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Abstract

A probability measure ;1 on the lattice 2[") is said to be positively associated if any two
increasing functions on the lattice are positively correlated with respect to p. Pemantle [3]
asked whether, in order to establish positive association for a given u, it might be sufficient to
show positive correlation only for pairs of functions which depend on disjoint subsets of the
ground set [n]. We answer Pemantle’s question in the negative, by exhibiting a measure which
gives positive correlation for pairs satisfying Pemantle’s condition but not for general pairs of
increasing functions.

A fundamental problem in discrete probability is: if ;1 is a measure on the lattice 2" of subsets
of an n-element ground set, under what conditions does  have positive association? Here u is
said to have positive association if any two increasing functions are positively correlated with
respect to u— that is, if whenever f,g: X — R* are increasing functions, we have

[ toau= [ sau [ gin (1)

This property is often called the FKG property, after the celebrated FKG inequality [2] which
establishes a sufficient condition for p to have positive association. (Note that, following a
standard abuse, we use “increasing” to mean weakly increasing, i.e. nondecreasing).
Pemantle asked the following question in [3]: to establish that (1) holds for all pairs f, g, is it
sufficient to assume (1) only for pairs f, g such that the values of f and ¢g depend on disjoint
subsets of the elements in the ground set? Here f and g are said to depend on disjoint subsets
of the ground set if there exist S, T C [n] such that SN T = @, and such that for any A C [n],
f(A) = f(ANS) and g(A) = g(ANT).

In this note we show that the answer to Pemantle’s question is no. We exhibit a measure x on
a 4-element lattice such that (1) holds whenever f, g depend on disjoint subsets of the ground
set, but there exists a more general pair of increasing f, g such that (1) fails.
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We first observe that, following a standard reduction technique (see e.g. [1]), it suffices to
consider pairs f, g which are 0-1 valued, i.e. take f, g to be indicator functions of increasing
events A, B C 2I". To see this, note that any increasing functions f,g can be decomposed
into positive linear combinations of such indicator functions, and if (1) holds for all pairs of
indicator functions in the decomposition then it holds for f, g as a whole. Furthermore, if f, g
are dependent on disjoint subsets of the ground set, so are the indicator functions in their
decompositions.

Thus it suffices to exhibit p such that, first, we have

p(ANB) > pu(A)u(B) 2)

whenever A, B C 2[") are increasing events and there exist S,7 C 2" such that SN7T = 0,
and membership of a subset A € 2(" in A (resp. B) depends only on ANS (resp. ANT); and,
second, there exists a more general pair of increasing events A, B C 2" such that (2) fails to
hold.

Let p : 241 — [0,1] be defined as follows:

u({1,2,3,4)) = 0.6667
p({1,2) = 01
©({1,3}) = 0.08
w({2,4}) = 0.07
u({3,4)) = 0.05

u(d) = 0.0333

The above probabilities add up to 1, so we set the probabilities of all other subsets of {1,2,3,4}
to zero.

To verify that u works as promised, first take Ay = {S C 2" : {1,2} C SV {3,4} C S},
By = {S c 2" : {1,3} € SV {2,4} C S} and observe that u(Ay) = u(By) = 0.8167, so
w(Ag)p(Bo) =~ 0.667 while u(Ag N By) = 0.6667, so this pair Ay, By violates (2).

It remains only to check (2) for pairs A, B depending on disjoint subsets of {1,2,3,4}. There
are 185 distinct such pairs. We wrote a computer program that runs through all such pairs and
checks that (2) holds for each. The minimum degree of positive correlation (apart from trivial
pairs for which (2) holds with equality) is achieved by the events A; = {S C 2[" : 2 € S} and
By = {S C 2 :3¢c S}; here u( A1) u(By) = 0.8367-0.7967 ~ 0.6666 while 1(A;NB;) = 0.6667.
Finally, we note that many other choices of measure would likely have worked; indeed, the
weights of the four two-element subsets above can probably be varied over a considerable
range without affecting the required properties. If we denote these weights by b1, b2, b3, by in
the order they are listed above, then requiring that Ay, By above be negatively correlated while
Aj, By are positively correlated yields the constraint (b; — b2)(bs — by) > 0. Requiring positive
correlation for other pairs A, B dependent on disjoint subsets of the variables yields different
constraints on the b;, all of which are satisfied when b; > by > b3 > by. We arrived at the
measure u above by more or less arbitrarily picking values for the b; in that order, choosing the
weight of {1,2, 3,4} to give negative correlation for A4y, By and positive correlation for several
other pairs of events, and then checking by computer that all other required pairs were also
positively correlated.
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