincide with

1
V(p) = piWy —/ Wdps
0

where the integral is computed for the filtration F; ..
Ezxample 5.1.4. If
ot = ps| < K|t — s[7

for some finite variable K and some 1/2 < v < 1, then p;¢, — p; is integrable with respect
to W~ ((4.4.5) holds true), and ¥'(p) can be defined by the right-hand side of (4.4.6).
We can approach it by

\IJT

W11 Wi,
By (P) = Z (/ . nggﬂdx — /1 paz, dm)

k inf[tjﬂtj+1] nf[tjvtj+1] w

for a subdivision A = (¢;) of [0,1]. If we compare with Riemann sums, it appears that

‘\IITB(A) (p) - Z ptj (Wtj+1 - Wtj)
J

< su _ .(W,+W. — 92 inf W).
;thtSE)J'H‘pt pt]l b b [tj:t5+1]

Estimates on the modulus of continuity of W and p show that this expression converges to
0, so U1(p) is the limit of Riemann sums and therefore coincides with the Young integral
(described in §3.3.2 of [5]). On the other hand, the study of 7 (p) for B = B(a) shows
that it is dominated by

[ o = 0w @)

Recall (Example 3.3.8) that

2
a
[ toweaT@7l@0) = $71400) > o}

SO

/ Lino)2ay Tu(0)Z{ (d0) = O(a®) I {n(0) > a} = O(a®).
Thus X
E/o Liza (00 — 1) W7 (dt) = O(a®7)

converges to 0, so W% (p) (and also ¥ 3(p)) converges to 0, and the four types of integrals
coincide.
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Example 5.1.5. In the one-dimensional case, consider p, = f(p,.), where f(p,w) is a

random function which is C? with respect to p, and p; is a smooth Ito process (4.2.3).
Then

‘P;Jrg - P:e| < C‘PHQ — Pt},
so p' is like p in the domain of ¥', and W'(p') is again given by (4.4.6). On the other
hand, from Taylor’s formula,

P = 01 = () (o = pe) + O(|po, = p]")
= ab, f'(p;) + O((at — t)”)

for 0 < v < 1 (recall (4.3.14)). One can deduce at the limit (Lemma 4.3.4 is valid for
anticipating processes) that

V() = 0N ) = / F'(ps)buds.

In particular, U'(p’) and ¥!(p') again coincide.

5.2 A duality property

We now describe for the multidimensional Wiener process (W}, ..., W) the relation
between our integrals and the adjoint ® of D = (D!,...,D?) in L2, where each operator
D* is defined similarly to (4.1.3). If we compare this calculus with standard anticipating
calculus, the operator ® can be viewed as an analogue of the Skorohod integral, so our
problem is similar to the description of some anticipating integrals (which are constructed
as some limits) by means of the Skorohod integral, as in §3.1 of [6].

Let S be the class of simple functionals F' = f(W,,,...,W,; ) with f bounded and
Lipschitz; in particular,

/\F o &l — Fo&l| Tl (dh) < CZ/@k(th _#Z(df) = C'n
J

for any 1 < k < d and for t; < t < tj;1, so D.F' is bounded for these functionals. We
define the domain of ® to be the set of processes p; in L*(R; x Q;R%) such that

E/(pt,DtF) dt < CE[F?]"?

for any F' € 8, and for some C' > 0. Then ®(p) is defined in L? by
E/(pt,DtF) dt =E[F®(p)]

for any I' € S.
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In particular, ®(p) is centred. Since S is dense in L?, it is classical to verify that ®(p) is
uniquely defined by this relation. Moreover, ® is a closed operator.

We use the notation
pl;t = Pkt © 5];15

where py; is the k™ component of p;, and 5,; , removes the excursion of the k™ Wiener
component starting at time ¢ (see §3.4 for k = 1); this excursion is denoted by Yy ;. In
particular, if p is predictable, then p~ = p.

Theorem 5.2.1. Let p be a bounded process on [0, 1] which is extended by 0 out of this
interval, and consider height-based approximations B = B(a) of (4.1.16). Then p is in
the domain of ® if and only if

W) = 3 it T

converges for the weak topology of L? induced by S, and ®(p) is its limit.
Remark 5.2.2. Roughly speaking, by applying §5.1, the theorem says that ®(p) = U~ (p™).

Proof. We deduce from Theorem 3.2.4 that
E[F / 1p(t. Yed)pp Wi (dt)] —F / / (F 0 &fy) pryZ)(dO)dt
B

If B is symmetric, we have a similar relation with W/ (dt) and & 'y replaced by W\(dt)
and 5;“%), so by taking the difference between these two relations, we obtain for FF € §

E[F/lg(t Trt) Wi (dt // Foé';re Fogta* )pktZ (df)dt.
Thus
lgfgl]E[F V5 )(p_)} = ]E/(DtF, pe) dt
and the theorem is proved. O]

Ezample 5.2.3. If p is predictable, then p~ = p and both ®(p) and ¥~ (p) are the It6
integral.

Example 5.2.4. In the one-dimensional case, consider p; = g(W;) 1j9,1)() for a bounded
Lipschitz function g. It is easy to check that

U (p) = g(Wh) Wi,

We now prove that p is in the domain of ® and that

B(p) = (W)W, + / I.da
Wio,1]
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with
Iy = lim Z Lpa)(t: o) sgn(Te) (g(Wh) — g(Wise,))

t:Wi=x

strongly in L?.
Proof. We already know W~ (p) so we have to study ¥~ (p — p~). We have

pr = Lo (t)g(Wite,),

V5o —p) = / 1o(t, 1) (9(Wh) — g(Wose,)) W (d)

- Z 1B(t’ Tt) Sgn<Tt) (g(Wl) - Q(W1+gt)d$.

tZWth,Ct>O

If we separate the last excursion from the others, we get
Wi = [ alof, Yar) sn(Tar) (90V1) — 9 Wi )
wo,1

4 / ST Lalt Y iy sen(Ye) (9(Wh) — g(Wisg,))da.

t:Wi=x,(: >0

The first term is easily studied as B T R, x O, and leads to the last excursion in I',. Let
us write the second term as [['Zdz. Then I'? is a sum of orthogonal variables because
the signs of the excursions are independent, and independent from the absolute excursions
and the future (Wy;¢ > 1). Thus

E[(T7)’] =E Z 1p(t, Ti)lgg<1-1y (9(W) — 9(W1+<t))2

t:Wi=x,(¢+>0

S C]E Z 1B(t7 Tt>1{Cz<1*t}Ct

t:Wi=x,(+>0
< CP|T, < 1]

where in the second line we apply a conditional expectation given Fi, and in the third
line we notice that the total length )" (; of excursions is bounded by 1, and that there is
no term if the process does not hit = before time 1. Moreover, if we consider B = B(a,,)
for a, | 0 and if I'" are the associated variables, then (I'"** —'":n > 0) are orthogonal
(for the above reason of independent signs), so I'" converges strongly in L?, and it is not
difficult to deduce that [I'dz also converges ([T — I'%°|| converges to 0 for any z, and
is dominated by P[T, < 1] which is integrable, so we apply the dominated convergence
theorem). We deduce the desired result. ]
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FExample 5.2.5. Returning to the multidimensional case, let P be the set of processes
pr = (pre; 1 < k < d) of the form

n—1
Pkt = ng,j(Wtﬁv ) Wti) Wla to 7Wk_17 Wk+17 crt Wd)l[tj,tj+1]
j=0

where (%, ...,t,) is a subdivision of [0, 1] and g ; is bounded and Lipschitz with respect
to its (n 4 1) first arguments. By proceeding as in previous example, we can prove that
P is included in the domain of ®. In particular, the domain of ® is dense in the space of
square integrable processes.

We can define the adjoint D of ® as follows. The domain of D is the set of variables
F € L? such that

B[r o) < CE[ [ lnpar]

for any p in the domain of ®, and for some C' > 0. If F is in this domain, DF is defined
in L? by

E /(EF, pr)dt = E[F ®(p)] (5.2.6)

for any p in the domain of ®. Then D is a closed operator. Let us compare D and D; it
is clear that they coincide on S.

Theorem 5.2.7. The operator D is the closure in L* of the restriction of D to S.

Proof. The domain of ® is dense in L? (Example 5.2.5), so D is closed, and it is sufficient
to prove that § is dense in the domain of D endowed with the norm

_ 1/2
a3l :]E[Fu/mtﬂ?dt} .

Let G be in the domain of D and orthogonal to S; we want to check that G = 0. For any
F €S, we have

]E[FG + / (D,F, T)t(;)dt} - E[FG + / (D,F, T)t(;)dt} — 0,

so DG is in the domain of ®, and

G+ ®(DG) = 0.
Thus
0= E[G2 + &(DG)? + 2G<I>(7_DG)]
- E[G2 + (DG + 2 / ]ﬁG!th]
from (5.2.6), and G = 0. O

247



References

1]

2]

R. M. Blumenthal, Ezxcursions of Markov processes, Probability and its Applications,
Birkhauser, Boston, MA, 1992. MR 1138461

C. Dellacherie, B. Maisonneuve, and P. A. Meyer, Probabilités et potentiel, Chapitres
XVII a XXI1V, Hermann, 1992. MR488194

T. Duquesne and J.-F. Le Gall, Probabilistic and fractal aspects of Lévy trees, Probab.
Theory Related Fields 131 (2005), no. 4, 553-603. MR2147221

J. F. Le Gall, Brownian excursions, trees and measure-valued branching processes,
The Annals of Probability 19 (1991), no. 4, 1399-1439. MR1127710

T. Lyons and Z. Qian, System control and rough paths, Oxford Mathematical
Monographs, Oxford University Press, Oxford, 2002. MR2036784

D. Nualart, The Malliavin calculus and related topics, Probability and its
Applications, Springer-Verlag, New York, 1995. MR 1344217

D. Ocone, Malliavin’s calculus and stochastic integral representations of functionals
of diffusion processes, Stochastics 12 (1984), no. 3-4, 161-185. MR 749372

J. Picard, Formules de dualité sur l’espace de Poisson, Ann. Inst. Henri Poincaré,
Probab. Stat. 32 (1996), no. 4, 509-548. MR 1411270

J. Picard and C. Savona, Smoothness of harmonic functions for processes with jumps,
Stochastic Process. Appl. 87 (2000), 69-91. MR1751165

D. Revuz and M. Yor, Continuous martingales and Brownian motion, Grundlehren
der Mathematischen Wissenschaften, vol. 293, Springer-Verlag, Berlin, 1991.
MR1083357

F. Russo and P. Vallois, Forward, backward and symmetric stochastic integration,
Probab. Theory Relat. Fields 97 (1993), no. 3, 403-421. MR 1245252

A. S. Ustiinel, Representation of the distributions on Wiener space and stochastic
calculus of variations, J. Functional Analysis 70 (1987), no. 1, 126-139. MR870758

248


http://www.ams.org/mathscinet-getitem?mr=1138461
http://www.ams.org/mathscinet-getitem?mr=488194
http://www.ams.org/mathscinet-getitem?mr=2147221
http://www.ams.org/mathscinet-getitem?mr=1127710
http://www.ams.org/mathscinet-getitem?mr=2036784
http://www.ams.org/mathscinet-getitem?mr=1344217
http://www.ams.org/mathscinet-getitem?mr=749372
http://www.ams.org/mathscinet-getitem?mr=1411270
http://www.ams.org/mathscinet-getitem?mr=1751165
http://www.ams.org/mathscinet-getitem?mr=1083357
http://www.ams.org/mathscinet-getitem?mr=1245252
http://www.ams.org/mathscinet-getitem?mr=870758

