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Abstract

By choosing some special (random) initial data, we prove that with probability 1,
stochastic shadow Gierer-Meinhardt system blows up in finite time in the pointwise
sense. We also give a (random) upper bound for the blowup time and some estimates
about this bound. By increasing the amplitude of initial data, we can get a blowup in
any short time with a positive probability.
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1 Introduction

Inspired by the recent work [9] and [10], we study the blow up of the shadow
Gierer-Meinhardt system with random migrations with the following form:

Oy = Au—u+ % in O x (0,7),

de = (~¢+ E)dt+€&dB, in (0,7),

gu =0 on 90 x (0,T), (1.1)
u(0) = ug in O,

€(0) = &o,

where £dB; can be explained as random migrations and B; is a one-dimensional standard
Brownian motion. Due to the random effects, we need to introduce the sample space 2
and re-define

ult,r,w) : RT x O x Q= R, €£tw):RT xQ— R\ {0}.

The motivation for studying Eq. (1.1) can be found in [16], [15] and [8].
We shall study in this paper the blowup problem of Eq. (1.1) under quite general

assumptions. When p > r and % > 71—2Q—2’ we show that with probability 1, Eq. (1.1)
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Blowup of stochastic Gierer-Meinhardt system

blows up in the pointwise sense if we choose some suitable (random) initial data. We also
give a (random) upper bound for the blow up time and consequently obtain a probabilistic
estimate of this blow up.

To our knowledge, there are not many results for the blow up of stochastic systems.
The work [1] proved that the 2nd moment of the solution of some nonlinear wave
equations blows up, while [2] gave a nice criterion for the blowup of the pth moment
for some stochastic reaction-diffusion equations. As pointed out in [2], the blowup of
the pth moment even does not imply the pathwise blowup with a positive probability. [4]
extended the result in [2] to the case of stochastic parabolic equations with delay. Most
recently, Chow and Khasminski established an almost sure blowup result for a family of
SDEs ([3]). [13] and [12] studied stochastic heat equations and showed that the noises
can produce blowup with positive probability. In contrast, our blowup results depend on
the choices of initial data, it is inspired by the deterministic work of [6], [10] and [9]. A
special (random) data can, with probability 1, lead to a blowup of SPDEs solutions. By
increasing the amplitude of the initial data, we can get the blowup in any short time with
positive probability.

Both probabilistic and PDE’s methods play important roles in our approach. It6’s
formula in the proof of Lemma 2.2 below is the key point for finding a monotone
stochastic process é (t), which paves the way to applying classical PDE techniques and
estimating the upper bounds of blow up time. For the PDE’s argument, we follow the
approaches shown in [9] and [10].

The organization of the paper is as follows. In section 2, we introduce some notations
and give some prerequisite lemmas. To show our approach more transparently, we
prove a blowup theorem under some additional assumption in section 3. The 4th section
removes the assumption and build the general blowup result by integral estimates.

2 Some auxiliary lemmas and a monotone stochastic process ¢ (1)

From now on, we assume O = B;(0), the unit open ball in R™ with zero center. For
notational simplicity, write v(t, z) = eu(t, z) for all t > 0 and z € B;(0) and

e~ (P—=1)t
K(t) = TR 2.1)
note that K (¢) depends on &. It is easy to check

Ov = Av + K (t)vP in B;(0),
¢ = (—g + e_”g) dt + £dB,,
v =0 on {z=1}, (2.2)
v(0) = uo,
£(0) = &,

To study the blow up of Eq. (1.1) , we only need to study that of Eq. (2.2). So we shall
concentrate on the blow up of v and £ in the sequel.

Write
B} = sup |Bs| Vt>0,
0<s<t
2
it is well known ([7, p. 96]) that P (B} > A) < %%e*% forany A > 0 and t > 0.
Hence,
]P(Bt*<oo):1—Alim ]P(B;*_A):l Vit>0.

—00
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For every t > 0, denote N; = {w : Bf = oo}, it is clear that P(MV;) = 0. Take t = 1,2, ...,
it is easy to see that N; C N,, for all t < m. Define N = lim,, .o N,,, we have
P(N) = limy, 00 P(NV,,) = 0. Hence, forallw € Q\ N, B;(w) < oo for all ¢ > 0. From the
above observation, without loss of generality, we can assume that for all w € €2,

B} (w) < o Vi¢>0. (2.3)

For all z € R", denote z = |z|. Consider the following isotropic function

z7, 0<z<1,
b1+ 9)—%0 %2, 0<2<,

with some § € (0,1) and
o = . (2.4)
It is easy to check that for all z € (0,1)

n—1

0%+

. 0,0 + ang? > 0. (2.5)

Take
vg = YP

as the initial data of Eq. (2.2), where v > 0 is some (random) number. This special choice
of initial data is inspired by the deterministic work of [6], [10] and [9]. Since the initial
data is isotropic in the space, then the solution v(z,t) is also spatially isotropic for all
t > 0. Hence, we denote the solution by v(z,¢) and Eq. (2.2) can be rewritten as

O =0%v+2Lo0+ K(t)v?  in By(0),

de = (—5 + e*rtgig) dt + £dB;,

v =0 on {z=1}, (2.6)
v(0) = v,
5(0) = &o,

By a Banach fixed point argument as in [16, Lem. 2.1], Eq. (2.6) has a unique local
solution. More precisely, for w € ) a.s., there exists some random time 7'(w) > 0, Eq.
(2.6) has a unique solution (u, &) € C([0,T]; C(B1(0),R) x R). The next lemma is about
the properties of the solution.

Lemma 2.1. Let v be the solution to Eq. (2.6) on [0,T] (I > 0 is random), then the
following statements hold:
(). v(z,t) >~y forall0 <t <Tand0< z < 1.
(ii). O,v(z,t) <0 forall0 <t <Tandall0 <z < 1.
(iii). For all B € (0, 1], we have z"v?(z,t) < ﬁ(t) forall0<t<Tandall0< z<1.
(iv). 821)(%,15) < —Cp2™ ! forall0 < t < T, where Cy > 0 depends on +.

Proof. The proofs are similar to those in [10, Lemma 2.1]. O

Define

£(t) =7 Beg(t) t>0,

we have the following lemma:
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Lemma 2.2. We have
£(t) > &(s) t>5>0. (2.7)

Proof. By It6’s formula, we have
aé(t) = d (¥ Pre(r))

t t 1 t
=£(t) Be%Btdt —e7 BB, + Qe%det}

3t F(t) 3t (2.8)
+ez B {—g(t)dt e 0 dt + f(t)dBt} —ez Prg(t)de
T ()
£ (t)
Since v7(t) > 0 and £(t) > 0 for all ¢ > 0, £(t) is an increasing function with respect to ¢.
This completes the proof. O

Since £(0) = &, by Lemma 2.2 we have £(t) > &, for all ¢ > 0. For any A € (1,0),
define R

with the convention inf () = co. (¢ is actually a stopping time). It is easy to see that
tn = oo holds as long as £(t) < A for all ¢ > 0. We clearly have

g < &(t) < Ao te0,t]. (2.10)
In (2.10), we define £(c0) = limy_,o £(t) as £y = o.
Let 6 : Q — (0,00) be a positive random variable. From (2.3), we clearly have
B;‘(w)(w) < 00 VweQ, (2.11)

for notational simplicity, we shall suppress the variable w and write it as Bj;. Recall the
definition of K (t) in (2.1), we have

(Ao) Pexp(—(p—1)0 — ¢Bj) < K(t) <& Yexp <gq9 + qB§) , t€10,0]. (2.12)

Indeed, it is easy to see that K (t) = £(t) 9 exp (—(p— 1)t + 2qt — ¢B;) holds. By (2.10),
we have

(Ao) T exp ((p -1t + %qt - th) <K(t) <& %exp ((p -1t + %qt - th> ;

which immediately implies (2.12), as desired. For the further usage, we denote
T, the blowup time of the solution wv(z,t), (2.13)

Ko = (No) Texp(—(p—1)0 —¢By). (2.14)

3 Pointwise blow up as ¢, > 0

Let 6 € (0,00) be some strictly positive random variable as in the previous section.
Recall the definition of ¢, in (2.9) with A € (1, 00) being some fixed number, under the
assumption ¢ty > 0, we shall prove the next two theorems, whose proofs also partly give
the main idea of our approach. The first theorem gives an upper bound of the blow up
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time in the pointwise sense, while the second claims that the upper bound of the blowup
time is larger than 6 as ¢, > 6, which means that the blow up could happen after the
time 6.

Note that the quantities below such as 7 and T}, are random variables, we should
write them as 7(w) and Tj(w) more precisely. For notational simplicity, we shall suppress
the argument w if no confusions arise.

Theorem 3.1. Let A > 1 and let § € (0, 00) be some random number. Ifty > 6, choose v

such that y?~ 'Ky > p4111/ then we have

262 a\—ptl  §2 ay\ —p+1
W ———7— 14+ = — 14+ = . 3.1
b_vp—lKg(p—l)( +2) <2n( +2) (3.1)

Proof. By (2.12), we have

K(t) > Ky, t €[0,4].
By (2.6) and the above inequality, we have
v > 02v+ 2100 + KgvP  in B1(0) x (0,6),
0,v =0 on {z =1} x (0,0),
v(0) = o in B1(0).
Now consider another equation
dw = 0%w + 2=L0,w + Kpw?  in By(0) x (0,6),
d,w=0 on {z =1} x (0,6), (3.2)
w(0) = vy in B1(0).
By comparison principle, we have
v(z,t) > w(z,t), (z,t) € B1(0) x [0, 6].
Writing p = dyw — %wp, by (3.2) we have
Owp = Ap + %p(p — DwP HVuw|* + %pw”_lAw + %pwp_latw
> Ap+ %pwpflAw + %pw”*latw
= Ap + KgpwP1p.
It is straightforward to check that for all z € B;(0),

n Ly 5(z) + Krige()]

_ 2

Under the condition in the theorem, (2.5) holds and thus the term in the square bracket
is positive. Therefore,
p(z,0) >0, ze€ Bi(0).

It is easy to check 0,p = 0 for (z,t) € {z = 1} x [0, §]. Hence, the maximum principle gives
p(z,t) > 0 for (z,t) € B1(0) x [0,6]. That is dyw — £ewP > 0 for all (z,t) € B1(0) x [0,6],
which implies

w(z,t) > (3.3)

vap+1 (Z) _ Ky (p—1)t
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By the form of vy(z) = y¢(z), for every z € (0,1) the term on the right hand side (3.3)
blows up at t = 7(z) with

1 (z)2 _p+1
2 —p+1 —\3 2
T(Z) : Ke(;l?—l)’y p l:l + 5 Oé:| 1) z € [O,(S]a

Keuz)—lﬂ*pﬂzz z € (6,1),

where we have used the relation a(p — 1) = 2 (see (2.4)). It is easy to see that 7(z) is an
increasing function and 7(0) = #:(p_l) (1+ %)WH, thus we get the desired bound
for Ty. O

Corollary 3.2. Assume that § < 0y a.s. with 6y > 0 being some constant and that vy > 0
is some (sufficiently large) deterministic number, then we have

52 a —ptl VO 4 _A%
P(T, < —(14+—= >1— ——¢ 20 4
< b_Qn( +2) > - \/271'1406 ’ 3-4)

_ p—1 _
with Ag = 11n G-D1 — p-1g,.

Proof. By Theorem 3.1, it suffices to prove that

>1-— ﬂie_%. (3.5)
V2r Ao

Since Kj is an decreasing function of § and 6 < 6, a.s., we have

4 4
P17 1Ky > ) > P (47 1Ky, > —1
p—1 P

4
IP(’yleg>n
p—1

1
L. (p=1)y""' p-1

=1-P(B; >-1 — (% 3.6
( 6 = q n 4”()\§0)q q 0 ( )

Voo 4 A8

>1— ——e 2%

V21 Ag
_ p—1 _

with A() = %ln% — %90 O

Corollary 3.3. Assume that the conditions in Theorem 3.1 hold. Let v — oo a.s., then
we have

T, — 0, a.s.

Proof. By Theorem 3.1, we have

262 o\ —p+1
<0 (1 f) .
S TR\ T2

As v — 00 a.s., we get W%:(pil) (1+ %)_pﬂ a.s. and thus 7, — 0 a.s.. O

4 General pointwise blow up result
Recall that T} is the blowup time of v(z,t) and the Kj is defined in (2.14), in this
section, we shall prove the following blow up theorem:

Theorem 4.1. Let A > 1 and let p > r and 2= > -25. We have the following two
statements:
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(i) In the case t) > 1, choose v > 0 such that 'yp*1K1 > ]%, we have

2 —p+1
T, < 20 a) : 4.1)

Y (& It
_'ypflKl(p—l)( + 2

(ii) In the case ty < 1, there exists some 6 € (0, 1] such that as long as VP, > %,
we have

T, <

<— 4.2
1P Ky(p—1) )

262 a\ —pt+l
(1 n 2) .

By the same argument as showing Corollary 3.3, we immediately get the following
corollary.

Corollary 4.2. Assume that the conditions in Theorem 4.1 hold. Let v — oo a.s., then
we have
T, — 0, a.s..

Let 5 € (0,1] be some number to be determined later. Denote
h(t) =vB(t)  t>0.

For ease of notation, we define
B 1
1B1(0)] JB,(0)

where R € (0,1) is some number to be determined later. We also define the following
stochastic quantity:

1
~1B1(0)] JB,0)\Br(0)

hi(t) 0P (z,t)dz,  ha(t) 0P (2, t)dz,

3¢ .
By = h(0) + BO\— AT 71 exp <m<s+q+1><;+Bz;>) S @3)

it will frequently appear in the arguments below. It is easy to see
R5 < h(0) 4+ BN — 1)ATIyfFPiorgsmatt, (4.4)

Lemma 4.3. Let A\ > 1 and p > r. Assume t), < oo. Choose 8 € (0,1] such that
p+ B —1>r, then we have

h(ty) > hi.

Proof. We have

dn(t)  B(1—p) _2 . . -
dt  |B1(0)] /31«)) 072 (2, 1) Vo(z, t)2dz + BK (H)vB+r=1(t) > BK (t)vPHr—1(t),

where the last inequality is by 8 € (0,1]. Since p > r and 8 € (0,1] are such that
p+ 8 —1>r by Lemma 2.1 (i), we have v(z,t) > v forallt > 0 and 0 < z < 1 and thus
vPTP=1(t) > 4F+P=1=myT (1), Hence,

B > ook )

On the other hand, by (2.8), we have

a(t)

T(t) = et B () S
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Hence, by (2.1), (2.10) and the above relations, we have

dh(t) L st de(t)
S - N A It i)l °g rt—3E 4+ By ¢s ) SS\Y)
5 2P (t)e &) —
> 57ﬁ+p—1—r)\—q£8—qe—pte—(S+q+1)(%t+B?f)%(tt)
. 3t C dé(t
> By PTG exp (—ptx —(s+q+ 1)(*2A + Bn)) %(t)

for all ¢t € [0,t,]. By the definition of ¢, and Lemma 2.2, we immediately get the desired
inequality. O

Stimulated from the previous lemma, we define
ty = inf{t > 0: h(t) > h}}, (4.5)
it is clear that ) < ¢, and
h(t) < h}, t €[0,1,]. (4.6)
Denote f(z,t) = 2" 10,v(z,t), it is easy to check

Lf =0uf — f + ”7‘1azf — pK (P f = 0.

The proof of the next lemma has some similarity to that of [5, Lemma 2.2].
Lemma 4.4. Let A > 1. Let k € (1,p), B € (0,1] and £ > %. Assume ) < co. Ase < &*

with
. [y tngng pe—r (D= R)PTF e oo
€ = min {Oé(l + 2) h (0)7 2 CO’Y ’ 2]6()\50)‘1 eXp( (p 1)tk thx) ’
4.7)
we have
QhZ(t) =1 o N 1
< (=L = -] .
v(z7t)<€(k_1)> ZT R Vit e[0,t] VZG(O,Z] (4.8)

Proof. Denote 7(z,t) = f(z,t) + ez" vz,f(zt’;) with f(z,t) = 2" 19,v(z,t) and € > 0 some
number to be determined later and ¢ > £, we prove the lemma in the following three
steps.

Step 1: Property of (z,t). By (i), (iii) and (iv) of Lemma 2.1 and the relation ¢ > %
we further have

1 14
WEt) < ~Cote(h)” <”6<2’”> )

2 h(t) 2
g1 n\* (4.9)
< —Co + 5(%)" <U }fé’)t)> e

< _CO + €2n£7n,ykfﬁl.

Ast =0, forall z € (0,6), by the relation o + 2 = pa > ko, we have

77(Za 0) < |:_016_a_2 -+ 5(]_ + g)k 1 5—ak:| P

27 h(0) (4.10)
« 1 '
< | 1 Nk 67&72 n
< e et g
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For all z € (§,1), by the relation o + 2 = pa > ka again, we have

n(z,0) < [a + "2, (4.11)

o)

Hence, collecting (4.9)-(4.11), as long as & < min {a(1 + £)"Fh(0), 27 TnCyyP=F},
we have 1
(2,000, 2€(0,1);  0(5,1) <0, te (0,). (4.12)

Step 2: Observe

Ln=L (sz M)

oE—1 o pp—1+k k—2
= —2kz"! o 0,v—e(p — k)e_(p_l)tg—q e ek(k — 1)2"7(8211)2
—eB(1— B)ez hgiliﬁf7ﬂfiﬂi——s£ﬁe (v ”fgq,ﬁjlvﬁ+pl
< —2ekz" ! U;; d.v—e(p— k)e—(p—l)tzzvph:rk
—2¢k ;1 n+ Ehnvk 2ekv* ™t — (p— k)e~ P~ e Zzl

Recall that v(t ) > ~ for all t > 0 from Lemma 2.1 and that & < £(t) < A& forall ¢ € [0, £)]
where £(t) = % ~Bt£(t), we have

e’(’”l)tM = ef(pfl)tM > e*(ﬁﬂ)tﬂ
£1(t) éq(t)(a*%t*th h éq(t)efgtJrth
p+l—k —(p—1)tx—qB{, _p+l—k
> e~ (Pt 2 o > e xy 7 et
(Ag)ae—Et+ab (Ao)a
(p—k e~ (PTDIN—aBE APk
Hence, as long as € < RO _we have
k=1
Ln < ekl W (4.13)

Step 3: Choose ¢ < ¢* with ¢* being defined as (4.7), then (4.13), (4.12) all hold.
Hence,

Ln < —Qek“;ln, 0<z<i, 0<t<liy,

2,0) <0, 0<z<i,
77( ) A2 (4.14)
n(0,t) <0, 0<t<ty,
77(%,75)307 0<t<£)\a
by maximum principle, we immediately get
n(z,t) <0
forall 0 <t <y and 0 < z < %, which implies
2hf(t) \ T 2 . 1
) < | ——% TE-T Vtel0ty] Vze(0,=] 4.15
o) < (i) s i vie@L @15
O
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Lemma 4.5. Assume ¢, < 1. For R € (0,1), we have
10.v(z, )] <C1,  Yze[R1] YVte(0,iy], (4.16)

where (' is some number depending on R and 7.

Remark 4.6. In the lemma, we assume ¢, < 1, the 1 here can be replaced by any other
positive number. It seems that the assumption ¢) < 1 is necessary for getting the bound
C7 which only depends on R.

Proof. Writing w(z,t) = d,v(z,t), by Eq. (2.6) we have

Orw = 0w + HT_lazw + (pK(t)vp1 - nz_Q 1) w. (4.17)

By (iii) of Lemma 2.1 and (4.6), we have
vP(2,t) < 27"h(t) < 27"hY, Vit (0,4
This and (4.4) further implies
vB(z,t) < B [h(0) + B(A — 1)7ﬁ+p*1*wqg3*q+1] . Vte[0h] 2[R 1. (4.18)
Since £\ < t) < 1, by (2.12), we have

K(t) <& Texp (;’q + qB;‘> . telo,ty]. (4.19)

We can extend Eq. (4.17) from the time interval [0, )] to [0, 1] by
K(t)vP~ (2, t) = K(t\)vP ™ (2, ), Vze[R,1) Vtelty1].

Now Eq. (4.17) with (z,t) € [R,1) x [0,1] has uniformly bounded coefficients.
On the other hand, as ¢t = 0, it is easy to check

0.0(2)| = az™*, 2 €[5,1]; 10.0(2)| = ad~* 22, z€[0,4].
Indeed, if R > 4, then the first identity above implies
|0.v0(2)| < ayR™*7',  z€[R,1]; (4.20)
if R < ¢, then the second identity above implies (4.20) as well. Hence,
|0.v0(2)| < ayR™* z € [0,1].
So, by parabolic regularity ([11]), we immediately get the desired inequality. O

Lemma 4.7. Assume ty < 1. Letp > r and % > ni? Let 8 € (0,1] be such that
p+ —1>r holds. For any R € (0,1), we have

_1 28
. B Q(h*)l E—1 R7L7k71
hy —h(0) —n (s*aél)) - (4.21)

ty > ;
L(ﬂ7CH7A7W3p7qJIa
where k € (1,p), £ > % ¢* is defined by (4.7), and
L(57CH7A777P7QaI”
Bt+p—1
n—1_6—1 2 B—2 —q 3 * hi °
= CinBR" 777 + CIB(L = B + B T exp §qt/\ +qBy, Y

with Cy being the number in Lemma 4.5 (which depends on R).
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Remark 4.8. We can tune the number R such that the right hand of (4.21) is strictly
large than 0 and make the claim # > § > 0 be true.

Proof. Recall that h(t) = hq(t) + ha(t) with

1 1
ha(t) = VP (z,t)dz,  ho(t) = P (x, t)de
|B1(0)] J (0 1B1(0)| J B, (0)\Br(0)
with R being some number to be chosen. By Lemma 4.4, we have
2hf(t) \* T _ . 1
)< | ————— TR t t =] 4.22
U(Z’)_(E*(kz—l)) 27 R, Vitelo, )\]VZE(O,2] ( )
Since - o 2, (p—1) > 2(r+1—p). Thanks to the conditionp+5—-1>r

with g8 e (O 1], there exists some 8 € (0,1] so that n(p —1) > 28 > 2(r + 1 — p). Therefore,
we can choose some k € (1,p) so that

n(k—1) > 2p.
Hence, for any ¢ € [0,%,], by (4.22) and (4.6), we have
28

s
2ht(t) \FT (R e 2(h%)* T R
[ A n (=1 4.2
hl(t)gn(e*(k1)> /0 z dz§n<€*(k1)> o 25 . (4.23)

—1

Now we consider hs(t), by (2.2), it is easy to see

i _ n—1, 8—1 . B(B—1) B-2 2
dthg(t) = —nBR" VT (R, vy (R, 1) TB 0] / OB )v |Vul“dx
+BK (t) = L VAP 1dy,

|B1(0)] J B, (0)\ Br(0)
By (i) of Lemma 2.1 and Lemma 4.5, we have v/~ < +#~1, v/=2 < 48~2 and

d 18— BL—=8) 5 2
—h < nBR"NPTUR, t)|v.(R, )] + LA / Voul“dx
() o)+ B [

—(-Dt 1
e - VPPl

+8

§1(t) [B1(0)] JB,(0)\Br(0)
By (iii) of Lemma 2.1, we have v”(z,t) < % This and (4.6) further give

d
a0 < CmaRT L Ol - )y

(p—1)t t _%t"l‘Bt -1 1 <h(t))ﬁd
+Be” (5( Je ) Bl(0)|/Bl(0)\BR(O) = ’

< CinBR™HTL 4 CRB(L - By
B4p—1
(3 N\ (RN F
+B8, " exp §qt>\ +¢B;, R (4.24)
= L(ﬁ7claA7fYap7Q7R)
for all t € [0,1,].
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By the definition of ty, (4.23) and (4.24), we have

B3 — h(0) < h(in) — h(0) < ha(Er) + hal(i) — ha(0)
2(hf\)f ﬁ Rnfif ix
<n(€*(’€—1)) n,fﬁ+/o

2(hy)! \ 7T RET
— ——— +tl A .
n(g*(k’—l) ni:f/@+ A (ﬂvcla 777p7Q7R)

d

—ha(s)

ds
ds

IN

This immediately implies the desired inequality. O

Proof of Theorem 4.1. To prove the theorem, we shall consider the two cases: (i) the
case t) > 1 and (ii) the case t) < 1.

(i) t, > 1. Take 6 = 1 in Section 3, we immediately get the desired estimate by
Theorem 3.1.

(ii) tn < 1. By (4.3), it is easy to see that if £, < 1 we have

Ry > h(0) + BN — DATIyP T oxp (—p —(s+q+ 1)(2 + B )) s—atl (4.25)

Recalling (4.4) as below:
B5 < h(0) 4 BA — 1)yPHA—Lm\—ags ot (4.26)

The estimate (4.21), together with (4.25) and (4.26), implies that there exists some
R € (0,1) (which can be tuned according to p,q7)\ B, s, )\,7,6 &) and some some 0
(dependlng on 3,p,q,\, 7, Bf,s, R) such that ) > 6>0.0c¢ (0,1) is obvious. Since
ty > £\, we have t, > 6. Now we can use Theorem 3.1 to get the desired result. O
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